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ABSTRACT. In this paper we extend the notion of CP covers for groups to
the class of Lie algebras, and show that despite the case of groups, all CP
covers of a Lie algebra are isomorphic. Moreover we show that CP covers
of groups and Lie rings which are in Lazard correspondence, are in Lazard
correspondence too, and the Bogomolov multipliers of the group and the Lie

ring are isomorphic.

1. INTRODUCTION

In [10] the Bogomolov multiplier and the commutativity preserving cover (CP
cover) were first studied by Moravec for the class of finite groups. In the class of
groups, the Bogomolov multiplier of a group is unique up to isomorphism but the
corresponding CP cover is not necessarily unique. In our recent work [1], we defined
the Bogomolov multiplier for Lie algebras. Here, we will define CP covers of Lie
algebras, then we will show that all CP covers of a Lie algebra are isomorphic. The
Lazard correspondence that was introduced by Lazard in [15], builds an equivalence
of categories between finite p-groups of nilpotency class at most p — 1 and the finite
p-Lie rings of the same order and nilpotency class. Recall that a p-Lie ring is a
Lie algebra over Z/p*Z for some positive integer k, see [21] for more information.
There is a close connection between many invariants of an arbitrary group and
a Lie ring that is its Lazard correspondent. For example, the centers, the Schur
multipliers and the epicenters of them are isomorphic as abelian groups (see for
instance [7]). By a same motivation we will prove that if G is a group and L is its
Lazard correspondent, then the Bogomolov multipliers of them are isomorphic as

abelian groups.
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2. THE BOoGOMOLOV MULTIPLIER AND THE CP COVER OF LIE ALGEBRAS

This section is devoted to introducing CP covers of Lie algebras and then we
will show (unlike the situation in finite groups), all CP covers for a Lie algebra are

isomorphic. We recall the following definition.

Definition 2.1. Let R be a commutative unital ring. A Lie algebra over R is an
R-module L equipped with an R-bilinear map [.,.] : L x L — L which is called the
Lie bracket provided that the following conditions hold.

o [z,2] =

* [z,[y, H [ [z, y]+y, [2, 2]] = 0 (Jaccobi identity), and [[z, y], 2]+([y, 2], 2]+
[[z, 2], y] =0,

o [ax + by, z] = a[z, z] + by, 2] and [z, ax + by] = a[z, x] + b|z, y],
[z,

yl = —ly, ],
forall x,y,z € L and a,b € R.

The Lie bracket ([z,y]) is called the commutator of x and y.
Throughout this section, L will represent a Lie algebra over a field. Also, it is easy
to see that the dimension of a Lie algebra is its dimension as a vector space over
the field, and the cardinality of a minimal generating set of a Lie algebra is always

less than or equal to its dimension.

The Bogomolov multiplier. The Bogomolov multiplier is a group-theoretical
invariant introduced as an obstruction to the rationality problem in algebraic ge-
ometry. Let K be a field, G be a finite group and V be a faithful representation of
G over K. Then there is natural action of G upon the field of rational functions
K(V). The rationality problem (also known as Noether’s problem) asks whether
the field of G-invariant functions K (V) is rational (purely transcendental) over K?
A question related to the above mentioned problem is whether there exist indepen-
dent variables 1, ..., 2, such that K(V)G(xl, .., Tr) becomes a pure transcendental
extension of K? Saltman in [22] found examples of groups of order p° with a nega-
tive answer to the Noether’s problem, even when taking K = C. His main method
was the application of the unramified cohomology group H%T((C(V)G,Q/Z) as an

obstruction. Bogomolov in [4] proved that it is canonically isomorphic to
Bo(G) =[] ker{res : H*(G,Q/Z) — H*(A,Q/Z)},

where A is an abelian subgroup of G. The group By(G) is a subgroup of the Schur
multiplier M(G) = H?*(G,Q/Z) and Kunyavskii in [14] named it the Bogomolov

Multiplier of G. Thus vanishing the Bogomolov multiplier leads to a positive answer
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to Noether’s problem. But it’s not always easy to calculate Bogomolov multipliers of
groups. Moravec in [19] introduced an equivalent definition of the Bogomolov mul-
tiplier. In this sense, he used a notion of the nonabelian exterior square G A G of a
group G to obtain a new description of the Bogomolov multiplier. He showed that if
G is a finite group, then By (&) is non-canonically isomorphic to Hom(By(G), Q/Z),
where the group Bo(G) can be described as a section of the nonabelian exterior
square of a group G. Also, he proved that By(G) = M(G)/My(G), such that the
Schur multiplier M(G) or the same H?(G,Q/Z) interpreted as the kernel of the
commutator homomorphism G AG — [G, G| given by x Ay — [z,y], and Mo(G) is
the subgroup of M(G) defined as My(G) = (x Ay | [z,y] =0, z,y € G). Thus in
the class of finite groups, B(](G) is non-canonically isomorphic to By(G). With this
definition all truly nontrivial nonuniversal commutator relations is collected into
an abelian group that is called the Bogomolov multiplier. Furthermore, Moravec’s
method relates the Bogomolov multiplier to the concept of commuting probability
of a group and shows that the Bogomolov multiplier plays an important role in
commutativity preserving central extensions of groups, that are famous cases in
K-theory. So, there are some papers to compute this multiplier for some groups.
See for example [4, 6, 12, 13, 14, 16, 17, 19]. In the recent work [1], as a close
relationship between groups and Lie algebras, we developed the analogous theory
of commutativity preserving exterior product and then the Bogomolov multiplier

for the class of Lie algebras.

The Hopf-type formula for the Bogomolov multiplier
We recall the Hopf-type formula for groups and Lie algebras as follows. Let K (F)
denote {[z,y]|z,y € F}.

Theorem 2.2. Let G be a group and L be a Lie algebra. Then

(i) If G = L1 s a presentation for G, then By(G) = %,

R
i &= F—; ' j 3 ~ R0
(i) If L = 3= is a presentation for L, then By(L) = RN -

Proof. (i) See [19, Proposition 3.8]. (ii) from [8], L A L = F2/[Ry, Fy] and L? =
F2/(RyN F§). Moreover the map # : L AL — L? given by z Ay — [z,y] is
an epimorphism. Thus, ker& = M(L) & (Ry N F})/[R2, F2] and M(L) can be
determined with the subalgebra of F»/[Ra, F3] generated by all the commutators
in Fy/[Rg, F»] that belong to M(L). Thus we have the following isomorphism for
Mo(L),

Fy Ry

) <K(F2)QR2> +[R2,F2] ~ <K(F2)QR2>
[R2, F2]” [Ra, F3]

(R, F3] ~ [Re, B

(K(

1%

)
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Therefore Bo(L) = M(L)/Mo(L) = Ry N F3 /(K (F,) N Ry), as required. O

Commutativity preserving extension of groups. For groups, in parallel to
the classical theory of central extension, Jezernik and Moravec in [10] developed
a version of extension that preserve commutativity. Let G, N and @) be groups.
An exact sequence of group 1 - N 5 G 5 Q — 1, is called a commutativity
preserving extension (CP extension) of N by Q, if commuting pairs of elements
of @ have commuting lifts in G. A special type of CP extensions with the cen-
tral kernel is named a central CP extension. Jezernik and Moravec in [10] proved
that the central exact sequence 1 — N X G 55 Q — 1 is a CP extension if and
only if x(N)N K(G) = 1. Also, a central CP extension 1 - N 5% G 5 Q — 1
is termed stem, whenever x(N) < G’, and every stem central CP extension with
|N| = |Bo(Q)], is called a CP cover. It is proved in [10, Theorem 4.2], every finite
group has a CP cover and every stem central CP extension is a quotient of a CP
cover, and if G is a CP cover of @) with kernel N, then N & BO(Q). Now, we in-
vestigate an analogues statement for Lie algebras, and then we show all CP covers

for a finite dimensional Lie algebra are isomorphic.

The following definition is used in the next lemma.

Definition 2.3. Let C' and By be Lie algebras. We call a pair of Lie algebras
(C, BO), a commutativity preserving defining pair (CP defining pair) for L, if
(i) L=C/By
(i) By C Z(C) N C?
(iii) Bo N K(C) = 0.
In the other words, for every stem central CP extension 0 — By — C -5 L — 0
with L = C/By, (C, By) is termed a CP defining pair.

Lemma 2.4. Let L be a Lie algebra of finite dimension n and C be the first term
in a CP defining pair for L. Then dimC < n(n + 1)/2.

Proof. Clearly, dim C/Z(C) < dim C/By = dim L = n. Now, if {z,+Z(C), ...,z +
Z(C)} is a basis for C/Z(C), then {[z;,z;];1 < i < j < n} is a generating set for

C? and since [x;,2;] = 0 and [z;,2;] = —[z;,7;], we have dim C? < (n? —n)/2 =
n(n—1)/2. Thus dim By < n(n—1)/2 and dim C = n+dim By < n+n(n—1)/2 =
n(n+1)/2. O

A pair (C,Bp) is called a maximal CP defining pair if the dimension of C' is

maximal.
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Definition 2.5. For a mazimal CP defining pair (C, Bo), C' is called a commuta-

tivity preserving cover or (CP cover) for L.

The following definition is used for finding the Hopf-type formula for By, where
(C, BO) is a maximal CP defining pair, and it is used to prove the uniqueness of the

CP covers of a Lie algebra.

Definition 2.6. Let
c(L) = {(C,\) | A € Hom(C, L) , X surjective and ker A C C*NZ(C) , ker \NK (C) = 0}

(T, 7) is called a universal member in c(L) if for each (C,\) € ¢(L), there exists
K € Hom(T,C) such that Aoh’ = T, in the other words the following diagram
commutes.

T "1

‘A

C

It can be shown that, CP defining pairs and elements of ¢(L) are related in the
following sense.
Let (C,0) € ¢(L), so kerod C Z(C)NC? kero N K(C) = 0 and L = C/kero.
Therefore (C,kero) is a CP defining pair for L. Conversely, if (C,N) is a CP
defining pair for L, then there is a surjective homomorphism ¢ : ¢ — L with
kero =N C Z(C)NC? and NN K(C) = 0. Thus (C, o) € ¢(L).

Now, we want to show that all CP covers of a Lie algebra are isomorphic. First,

we recall the following lemma.

Lemma 2.7. [3, Lemma 1.4] Let (N,u) € ¢(L) and A € Hom(C,L) where X is
surjective. Suppose that § € Hom(C, N) such that uof = A, then ( is surjective.

We are going to show that ¢(L) has a universal element and they are precisely

those elements (T, 7) where T is a CP cover of L.

Proposition 2.8. Let L be a finite dimensional Lie algebra. Then (T,7) is a

universal element of ¢(L) if and only if T is a CP cover.

Proof. Let (T,7) € ¢(L) such that for each (C,\) € ¢(L), there is p € Hom(T, C)
such that Aop = 7. By using Lemma 2.7, p is surjective and dim C' < dim 7. Thus
T is a CP cover of L. Also, since every CP cover of L is a homomorphic image of
T and has the same dimension as 7', so it is isomorphic to T". Moreover by using

Lemma 2.7, any CP cover of L, gives a universal element in ¢(L). [
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Proposition 2.9. Let L be a finite dimensional Lie algebra, then all CP covers of

L are isomorphic.

Proof. By using Proposition 2.8, since there is a universal element in ¢(L), all CP

covers of L are isomorphic. ([l

To find the Hopf-type formula for By, when (C, EO) is a maximal CP defining
pair of L, let L = F/R be a free presentation of a finite dimensional Lie algebra
L, A, = R/(K(F)NR), B, = F/{K(F)NR) and D, = (F2NR)/(K(F)N R).
We will show that there is a central ideal Ej, of By, complement to Dy, in Ay, also
there are A, ¢ and 7, such that (Br/EpL,7) is a universal element of ¢(L), 7 €
Hom(Br/EL,C) and T = Moo. Also Br,/Ey is a CP cover of L and (Br,/EL, kerT)

is a maximal CP defining pair for L.

Since (C, B~0) is a maximal CP defining pair, there is a surjective map A : C — L
such that ker A = By € Z(C)NC?, By N K(C) = 0 and (C,\) € ¢(L). By using
Lemma 2.7, o is surjective. On the other hand, we have the following commutative
diagram.

F-—">1T

| A

C

In the following lemmas, we show that ¢ induces o1 € Hom(By, C).

Lemma 2.10. Let L = F/R be a free presentation of L, then for every x € F,
we have x € R if and only if o(x) € ker \. Moreover (K(F) N R) C kero, and ¢

induces a surjective homomorphism o1 € Hom(Br,C) such that Aooy = .

Proof. Let € R. Then 0 = w(z) = Aoo(z). Thus o(z) € ker \. On the other
hand, let o(x) € ker A, then A(o(x)) = 0. It implies that w(z) = 0. So, z €
kerm = R. Now, since o(r) € ker A C Z(C)NC? C Z(C) and o(f) € C, for
all ri,re,7 € R and f € F, we have o([r, f]) = [o(r),0(f)] = 0 and o([r1,m2]) =
[0(r1),0(r2)] = 0. Thus (K(F)N R) C kero. Hence o induces o1 € Hom(By,C)
and Xooy(f + (K(F)NR)) = doo(f) = n(f) = m(f + (K(F) N R)). Therefore
Aoop = . One can see that oy is surjective. So, we have the following commutative
diagram

B, > L

e

C
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Lemma 2.11. Using the notations and assumptions in Lemma 2.12, we have

(Z) al(AL):ker)\
(i) o1(Dyr) = ker A
(m) A = Dy +keroy.

Proof. (i) Let y € 01(ApL), then y = o1(a) for some a € Ay,. We have kerm; = Ap.
50, oo (a) = mi(a) = 0. Hence y € ker A\. Now, let m € ker A, then there is b € By,
such that o1(b) = m, since oy is surjective and 0 = A(m) = Xoo1(b) = m1(b),
bekerm = Ay. Thus, 01(AL) = ker A.

(ii) Clearly Dy, C A, and (i) imply o1(Dy) C ker A. Let y € ker A. Since (C, \) €
c(L) and y € C? = o(F?) = 01(B%), there is z € B? such that y = 01(z). Since
z€ Ap, 2z € B2N AL = Dy. Hence, ker A C 01(Dy).

(iii) Let @ € Ar. By using (i) and (ii), o1(a) € ker A\ = 01(Dy). Therefore there
is d € Dy, such that oq1(a) = o1(d). So, o1(a —d) = 0, and a = d + e for some
e € keroy. Thus A C Dy, + kero;. On the other hand, we have o1(z) = 0, for
all x € keroy. Therefore m1(x) = Aoo1(z) = 0. So, x € kerm; = Ap. Hence
keroy C Ap. Since Dy, C Ap, D +keroy C Ar. So Ap = Dy, + keroy. O

Note that since Ay, = Dy, + kero; and kero; = kero/(K(F) N R), kero; has
(kero N RN F?)/(K(F)NR) as a finite dimensional Lie subalgebra.
Also, kero/(keroc N RN F?) =2 R/RN F? is abelian, (L/L?> = F/(R+ F?) and
(F/F%)/(F/(R+ F?)) = (R+ F?)/F?=~ R/RN F?). Put E;, = R/RN F?. Clearly
it is a central ideal of A;. Therefore Ay, is a central extension of Dy, by the abelian

Lie algebra E;,, and this extension splits. So A, = Dy, & Ey.

On the other hand [R,F] < (K(F)N R) and Ay and Dy are central ideals of
By,. Thus, [Dy + keroy,By] = 0 and [keroy, Br] = 0. Now since Ej, < keroy,
[En,Br] = 0. So, Ey, is a central ideal of By. Thus, o1 and 7; induce ¢ €
Hom(Br/EL,C) and @ € Hom(Br/FEyr, L), respectively. Moreover the following
diagram is commutative.

B, " 1

Using the previous notations, the following lemmas show that (Br/Er, Ar/EyL) is

a maximal CP defining pair for L.
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Lemma 2.12. Let L be a finite dimensional Lie algebra, and L =2 F/R for a free
Lie algebra F. Then (B /EL,AL/EL) is a CP defining pair for L, where Ey, is

any complementary subspace to Dy, in Ayp,.

Proof. Since A, C Z(Br) and Ar/E, C Z(Br/EL), we have

Br/Ep  BL F
A JE, A, R

and F?°NR 2 F
~ 2 2
Pr=Tk@Enm S ®EER - EENR b
Hence
AL DL+ Eg c B? + Ey, :(ﬁ)g
Er EL —  EL Er
ThU.S, AL/EL Q Z(BL/EL) N (BL/EL)2 and (AL/EL) DK(BL/EL) =0. (Il

Lemma 2.13. By /Ey is a CP cover of L and By = (F2NR)/(K(F)NR).

Proof. C' is a CP cover of L, so dimC > dim(Br/FEr). Since  is surjective,
C' is the homomorphic image of Br/EL and dimC < dim(Br/EL). Therefore
dim C = dim(By/FEL) and Br/E} is a CP cover of L. Now by using Propositions
2.8 and 2.9, (B /FEyL,7) is a universal element of ¢(L) and C' = By, /Ey. Now since
C/By = L = By/Ar and Dy, = Ap/Ep, dim By = dim Dy, and so By = Dy, =
(F2NR)/(K(F)NR). O

The following key lemma is used in the next investigation.

Lemma 2.14. [3, Lemma 1.11] Let B, D, By, Dy be Lie algebras and B & D =
B1® D,. If B= By and B is finite dimensional, then D = D .

Note that since dim L = n and F' is generated by n elements, E has finite

dimension.

Lemma 2.15. With the previous notations, all CP covers of L are isomorphic to
BL/EL.

Proof. Let (N, BO) be a maximal CP defining pair of L. So there is a surjective
map 3 : N — L such that (N, 8) € ¢(L). Similar to the previous statement, there is
a central ideal E that is complementary to Dy, in Ay, and o} € Hom(Bp, N) such
that £} < kerof and Boc} = m;. On the other hand, Dy C B? and B? N E;, = 0.
So we can write Z(By) = BZNZ(BL)® EL ® A where A is abelian and BZ N A = 0.
Thus By, 2T & Er, ® A, where T is non-abelian. Therefore By, & Er, @ Ky, such
that K = T & A. Similarly, there is a Lie algebra K such that By = E} & K.
Also, Ey, and E7}, are abelian Lie algebras and both are of the same finite dimension,
so E, 2 B} . By using Lemma 2.14, K, =2 K. Thus By /E; = Br/F}. O
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Therefore we showed that for every finite dimensional Lie algebra L, there is a CP

cover which in fact is %, and for every CP defining pair (C, EO), C' is isomorphic
B

to a quotient of % (C =~ kgfﬁ = kez—ﬁl) Also, since Ay, = Dj, + kero; and
L

By &~ kg—ﬁ‘l, By is isomorphic to a quotient of the Bogomolov multiplier of L.

3. THE BOGOMOLOV MULTIPLIER AND THE LAZARD CORRESPONDENCE

This section is devoted to show the Bogomolov multiplier of a Lie ring L and
a group G is isomorphic, when L is Lazard correspondent of G. We recall the

following definition.

Definition 3.1. A Lie ring is defined as an abelian group L equipped with a Z-
bilinear map [.,.] : L x L — L called the Lie bracket satisfying the following condi-

tions

[z,2] =0,

(5, [y, 2)) + 2 [, ] + [y, [2,]] = 0 and [[z,9), 2] + ([, 2, 2] + [[2, )] = O
(Jaccobi identity),

[z +y,2] = [z,2] + [y, 2] and [,y + 2] =[x, y] + [2, 2],

o [z,y] =y, 2],

forall z,y,z € L.

The Lie bracket ([x,y]) is called the commutator of z and y.

Let L be a Lie ring and M and N are subrings of it, we define [M, N] as the
Lie subring of L generated by all commutators [m,n| with m € M and n € N.
This allows us to define the lower central series L = L' > L2 > [3 > ... via
L? = [L*71, L]. The Lie ring L is nilpotent if this series terminates at 0, and in this

case, the class cl(L) is the length of the lower central series of L.

Note that a Lie ring which is also an algebra over a field (or a commutative unital
ring) is termed a Lie algebra over that field (or commutative unital ring). Also a
Lie ring can be defined as a Z-Lie algebra (see [9]), and a p-Lie ring is a Lie algebra
over Z/p*Z for some positive integer k (see [21]). Therefore more definitions and
proofs of Lie rings can be obtained as generalizations from the Lie algebras, and
there are similar results between finite Lie rings and finite dimensional Lie algebras
over a field. So similar to recent work [1], we have the Bogomolov multiplier for Lie

rings. Also we want to introduce CP defining pairs and CP covers of Lie rings.
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In the following, for a given Lie ring L, the set {[z,y]|z,y € L} of all commu-
tators of L is denoted by K(L). Also, we use the same notations as in the previous

section.

Definition 3.2. Let C and N be finite Lie rings, a pair (C, N) is called a commu-
tativity preserving defining pair (CP defining pair) for L, provided that L = C/N,
NCZ(C)NC? and NNK(C)=0.

Lemma 3.3. Let L be a Lie ring of finite order n and C' be the first term in a CP
defining pair for L. Then |C| < n?(n —1).

Proof. Clearly, |C/Z(C)| < |C/N| = |L| = n. So |[N| < |C? < n(n—1). Since
O] = |LIIN, [C] < n?(n— 1), 0

Therefore if L is a finite Lie ring, the order of the first coordinate of CP defining
pairs for L is bounded, and a pair (C, N) is called a maximal CP defining pair, if

the order of C' is maximal.

Definition 3.4. For a mazimal CP defining pair (C,N), C is called a commuta-

tivity preserving cover (CP cover) for L.

Similar to the proofs in the previous section, it can be proven that for every
finite Lie ring L, there is a unique CP cover, and for every CP defining pair (C, N),
C and N are isomorphic to a quotient of CP cover and the Bogomolov multiplier
of L, respectively. Also for every maximal CP defining pair (C, N), we have the

following Lemma.

Lemma 3.5. Let (C,N) be a mazimal CP defining pair for a finite Lie ring L.
Then N 1is isomorphic to the Bogomolov multiplier of L.

Proof. Similar to Lemma 2.13 and by using the previous assumptions, |Dy| = |N|.

Since Aoo =7, o(F') € N = ker A is equivalent to F' € R. Also
(D) =0(RNF*) =0(R)No(F?*)=NNC?=N.
So, &|p, : D — N is a surjective, and since |Dr| = |N|, N = Dy. O
In the following, we introduce the Lazard correspondence between finite p-Lie

rings of nilpotency class at most p — 1 and finite p-groups of the same order and

nilpotency class. Also, to avoid confusion, in a group G, we denote the multiplica-

tion by 2y and the commutator is written [z, 9]¢ = 'y~ lay.

The Baker-Campbell-Hausdorff formula (B-C-H) and its inverse. Let
L be a p-Lie ring of order p™ and nilpotency class ¢ with p — 1 > ¢ and G be a
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finite p-group with order p™ and the same nilpotency class ¢. The Baker-Campbell-
Hausdorff formula (B-C-H formula) is a group multiplication in terms of Lie ring
operations
1 1
zy =z +y+gleyle + Sle eyl +

1 of the group element g corresponds to —g. and

where x,y € L. The inverse g~
the identity 1 in the group corresponds to 0 in the Lie ring. So, the B-C-H formula
is used to turn Lie ring presentations into group presentations. Conversely the
inverse B-C-H formula is a Lie ring addition and Lie bracket in terms of group
multiplication that is used to turn group presentations into Lie ring presentations.

This have the general form

r+y = aylr,ylg ...
1
[z, y]L == [z, y]clz, z, y]&....

when ¢ < 14. See [5].

The Lazard correspondence. The B-C-H formula and its inverse give an isomor-
phism between the category of nilpotent p-Lie rings of order p™ and the nilpotency
class ¢, provided p—1 > ¢ and the category of finite p-groups of the same order and
nilpotency class which is known as the Lazard correspondence. By using this cor-
respondence, in the same line of investigation, the same results on p-groups can be
checked on p-Lie rings. In the following, we mention some of these correspondences

that were proved by Eick in [7].

Proposition 3.6. [7, Proposition 3]
Let G be a finite p-group of class at most p—1, and L be its Lazard correspondent.
Let X be a subset of G and hence of L. Then
(i) There is a Lazard correspondence between the subring Lo C L generated by
X and the subgroup Gy C G generated by X .
(i) Lo is an ideal of L if and only if Go is a normal subgroup of G.

Proposition 3.7. [7, Proposition 4]
Let G be a finite p-group of class at most p—1, and L be its Lazard correspondent.
Then
(i) Z(G) and Z(L) coincide as sets and are isomorphic as abelian groups.

(ii) G' and L? coincide as sets and are in Lazard correspondence.

Proposition 3.8. [7, Proposition 5]
Let G be a finite p-group of class at most p—1, and L be its Lazard correspondent.

Let Gy be a normal subgroup in G and Lo be the corresponding ideal in L. Then
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v : G/Gy — L/Lgy given by (xGo — = + Lg), is a well-defined bijection, and it

induces a Lazard correspondence between G /Gy and L/Ly.

Note that similar to the definition of CP covers for groups in [10], for every stem
central CP extension 1 = N — G 5 Q — 1 with Q = G/N, (N,G) is termed a
CP defining pair of Q, and G is called a CP cover, whenever |N| = [By(Q)|.

Proposition 3.9. Let G be a finite p-group of class at most p — 1, and L be its
Lazard correspondent. Then every CP defining pair of G is in the Lazard corre-

spondence with a CP defining pair of L and vice versa.

Proof. Suppose (G*,Gp) is a CP defining pair of G with G =2 G*/Gy. Then
cd(G*) < cd(G)+1<p—1+4+1=p. So, cl(G*) < p—1 and there is a Lie ring L* in
the Lazard correspondence with G*. Since Gy C (G*)'NZ(G*) and GoNK(G*) =1,
by Proposition 3.6 and the Lazard correspondence, there is a central ideal Ly of L*
such that Gy and Lo are in the Lazard correspondence, Ly C (L*)*> N Z(L*) and
LoNK(L*) = 0. Now, Proposition 3.8 shows that G = G*/G( and L* /Ly are in the
Lazard correspondence. So, L = L*/Lg. Hence, (L*, Lo) is a unique CP defining

pair of L. The proof of the converse is similar. [l

We know that there are many invariants between G and its Lazard correspondent.

Now, we want to introduce another instance of these invariants.

Theorem 3.10. Let G be a finite p-group of class at most p — 1, and L be its

Lazard correspondent. Then

(i) The isomorphism types of CP covers of G are in the Lazard correspondence
with the isomorphism types of CP covers of L and vice versa.

(ii) The Bogomolov multipliers of G and L are isomorphic as abelian groups.

Proof. We know that CP covers and Bogomolov multipliers are the first and the
second components of the maximal CP defining pairs of groups and Lie rings,
respectively, this is a direct consequence of the Proposition 3.9 and the B-C-H

formula. 0

Example 3.11. We consider a finite p-group G, of order p® with the nilpotency

class 3 and the following presentation

2
Gip =(9,91,92.93 | [91,9] = 92, [92,9) = 9" = 93,97 = g5 = g5 =1)

Moravec in [19] showed that By(G1,) = 0. For p > 5 these groups are in the Lazard
correspondence with the finite p-Lie ring L1, of the same order and nilpotency

class. For fixed prime p, the method of [7] can be used to determine the Lie ring
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presentation for L, with p as parameter. Let Fi, be a free Lie ring on v, vy, v, v3,

and denote presentations of Ly, as Fi,/R1p. So,
Lqip = (v,v1,02,v3 | [v1,0] = v2 — p*v/2 = vy — v3/2, [v2,0] = p*v + p*v/2 = vs,

pv1 = pva = puz = 0).

The Moravec’s method in [20] which determines the Bogomolov multiplier for a
polycyclic group may translate to finite p-Lie rings. Now we use this method to
determine the Bogomolov multiplier of L;,. Based on the above presentation, we
have

Lip ALy = (v Avr,v Avg, v Avs,v1 Avg,v1 AUz, V2 AVs).
Hence for all w € M(L1p) < Lip A Ly there exist aq,..., a6 € Z,y, such that
w=a1(VAv1)+ az(vAve) + as(v Avs) + ag(vy Ave) + as(vr Avs) + ag(ve Avs).
Consider £ : L1, A L1, = L3,. &(w) =0, and

aq[v,v1] + as[v, ve] + aslv, v3] + agfvy, va] + aslvr, v3] + aglua, v3] = 0.

So, agvg + (ag — a1 /2)vs = 0. Hence oy = gy = 0. Therefore

w = az(v Avg) + ag(v1 Ava) + as(vy Avs) + ag(ve A vs).
On the other hand, [v,v3] = [v1,v2] = [v1, v3] = [v2,v3] = 0. Thus
(v Awg), (V1 Avg), (V1 Avs), (v2 Avg) € Mo(L1p). So, w € My(Ly,) and
M(Llp) Q MO(Llp)- Hence BO(Llp) =0.

Example 3.12. We consider a finite p-group Ga,, of order p® with the nilpotency

class 3 given by the following presentation
Gap = (9,91, 92,93, 94, 95 | [91, 92] = 93,193, 91] = 94, [93, 92] = 95, [9, 91] = 9.

G =g=gi=gl=95=9g"=1)
Chen and Ma in [6] showed that By(Ga,) = 0. For p > 5 these groups are in
the Lazard correspondence with the finite p-Lie ring Ly, of the same order and
nilpotency class. For fixed prime p, the method of [7] can be used to determine the
Lie ring presentation for Lo, with p as parameter. Let F5, be a free Lie ring on

v,v1,...,Us, and denote presentation of Lg, as Fy,/Ra,. So,
Loy = (v,v1,v2,v3,04,05 | [U1,02] = v3 —v4/2 — v5/2, [v3,v1] = w4, [U3,v2] = v5,

[v,v1] = V4, pU1 = pUo = puz = pvy = pvs = 0).
We use a method similar to that of Moravec to determine the Bogomolov multiplier

of Lo,. Based on the above presentation we have

Lop A Lap = (0 Avr,v Avg, v A vz, v Avg,v Avs,v1 Ava,
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(%1 A V3, U1 A V4, U1 A V5, U2 A V3, U2 /\1}4,’02 A Vs, U3 A V4, V3 AN Vs, Vg A ’U5>.

For all w € M(Lyp) < Lo, A Lgy, there exists ai, ..., a5 € Zy,, such that
w = ag (VA1) +as(vAve)+as(vAvs)+ag(vAvy)+as(vAUs)+ag (v1 Ave ) +az (v Avs)

+Oég('U1 /\1}4) +C¥9(’Ul /\1)5) +Oélo(’l)2 /\’Ug) + 0[11(’02 /\1)4) +Ol12(’l]2 /\U5) +0413(’03 /\'1)4)
+0414(’U3 A\ 1)5) + (Jé15(114 A 1}5)

Let & : Loy A Ly, — L3,. Then we have #(w) = 0 and
ai[v, v1] + aolv, va] + aslv, va] + asfv, va] + as[v, vs] + aglvr, va] + arlvr, vs)

+agv1, va]+aglvr, vs|+aio[ve, Uz]+ i1 [ve, va] +ai2[ve, U5+ aus(vs, va] +ara[vs, vs]
+as[vg, vs] = 0,

So, (a1 — ag/2 — az)vy + agvs + (—ag/2 — ao)vs = 0. Thus, ag = ag0 = 0 and

a1 = ay. Therefore
w = a1 ((vAv1)+(v1Av3))+az(VAVe)+ag(VAU3)+ag(vAvs)+as (VAYs ) +ag(v1 Avg)+

ag(v1 Avs) + a11(ve Avy) + ar2(va Avs) + ars(vs Avyg) + ara(vs Avs) + ars(ve Avs)
On the other hand, (v Awvg) , (vAwv3), (WAwvy) , (VAws), (v1 Avg) , (v1 Avs)
(va Avy) , (V2 Aws), (3 Ava), (V3 Avs), (va Avs) belong to the My(Lop). We
can see that, [v + v1,v1 +v3] = 0. So, (v+ v1) A (v1 + v3) € Mo(Lap). Hence
(vAv1) 4+ (VAv3) + (v1 Avy) + (v1 Avs) € Mo(Lap). Thus, ((vAv1)+ (v1 Avs)) €
Mo(Lay) and w € Mo(Lay). Therefore M(La,) € Mo(Lgp) and By(Lap,) = 0, as

required.
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