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13 Abstract

16 Under the existence of model uncertainties and external disturbance, finite-time projective
18 synchronization between two identical complex and two identical real fractional-order (FO)
chaotic systems are achieved by employing FO sliding mode control approach. In this paper, to
23 ensure the occurrence of synchronization and asymptotic stability of the proposed methods, a
25 sliding surface is designed and the Lyapunov direct method is used. By using integer and FO
derivatives of a Lyapunov function, three different FO real and complex control laws are derived.
30 A hybrid controller based on a switching law is designed which has an efficient behavior than the
32 each one of the designed controllers based on the minimization of an appropriate cost function.
34 Numerical simulations are implemented for verifying the effectiveness of the methods.

Keywords: fractional-order derivative; chaotic system; finite-time synchronization; sliding mode

39 control; Lyapunov theorem; hybrid control

43 1. Introduction

46 FO calculus attracted considerable attentions in recent years because it has been recently found
48 that several physical phenomena can be more adequately described by FO differential equations
rather than integer-order models [1-3], and FO systems can show complex dynamical behavior

53 such as chaos. Memory and more degrees of freedom are the main advantages in FO systems. A
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less conservative asymptotic stability condition and a new definition for the exponential stability
condition of FO systems are investigated in [4]. In [5], using the Lyapunov direct method, a state
feedback controller is designed for the stabilization of FO nonlinear systems. The chaotic systems
appear in many important fields of engineering such as secure communication [6, 7]; For example,
the chaotic systems with complex variables can carry more transmitted information and increase
additionally security of information [8]. By separating the real and imaginary parts of FO complex
chaotic system, one can obtain the corresponding real one. Several FO complex chaotic systems
named such as Lorenz, Chen, T and Lii [9-12], have been proposed. However, there has been little
works for synchronization of FO complex chaotic systems; some drawbacks to this problem should
be considered. To the best of our knowledge, the control effort problem for the synchronization of
such kinds of these systems is not considered and this is the main drawback.

Since pioneering work by Pecora and Carroll [13], chaos synchronization has attracted a lot of
significant interests and many published papers have been reported [14-19]. The finite-time
synchronization occurs using some control techniques such as sliding mode [16, 18-21] whenever
the state trajectories of the slave system should track the state trajectories of the master system in
a finite-time. To achieve faster convergence in the real world applications, finite-time control
technique is more valuable than infinite-time control technique. The major advantages of sliding-
mode control such as easy realization, its robustness to the plant parameters uncertainty and low
sensitivity to unknown disturbance make it different from the other control approaches. Most of
the literature are focused on the synchronization of FO chaotic systems via the conventional
discontinuous-time sliding mode control approach [18, 21]; while the continuous-time sliding
mode control is more efficient to reduce the chattering phenomenon [22, 23]. Using the FO

calculus and an integral manifold, the chattering phenomena is eradicated in the sliding mode
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control technique in [24]. In [19], there are some mistakes belong to the calculation of the finite-
time for the projective synchronization of different integer-order chaotic systems with model
uncertainties and external disturbances; which we will modify them and extend the main results to
the FO counterpart. Most of the literatures have been focused on the synchronization of real
variable chaotic systems. But in [25], the modified projective synchronization and the modified
function projective synchronization of a class of real and complex chaotic systems are studied. If
two non-identical real or complex chaotic systems are synchronized, the control effort is high and
in the identical case, it degrades significantly. But as a special case in [18], in order to synchronize
two non-identical real chaotic systems, a little control effort is required. A switched system is a
kind of hybrid system that consists of a number of subsystems and a switching law determining at
any time instant which subsystem operates [26]. A different switching law will cause different
system performance. Hybrid systems arise in the application of multiple controllers which have
been widely used in many cases such as adaptive control, multi-agent systems and so on.

According to the above discussion, the main contribution of this paper is designing a new hybrid
FO controller for the finite-time synchronization of a general class of FO chaotic systems which
its calculation process contains new idea. Also, two different scheme is accomplished to verify the
stability of the closed-loop system.

The rest of this paper is organized as follows. First, the preliminaries of FO calculus are
introduced. Then, the system description and problem statement are given. After that, the design

strategy of the proposed control approach is presented, and finally, some conclusions are reviewed.

1. Preliminaries of FO systems

The FO integration of an appropriate continuous function is as [1]

_ 1+ f@
Dt “f() = @ftomdr, f(©):R* >R (1)
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where I'(z) = | ::tz ~le~tdt. The Caputo FO derivative of a continuous function, defined by [1]

(m*)
a 1 @
WD = oo dr 2)

O(t_.[.)aJrl—m*

where m* is the first integer larger thana € R *.

Definition 1. [1]. The Mittag-Leffler function is defined as

Eap(D) =2y _iassy (@) >0 (3)

We know that [1]

o0 k!
—Stek, £Vt g4 —
fOe the dt—(siv)kﬂ . 4)

Using (3) and (4), one can obtain [1]

kise—F

e )

e - e} =

1
a
)

where S is a variable in the frequency domain and R(S) denotes the real part of S, R(S) > |v|
v € R.

We will use the following equality with § >0 [1]

nga,ﬁ( Fvt)tP—dt = zﬁEa_ﬁ +1(Fvz% (6)
In this paper, the operator , Df is called ‘‘a-order Caputo differential operator’’. Also, the Adams-
Bashforth-Moulton algorithm is used with a step size h = 0.001 for solving FO differential
equations [27].

2. Problem formulation

The n-dimensional FO complex chaotic system is considered as

DEx = F(x) +AF (x) + d*(t) (7)

Page 4 of 27
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In this case, « € (0,1) is the FO operator, x = (xl,xz,...,xn)T € C™ is the complex state vector of the
drive system, x = x" 4+jx’, j=~/—1,x" = (mymg,..man_1)7, x' = (myma,...mzn)", F(x) =
Fr(x) +jF(x) = (F1(x),F2(x),... Fn(x))T € C* is the complex continues nonlinear vector
functions, F7(x) = (f1(2),f3(X),fan - 106))7, Fx) = (FaGOFa() s fon (). AF (x) = AF"
(%) HAF (x) = (AF1(x),AF 2(%),...AF(x))" € C" is the vector of system uncertainties, AF"(x)
= (Af1(20),Af3(%), B f 2 — 1(0))T, AF () = (Af2(2),AF 4(5),oBf 20(0))T. d¥(2) = d¥7 () +)
d*i(t) € C" is the vector of external disturbances, d*"(t) = (d%d3,...d5,_ 1)T, axi(t) =
(d5 %)

and the controlled response system can be described as

PfY = G(y) +AG(y) + &(8) —u(t) (8)
where y = (y1,y2,...yn)" is the complex state vector of the response system, y = y" +jy’, y" =
(rirsetm—10" ¥'= (r2rper2)’s GO) =G @) +HG(Y) = (G1(1),G2(),-.Ga(¥))" € C
is the complex continues nonlinear vector functions, G"(y) = (g1(¥),93(3),-wg2n — 1(M))7, Gi(y)
= (920,949 ()" AG(Y) = AG' (¥) +/AG'(Y) = (AG1 (1), AG2(Y),..AG (1)) € C"
is the vector of system uncertainties, AG"(Y) = (Ag1(¥),Ag3(¥),.sBbG2n —1(¥))T, AGI(y) =
(Ag2(7),Aga(¥), e sDg2n())T.  d¥(t) = d¥7(t) +jd”(t) €C™ is the vector of external
disturbances, d”"(t) = (d{,dﬁ,...,d%n_ 1)T, ari(t) = (d%,dy,...,dgn)T. u=(upuy,..uy) =u" +jul
is the complex control input vector to be designed later, u” = (vy,vs,...V2n_1), U=
(V2 V402"

Define the error state vector as

=6 +j6l=y—Ex 9)
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where 8 = (61,82,...6,)", 6" = (e1,e3,.nean—_1)", 8" = (ezea,..,e2,)" is the synchronization error
T

vector, & = 5" +j5' = diag(&1,5,,..,5,) is the (n x n) diagonal complex scaling matrix, 5

= diag(A1,43,...020 — 1), E' = diag(AzAs,... A2n).

Remark 1. In this paper, we define ||s|| = \/512 + 525+ o+ syt and |Is|ly = Isil + Is2] 4. + [snl
; where s = (sq, sz,...,sn)T 1s a vector of continuous functions.
Remark 2. For convenience, from now on, F,AF,G,AG, d*,d”, A stand for F(x),AF(x),G(y),AG
(), d*(t),d(t), (8 + ||8]| —2#6), respectively.
Using (7-9), the error dynamic is yielded as
WDi6=G—-—EF+AG—EAF+d”—-5d"—u (10)
By separating the real and imaginary parts of (10)
’tOD?é‘r =G — (51’ Fr— Ei g;'l)
+ AG" — (57 AFT — EL AFY)

+ = (Er arr — Ei dx,i) _ ur, .

tODExé‘i:Gi_(ETTi_i_EiTT) ( )

+ AG' — (&7 AF! + ELAFT)
| + @ — (T d¥ 4+ EdY) —u

Definition 2. It is said that hybrid complex projective synchronization occurs between the drive
system (7) and the response system (8) with a diagonal complex scaling matrix £ = 5" +jZ%, ina

finite-time, if there exist a complex controller vector u = u” +ju’ such that

liméd=Ilim|ly—Zx||=0,t>T (12)
t-T t-T

The discussion of the hybrid complex projective synchronization between two FO complex chaotic
systems (7) and (8) can be translated into the analysis of the asymptotical stability of the zero

solution of the error system (10).
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Assumption 1. The uncertainties and external disturbances are assumed to be bounded. Therefore,

there exist appropriate positive constants 6,0';, 04,0, &k, € 1,€1€ w kK = 1,2,..,2n such that:

|Af ] < 0k, 1Agkl < O,

|ax| < &, |} < e

|, Dt “Afi| < 0k, |:, Dt “Dgi| < O, (13)
Dt d¥| < €, |, DFedy| < €

Hence, one can conclude from (13)

(1Agi — (M Af ik — M w1 Af iy D < 706
|dt = (A df = A1 4 1)| <t

|, D= “(Agr — (M Af e — A4 1 Bf 1+ D) < 7', (14
oD (¥ — (A df — Ay 105 1)) < X
\ k=13,..2n—1

(18gk — (M Af 1+ A1 AfD]| < i
|d% — (Ax d¥— 1 + A1 d})| < xio

WDE(Bgi— (M Af =1+ Me—1 A < T, (15)
WD — (A di— 1+ A1 dE))| < X'k
\ k=24,..2n

where Ty, X1 Tk X' 1o k = 1,2,..,2n are positive constants.

Lemma 1. For every given scalar @ and positive scalar W, the following inequality holds: [28]

® tanh(WP) = |P||tanh(PP)| =0 (16)

Lemma 2. (Barbalat’s lemma [29]). If n:R—R is a uniformly continuous function for t > 0 and if

the limit of [ gn(a))dw exists and is finite, then lim n(t) = 0.

t—oo

3. Controller design

In our proposed sliding mode control scheme, first we consider a sliding function based on the

desired system dynamics as [19]

s=08+p[y(8+ 18| 72P8)dt (17)
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where s = 5" +js' = (51,52,..,5n) € C", p >0 and B # 0.
Therefore one gets

s" =6+ pf (8 + 6] “2Pe)dt
(18)

s'= 6"+ pf (8" + 1|81l s dt
where s" = (01,03,---,02n— 1)T; s'= (02;04:---102n)T-
Once the system operates in the sliding motion, it satisfies s = 0 [29].

Hence (18) can be obtain as

{ST = —p (& + |18 ") 19)

§' = —p(6t + 18] ~2£87)

Theorem 3.1. The sliding mode dynamic (19) is finite-time stable; i.e., the states of (19) will

converge to the zero equilibrium e, = 0, k = 1,2,...,2n from t > T¢; where T is as
2 B
T, < 1/2p,8(1 + (2 en(0)?) )
Proof. Consider a Lyapunov function as V; = 1/ 2212:1: 1ek2 and taken its time derivative

Vi= —pZ," el + 1161 ~ey) (20)
Hence one can conclude that

Vi=—=2pV,=2"Fpv,7PV, (21)

Multiplying (21) by B V1 ~1e?PPt it yields

(BVLL=W 4 2pB Vi F)e?PPt = — 21— Fpp e2PPt (22)

where e is an exponential function. Then one obtains

%(Vlﬁezf’ﬁt) = —21-Bpp e2Pht (23)

Integrating from both sides of (23) from zero to t

Vi) = (27F + Vy(0)F)e 2Pt —2F (24)
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Hence, the states ej, will converge to zero in a finite-time
Ti=t<1/, on(1+ (2 ex(0 Z)B (25)
1= t= 2pB n k= 1ek( )

Thus, the proof is achieved completely.

After designing the sliding manifold, the next step is to design the reasonable control law to force
the error trajectories to go onto the sliding surface within the finite-time. In order to assure the
existence of the sliding motion (to satisfy the reaching condition s’$ < 0) and to eliminate the

chattering phenomenon caused by the sign function, a continuous control law is proposed as

(Vk =Gk — (A fro—Dev1 free) +
D¢ (p (ex + 11611 ~%Per) + w tanh(n o) + L 0.),
k=13,..,2n—1
vk =gk — M fr—1+ Me—1 fi) +
WDE = (p (e + 1161 ~?ey) + w tanh(n oy) + Loy ),
\ k=24,.2n

(26)

In (26), w and n are the adaptation coefficients which tune the gain and steepness of the tanh

function, respectively. Also A is a positive gain which tunes the speed of the synchronization.

Theorem 3.2. If the FO chaotic system (11) is controlled by the control law (26), then the system

trajectories will tend to the sliding surface o, = 0, k = 1,2,...,.2n.
Proof. Constructing a Lyapunov function candidate as
v, =(1/2)(2" o) 27)
Taken integer-order derivative from (27) along the trajectories of (17) one obtains
V=3, ou(ex + plew + 116 2Fe)) (28)

Substituting (11) into (28) results
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. 2n—1
Va2 =2y 130k

WD gr— (M fro—Mev1 fra D) FAgk— (M Af e — Mgy 1 Af gy 1) +dl— (A df — Ay 1 dE 1) —vi) +p
+212cn=2,40k
WD (g — M from1+ M1 1) +Agk— (M Afe— 1+ A1 Af) +df— (A df 1+ A_1 dE) —vi) + p

(29)
Using the Assumption 1 and inserting (26) into (29), yields

VZSZ?; 2+ x'Dok— w o tanh(n op) — 1 0 (30)

Using the Lemma 1, Z,Z{n: w0y tanh(n o) = lecn: L @ lowl[tanh(n g;)|. Thus we have

v, SZin:l(Z(T’k + X' Dok —v oW = 210,2) (31)
Ifv> Q0+ x'%) + &), k=1,2,..2n, where ¢ is a positive constants, then
Vy < —~28V,05 =227, (32)
Therefore, the right hand side of (32) is negative semi-definite. So the stability of the system is
guaranteed.
Multiplying both sides of (32) by V, ~%°, results

Vo 705V, 424 V,05 < —/2¢ (33)
Multiplying (33) by (1/2)e?* and then integrating at both sides from zero to #, one obtains

V2% < ((AN2) (§/2) + V2(0)*5)e =4 — (114/2) ($/2)

T, =t< (1/2) In(1+ (W92} ,o(0)]) (34)

Therefore, from (32-34) and by directly according to definition 2, the state trajectories of the

error system (10) will converge to o, = 0, k = 1,2,...,2n in a finite-time T’,.

10
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According to Theorems 3.1 and 3.2, the finite-time synchronization between the drive system (7)
and the response system (8) can be reached in a finite-time T < T + T».

Based on the sliding manifold (17), the different control law will design through the use of FO
derivative of the Lyapunov function and the Lemma which proved in [30].

Therefore, in order to assure the existence of the sliding motion (sTtOD‘Z‘s < 0), an appropriate
continuous control law is designed as

u=G—EF+p, D '(A) + wtanh(ns) + s (35)

Theorem 3.3. If the FO chaotic system (11) is controlled by the control law (35), then the system

trajectories will tend to the sliding surface s = 0.

Proof. Construct a Lyapunov function candidate as V5 = s's/2.

Taken FO derivative from Lyapunov function along the trajectories of (17), yields
DV, < (G—EF+AG—EAF +d” —Ed*—u+ p,DE1(A)) (36)
According to the Assumption 1 and inserting the control input (35) into (36), one has

WPEV3 < (T + PlIslly — w s" tanh(n s) — 4 |Is||®

We assume w s’ tanh(n s) = v ||s||1. Thus one can conclude that

WDPEV3 < K|Islly — A [IslI> < (K =) Is|I?

where K = (1 + y — w). If K — A < —L, then

WDEV3 < —2L V3 (37)

Therefore, the right hand side of (37) is negative semi-definite. So the stability of system is

guaranteed. Using the Volterra integral

V3(7)
(t _ T)l —a T

1 tk 2L ot
Va0 - ;L VetV < — 7y .

11
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k
let ZLQ]:B 1V3(t0)(k)% = V5(ty), the inequality (38) can be rewritten as

ift V3(7)
'@ ot —7)t—«

dt < V3(to) — V3(b)

. . .. . . 2L
Since ,DfV3<0 and V3(ty) —V3(t) =0 is positive and finite, one can obtain that @

t Vi
fO(t _ T)l—a

dr exists and is finite. Thus according to Lemma 2, lim V3(t) =0 .

t—o>o0
Therefore s—0. Thus, the system trajectories can be driven onto the predefined sliding surface and
the proof is completed.

Moreover, a different finite-time FO control law is designed as

u=G—EF+8+p Db (0 (D) + i 2(8)) +s(sTs) T —— (39)

lIsII?
where q is not zero and ¢ is a positive constant.

Theorem 3.4. If the FO chaotic system (10) is controlled by the control law (39), then the system

trajectories will tend to the sliding surface s = 0 in a finite-time.

: . . (s"s)
Proof. Constructing a quadratic Lyapunov function as V, = ——.

Taken FO derivative of the Lyapunov function along the trajectories of (17) one obtains
a T a a—1 T
tht V4 S S (LL()Dt 6 + p tht (A)) (40)

Substituting (10) into (40) and then using the control input (39) yields

DV, <sT(0G —EAF + & —Ed*— s —s(s"s) T+ )

lisI
According to the Assumption 1, , DEV, < — |[s||* — [Is]|>~ 27 + |Is||*(t + x) + &.

If (t + y — 1) < —v, where v is a positive constants, then

WDV =20V, =217, "4 e< 2vV, e (41)

12
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Taken the Laplace transform from (41) with respect to V4(0) = 0, we have V4(S) = S5t ) -

Using definition 1 and equality (5), then V4(t) obtains as, V4(t) = g t* = 1E, (—2v tY)dt .

Based on the equality (6), it follows that

o (=Dkv)kt™

Va(t) S etEqq41(—2vtT) <e X, or((k + Da + 1)

(42)

Thus, by simple calculation, one can conclude that the right hand side of (42) is convergent which

implies that the state trajectories in (17) converge to s = 0. Therefore, the proof is completed.

4. Numerical simulation and experimental results

Case 1: Finite-time synchronization of FO complex chaotic Chen systems
According to the results in section 3, in this example, the complex projective synchronization
between two identical FO complex chaotic Chen systems [10] with different initial conditions in

the presence of system uncertainties and external disturbances will study. The drive system is as

+ [A(sin (m3) + jcos (m4)) | + [A(sin (t) + jcos (t))) (43)

35(x2 —x1)
D?X — —7X1 + 28XZ — X1X3
t, .
’ Asin (ms) Asin (t)

1/ _
[5Gaxz + x1%2) — 33

—_ — AT d*
T

(A(sin (my) + jcos (mz))) (A(sin (t) + jcos (1))
+

and the uncontrolled response system can be as

35(y2 — 1) ) A(cos (r1) + jsin (r2))\  /A(cos () + jsin (£))
+ ( ) + ( ) (44)

Wiy =14 —7y1+28y2—y1y3 A(cos (r3) + jsin (r4)) | + | A(cos (t) + jsin (t))
/2(3713/2 + v192) — 3y3 Acos (15) Acos (1)

—_ — &7
= AG

where A = 0.2. The system exhibits a chaotic behavior when (@ = 0.96). The parameter of the
controller are set as p=5, $=0.1, n=0.1, w=10, 1=10. £=diag(1 —j,1—j,1). The

initial values of the states of drive and response systems are (x1(0),x2(0)x5(0))" =

(1+j1.7,1.3 + j0.5, 2.3)and (y1(0),y2(0),y3(0))" = (2 + j0.7,0.5 + j1.6, 1.1)",

13
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respectively. The synchronized states and the synchronization errors between two systems are

shown in Fig. 1 and 2. The time history of the control inputs (26) are depicted in Fig. 3.

50
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-50

50

-50

50

-50
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Fig. 1. The synchronized states of the two identical FO complex chaotic Chen systems.

Fig. 2. The synchronization errors between the system (43) and the system (44).
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Fig. 3. The time history of the control inputs (26).
Remark 3. As illustrated in Figure 3, the control effort is not sub-optimal. Therefore, to have sub-
optimal control of the synchronization of such FO complex chaotic systems, the traditional control
techniques like sliding mode control cannot be used. For each synchronization scheme such as
hybrid complex projective synchronization with different scaling matrices, the result of the control
input is not better than in Figure 3. So, in order to compare the simulation results numerically with
the different designed control inputs, a sub-optimal control effort is required in the output of the
synchronization system. Therefore, the real counterpart of these systems must be used as an

alternative system for the synchronization which has better results and sub-optimal control effort.

Case 2: Hybrid control of synchronization of FO real chaotic Chen systems

In order to design the hybrid control scheme, the following intermediate variables are introduced:

{D1={5ER3I I8l = @} (45)

D,=8€R3 6¢ D,

where 8 = [84, 8,,85]". The FO controllers defined in (35) and (39) are considered as u; and u,,
respectively. The switched error system can be proposed as

DIE=G—EF+AG—EAF +d’ —Ed* —u, (46)

15
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where 0 =1,if § € D; and 0 = 2, if § € D,. In this case, the complete synchronization between
two identical FO real chaotic Chen systems [31] with different initial conditions in the presence of

system uncertainties and external disturbances is considered. The drive system is as

35(x; — x1) A(cos (x1) + sin (2t))
toleZx =|—-7x1—x1x3+ 28 X2 | + A(COS (XZ) + sin (Zt)) (47)
X1X2 — 3X3 A(cos (x3) + sin (2t))
T F - AF + d* —
and the uncontrolled response system is as
35(y2 —y1) A(sin (y1) + cos (2t))
Diy = (—73’1 —y1y3 + 28}’2) + | A(sin (y2) + cos (2t)) (48)
y1y2 — 3¥3 A(sin (y3) + cos (2t))

~— —— ——

F AG + d”

where A=0.2. The system exhibits a chaotic behavior when a = 0.9. The parameter of the
controller are set as Q =0.07,p=5, £=0.1, n=0.1, =10, A =10 and = =diag(1,1,1).
Parameter Q is acquired by the trial and error procedure in order to minimize the cost function.

The initial conditions of states are (x1(0),x2(0),x3(0))" = (1.5,0.1,1.7)"  and

(y1(0),y2(0),y3(0))" = (0.5, 1.4, 0.2)". The synchronized states and the synchronization errors

between (47) and (48) are shown in Fig. 4 and Fig. 5, respectively. The hybrid control input signal

under the switching law (45) is depicted in Fig. 6.
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Fig. 4. The synchronized sates of the system (47) and the system (48).
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20 Fig. 5. The synchronization errors between the system (47) and the system (48).
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38 Fig. 6. The time history of the hybrid control inputs.
40 From figures (4) and (5) it can be seen that the synchronization errors converge to zero in a
short time without any overshoot and steady state error. In order to compare the result of the
45 synchronization of FO chaotic Chen systems (47) and (48) based on the controllers (35), (39), and

47 the hybrid controller designed in this section, as well as the results of the synchronization based
. .. . 1 N 3 N2 2 0.5
50 on [32, 33], an appropriate cost function is considered as J = ( /N)Zl. _ 1(2}. 16O +w (D) ) ;

53 where N is the time of simulation divided by /. One can see from Table 1 that, the proposed hybrid
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control technique is more efficient versus the different initial conditions and also has the better

result against the control inputs designed in the some of the previous papers such as [32, 33].

ook Controller ~ Controller 2 Hybrid Controller ~ Coupling

1 (35) 39 Controller [32] method[33]
x(0)=[1.50.1 1.7], y(0)=[0.51.40.2] 1.5162 2.4745 1.4428 1.5445 11.7045
x(0)=[0.2 0.5 0.4], y(0)=[0.9 1.1 0.6] 0.6898 0.7567 0.6656 0.7562 1.2730
x(0)=[21.61.4], y(0)=[2.20.41.5] 1.1814 1.5962 1.0909 1.2275 1.8394

Table 1: The cost function values based on the different control input signals

5. Conclusion

In this paper, the stabilization and synchronization problems of identical FO chaotic systems are
investigated. A new hybrid FO sliding mode controller is introduced that is robust against
perturbations. Two illustrative examples show the feasibility and applicability of the proposed
control techniques. For further studies, we ask the readers to investigate a way to obtain a sub-
optimal control law for the control and synchronization of such FO complex chaotic systems as
well as non-identical FO real chaotic and hyper-chaotic systems. Also, one can obtain the
parameter Q adaptively to minimize the cost function in the real time and it is an open problem.

Acknowledgement. N. Pariz (the corresponding author) was supported by a grant from Ferdowsi
University of Mashhad (No. 45123).
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31 Fig. 2. The synchronization errors between the system (43) and system (44).
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5. The synchronization errors between the system (47) and system (48).
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