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Recently Georgiev, Luc, and Pardalos (2013), [Robust aspects of solutions in deterministic multiple objective
linear programming, European Journal of Operational Research, 229(1), 29-36] introduced the notion of ro-
bust efficient solutions for linear multi-objective optimization problems. In this paper, we extend this notion
to nonlinear case. It is shown that, under the compactness of the feasible set or convexity, each robust ef-
ficient solution is a proper efficient solution. Some necessary and sufficient conditions for robustness, with
respect to the tangent cone and the non-ascent directions, are proved. An optimization problem for calcu-
lating a robustness radius followed by a comparison between the newly-defined robustness notion and two
existing ones is presented. Moreover, some alterations of objective functions preserving weak/proper/robust
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1. Introduction

Due to perturbations and partial knowledge, in most practical
optimization problems we are faced with uncertainty. Popular ap-
proaches for dealing with uncertainty are stochastic optimization,
robust optimization and sensitivity analysis. Each approach has its
own advantages and disadvantages (Ben-Tal, Ghaoui, & Nemirovski,
2009; Bertsimas, Brown, & Caramanis, 2011). From the late 1990s, ro-
bust single-objective optimization has been being investigated. In ro-
bust single-objective optimization, we try to find a feasible point that
optimizes the worst case counterpart of the objective function, see
Ben-Tal et al. (2009) and Bertsimas et al. (2011) for more formal def-
inition and more details about robustness in single-objective opti-
mization.

The robustness of single-objective optimization has received con-
siderable attention, but the robustness of multi-objective optimiza-
tion has not been frequently considered. See e.g. Deb and Gupta
(2006), Ehrgott, Ide, and Schobel (2014), Kuroiwa and Lee (2012) and
Georgiev, Luc, and Pardalos (2013), where this notion is studied from
different standpoints. Deb and Gupta (2006) focused on two defini-
tions for robustness. In the first definition, they call an efficient solu-
tion to be robust if it optimizes the mean of all objective functions. In
the second definition, the objectives do not change, but a constraint
is added which restricts the absolute difference between the mean
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and original objective functions. There, the efficient solutions of the
modified problem are called robust. Ehrgott et al. (2014) extended the
worst case robustness notion from single-objective optimization to
multi-objective programming. They further introduced some scalar-
ization methods which are able to produce a robust solution in worst-
case sense. Bokrantz and Fredriksson (2014) studied more methods
of scalarization with respect to the definition given by Ehrgott et al.
(2014). Moreover, Fliege and Werner (2014) utilized a special robust-
ness concept in portfolio optimization.

In a recent work, Georgiev et al. (2013) have defined the robust-
ness for linear multi-objective programming problems from a dif-
ferent point of view. They have considered a perturbation stand-
point, and have defined an efficient solution as a robust solution if
it remains efficient for small perturbations in the coefficients of the
objective functions. Georgiev et al. (2013) studied their definition
considering different kinds of perturbations, including changing the
objectives’ coefficients and adding a new objective function. They ob-
tained necessary and sufficient conditions and presented various nice
properties of the robust solutions in linear cases. Goberna, Jeyakumar,
Li, and Vicente-Pérez (2015) extended Georgiev et al.’s definition for
linear multi-objective optimization problems under perturbations of
the coefficients of both objective functions and constraints.

In this paper, we extend the definition given by Georgiev et al.
(2013) to nonlinear multi-objective programming problems. We
show that, under the compactness of the feasible set or convexity,
the set of robust efficient solutions is a subset of the set of proper ef-
ficient solutions. Some necessary and sufficient conditions for robust
solutions with respect to the tangent cone and non-ascent directions,
under appropriate assumptions, are given. A robustness radius is
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calculated. The relationships between the robustness notion con-
sidered in the present paper and two worst case-based definitions,
studied by Fliege and Werner (2014) and Ehrgott et al. (2014), are
highlighted. Two kinds of modifications in the objective functions are
dealt with and the relationships between the weak/proper/robust ef-
ficient solutions of the problems, before and after the perturbation,
are established. Some examples, to clarify the theoretical results, are
given.

The rest of the paper unfolds as follows. In Section 2, some prelim-
inaries are given. In Section 3, robustness is defined, its relationship
with proper efficiency is established, and some necessary and suffi-
cient conditions are proved. Section 4 is devoted to the robustness
radius calculation. Section 5 contains some results about connections
between the new and previously defined robustness definitions. In
Section 6, we study some alterations of the objective functions that
preserve weak/proper/robust efficiency.

2. Preliminaries

This section is devoted to some preliminaries. For a set 2 € R",
we use the notations co€2, int2 and cl 2 to denote the convex hull,
the interior and the closure of 2, respectively. For a vector d € R, d”
stands for transpose of d, and for two vectors x and y, xTy denotes the
standard inner product in R". For 2 € R",

m
Pos(Q) := {y eR":3ImeN; y=) Ay A; >0,

i=1

yi € Q,i:l,z,...,m}.

IfQ, ..
I

Pos UQi
i1

For 2 € R" and x € clf2, the tangent cone of Q2 at x, denoted by
To(X), is defined by

., ; € R™ are convex sets, it can be shown that

I
= Z)\‘idi:diegi’ )\,iZO,iZI,Z,...,l

i=1

- i—X
7mm:{dew:ﬂvdg94m§Rxn¢u&t —»a}
i
For x,y € R", the vector inequality x < y means x; < y; for all i =
1,2,...,n. Analogously, <, >, and > are defined componentwise.

Consider the following multi-objective optimization problem:

min f(x)
s.it. xe Q,

that € R" is nonempty and f : Q — RP with p > 2. In fact, f(x) =
(fi(x), f2x)..., fp(x)) for each x. In the whole of this paper, we as-
sume that f; is locally Lipschitz for each i, though some of the results
given in this paper are valid without this assumption.

(1

Definition 2.1. The vector X € 2 is called an efficient solution of
Problem (1) if there exists no x €  such that f(x) < f(x) and f(x) #
f).

Definition 2.2. The vector x € 2 is called a weak efficient solution of
Problem (1) if there exists no x € Q such that f(x) < f(X).

In order to obtain efficient solutions with bounded trade-offs,
Geoffrion (1968) suggested restricting attention to efficient solutions
that are proper in the sense of the following definition.

Definition 2.3. (Geoffrion 1968): The vector x € 2 is called a proper
efficient solution of Problem (1) if it is efficient and there is a real
number M > 0 such that for all i and x € Q satisfying f;(x) < f;(X)
there exists an index j such that f;(x) < f;(x) and

fi® - [0 _
o= f@ M

Proper efficiency has been defined in different senses and has
been studied in several publications, including Benson (1979),
Borwein (1977), Geoffrion (1968), Henig (1982) and Kuhn and Tucker
(1951). In this paper, we use the above definition.

Our robustness notion in the present work is based on the matrix
perturbations. Hence, we need a matrix norm. For an m x n matrix
C = [¢;j]. the Frobenius normiis as [|C|| = (3; ; |cij|2)1/2. Although we
use this norm, almost all of the provided results are valid with any
matrix norm.

In this paper, Clarke generalized gradient (Clarke (2013)) is used
in the presence of nonsmooth data.

Definition 2.4. Let f : R" — R be Lipschitz near a given point x ¢ R".

The generalized directional derivative of f at x in the direction v,

denoted by f(x; v), is defined as f°(x; V) := lim supy_x w
t10

where y is a vector in R" and ¢ is a positive scalar.

Definition 2.5. Let f : R" — R be Lipschitz near a given point x € R".
The generalized gradient of f at x, denoted by df(x), is defined as

Af(x) :={C eR": fo(x;v) >¢Tv, YveR".

If f:R" — R is convex, then df(x) reduces to the subgradient set
in classic convex analysis (Clarke, 2013):

{CeR": fO) - f)=¢"(y—x), VyeR").

Definition 2.6. (Clarke 2013): A function h : R" — R is called regular
at X if h°(X; d) exists and h°(%; d) = lim o M foreachd € R™.

Each convex function is a regular function (Clarke, 2013).
3. Robust solutions and proper efficiency

We start this section by introducing the concept of robust solution
for nonlinear multi-objective optimization Problem (1). This defini-
tion extends Definition 3.1 in Georgiev et al. (2013).

Definition 3.1. Let x € 2 be an efficient solution of Problem (1). X is
called a robust efficient solution if there exists € > 0 such that for any
p x nmatrix C with ||C|| < €, the vector X is an efficient solution for

min f(x) + Cx

st. xe Q. (2)

The following theorem presents a nice property of the robust ef-
ficient solutions. It proves that the set of robust efficient solutions is
a subset of properly efficient solutions under the compactness of the
feasible set.

Theorem 3.1. Let Q2 be compact. If X is a robust efficient solution of Prob-
lem (1), then X is a proper efficient solution of Problem (1).

Proof. Suppose X is not a proper efficient solution. Then, there exist
{x;}< <2, increasing sequence {M;} of positive real numbers, and k
{1,..., p}, such that M; — +oo0,

fie&xi) < fie(®) Vi, (3)

and

.60 - £,® M; for each j e {1,..., p} with fj(x;) > f;(%).

(4)

Since €2 is compact, without loss of generality, we may assume that
{xi} converges to some £ € 2. Also, we define Q; = {j : fj(x;) > f;(X)}.
This set is nonempty because x is efficient. Without loss of generality,
by choosing an appropriate subsequence, Q; is a constant set for all i
indices. So, we denote it by Q. Two cases may occur for X; either it is
equal to x or not. We consider these two possible cases and we get a
contradiction in each case.
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As robustness of x, there exists some € > 0 such that x is an effi-
cient solution of Problem (2) for any matrix C, » », with ||C]| < €. Let
R # X. We can choose matrix [|Cpxn|| < € such that

Ci(g—%) <-28, Vjeq, (5)

=0, Vje{l,....p}\ Q. (6)

for some & > 0 (CJ denotes the jth row of €). Since fis bounded on 2,
from (4), we have f;(x;) — f;(¥) for eachj € Qas i — +oo. There-
fore, for sufficiently large i values, we have f;(x;) — fj(X) =& <O0.
Hence, by (5), for sufficiently large i values, we get

fix) +Cxi < fi(®) +Cx -8 < f;(X) +Cx, VjeQ. (7)

Also, by (6) and the definition of Q, for sufficiently large i values, we
have

fitx) +Clx; < f;(®) +Cx, Vje{l,....p}\Q (8)

Inequalities (7) and (8) contradict the robustness of X.
Now, we consider the latter case, i.e. X = X. We assume that the
sequence {ﬁ} converges to some nonzero vector d. We choose
1

Cpxn satisfying ||Cpxnl| < € and

Cid < =28, VjeQ, 9)

=0 Vje{l....p}\Q (10)

for some § > 0. Assume that L; is the Lipschitz constant of f; on a
neighbourhood of x. By (4), for sufficiently large i values, we get

Lo|Ix — x; _
M < 8l%—xl. (an)

fitx) = fi(%) <
Therefore, by (9)-(11) we get inequalities (7) and (8) in this case
as well. These contradict the robustness of X and the proof is
complete. O

The converse of the above theorem does not hold necessarily, even
for the linear case; see Example 3.2 in Georgiev et al. (2013).

The following example shows that the compactness assumption
of Q in Theorem 3.1 is essential.

Example 3.1. Consider the multi-objective optimization problem
min ( — x, x3)
st. xeR.

It is not difficult to see that x = 1 is a robust efficient solution (con-
sider € = 0.1), while the problem does not have any properly efficient
solution.

Now we are going to provide a characterization for robust efficient
solutions with respect to the non-ascent directions of the objective
function and the tangent cone of the feasible set.

Definition 3.2. d € R" is called a non-ascent direction of f at X if dT&
< 0, for each & € 9 f;(X) and each i € {1, 2,..., p}. Hereafter, G(x) de-
notes the set of all non-ascent directions of f at x.

The following theorem presents a necessary condition for
robustness.

Theorem 3.2. If X is a robust efficient solution to Problem (1), then
To(®) NG(x) = {0}.

Proof. We prove it by contradiction. Suppose that 0 # d € G(X) N
To (X). By robustness of X, there exists an € > 0 such that x is an ef-
ficient solution to problem (2) for any matrix Cp . », with [|C]| < €.
We choose a matrix Cpxn such that

II€Il <e and Cd < —28e (12)

for some § > 0 (e is a column vector with all components equal to
one). Since d € T (X),

X — X
£
Therefore, from (12) and (13), for sufficiently large i, we have

C(Xftf’?) < _de (14)

which implies Cx; + t;8e < Cx. Using the mean value theorem (Theo-
rem 10.17 in Clarke, 2013), for each i,

fxi) = f®) + & (i = %) (15)

where £; is an n x p matrix whose jth column belongs to 9 f; ()?{) for
some )2{ € (X, x;). Thus,

(%) +Cx;i + t;de < f(RX) + &7 (x; — %) + Cx

= f(x) +Cx,~+t,»<8e—§f<x";i>) < f(®) +Cx.

A({x} € 2.t ] 0); —d. (13)

Since )?{ — X as i — +oo and fis locally Lipschitz at X, by Proposi-
tion 10.2 in Clarke (2013), the sequence {£;} is bounded. Hence, &§; —
& for some & < 0 f(X), because of Proposition 10.10 in Clarke (2013).

Thus, £7d < 0. Therefore, for sufficiently large i values, SiT(Xf[xf %) < Se.
Thus, we get
fx) +Cxi < f(R) + (R,

which contradicts the robustness of X, and completes the proof. O

The condition given in the above theorem is necessary for robust-
ness and it is not sufficient in general case. The following example
clarifies this:

Example 3.2. Consider the multi-objective optimization problem

min (f1(x), f2(x))

s.t. X e R,
in which
filx) :=x,
—X x| <1,
f(x) = .
—x(3) x| = 1.

Let X = 2. At this point we have T (X) = R and G(X) = {0}. It is not
difficult to see that X = 2 is an efficient solution to the above problem,
while for any € > 0 it is not an efficient solution to

min (f1(x), f2(x) + $x)

s.t. x e R,

because for each € > 0, by setting x = min{—125, ;—3}}, we have
filxe) < f1(2) and f(x¢) < f(2).

As shown by the above example, the necessary condition given
in Theorem 3.2 may not be sufficient for robustness in general.
Theorem 3.3 establishes that this condition is sufficient under the
convexity assumption.

Theorem 3.3. Let Q2 be a closed and convex set and fi(i=1,..., p) be
convex. Assume that x is an efficient solution to Problem (1). X is a robust
efficient solution to Problem (1) if and only if T (X) N G(X) = {0}.

Proof. The “only if” part is derived from Theorem 3.2. For “if” part,
suppose that X is not a robust efficient solution. Thus there exist a
sequence {C;} of p x n matrices and a sequence {x;}<<2 such that G;
— 0,

F&x) +Gxi < f(X) +Gx, and f(x;) +Gx; # f(X) +Gx. (16)
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Set

di =

Xi—X

. 1
T ] (17)

Two cases may occur for the sequence {x;}. Either it has a subse-
quence convergent to X or it does not have any subsequence conver-
gent to X. We consider these two possible cases and we get a contra-
diction in each case.

In the first case, without loss of generality, we assume that x; — X.
From the convexity of f, for any & € d f(X) we have,

fi) = fR) +&"(xi - %), (18)

that & is an n x p matrix whose jth column belongs to 9 f;(¥). There-
fore, due to (16), we have

lIx; = &I~ (€7 (% — %) + Gi(x — %)) < 0. (19)

Without loss of generality, we can assume that, d; — d for some
d € RP with ||d|| = 1 and it is obvious that d € T (X). Moreover, from
(19) we conclude that d € G(x). Thus d € G(X) N To(X). This makes a
contradiction.

Now, we consider the latter case: {x;} does not have any subse-
quence convergent to Xx. Therefore, without loss of generality, there
exist an r > 0 such that [|x; — X|| > r. On the other hand, d; — d for
some nonzero d € T (X). Since €2 is convex and closed, for each i

tdi+xeQ, Vt €[0,1],
td+xeQ, Yte]0,r].
Thus, 0 # d € T (X). Suppose that {t;} is a sequence of scalars in [0, r]

that converges to zero. By convexity of f and due to (16) and (17), we
get

fER+td) = (1 - ———=)fX) + ———=-f(x)

llx; — ]|
G(x —x;).

”Xz |I

= SO+ g

Since C; — 0, from the convexity of f and the above statement, we
have £Td < 0 that £ is an n x p matrix whose jth column belongs
to d f;(X). Therefore 0 # d € G(x) N T (x). This makes a contradiction
and completes the proof. [

In the rest of this section, we consider a multi-objective optimiza-
tion problem whose feasible set is defined by some constraint func-
tions. Consider

min f(x

J&) . (20)
st.gi(x) <0, i=1,2,...,m
where f:R" — RP is the objective function (i.e. f(x)=
(fi®)..... fp(x)) and g functions define the constraints. Here-

after, whenever we use the Clarke subdifferential for g; functions, we
assume that these functions are locally Lipschitz.
For a feasible point X, the index set A(X) is defined by

ARX) ={je{1,2...,m}: g;(x) =0}.

In the following, we are going to provide a characterization for
robust efficient solutions of Problem (20). The following constraint
qualification (CQ) helps us in the sequel.

Definition 3.3. We say that the constraint qualification (CQ) holds at
xif
0¢coy |J 9gi® ;.
JjeAR)
Theorem 3.4. [fx is a robust efficient solution which satisfies (CQ), then

Pos (O 8f,-(>?)> +Pos( U 8g,~(>?)) =

i=1 icA(R)

Proof. For simplicity, we set Az = Pos( Uf’: 1 9£i(®) +
Pos(Ujeacz) 08i(%)). It can be seen that under the assumptions
of the theorem,

{d:g(x;d) <0, Vie AR} € Ta(x);

see Theorem 10.42 in Clarke (2013). Therefore, according to
Theorem 3.2, the system below has no solution d € R":

ETd <0, VE € dfi(X), Vie{l,...,p)

£Td <0, V& € 9gi(X), VieA®)
d+0.

Hence, the following system has no solution d € R":
&Td <0, VE€dfi(X), Vie{l,....p}

ETd <0, VE €0gi(X), VieA®X)
d; > 0.

Using the semi-infinite Farkas’ theorem (see Corollary 3.1.3 in
Goberna and Lopez, 1998), we have e; € cl(Az). Similarly, it can be
shown that +e; € cl(A;) for each i< {1,2,..., p}. Here, e; denotes
the i-th unit vector. Therefore, cl(A;) = R™. Since Ay is a convex set
whose closure is equal to R", we have A; =R" and the proof is
completed. O

Corollary 3.5. Assume that fi(i=1,...,p) and g;(j=1,...,m) in
Problem (20) are continuously differentiable. If X is a robust efficient so-
lution of Problem (20) which satisfies (CQ), then

Pos{V f1(X), ..., Vfp(X)} + Pos{Vgi(x) : i € A(x)} =R".

Theorem 3.6 provides a converse version of Theorem 3.4.
Theorems 3.4 and 3.6 extend Theorem 3.4 in Georgiev et al. (2013).

Theorem 3.6. Let fi(i=1,...,p)andg;(j =1, ..., m) in Problem (20)
be convex. If x is an efficient solution and

Pos (LPJ 8f,~(>?)> +Pos< U 8g,(>?)> =

i=1 ieA(R)
then x is a robust efficient solution to Problem (20).

Proof. We prove the theorem by contradiction. Suppose that x is
not robust. Then, according to Theorem 3.3, there exists a nonzero
vector d e To(X) N G(X). From the convexity assumption, we get
£7d < 0 for each £ e Pos(dg;(X)) and each i e A(X). Also, £Td <0
for each & e Pos(d f;(X)) and each i e {1,2,...,p}, because of d e
G(X). On the other hand, by the assumption of the theorem, d =
Zf’zl Ui + 3 jea ;¢ for some u;, v; > 0, & € Pos(d fi(x)), and {; €
Pos(dg;(X)). Therefore, d’d < 0. Hence we get d = 0 which makes a
contradiction. O

Corollary 3.7. Assume that fi(i=1,...,p) and g;(j=1,...,m) in
Problem (20) are differentiable and convex. If X is an efficient solution
and

Pos{V f1(X), ..., Vfp(x)} + Pos{Vgi(x) :i e A(x)} =
then X is a robust efficient solution of Problem (20).

Although the compactness assumption is essential in Theorem 3.1
(see Example 3.1), the following result shows that Theorem 3.1 re-
mains valid without compactness of the feasible set for convex pro-
gramming problems with an appropriate (CQ).

Theorem 3.8. Let fi(i=1,2,...,p) and g;(j =1,2,...,m) be convex
in Problem (20). If X is a robust efficient solution of Problem (20) which
satisfies (CQ), then X is a proper efficient solution of Problem (20).

Proof. Suppose that X is not a proper efficient solution. Therefore,
there exist {x;}C €2, increasing sequence {M;} of positive real numbers,
and k € {1, ..., p}, such that M; — +o0,

fe(x) < fi(®) Vi, (21)
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and

fe® = filx) . .
m > M; foreach j e {1,..., p} with f;(x;) > f;(%).
(22)

Define Q; = {j : fj(x;) > fj(x)}. This set is nonempty because X is ef-
ficient. Without loss of generality, by choosing an appropriate subse-
quence, Q; is a constant set for all i indices. So, we denote it by Q. Also,
define the feasible set of Problem (20) as 2 = {x e R" : g;(x) <0, j =
1,2,...,m}. i
Without loss of generality, we assume that the sequence {ﬁ}
converges to some nonzero vector d. Setting t; = min{ } |lx; — x|} and
d; = ﬁ we have ;0 and X + t;d; € Q, according to the convexity
assumptions. Hence d € T (X).
Due to the convexity assumption, we get
fix) = fi®) +&ET(x—%), Y& €dfj(®, Vie{l,....p}\Q
=& (x-%) <0, VEcdfi(®), Yjie{l,....p}\Q
= £Td <0, VEe 0fix), Yje{l,....p}\Q.
Moreover from (22) and the convexity of the objective functions, we
have

ET(xi —%) < fi(x) - [;(®, V& € df;(%),

<@%%&@ VE € 3fi(R).

VjieQ.
VjieQ.

1 _ _
= MHT(X—X:'), v € 0 fi ().
Thus
£Td <0, V€ € dfi(x),¥jeQ.

Therefore, d € To(X) N G(X). This is a contradiction because of
Theorem 3.2, and the proof is complete. O

Remark 3.1. This remark indicates that the robust solution studied in
the present paper may not exist in some special cases, though these
solutions (if exist) have nice properties as compared to non-robust
points. An efficient point is robust if it stays efficient under small lin-
ear perturbations. Let us assume that f; and g; functions are differen-
tiable here. Under some CQs and appropriate assumptions, the KKT/F]
condition

p
D MVE® + > V() =0

i=1 jeAR)

for some nonnegative ;'s and some nonnegative 1;'s (not all zero),
is necessary for the efficiency of x. When some objective function,
say fq, is perturbed, then V f;(X) is alerted and hence to preserve
the KKT/FJ condition (efficiency of x), the Lagrangian multiplier(s)
of some other objective function(s) or some constraint function(s)
should be changed. Hence, at least one other objective function or at
least one constraint function is required for robustness, i.e. m + p >
2. Thus, there is not any robust solution for unconstrained single-
objective problems. To show this analytically, let x be an arbitrary op-
timal solution to miny.gn h(x) where h : R" — R. Then Vh(x) =0
which implies Vh(x) +C # 0 for each C # 0. Therefore, X is not op-
timal to minyzn h(x) + Cx for each C # 0. Hence, X is not robust for
miny.gn h(x). Thus this unconstrained problem does not have any ro-
bust solution.

Now, consider an unconstrained multi-objective programming
problem miny.gn f(x) with f : R" — RP and p > 2. Here, m = 0. If X
is a robust solution, then by Corollary 3.5, Pos{V f1 (%), ..., V f(X)} =
R", and hence p > n+ 1.

For constrained problem (20) satisfying the assumptions of
Corollary 3.5, if X is a robust solution, then p+m > n+ 1. It is not

restrictive for practical cases, because in practice the problem has at
least 2n constraints due to the lower and upper bounds of variables.

Remark 3.2. The necessary condition introduced in Theorem 3.2 pro-
vides a tie-in to the gradient-like descent methods existing in the
literature for solving vector optimization problems; see Drummond
and Iusem (2004) and Fliege and Svaiter (2000). Extending these nu-
merical tools to generate robust solution(s) can be worth studying in
future.

4. Robustness radius

In this short section, we compute a radius of robustness. For a
given vector a € RP, the vector at is obtained from a by substitut-
ing all negative components by zero. It is not difficult to show that
lla* || is equal to the distance from a to —R? = {x e RP : x < 0}.

Lemma 4.1. Let 2 be a closed and convex set and f; (i=1,...,p) be
convex. Let d € T (x) with ||d|| = 1. If X is a robust solution of Problem
(1), then ||(f'(X;d))*|| > 0 and it is equal to the optimal value of the
following problem:

sup{t : f'(x;d) +tCd ¢ —RP, V||C|| < 1}.

Proof. First we show that f'(x; d) ¢ —R2.If f'(x; d) < 0, then due to
the convexity of f, we have d € G(x), which makes a contradiction
according to Theorem 3.2. The proof of the second part is similar to
that of Lemma 4.2 in Georgiev et al. (2013). O

Theorem 4.2. Under the assumptions of Lemma 4.1, the optimal value
of the following problem is positive and it is a robustness radius for X.

min [|(f'(X; d))* ||
st. de TQ()?),
lldll =1

Proof. Let p be the optimal value of the given problem. Thus, by
Lemma 4.1, p > 0. Now, we show that p is a robustness radius for
x. If this is not a robustness radius, then there exist some x° € X and
some matrix C° such that ||C°|| < p, and

F(x°) +C°%x° < f(X) +C°%%, f(x°) 4+ C°x° # f(X) + C°%. (23)
Setting d° = H;‘%” we have ||d°|| = 1 and d° e T (X) due to the con-

vexity of Q2. Furthermore, by convexity of f, we get

F (& dny s L EXR) g SO T® -

llx ]| llxe —x|| llxe—x| -
Therefore, according to (23), we get
f/(%;d°) +C°d° e —RE. (24)
Defining
p° =sup{t: (% d°) +tCd® ¢ —R%, V||C|| <1}, (25)

we have p < p°. Furthermore, for each t € (0, p°) and each Cwith ||C||
<1, we have f (% d°) + tCd° ¢ —RP. This is in contradiction with (24)

by setting t = ||C°|| and C = HE—Z” and the proof is complete. O

It can be seen that, the optimal value of the optimization problem
considered in the above theorem is equal to the maximum robustness
radius if one furthermore assumes the equality of the tangent cone
and the cone of feasible directions.

5. Comparison with worst case-based notions

There are some definitions for robustness in the multi-objective
programming literature that optimize the worst case of the objective
functions. In the following, we highlight the relationships between
the robustness notion considered in the present paper and two worst
case-based definitions studied by Fliege and Werner (2014) (FW in
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brief) and Ehrgott et al. (2014) (EIS in brief). See also Georgiev et al.
(2013) for some comparison.

Let U be an uncertain set and 2 € R" be the set of feasible solu-
tions. Also, let f;: @ xU — R fori=1,2,..., p be objective func-
tions. For a feasible decision variable vector x € 2 and a u € U, the
value of objective function is denoted by f(x, u). Define F : Q2 — RP
by

E(x) =max fi(x,u), i=1,2,...,p.
uel

A feasible vector X € Q2 is called a robust solution in the sense of FW
if it is an efficient solution to the following multi-objective problem

min F (x)
st.xeQ

The following proposition provides a connection between the ro-
bustness notion studied in the present paper and that in the sense of
FW.

Proposition 5.1. Let x be a robust solution of Problem (1), in the sense of
Definition 3.1, with radius €. Then considering any € < (0, €), the vec-
tor X is a robust solution in the sense of FW with U = {Cpxn : [|C?|| <
%, Vi=1,2,..., p}and f(x,C) = f(x) +Cx.

Proof. By contradiction, assume that there exists some x° € 2 such
that F(x°) < F(X) and F(x°) # F(x). If x=0, then F(x) = f(0) and

hence by considering a p x n matrix C with ||Ct|| < L qi=1.2....p,
(Zzpzl il )7 <€, and
F(X) +Cx° < f(0), f(x°) +Cx° £ f(0).

These relations contradict the robustness of X (in the sense of
Definition 3.1). Now, assume that X # 0. Then F(X) = f(X) + #/’g‘e,
where e is a vector with all components equal to one. Now, we con-
sider a p x n matrix C, with ¢t = ol xT. We get C e U and

we get ||C|| =

- Elxl o A
fG) + We_f(x)—i-Cx

Furthermore, [|C]| = /Y7, [ICi]|2 < €. Hence, ||C|| < €. and

f(x°) +Cx° < f(X) +CR, f(x°) +Cx° £ f(X) + Cx.
These relations contradict the robustness of X (in the sense of
Definition 3.1) and the proof is complete. O

f(X*) +Cx° <F(x°) <F(X) =

In a recently published paper, Ehrgott et al. (2014) (EIS in brief)
have defined a feasible point X € €2 as a robust solution if there is no
x € Q such that

fu) < fu® — (R2\ {0})
that fy(x) =

Theorem 5.2. Let x be a robust solution of (1), in the sense of Definition
3.1, with radius €. Then X is a robust solution in the sense of EIS with
fu(®) ={f(x) +Cx: |IC]| = 0.5¢}.

Proof. By contradiction assume that
fu(x) € fu(®) — (RZ \ {0}) (26)
for some x° € Q. This implies that
YCeUIC e Us.t. f(x°) +Cx° < f(X) +CX, f(x°) +Cx°

# f(%) + Cx. (27)
Two vectors x° and X cannot be zero. If X° = 0, then by (27),
f(0) +C(0) < f(R) +Cr, f(x°) +Cx°# f(R) +CX

for some C € U. This contradicts the robustness assumption. More-
over, if X = 0, then by considering C = 0 in (27), there exists some C

{f(x,u) : u e U} and U it is an uncertain set.

with ||€]| < 0.5¢ such that f(x°) < f(X) and f(x°) # f(X). This con-
tradicts the efficiency of X. Hence, x° 0 and X # 0.
Define

)
M={reRl: Al <1, Y A;=1}
=1

It is clear that, M is a nonempty compact convex set. Now, let F : M =
M be a set-valued mapping defined by

ellx]]
2[[A]]

F(A) = {)»’ eM: f(x°) + A< fR)+ €|lx]l )J},

2{|A]]
We show that F(A) is nonempty and convex for each Ae M

Let A € M. Defining p x n matrix C° by C° : ZI\M\HX"H Ax°", we have

IC°]l < 0.5¢, and hence by (27), there exists some p x n matrix C such
that ||C|| < 0.5¢, and

oy, €%l o Fs
fx°) + A=< f(X)+Cx (28)
2|4l
Consider A with X; = ||C || Define A" : \MI . By considering Cauchy-
Schwarz inequality and —%— IIKII > 1, we have
€||x I
f(x°) + |||| ||||A < f(x) +Cx
< f®) + XA
ellxll
= f®)+
2II)»II
elIxll
= f®) +
=f®+ 7t
Therefore, due to A" € M, we have A e F(1), and hence F(}) is
nonempty.

To prove the convexity, let A1, A, € F(A) and v € (0, 1). First we
assume that ||| = [|A2]| = 1. Then, by definition of F(1), we get
€llx°|l

f(x%) + A= f)+
2|l
Due to ||[uA; + (1 —v)Ay|| <1 and vA; + (1 — v)Ay > 0, we can in-

fer that
€llx]| . €llx]l
f&x)+ A= fE)+
2A]l 2[[ud+(1 = v)Ay|
Hence, vA{ + (1 — v)A; € F(A) when ||A{]| = ||A2]| = 1. Now, con-
sidering two arbitrary vectors A1, A, € F(A)and v € (0, 1), there are
y >0and p € (0, 1) such that
A2
—u (29)
II/\z|I>

Notice that 0 < ||[A1]|, [|*2]] < 1. By definition of F(A), it is clear

that Hi: T IIIX\zH € F(A). Furthermore, if " € F(1) and yA e M for

some y > 0, then )/A € F(A). Therefore, according to (29), we have

VA1 + (1 —v)Ay € F(A). Hence, F is a convex-valued mapping. It is

clear that F is a closed mapping. Therefore, by Kakutani fixed-point

theorem (see Franklin, 2003), there exists some A* € M such that
ellxll 2l

JOO + g = IO+ e

The above inequality does hold as equality, otherwise due to (27) we
have

P s+ -y

(VA + (1 =v)Ay).

A
VAT + (1 -v)A; = y(uM—i—(l

(30)

ellx]l elxl ,

fx) + 2”)\*” = f(x 0)+2||?»*|| < f(X) +C&,
o, ElIXl . o s
f(X)+2|W”k # f(X) + (X,
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for some C with ||C]| < 0.5¢. Then - <lXl 3+ < Cxand ZEH”;*HII A* # CR. By

2021l

Cauchy-Schwarz inequality, we get ;””/\"J'”)L llx|ld and zj‘”)i‘*”u AF £
||x]|d in which d € RP with d; = IC1||. Therefore, ||C|| = ||d|| > 0.5¢

which is a contradiction. Thus, inequality (30) holds and it does not
hold as equality. On the other hand, by Cauchy-Schwarz inequality,

€xTx° €x°' x°
X))+ —— A< (X)) + —— A
T+ g =1+ g
Hence, according to (30),
GX Xx° EX X
(x%) + %) + s = A
T+ s =S @+ 2
GX X EX X

F6+ g T+ s

Therefore, setting C° = A*xT we have ||C°|| < € and

2\\)\*\\\\i\\
f(x°) +C°%° < f(x) +C°%, f(x°) +C°%° £ f(x) + C°Xx.

Two last relations contradict the robustness of x (in the sense of
Definition 3.1) and the proof is complete. O

It is not difficult to see that, Theorem 5.2 will be valid if one re-
places 0.5¢, in the considered uncertainty set, with some € € (0, €).

In fact, the robustness notion considered in the present paper is
sufficient for two above mentioned (worst case-based) notions. In
definition studied in the present paper, the robustness is coming from
a linear perturbation instead of an arbitrary perturbation and this
leads to Proper efficiency as proved in Section 3. See also, Section 3 of
Georgiev et al. (2013) for some comparison.

6. Modification of the objective function

In this section, we consider two robustness aspects of
(weakly/properly) efficient solutions. In the first one, we con-
sider a convex combination of the objective function of Problem (20)
with a new special function. The second robustness aspect is due to
adding a new objective function to the problem. In both cases, we
examine preserving the weak/proper/robust efficiency.

Consider the following problem for « € [0, 1],

min f(x) + (1 — a)h(x)q
sit. gi(x) <0,ie{1,2,...,m},

where h : R" — R is a convex function and 0 # g € RY is a p-vector
with nonnegative components. We denote this program by (MOP),,
and this program coincides with (20) when « = 1.

Note: In the whole of this section, we assume that the functions h,
fii=1,..., p)andgi(j=1,..., m) are convex.

Theorem 6.1 presents a sufficient condition for properly efficient
solutions of problems (20) and (MOP), to remain properly efficient
for (MOP),.

(31)

Theorem 6.1. Let x be a proper efficient solution to both problems (20)
and (MOP),. If (CQ) holds at X, then X is a proper efficient solution of
(MOP),, for each € (0, 1).

Proof. Since X is a properly efficient solution to Problem (20), then
there exists A € RP and w € R™ such that (see Clarke, 2013):

p m
O0e ZA,Bfl()?) + iji)gj(i),

i=1 =1
ngj()Z)ZO,jz‘l,.“,m, )\,>0,

Also, since x is a proper efficient solution to Problem (MOP),, there
exist u € RP and v € R™ such that £ > 0, v > 0, and

w > 0.

p m
0e Y wdfi® +q" ndh® + 3 v;dg;(®), (32)

i=1 j=1

Notice that the convexity of h is crucial in obtaining (32).
Let a € (0, 1). We define t and y as follows

aq'p
aq’u+ (1 —a)g'r’
y i=tA+(1-t)u.
Itis clear that0 <t < 1and y > 0. Also,
(1-0g'"n=>0-0aq'y. (34)
Thus,

t:=

p
Y Vidfi®) + (1 —a)q"ydh(®)

i=1
P P

=ty Mfi®)+ (-0 wid fi®) + (1 - t)q" ndh(X).
i=1 i=1

Therefore, setting z = tw + (1 — t)v, we get

p
0ed (thi+(1-u)Ifi® + (1 -6)g"ndh(X)

i=1

+ ) (twj + (1 - 0)v;)dg;(X)

j=1
p m

=Y 7dfi® + (1 - a)q"ydh(®) + ) 2;9g;(%),
i=1 j=1

where y > 0 and z > 0. Therefore x is a global minimum for
min -7, yifi(x) + (1 —a)q"yh(x)
st.gix) <0, j=1,....m

This implies that X is a proper efficient solution of (MOP),, according
to Theorem 3.11 in Ehrgott (2005). O

The following two results give sufficient conditions for efficient
(resp. weakly efficient) solutions of problems (20) and (MOP), to re-
main efficient (resp. weakly efficient) for (MOP),. These results ex-
tend Proposition 2.2 in Georgiev et al. (2013).

Theorem 6.2. Let X be an efficient solution to both Problems (20) and
(MOP). Then x is an efficient solution of (MOP),, for each o € (0, 1).

Proof. Let o € (0, 1). By contradiction assume that there exists a fea-
sible point, X, such that

f® + (1 -a)qh(®) < f(X) + (1 —a)gh(%),

f&) + (1 —a)gh®) # f(X) + (1 - a)qh(X).

If h(X) < h(X), then

fR) = fx) = (1 -a)q(h(x) —h(X)) < (and #)0.

This contradicts the efficiency of x for (20). Hence, we assume that
h(x) > h(X). Due to the convexity assumption, we have

F(3R+ 3X) +qh(3% + §X)
< 3f® + 3f®) + 5qh(®) + 3qh(X)
<(@nd #£)f® + 5(1-)q(h® —hR®) + $gh(® + 1gh()
= f® +q(h®) + § (h(®) — h(®))) < f(X) + qh(X).

Hence, setting z = %ﬁ + %)Z, the vector z is feasible and

f(@) +qh(@) = f(X) +qh(x) and f(2) +qh(2) # f(X) + qh(X).

This contradicts the efficiency of x for (MOP)y, and the proof is
complete. O
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Theorem 6.3. Let X be a weak efficient solution to both Problems (20)
and (MOP)y. Then X is a weak efficient solution of (MOP),, for each o
(0,1).

Proof. The proof of this theorem is similar to that of Theorem 6.2 and
is hence omitted. O

Theorem 6.4 gives a sufficient condition for robust efficient so-
lutions of Problems (20) and (MOP), to remain robust efficient for
(MOP)g.

Theorem 6.4. Let X be a robust efficient solution for both Problems (20)
and (MOP),. If (CQ) holds at x, then X is a robust efficient solution for
(MOP),, for each « € [0, 1].

Proof. Let @ € [0, 1]. By Theorem 6.2, X is efficient for Problem
(MOP),. Now, we show that X is robust for (MOP). By Theorem 3.4,

Pos (LPJ 8f,(22)> + Pos( U agi(2)> =R"

i=1 icA(R)
and

p
Pos (U d(fi+ q,h)(:?)) +Pos( U 8g,()2)> =R".

i=1 icA®)

By the above two equalities, and since all of the d-sets
are convex here, we have Pos(UP, d(f;i+(1-a)gh)(®)+
Pos(\Ujeacz) 98i(X)) =R". Therefore, X is a robust efficient solu-
tion for (MOP),, because of Theorem 3.6. O

In the rest of this section, we examine adding a new objective
function to Problem (20). Consider the following multi-objective op-
timization problem, denoted by (MOPh):

()
fn (h(x)) (35)
st. g(x)<0 i=1,...,m,

where h : R" — R. The following two theorems address some con-
nections between the proper efficient solutions of two problems (20)
and (MOPh). Recall that the functions h, f;, and g; are convex.

Theorem 6.5. Let X be a proper efficient solution to Problem (MOPh).
If (CQ) holds at X, and dh(x) < Pos(UP_; 8 f;(X)) + Pos(Useacz) 08i(%)).
then X is a proper efficient solution to Problem (20).

Proof. Since x is a proper efficient solution of Problem (MOPh), then
there exist A € RP and w € R™ such that (see Clarke, 2013):

0e >l X0fi(X) + dh(x) + XL, w;og;(®),
wigi(x) =0, j=1,....m A>0, w=>0.

Therefore, by assumption of the theorem, 0 e Zf’zl 20 fi(®) +
Z;-”Z1 w;dg;(X), for some A > 0,Ww > 0. This implies that X is a proper
efficient solution for Problem (20). O

By a manner similar to the proof of the above theorem, it can be
shown that this theorem is valid for weak efficient solutions as well.
The following example shows that this result may not be valid for
efficient solutions.

Example 6.1. Let g(x) = f(x) = x and h(x) = x2. It is clear that X = 0
is an efficient solution of (MOPh) and {Vh(0)}<Pos(Vf(0)) but x =0
is not an efficient solution of Problem (20).

The following result gives more connections between the proper
efficient solutions of two problems (20) and (MOPh) when f; and g;
functions are continuously differentiable.

Theorem 6.6.

(i) Let x be a proper efficient solution to both Problems (20) and
(MOPh). If (CQ) holds at x, then there exist vectors u € RP and

v € R™ such that u > 0, and
p m
Zu,-Vf,v()Z) + Zvngj(X) € dh(x).
i=1 j=1

(ii) Let X be a proper efficient solution to Problem (20). If there exist
vectors u € RP and v € RA®! such that v > 0 and

p
S uVHE® -~ Y vVg® ) € 9h(),
i=1 jeAR)

then X is a proper efficient solution for Problem (MOPh).
Proof.

(i) Since x is a proper efficient solution of Problem (MOPh), then
there exist (A, Ap;1) € RP? x R and w € R™ such that

0e Zf:] A.IVﬁ()Z) + )»p+13h(92) + 21}1:-1 W]Vg]()Z),
wigi(®) =0,j=1,....m, A>0, w=>0.
Therefore, there exists some d € dh(x) such that
d=-Y0, 2-VA® - X7 74 Vg ().

On other hand, x is a proper efficient solution to Problem (20).
Therefore, there exist A’ € RP and w' € R™ such that

0=>" MVAi®+XL, wiVg;(x), (36)
wigi(x)=0,j=1,....m A'>0 w=0. (37)
Lett > maxlsisp{/\{)’\\ﬁ}. We have

L A - m w; -
d= E (tA; — T =)V fi(X) + E (tw); — T L)Vg;i(®).
i—1 p+l = p+l

i e pa M
Setting u; :=tA] oo

proof of part (i).

(i) Setting 1 ; = O for each j ¢ A(X), by the assumption of the the-
orem, we have 0 = — Zf’zl u;Vfi(X)+d+ ZT:I n;jVg;i(x) for
some d € dh(x). On other hand, since X is a proper efficient so-
lution to Problem (20), there exist A’ € RP and w’ € R™ satisfy-
ing (36) and (37). For t > maxlf,gp{%}, we have

1

0=>7, (A —u) Vi(®) +d + Y7L (ew) + uj)Vg;(®)
e Xl (A —u) VLR +0h(x) + X1, (twj + 1) Vg (x).

Therefore, X is a proper efficient solution to (MOPh), and the
proof is complete. O

W,
and vj = tw — -, completes the
J p+1

The following example shows that part (i) of the above theorem
may not hold when some f; or g; functions are nonsmooth. A similar
example can be constructed for part (ii).

Example 6.2. Let f : R — R be defined by
fx) = {

X2 — X1 Xy >0
—Xq X, <0
Consider the following optimization problem

min f(x)

st. g(x) =x; —x <0.

The functions fand g are convex and

(6)=1(&) o). au(a)-{(4)}

With A = o = u =1, we have:

(3)-+() (%)
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Therefore, X:(g) is an optimal solution to the above prob-

lem. Now consider the function h(x) =x; and the following
problem

(fX)
i (h(x)) (38)
st. gx) =x; —x, <0.

We have 0h(x) = {((1))}. Also, for A = A, =1and o = u = 0, we get

§-+(2)+() ()

Therefore, X = (g) is a proper efficient solution to Problem (38).

Hence, in this example, X = (g) is a proper efficient solution to

both problems (20) and (MOPh), while there is not any A > 0
satisfying

1 -1 1
for some € R and « € [0, 1]. It shows that part (i) of Theorem 6.6

may not be valid in the presence of nonsmooth f; or g; functions.

The last theorem of this section provides a connection between
the robust solutions of two problems (20) and (MOPh).

Theorem 6.7. If x be a robust efficient solution to Problem (20), then X
is a robust efficient solution of (MOPh). The converse holds if

dh(X) < Pos Oafi()?) +Pos| | ) 9gi(®)

i=1 icA(R)

Proof. These are derived from Theorems 3.3 and 3.8. O
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