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A design optimization involving mechanical and electrical considerations is proposed with the aim of
improving the performance of bimorph piezocomposite energy harvesters for micro-electromechanical
systems. Maximization of the power density ratio of the transducer was achieved using a
Multidisciplinary Design Feasible method accounting for several design variables and subjected to oper-
ational and physical constraints. The present numerical approach shows that superior performance can
be obtained via multidisciplinary design in comparison to designing the mechanical and electrical parts
separately. A composite cantilever beam type of harvester formed by a brass shim covered by PZT-5A
piezoelectric layers was considered. Predictions of tip displacement, voltage and power output were car-
ried out using an analytical model of the harvester, based on Euler-Bernoulli theory and an energy
approach. Finite element analysis of the harvester was also performed for the purpose of model verifica-
tion and analysis of fidelity issues. The results of the implemented optimization procedure provided valu-
able design relations concerning the dependence of the aspect ratio of the transducer on the operating
frequency, as well as regarding the optimal thickness ratio to be selected for the active and substrate
layers.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Owing to rapid advances in micro-electromechanical systems
(MEMS), harvesting energy from environmental sources has
received increased attention in recent years. The need to eliminate
external power sources due to device miniaturisation has been the
primary motivation behind the development of this type of energy
scavengers. Vibration energy is commonly available in most envi-
ronments and, contrary to other ambient (renewable) energy
sources, such as solar and wind power, it does not rely on favorable
atmospheric conditions. Hence, many studies on how to harness its
potential efficiently have been performed. Although several trans-
duction mechanisms have been proposed for that purpose, namely
electrostatic [1] and electromagnetic [2,3], piezoelectric energy
harvesters (PEH) have drawnmost of the attention in the field. This
is mainly a consequence of the versatility of piezoelectric transduc-
ers, which are able of converting mechanical vibrations into elec-
tricity for long and uninterrupted periods of time [4]. Moreover,
when compared to other transducers, PEH generally exhibit a
simpler configuration, higher conversion efficiency, as well as a lar-
ger compatibility with micro-fabrication techniques [5,6].

Although the piezoelectric materials used in PEH have the capa-
bility of converting mechanical energy into electrical energy and
vice versa, the present study is focused on the former capacity
only. To that aim, PEH are often incorporated into structures so
that available mechanical vibrations may be converted into a
usable form of energy [7]. As a consequence, significant efforts
have been put into the optimal design of PEH for maximum effi-
ciency. Piezoelectric composite elements have been proposed in
several shapes, sizes and materials with the goal of maximizing
the power output of the transducer. Historically, the cantilever
beam configuration has been the preferred choice since it is a rel-
atively compliant structure, in addition to its compatibility with
MEMS manufacturing processes. Furthermore, its low structural
stiffness can allow for large strains, thus providing greater power
generation [8–10]. Despite the fact that a trapezoidal-shaped can-
tilever beam can deliver extra energy [11,12], the rectangular-
shaped geometry has been used in the majority of MEMS-based
harvesters. This simpler geometry is easier to implement, and it
has shown to be successful in harvesting energy from ambient
vibrations, generating suitable amounts of power [5,13]. Neverthe-
less, the piezoelectric thickness, substrate thickness, residual
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stress, side-length and electrode coverage are known to affect the
electromechanical coupling coefficient, and consequently, these
characteristics have a relevant effect on the power output of the
transducer also [14,15]. Hence, the ratio of the piezoelectric layer
thickness to the total thickness of beam has been considered as a
fundamental design variable when purporting to maximize the
power output of PEH [16]. In an earlier study, the cantilever beam’s
length, width and thickness have been optimized using a Modified
Particle Swarm Optimization algorithm [17]. Moreover, Topology
Optimization Methods have been successfully applied to either
maximize power generation [18] and the electromechanical cou-
pling coefficient [19,20].

Another important consideration required for improving the
efficiency of PEH is that its natural frequency must conform to
the dominant frequency of the ambient vibrations. Minor fre-
quency mismatches generally yield dramatic reductions in power
output [21]. Jiang et al. [22] have studied a bimorph cantilever
beam device with an added mass. These authors have shown that,
by reducing the bimorph thickness and increasing the attached
mass, the harvester’s resonance frequency decreases, thus allowing
to maximize the harvested power. However, one should point out
that although the resonance frequency of PEH may be adjusted (or
tuned by the use of added mass), weight restrictions are imposed
in many applications, such as those concerning micro aerial vehi-
cles [23]. Besides the resonance frequency, the damping ratio also
plays a significant role in the optimization of the power output of
this type of PEH [24].

From the electrical point of view, the dynamic behavior of the
electrical circuit coupled to the device, as well as impedance
matching, are other important aspects determining the perfor-
mance of PEH. Earlier studies have demonstrated the nontrivial
role of the electric circuit in the optimization of the material distri-
bution and electric power generation [18,25]. Additionally, the
optimal resistor value has been the subject of several investiga-
tions also [26–29].

In a nutshell, and despite the multitude of interdisciplinary
variables affecting the performance of PEH, published design opti-
mization studies of composite beams are usually carried out by
considering only very limited, and separate, design variables.
Recently, a few researchers have obtained significant enhance-
ments by using simultaneous design optimization rather than opti-
mizing separately the host structure and the electrode profile of
the piezoelectric material [30,31]. However, in simultaneous
design optimization, the relevant disciplines are not coupled with
each other, regardless of the physical significance of their interac-
tions. In markedly contrast to this approach, with the use of Mul-
tidisciplinary Design Optimization (MDO), interdisciplinary
coupling is not ignored in the problem.

Aiming at contributing to the improvement of the performance
of PEH for MEMS-based applications, this paper proposes a multi-
disciplinary design methodology to optimize small piezocomposite
transducers in which the piezoelectric layer is coupled to an exter-
nal electrical resistor. By employing a monolithic technique,
namely a Multidisciplinary Design Feasible (MDF) method, the
electrical power output and the weight of the device are set as
objective functions and several design variables and constraints
are accounted for based on each intervening discipline. In Section 2,
the electromechanical formulations for a piezocomposite can-
tilever beam operating as an energy harvester are given. In Sec-
tion 3, the implemented MDO formulation, including the design
variables, objective functions, constraint formulations and the cou-
pling analysis, is described in detail. In Section 4, a reference con-
figuration is simulated to illustrate the proposed modeling as well
as for verification purposes. In Section 5, the optimization results
are presented and discussed. Finally, the main findings of this
investigation are summarized in Section 6.
2. Electromechanical formulations for a piezocomposite
cantilever beam

In a bimorph harvester configuration two active layers of piezo-
ceramics cover a substrate, which operates as a passive layer
between the active ones. Electrodes are also installed on upper
and lower surfaces of each piezoelectric layer, and those may be
connected to each other in series or parallel, depending on the
intended application. Fig. 1 shows a schematic of the piezocompos-
ite cantilever beam with a series connection between the active
layers. It must be noted that both the series and parallel wiring
options produce the same peak power. However, the voltage out-
put is doubled in a series connection (two piezoelectric elements
poled in opposite directions), whereas the obtained current is dou-
bled in a parallel connection (same polarization directions) [32].
The minute thickness of the electrodes will be neglected in the pre-
sent analysis, thus the beam thickness h is assumed to be given by
the sum of the thickness of the substrate layer and twice the thick-
ness of the piezoelectric layers. In addition, an excitation consisting
of a harmonic transverse base acceleration will be considered as
input.

The coupled electromechanical behavior of the beam is gov-
erned by the linear-elastic constitutive relations connecting four
field variables, namely the mechanical stress T, strain S, electric
field E, and developed electric displacement D. In matrix form
[33], the aforementioned quantities are related through the piezo-
electric permittivity e, the piezoelectric constant linking the strain
and charge density e, and the stiffness matrix cE, as follows:

fTg ¼ ½cE�fSg � ½e�fEg;
fDg ¼ ½e�tfSg þ ½eS�fEg: ð1Þ

In Eq. (1) the superscripts E and S denote parameters applied at
constant electric field and constant strain, respectively, and the
superscript t indicates the transpose.

2.1. Analytical model

An analytical model for the PEH may be obtained based on
Euler-Bernoulli theory and an energy approach. The concept
explored here is similar to that described by DuToit et al. [34]
and Kim et al. [35], where Hamilton’s Principle for deformable bod-
ies has been applied to an electromechanical system. Considering
two specified time instants t1 and t2, the variational problem deter-
mining the dynamics of this system can be written in a generalized
form, where magnetic terms have been neglected and d denotes
the first variation of a function, as follows:Z t2

t1
½dðTk � U þWeÞ þ dW�dt ¼ 0: ð2Þ

Individual energy terms in Eq. (2) are the kinetic energy Tk, the
internal potential energy U, and the electrical energy We, as given
by:

Tk ¼ 1
2

Z
Vs

qsf _ugtf _ugdVs þ 1
2

Z
Vp

qpf _ugtf _ugdVp; ð3Þ

U ¼ 1
2

Z
Vs

fSgtfTgdVs þ 1
2

Z
Vp

fSgtfTgdVp; ð4Þ

We ¼ 1
2

Z
Vp

fEgtfDgdVp; ð5Þ

where the integrals in Eqs. (3) and (4) involve contributions due to
both the substrate layer (subscript s) and the piezoelectric layers
(subscript p). However, only the latter contribute to the integral



Fig. 1. Schematic of the PEH illustrating the series connection of the bimorph composite cantilever beam with an external electrical resistor.
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in Eq. (5), as electrical energy is only taken into account in piezo-
electric layers and the contribution due to fringing fields in the
structure and free space is neglected. In these expressions, V and
q stand for the volume and density of each element of the beam,
respectively. The dot operator in Eq. (3) denotes the time derivative
of a relative position vector fug varying both in space and time. The
last term in Eq. (2) represents the external work dW , which is
defined as a function of the relative displacement and the (scalar)
electrical potential difference. In discrete form, it can be written
as follows:

dW ¼
Xm
i¼1

duif i þ
Xn
j¼1

dujqj; ð6Þ

where the first summation accounts for m external point forces f i,
applied at discrete positions xi with spatial displacements dui, and
the second summation describes the effect of n charges qj, extracted
at discrete electrodes with an electrical potential uj in positions xj.
After the substitution of the set of expressions obtained from Eq. (1)
in Eqs. (3)–(5), as well as the substitution of Eqs. (3)–(6) in Eq. (2),
additional assumptions are made in the derivation of the model
equations for the PEH. Namely, it is assumed that the Rayleigh-
Ritz procedure is applicable to this problem, as well as that the elec-
trical field is constant across the piezoelectric layers. Accordingly,
the structural displacement can be written as the sum of k individ-
ual mode shapes wri

multiplied by a generalized mechanical coordi-
nate yi. The electrical potential term can also be written in terms of
the product of a potential distribution wtj and a generalized electri-
cal coordinate tj. For a beam in transverse bending, these relations
can be further simplified as:

u ¼
Xk

i¼1

wri
yi ¼ wry; ð7Þ

u ¼
Xn
j¼1

wtjtj ¼ wtv; ð8Þ

where only the first mechanical mode of the beam and a single elec-
trode pair were considered. This is consistent with a one-
dimensional approach, thus allowing the use of scalar expressions
for the PEH model. Closure to the problem under consideration is
finally obtained via Euler-Bernoulli beam theory, which provides
an additional relation to express the axial strain in terms of the
beam displacement. Variations in the transverse (relative) coordi-
nate y and piezoelectric voltage v resulting from the substitution
of Eqs. (7) and (8) in the variational relation obtained from Eq. (2)
are assumed to tend to zero separately, thus yielding two coupled
ordinary differential equations (see [35,36] for further details), as
follows:

€yþ 2nmx1 _yþx2
1y�

h
M
v ¼ � B

M
aB; ð9Þ

h _yþ Cp _v þ 1
R
v ¼ 0; ð10Þ

where nm stands for the mechanical damping ratio, x1 ¼
ffiffiffi
K
M

q
corre-

sponds to the frequency of the first beam mode, aB denotes the base
acceleration (input excitation), B represents the inertial load for a
beam of uniform cross-section,M, Cp and h indicate the mass, capac-
itive, and coupling coefficients, respectively, and R is the electrical
load resistance. A solution to the set of Eqs. (9) and (10) may be
sought by using Laplace transforms in order to derive the analytical
model for the PEH [34]. Hence, normalized (output) magnitudes for
the tip displacement of the beam y, as well as for the harvested
power P and voltage v , are determined from the following
expressions:

y
BaB

����
���� ¼ 1

K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðaXÞ2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½1� ð1þ 2nmaÞX2�2 þ ½ð2nm þ f1þ j2gaÞX� aX3�2

q ;

ð11Þ

v
BaB

����
���� ¼ 1

jhj
aj2Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½1� ð1þ 2nmaÞX2�2 þ ½ð2nm þ f1þ j2gaÞX� aX3�2
q ;

ð12Þ

P
BaB

����
���� ¼ x1

K
aj2X2

½1� ð1þ 2nmaÞX2�2 þ ½ð2nm þ f1þ j2gaÞX� aX3�2
;

ð13Þ
where the factors a ¼ x1RCp; j2 ¼ h2

KCp
and X ¼ x

x1
represent a

dimensionless time constant, an electromechanical coupling coeffi-
cient for the system, and the ratio between the excitation (angular)
frequency x and the first mode of oscillation x1, respectively.

The mechanical damping ratio appearing in Eqs. (11)–(13) has a
significant effect on the electrical output response of the harvester.
In the particular case of the MEMS-scale cantilever beam structure
under consideration, this ratio consists of four dominant compo-
nents [37–39], namely drag force (1), squeeze force (2), support
losses (3) and structural damping (4), which are defined as follows:

nm ¼ nm1
þ nm2

þ nm3
þ nm4

; ð14Þ



Table 1
Identification of objective functions, design variables and constraints of the problem.

Objective functions P and mb

Design variables Piezoelectric layer thickness hp ðlmÞ
Substrate layer thickness hs ðlmÞ
Beam length L ðmmÞ
Beam width b ðmmÞ
Resistance R ðkXÞ

Constraints x�xn ¼ 0
3
8p

ffiffiffiffiffiffiffiffiffiffiffiffi
2qal

p � qbh
L
ffiffiffi
x

p
b 6 0
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nm1
¼ 3plbþ 3

4pb
2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2qalx
p

2qbbhLx
; ð15Þ

nm2
¼ lb2

2qbg3hx
; ð16Þ

nm3
¼ 0:23h3

L3
; ð17Þ

nm4
¼ g

2
; ð18Þ

where l corresponds to the air viscosity, qa and qb are the air and
beam structure densities, respectively, g denotes the gap between
the beam surface and a neighboring wall, h, b and L stand for the
beam’s thickness, width and length, respectively, and g represents
a structural damping factor. In Eqs. (15)–(18), x is assumed to be
the natural frequency, and amongst the four components of the
mechanical damping ratio in MEMS-scale devices, the drag force
damping term nm1

is considered as the dominant one when the
transducer is operated in free space at atmospheric conditions [40].

2.2. Finite elements model

Finite Elements (FE) simulations for reference and optimized
PEH were also carried out employing the commercial software
ANSYS 14.5. For the present electromechanical problem, a coupled
FE matrix equation is derived via the application of a variational
principle together with a FE discretization [41]. The latter is set
up by establishing nodal solution variables and shape functions
over domain elements approximating the solution. In this case,
the simplification to a one-dimensional problem is not made and
the resulting matrix equation governing the coupled dynamics
takes the form:

M 0
0 0

� �
€y
€v

� �
þ C 0

0 Cd

� �
_y
_v

� �
þ K Kz

Kt
z Kd

� �
y

v

� �
¼ F

L

� �
; ð19Þ

where M, K, C and Cd represent the mass, stiffness, and structural
and dielectric damping matrixes, respectively, Kd and Kz denote
the dielectric conductivity and piezoelectric coupling matrices,
respectively, and F and L stand for structural and electrical load vec-
tors, respectively. The (nodal) displacement fyg and the voltage fvg
obtained from electrical potential variations in the piezocomposite
cantilever beam remain, in this analysis, as vector quantities. As a
matter of fact, in the FE modeling mesh, each node point has four
degrees of freedom (three displacement components and voltage).
Ultimately, the unknowns at each node are computed via the
numerical solution of the FE modeling equations using the commer-
cial package solver.

In accordance to the formulation of the problem to be studied
(see Section 2), the FE analysis was performed by considering the
PEH subjected to harmonic base acceleration. The steady-state
response of the structure to a sinusoidal varying load was deter-
mined by harmonic analysis and transient effects at the beginning
of the vibrations were ignored.

3. Multidisciplinary design optimization

Although single-discipline optimization may still be adequate
in some cases, the application of MDO to the study of the elec-
tromechanical transducer under consideration seems to be the best
approach, given the multidisciplinary nature of this problem. In the
context of MDO, different architectures may be considered to
achieve an optimal design, thus corresponding to a particular strat-
egy for organizing the optimization analysis and sub-problem
statements. Such architectures can be classified into two major
groups, as follows: those using a single optimization problem,
which are referred to as monolithic architectures; and those
decomposing the problem into a set of smaller problems, which
are known as distributed architectures. In the present study, the
increase in complexity as well as (expectedly) in computational
cost associated to the use of a distributed architecture does not
seem to be advantageous. Hence, a monolithic architecture has
been selected instead. Moreover, amongst these, MDF has been
chosen in particular because the optimization problem is as small
as it can be for a monolithic architecture, since only the design
variables, objective functions, and constraints are under the direct
control of the optimizer. Another benefit of this choice is that MDF
returns a system design that always satisfies the consistency con-
straints, even if the optimization process is terminated early. As a
consequence, each optimization iteration is guaranteed to be feasi-
ble, i.e. a physically realizable design for the transducer, in contrast
to many robust sequential quadratic programming and interior
point methods [42].

As discussed earlier, two coupled (mechanical and electrical)
disciplines must be considered in the design of a PEH. A combined
optimization of the electromechanical transducer is the goal of the
present work, thus employing an MDF architecture to maximize
the electrical power output P and simultaneously minimizing the
weight (or the massmb) of a piezocomposite cantilever beam (with
a rectangular cross-section). By targeting these desirable features
of MEMS-based devices, the MDF problem statement can be
expressed as follows:

Maximize : P;
1
mb

With respect to: L, b, hp, hs, R

Subjected to:x�xn ¼ 0 and 3
8p

ffiffiffiffiffiffiffiffiffiffiffiffi
2qal

p � qbh
L
ffiffiffi
x

p
b e 6 0, where e

denotes a small value (typically 10�5), and the coupled electrome-
chanical system (see Section 2.1) is described by:

Mechanical equation: €yþ 2nmx1 _yþx2
1y� h

M v ¼ � B
M aB,

Electrical equation: h _yþ Cp _v þ 1
Rv ¼ 0.

The objective functions, design variables and constraints of this
problem are thoroughly identified in Table 1. Pareto optimization
is performed for the stated objective functions, concerning the
simultaneous maximization of power output and minimization of
the structure’s weight. The specified constraints are taken into con-
sideration in accordance to essential requirements on matching
the resonance frequency xn to the input frequency x, as well as
ensuring a low mechanical damping ratio.

It must also be mentioned that the MDF strategy solves a Mul-
tidisciplinary Design Analysis (MDA) problem when objective or
constraint values are required, evaluating the governing equations
for all disciplines involved until the coupling variables have con-
verged. Subsequently, the objective and constraint values are com-
puted. Fig. 2 illustrates a flow chart describing the present



Fig. 3. MDF architecture data flow and MDA problem.
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procedure for the MDF approach. At the first step, the design vari-
ables are defined and the MDA problem is solved according to
these variables. The data flow involving the coupling variable h
for this problem is shown in Fig. 3. Newton’s method iterations
are used to converge the MDA problem, where each discipline is
solved in turn. Afterwards, objective functions and constraints
are calculated according to the converged MDA data and Pareto
optimization is performed. Among the plethora of available opti-
mization algorithms, the present study makes use of the well-
established advantages of gradient-based methods for this kind
of problems [43].

4. Verification of modeling approaches

The results of a FE analysis (Section 2.2) and those obtained
with the analytical model (Section 2.1) for a reference geometry
of the PEH were compared with published experimental data
[40]. This preliminary task was performed with the objective of
providing an adequate verification of the modeling approach
before embarking in the design optimization procedure for the
transducer.

In the numerical simulations, a symmetric bimorph (macro-
scale) cantilever beam is considered attached to a vibrating host
structure, which supplies the base excitation. The bimorph beam
forming the reference PEH (Piezo Systems Inc. [44], model T226-
A4-503) consists of a brass shim covered by two PZT-5A piezoce-
ramic layers on opposite sides. The piezoelectric elements have
been oppositely poled, allowing for a series connection as shown
in Fig. 1. A detailed description of the geometrical characteristics
and material properties is given in Table 2. A mechanical damping
ratio nm = 0.0178 is assumed for an excitation amplitude of 2.5 m/
s2, based on the measurements carried out by DuToit and Wardle
[40] during resonant device operation.

The outcome of the aforementioned comparison between simu-
lations and experiments is depicted in Fig. 4, displaying the voltage
generated by the reference PEH as a function of the excitation fre-
quency F for an electrical load resistance R = 100.1 kX. It can be
Stop

Start

Given Design Variables 

Solve MDA

Evaluate Objective 
Functions and Con raints

Optimization Process

Converged?

Yes

No

Fig. 2. MDF architecture flow chart.
seen that the FE analysis is in good agreement with the experi-
ments, exhibiting only a very minor improvement with respect
to the analytical model at the resonance frequency. Surprisingly,
the results obtained with the analytical model exhibit a slightly
better agreement with the experiments in off-resonance operation,
namely at lower frequencies. Altogether, good performance in the
simulation of the PEH is observed, despite the fact that neither of
the modeling procedures is able of reproducing exactly the exper-
imental data at resonance conditions. This event may are attribu-
ted to increasing non-linear effects in the response of the
piezoelectric elements to the applied strain for such regime of
operation. Namely, at higher (used) strain conditions, the piezo-
electric constant is expected to be larger than the (constant) value
assumed in the linear modeling. A higher electric field would thus
be induced, resulting in higher voltages.

The electric impedance of the device corresponding to the con-
dition of maximum harvested power across the frequency range
(except for the resonance and the anti-resonance states) was also
obtained via numerical simulation. A value of 55.9 kX in a series
connection (or the half of that for each piezoelectric layer) was
indicated by the FE analysis.

5. Optimization results and discussion

In this section, the optimal design of a PEH, aimed at scavenging
maximum electrical power with minimum beam weight, is sought
for implementation in micro aerial vehicles. To reach this goal, the
MDF architecture described in Section 3 is used in a multidisci-
plinary optimization effort.
Table 2
Geometrical characteristics of the reference PEH and material properties used [40].

Material Property Value

Device length L ðmmÞ 63.5
Device width b ðmmÞ 31.8
Device mass mb ðgÞ 10.564
Piezoelectric (single) layer thickness hp ðlmÞ 270
Substrate layer thickness hs ðlmÞ 140
Density of the piezoelectric qp ðkg=m3Þ 7800

Density of the substrate qs ðkg=m3Þ 7165

Elastic stiffness of the piezoelectric cE11 ðGPaÞ 66
Elastic stiffness of the substrate cs ðGPaÞ 100
Permittivity of the piezoelectric eT33 ðF=mÞ 1800 � e0
Permittivity of the substrate es33 ðF=mÞ 1500 � e0
Permittivity of the air e0 ðF=mÞ 8.854 � 10�12

Piezoelectric constant e31 ðC=m2Þ �14
Bulk piezoelectric constant d31 ðm=VÞ �190 � 10�12

Capacitance (at constant stress) CT
p ðnFÞ 52.8



Fig. 4. Comparison of the results from the analytical model and the FE analysis with
experimental data [40]: voltage vs. frequency response of the reference PEH for an
electrical load resistance R = 100.1 kX.
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Once again, a bimorph cantilever beam is considered with a
constant base-acceleration of 2.5 m/s2, and the PZT-based piezo-
electric material is selected as the best option in terms of power
output. However, besides the material properties, one should note
that the mode on which the PEH is designed to operate also affects
the harvested power. Although for in-plane actuation it may be
desirable to operate the transducer in the {3–3} mode, where the
directions of strain and electric field coincide, layouts of devices
based on this mode of operation bring various difficulties [34].
These usually translate into a worse performance than that
obtained by selecting the transverse mode {3–1}, which is the
one considered here. In this case, with the assumptions of plane
stress [45] and transverse bending only, the electromechanical
model given by Eq. (1) reduces to:

T1

D3

� �
¼ cE11 �e31

e31 eS33

" #
S1
E3

� �
; ð20Þ

where the piezoelectric properties previously given in Table 2
intervene.
Fig. 5. History of the optimization process of the PEH for an operating fr
A low resonance frequency is desired for the PEH because, for
the application of interest, the maximum amplitude of the excita-
tion occur in that regime [7]. However, as designing a PEH charac-
terized by a resonance frequency below 100 Hz may be
problematic employing the piezoelectric materials currently avail-
able, a target frequency range of 100–300 Hz has been suggested in
previous studies [40,46,47]. Hence, optimum devices will be
sought across the foregoing frequency range by using the MDF
architecture, thus solving the problem for the associated design
variables that have satisfied the constraints on the both resonance
frequency and mechanical damping.

An illustrative example of the history of the optimization pro-
cess is shown in Fig. 5. As shown, the objective functions and con-
straints have attained convergence after about 30–35 iterations.
Although the portrayed evolutions correspond to F = 200 Hz only,
similar trends have been found for all other operating frequencies.

The characteristics of the optimal PEH resulting from the multi-
disciplinary optimization are presented in Table 3 for different fre-
quencies of operation. It can be seen that, in the optimization
process, the beam length reduces rather consistently as the fre-
quency is increased, whereas changes in width are almost negligi-
ble. As expected, the length of beam has a larger impact on the
power output, but variations in width will affect the weight of
the PEH also. Hence, this dependence may be more efficiently func-
tionalized via the definition of a length-to-width aspect ratio AR for
the device. Fig. 6 depicts the dependency of the aforementioned
nondimensional parameter on the operating frequency for the
optimized PEH. A design relationship may be drawn from these
results, thus providing valuable guidance for engineers to extract
the maximum performance of these transducers. By curve fitting
the current data, a correlation coefficient close to 1 (R2 ¼ 0:990)
is obtained for a power law. Expressing the relation in terms of
the most relevant geometrical property found, i.e. the length of
the beam, yields the following estimation rule:

L ¼ 15:83bF�0:478
: ð21Þ

A second look into Table 3 further indicates a similar behavior
for the thickness of both the substrate and the piezoelectric layers.
Hence, a quasi-linear dependency between these two parameters
is clearly observed in Fig. 7, corresponding to the optimum solu-
tions found by the multidisciplinary approach for the various
frequencies. The most significant outcome of these results is that
the thickness ratio hp=hs can be fixed for the optimized PEH
across the considered range of frequencies, lengths, widths and
various electrical loads, corresponding to a constant value of
equency F = 200 Hz. (a) Objective function; (b) Constraint violation.



Table 3
Characteristics of optimal PEH for different frequencies of operation, obtained via multidisciplinary optimization.

F ðHzÞ L ðmmÞ b ðmmÞ hp ðlmÞ hs ðlmÞ R ðkXÞ V ðvoltÞ mb ðgÞ P ðlWÞ
100 55.07 32.40 223.86 185.88 8.59 1.76 8.61 361.02
150 45.74 31.24 231.70 192.32 7.37 1.21 7.13 199.44
200 39.02 31.77 224.72 186.59 6.18 0.88 6.00 125.85
250 35.91 31.66 237.95 197.44 5.71 0.75 5.83 97.74
300 32.69 31.43 236.72 196.43 5.24 0.62 5.24 73.24

Fig. 6. Dependency of the length-to-width aspect ratio of the optimized PEH with
the operating frequency.

Fig. 7. Dependency of the piezoelectric layer thickness with the substrate layer
thickness of the optimized PEH, across the whole range of operating frequencies.

Ω

μ

Fig. 8. Dependency of the power density with the electrical load resistance for the
optimized PEH operating at various frequencies.

Table 4
Characteristics of optimal PEH for a fixed value of the power density (operating at the sam

L ðmmÞ b ðmmÞ hp ðlmÞ hs ðlmÞ R ð
60.53 22.16 289.36 240.33 13
54.65 32.16 235.89 195.83 8.5
54.59 70.56 235.39 195.43 3.8
54.66 10.66 235.94 195.87 25
40.90 10.39 131.99 109.87 19

A. Esmaeili, J.M.M. Sousa / Composite Structures 165 (2017) 171–179 177
approximately 1.205. This information can also be seen as particu-
larly useful to assist engineers in the design of small PEH for best
performance.

The influence of the electrical load on the objective functions is
portrayed in Fig. 8, covering the frequency range previously
selected. It can be seen that the optimum power density ratio
P=mb tends to increase for higher electrical loads, corresponding
to a variation in circuit resistance from 1 to 1000 kO. However,
the results of the present multidisciplinary optimization have
demonstrated that optimal PEH should operate at the lower band
of the aforementioned range of electrical loads, say R < 9 kO. Bear-
ing in mind the present objective functions and constraints, this
indicates that the optimum impedance of the piezoelectric layers
in such transducers should take relatively low values.

The results produced by the MDF architecture have also
revealed that several local optima exist, and these may be pre-
ferred choices depending on a particular implementation. Namely,
in some cases the voltage or the power output may play a critical
role in the selection of the transducer. An illustrative example is
provided in Table 4, where the optimization of the PEH for a fixed
value of the power density (operating at the same resonance
e resonance frequency as the reference device, F = 107 Hz).

kXÞ V ðvoltÞ mb ðgÞ P ðlWÞ P=mb ðlW=gÞ
.75 2.12 8.36 327.75 39.187
5 1.73 8.93 350.07 39.187
9 1.73 19.54 765.71 39.187
.81 1.73 2.96 116.04 39.187
.79 0.97 1.21 47.41 39.187



Fig. 9. Comparison of the results from the analytical model with the FE analysis:
power vs. frequency response of the optimized PEH for an operating frequency
F = 100 Hz.
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frequency as the reference device, F = 107 Hz) yields a variety of
configurations. One should note that despite all these optimal
PEH produce the same power density, their power output, voltage
output and weight vary significantly, thus making them eventually
suitable for different applications with distinct needs.

Finally, in order to investigate whether fidelity issues have
arisen in the optimization process, the PEH optimized for operation
at F = 100 Hz (first line of Table 3) was also analyzed using the FE
approach described earlier. Fig. 9 compares the electrical power
output of the optimized transducer indicated by the foregoing
analysis with the corresponding results obtained from the analyt-
ical model considered in the solution of the MDF problem. The
excellent agreement observed clearly demonstrates that fidelity
issues concerning the model were not exploited by the optimiza-
tion process.

6. Conclusion

Optimal characteristics of bimorph piezocomposite devices
aimed at harvesting energy from mechanical vibrations in
MEMS-type of applications have been sought employing a mono-
lithic multidisciplinary optimization design architecture, namely
the Multidisciplinary Design Feasible approach. Based on an ana-
lytical model of a composite cantilever beam type of harvester,
the implemented optimization procedure involved several design
variables, as well as operational and physical constraints, from
both mechanical and electrical disciplines. The electrical power
output and the weight of the transducer were set as objective func-
tions, so that the power density could be maximized. Fidelity
issues concerning the analytical model employed in the optimiza-
tion process were investigated using a finite elements analysis.

Design rules have been derived from the optimization studies,
providing guidance about the dependence of the device aspect
ratio on the operating frequency, as well as about the thickness
ratio of the piezoelectric and substrate layers to be used in the
beam, so that optimum performance may be achieved. In addition,
it was found that although the power density of optimized har-
vesters generally increases with higher electrical loads, the opti-
mum impedance for the piezoelectric layers in such devices
should take relatively small values, specifically below 9 kO. It
was also demonstrated that optimal harvesters rated at the same
value of power density may be designed with different weights,
voltage and power outputs, in order to make them suitable for
applications with distinct requirements.
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