Downloaded 05/10/18 to 128.123.44.23. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

SIAM J. OPTIM. (© 2018 Society for Industrial and Applied Mathematics
Vol. 28, No. 2, pp. 1255-1281

SEMI-DIFFERENTIABILITY OF THE MARGINAL MAPPING IN
VECTOR OPTIMIZATION*

DINH THE LUCT, MAJID SOLEIMANI-DAMANEH!, AND MOSLEM ZAMANI'#

Abstract. We consider a parametric multiobjective optimization problem whose objective func-
tion and constraint set are not necessarily convex. We introduce the concept of uniform efficiency,
characterize it and compare it with the well-known concepts of proper efficiency and normal effi-
ciency. Then we establish the semi-differentiability of the marginal (efficient value) mapping and a
formula to compute its semi-derivative at a uniformly efficient value. As an application we derive
semi-differentiability of the marginal function for a problem in which the constraint set is given by a
system of inequalities, and for a problem whose constraint set is a union of polyhedral convex sets.
The results of this paper are not only new in the case of nonconvex multiobjective problems, but
they also deepen some existing ones for the convex case.
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1. Introduction. Stability and sensitivity analysis constitutes an important
part in the theory of mathematical optimization. It studies continuity and differ-
entiability properties of the optimal solution mapping and the optimal value function
(called also the marginal function) of a parametric optimization problem. These prop-
erties are indispensable in post-optimal analysis and the convergence of algorithms.
Excellent books on this topic already exist, for instance [1, 2, 4, 8, 18, 21] and many
others, without mentioning numerous research papers on it. As to multiobjective op-
timization, there are also a lot of works devoted to continuity properties of the efficient
solution and efficient frontier mappings in a very general setting of infinite-dimensional
spaces, sometimes with moving ordering cones (see [3, 10, 13, 14, 16, 22] and the ref-
erences given therein). Tanino’s paper [26] seems to be the first work dealing with
differentiability of the marginal mapping (called also efficient value mapping). Tanino
used contingent derivatives in the framework of convex problems and established some
estimates for the contingent derivative of the marginal mapping by way of the efficient
set of the derivative of the value mapping. Similar results were then extended for the
proto-derivative, Clarke derivative, coderivative, and epiderivatives in [5, 6, 10, 12]
and some others. Among derivatives of set-valued mappings, the semi-derivative and
strict semi-derivative introduced in [19] and largely studied in [4, 10, 20, 27] seem to
be most interesting because they are small and enjoy quite nice calculus. Of course,
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semi-differentiability is a strong property and its validity can be expected only under
a certain constraint qualification. To the best of our knowledge, sensitivity analysis
in terms of semi-derivatives for vector optimization was first addressed in [24, 25, 28].
The authors of these works gave a formula of the so-called mth order lower Stud-
niarski derivative, which coincides with the lower semi-derivative when m = 1, for the
marginal mapping in relation with that of the value mapping (see Remark 4). Our
goal is to establish conditions for semi-differentiability of the efficient solution and
the marginal mappings. A formula to compute their derivatives will be obtained as a
by-product. To this end, we introduce the concept of uniform efficiency and compare
it with the concept of normal efficiency introduced in [26] for convex sets. This con-
cept and the concept of an asymptotic function are key ingredients of our analysis.
They allow us to establish nice formulas to compute semi-derivatives of efficient so-
lutions and efficient value mappings of nonconvex problems. In the convex case, our
results strengthen a number of existing ones on contingent and proto-derivatives. To
simplify the presentation we consider Pareto efficiency, which is determined by the
positive orthant in a finite-dimensional Euclidean space. The results of the present
paper can easily be translated to efficiency with respect to any partial order generated
by a closed, convex, and pointed cone.

The paper is structured as follows. In section 2, notation and definitions are
given for tangent cones of sets and for derivatives of set-valued mappings. Section 3
is devoted to the concept of uniform efficiency, which substitutes proper efficiency in
the presence of a parameter. We present some characterizations of uniformly efficient
points and their links with normally efficient points of convex sets. In section 4, we
study semi-differentiability of the marginal mapping of a parametric vector problem
and establish a formula to compute its semi-derivative. It is the first time we obtain a
condition for differentiability of the efficient solution mapping via the differentiability
of the feasible set and the objective function. We discuss certain conditions, frequently
invoked in the literature for contingent derivatives and proto-derivatives, and show
that some of them are too restrictive and some others may lead to a stronger conclusion
by using our approach. In the last two sections, we apply the general results of
section 4 to a problem with inequality and set constraints and to a problem over a
finite union of polyhedral convex sets.

2. Preliminaries. Let X C R™ be a nonempty set. Throughout this paper we
shall make use of the standard notation int(X), cl(X), cone(X), pos(X), and X, for
the interior, the closure, the conic hull, the positive hull, and the asymptotic cone
of X, respectively. Given T € X, the contingent cone, the adjacent cone, the Clarke
tangent cone, the convex analysis normal cone, the e-normal set for ¢ = 0, and the
limiting (Mordukhovich) normal cone to X at Z are respectively denoted by T'x (),
T (z), T¢(z), N (%), N% (&), and Nx(z). The closed unit ball of R is denoted
by B,. For a set-valued mapping F' : R™ = RP, the domain and the graph of F' are
denoted by domF and gphF', respectively. The outer limit, the inner limit and the
outer horizon limit of F' at T € domF' are respectively defined by

limsup F(z):={y € R? : I(x,,y,) € gphF such that (z,,y,) = (Z,y) as v — +o0},

rT—T

liminf F(x) :={y € R? : Vz,, € domF with z, — z,Jy, € F(x,),y, — y as v — +00},

T—T

F°°(z) :=limsuptF(x).

tl0,x—Z
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We know that in terms of set limits, X, = limsup, ,¢X. The tangent cones and the
normal cones we mentioned before are expressed as follows:

Yoz
Tx(z) = limsup " I, N (@) ={veR": (v,x—Z) S 0forall x € X},
t10
. X _ 7 R e
729 () = lim inf =, N (@) = dveR: msup 28— <\
Ho ¢ x, lz—2|
T—>T
X — .
T¢(z) = liminf :z:, Nx(z) = limsup N%(z),
wo’xi}j wihi,e‘l,o

where © X5 & signifies that z tends to Z while lying within X, (.,.) is the inner
product and ||| is the Euclidean norm in R™.

The set-valued mapping F' is said to be closed at T € domF if limsup,_,; F'(z) C
F(z) and closed around T if it is closed at every point in a neighborhood of z. It is
locally bounded at Z if there is a neighborhood V' of Z such that F(V') is bounded. It
is upper (respectively, lower) semi-continuous at T € domF if for every open set W
with F(z) C W (respectively, F'(z) N W # () there is some neighborhood U of z such
that F(z) C W (respectively, F(z) "W # ) for all z € U. It is pseudo-Lipschitz at
(Z,7) € gphF if there are neighborhoods U of Z, W of g, and a constant £ = 0 such
that

F(Il) NW C F(xg) —‘erl‘l — $2||Bp Vaxq, 210 € U,

and it is calm at (Z,y) € gphF if there are neighborhoods U of z, W of g, and a
constant ¢ = 0 such that

F)NnW C F(z)+{||lx — z||B, Yz eU.
If the latter inclusion holds for W = RP, one says that F' is calm at Z.
The following derivatives of F at (Z,7) € gphF in the direction d € R? will be

used throughout this paper.
e The contingent, the adjacent, and the Clarke derivatives:

hF — (z,7
v € DF(z,y)(d) < (d,v) € limsup w’
10

hE — (2,5
v € DogsF(2.9)(d) ¢ (d.v) € lim nf gphE = ()

~+

v € Dy F(Z,7)(d) & (d,v) €  liminf

e The upper and lower Dini derivatives:

Fz+td)—1j
DyppF(Z,9)(d) := limsup M,
10,d’ —d t
o .. F@+td)—7
Do F(Z,9)(d) := tlfgb/lgfd B E—
e The strictly lower Dini derivative:
F " —
Dt F(@5)(d) = lmint 1@+ =y
t10,d' —d t

(@9) 25 (2.,9)
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The mapping F is said to be proto-differentiable (respectively, Clarke differentiable,
semi-differentiable, and strictly semi-differentiable) at (Z, ) € gphF if DyppF(Z,79) =
Dade(fag) (respeCtiVEIya DuppF(:fvg) = DClF(f,ﬂ), DuppF(fag) = DlowF(i'vg)a
and Dy, F(Z,9) = Ds_i0wF (%, 7))

We note that the contingent derivative coincides with the upper Dini derivative
and the strict lower Dini derivative is graphically the smallest one among the above-
mentioned derivatives. Calculus rules and relations between them can be found in
[10, 18, 21]. Finally, we mention below two known facts on pseudo-Lipschitz continuity
and semi-differentiability that we will use in our proofs.

(R1) Assume gphF is locally closed at (Z,7) (its intersection with some closed
neighborhood of (Z, §) is closed). Then F' is pseudo-Lipschitz at (Z,§) € gphF
if and only if (¢,0) € Nyppr(Z,y) implies o = 0 (see [18, Theorem 4.10]).

(R2) If F is pseudo-Lipschitz and proto-differentiable (respectively, Clarke differ-
entiable) at (Z,y), then it is semi-differentiable (respectively, strictly semi-
differentiable) at (Z,§) (see [21, Proposition 9.50]).

3. Uniformly efficient points. Consider a parametric multiobjective optimiza-
tion problem, denoted by P(u),

min f(u,x)
(1) st. z € X(u),

where “s.t.” indicates “subject to”, f : R? x R™ — RP? is a continuous vector function
and X : R? = R"” is a set-valued mapping, called the feasible solution mapping. In
this problem v € RY is a parameter and = € R” is a decision variable. The feasible
value mapping Y : R? = RP? is defined by

Y(u):={f(u,x): 2 € X(u)}.

We recall that a feasible solution Z € X (u) is an efficient solution of P(u) if f(Z) is
an efficient point of Y (u), that is, if

(2) Y(u) 0 (f(u, ) = REN {0}) =0,

where RY. denotes the positive orthant of RP. The set of all efficient points of Y (u) is
denoted by MinY (u) and the set of all efficient solutions of P(u) is denoted by S(u).
The mapping u — S(u) is called the efficient solution mapping and u — V(u) :=
MinY (u) is called the efficient value mapping or the marginal mapping. We say that
Y has the domination property around (u,y) if there is a neighborhood @ of (u,y)
such that y € MinY (u) + RY for every (u,y) € Q N gphY.

Sometimes one is given a convex and pointed cone K in RP and defines K-efficient
solutions by substituting K instead of RY in (2). A feasible solution 2 € X (u) is called
a weakly efficient solution of P(u) if it is K-efficient for K = int(R%) U {0}, and it is
called a properly efficient solution of P(u) if it is K-efficient for some K that contains
R% \ {0} in its interior. Let e; denote the ith unit coordinate vector and e the vector
of ones in R?. For € = 0, set

K. :=pos{e;+ec:i=1,...,p}
The positive polar cone of K. is denoted by K, that is,

KF={veRl: (v,y) =20 forallyec K.}.
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We have K.\ {0} C int(R%) C RE \ {0} C int(K ) for every € > 0. It is clear that a
feasible solution = € X (u) is weakly efficient if and only if it is K-efficient for all € > 0,
and it is properly efficient if and only if it is K -efficient for some ¢ > 0. We shall
also use the following characterization of proper efficiency (see [9, Proposition 2.2] for
a general result).

(R3) A point § € Y (u) is properly efficient if and only if there is some € > 0 such

that
cl(cone(Y (u) — y)) N =K = {0}.

The concept of uniform efficiency is a key ingredient of our analysis.

DEFINITION 1. Let @ be given. An efficient point § of Y (@) is said to be a uni-
formly efficient point of Y at @ if there are some € > 0 and neighborhood Q of (u,q)
such that y is a KX -efficient point of Y (u) whenever (u,y) € gphV N Q.

Needless to say that when p = 1, a uniformly efficient point of Y at @ or an efficient
point of Y (@) simply signifies the optimal value of P(@). Moreover, if § € Y (a) is a
uniformly efficient point of Y at @, then it is a properly efficient point of Y (u). In
general, not every properly efficient point of Y (@) is uniformly efficient (see Example 5
when 4 = 0, § = (0,0), and Y = Y; UY3). Below we provide some characterizations
of uniform efliciency.

LEMMA 2. Let § € V(u). The following statements are equivalent:

(i) § is a uniformly efficient point of Y at @;

(ii) there is a closed, convex, and pointed cone K containing RE \ {0} in its
interior such that for every sequence {(uk,yr)tx C gphV converging to (4, y)
the points yy, are all K -efficient when k is sufficiently large;

(iii)

limsup  cone(Y (u) —y) | N —RE = {0}.
(1) 2 (3,)
Moreover, if Y°°(u) N —RE = {0} and Y is closed at @, then § is uniformly efficient
if and only if

Y _
(3) lim sup Y=y
10 t
(wy) 25 (3,9)

N —RE = {0}.

Proof. The implication (i) = (ii) is evident. To prove the implication (ii) = (iii),
let v be a nonzero element of

limsup  cone(Y (u) —y).
()~ (0.5

We find a sequence {ug} converging to @, yr € V(ug), yj, € Y (ur), and real numbers
ty 2 0 such that v = limy_, o ¢k (¥}, — yi). According to (ii) and because v # 0, we may
assume that y; is K-efficient and yj, # yy for all & =2 0. Then y;, — yr € —K, which
implies that v ¢ —int(K). We deduce that v ¢ —R% \ {0}. This proves (iii). Now
assume (iii). Because both of the cones in the intersection of (iii) are closed, there is
some € > 0 such that

limsup  cone(Y (u) —y) N —K5. = {0}.

gphV

(u,y) —(@,9)
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Then there is a neighborhood @ of (i, ) such that cone(Y (u) —y) N —K} = {0} for
(u,y) € Q@ NgphV. This shows, in particular, that y is K -efficient of Y (u) for every
(u,y) € QN gphV. By definition, 7 is a uniformly efficient point of Y at @.

For the second part of the lemma, let § € Y (@) be a uniformly efficient point of Y’
at 4. According to the first part, (iii) holds, which implies (3) because (Y (u) —y)/t C
cone(Y (u) — y). For the converse, suppose that § is not uniformly efficient. For each
e = 1/k we find uy and y, € V(ug) and 2z, € Y (ug) such that limg_ oo (ug, yx) = (@, 7)
and zp — yp € —ka. It can be seen that {z}; is bounded, because otherwise
we would obtain from this sequence a nonzero vector v € Y>°(a) N —R%, which
is a contradiction. Then, we may assume either it converges to some vector z &€
Y (@), z # § because Y is closed at @, or it converges to §. The first case is impossible
because § is an efficient point of Y (@). In the second case, we may assume that
{(#z — y&)/ ||z — Yl }r converges to some nonzero vector w. It is clear that (3) does
not hold, for w lies in the intersection on its left-hand side. The proof is complete. O

Another concept of efficient points introduced in [26] is also essential in the study
of parametric convex problems. An efficient point  of Y (@) is called normally efficient
if

Ny'la) R (y) € —int(R%) U {0}.
Of course, normally efficient points are properly efficient, but the converse is generally
not true. Here is a useful link between normally efficient points and uniformly efficient
points when the set-valued mapping Y + Rf : R? = RP, defined by (Y + R%)(u) =
Y (u) + RY for u € R, is lower semi-continuous.

LEMMA 3. Assume that Y + Rf_ has convez values around @ and is lower semi-
continuous at u. Then every normally efficient point of Y (@) is a uniformly efficient
point of Y at .

Proof. Let § € V(1) be normally efficient. We claim that there is some e > 0
such that
co » () C — ..
(4) Ny(u)+R+ (y) € —K

Indeed, let A := cofer,...,ep} and Ay := AN (—N{;(’(EHRP (). Since the cone
+
_N)C/O(ﬂ)+Rﬁ (7) is closed and convex and lies in —int(R% ) U {0}, the set Ay is a

compact set and lies in the relative interior of A. There is a real number ¢ > 0
such that every y € Ay has components y*, i = 1,...,p, greater than or equal to e.
Consequently, we may express y as

P P
. . €
y= ;:1 y'e; = iE:1 (yz 1 e +pe> (e; + ee)

with y* — €/(1 + pe) > 0, by which y belongs to K.. Because Aq is a base of

_NXC/O(ﬁHRﬁ (), we deduce that N)C/"(EHR_pF (§) = —cone(Ay) C —K,, as requested.
We claim further that
(5) lim sup N}C/O(u)+]Ri (y) € }C/()(a)+ugi (y).

()~ ()

In fact, let
v E lim sup N;C/O(U)JFRi (),
()25 (@)
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and say v = limy_, v, Where vy, € Nf,"(u )R (yx) for some (ug,yr) € gphY that
— k + . _ p
converges to (@,y) as k tends to co. Let y be an arbitrary element of Y'(u) + RE.
Due to the semi-continuity hypothesis, we find some z;, € Y (ui) + RE such that
limg o0 25 = y. Then (vg,zp — yg) < 0 for every & > 1. When k tends to oo, we
obtain (v,y — §) < 0, which proves v € Ny ay+xe (7). In view of (4) and (5), there is

: - +
a neighborhood @ of (@, ) such that

Vintre (y) © —Kepp forall (u,y) € Q NgphY.

Because Y +R” has convex values around @, we may choose @ so small that Y (u)+R%
is convex when (u,y) € Q NgphV. For such (u,y), the cone Nf/o(uHRp (y) is nontrivial
because y is a boundary point of Y (u) + R%. Choose a nonzero véctor & from this
cone. We have { € —int(K./4) and find some strict positive numbers a;,i =1,...,p,

such that £ = Y7 | —a;(e; + (¢/4)e). It follows that

p

pos(Y(u) —y) C — 56’0(")+Ri (y)]" € —{cone(&)}T C U{cone(ei + (e/4)e)}T.
i=1

We deduce that pos(Y (v) —y)N— int(KjM) = () for all (u,y) € @QNgphV. This implies
(iii) of Lemma 2, by which ¢ is uniformly efficient. O

We note that the conclusion of Lemma 3 may fail without convexity or the lower
semi-continuity hypothesis. This is because normal efficiency reflects the position of
a point with respect to a given value set, while uniform efficiency involves all value
sets around a point. On the other hand, a uniformly efficient point is not necessarily
normally efficient. For instance, the constant set-valued mapping u Rﬁ has a
unique uniformly efficient point § = 0, which is not normally efficient. Now let us
establish a sufficient condition of uniform efficiency for union of convex sets.

THEOREM 4. LetY = /-, Y; and let j € V(u). Assume the following conditions
hold for everyi e {1,...,m}:
(i) the mapping Y;+R%. has nonempty convex values and the domination property
around u, and is closed and lower semi-continuous at u;
(i) N e (9) © —int(RY) U0} if g € Yi(w).
Then § is a uniformly efficient point of Y at a.

Proof. We prove this theorem for m = 2. The proof for m > 2 follows the same
lines. We suppose to the contrary that ¢ is not uniformly efficient for Y at @. In view
of Lemma 2, there exist (ug,yr) € gphV converging to (u,y), tx > 0 and y;, € Y (ux)
such that

(6) klggo te(y — yr) = v € —RE \ {0}.
Without loss of generality we may assume that (ug,yr) € gphYy for all £ = 1 and
then (u,§) € gphY; because Yi + RE is closed at @ and 7 is efficient. We distinguish
two cases: (a) (4,§) & gphYa, and (b) (@,y) € gphYs. In the first case, there is a
neighborhood @ of (@,7) such that @ N gph(Y> +RY) = 0.

Claim 1. y;, € Y1 (ug) for all k sufficiently large.

Indeed, if not, there exists a subsequence {(uy,,y,,)}x C gphY>2. One may assume
either (al) limy o0 ), = ¥ € Yao(@) + RY with (@,y’) ¢ Q because Y5 + R is closed
at 4, in which case limg o0 t,, = to for some 9 > 0, or (a2) limg 0 ||y, || = +o00,
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in which case limg_ o t,, = 0. In the (al) case, we obtain y' = § + v/tg, which is
in contradiction with the fact that g is an efficient point of Y (@). In the (a2) case,
we choose an efficient point § of Y3(@). Due to the lower semi-continuity hypothesis,
there exists g, € Y2(u,, )+ RE converging to §. Now, for each positive number o we
consider the convex combinations (1 — at,, )iy, + aty, y,, , which lie in Y5(u,, ) +R%
for k sufficiently large. Then

7+ av= klirn ((1 —aty, )y, + oztl,ky’uk) e Ys(u) + Rﬁ_
— 00

because Y5 + R is closed at @. This contradicts the choice of § and proves Claim 1.
We return to relation (6). By Claim 1, both y; and y belong to Yi(ui). Due to
Lemma 3 and (ii), g is a uniformly efficient point of Y7 at @. Relation (6) is then in
contradiction with (iii) of Lemma 2.

We now consider (b) the case in which (@, %) € gph(Yz +RE). It follows from the
hypotheses and from Lemma 3 that 7 is uniformly efficient for both Y; and Y5 at .
In view of Lemma 2 and because of (6), we may assume that

yr € Yi(ug) \ Ya(ur), yi € Ya(ug)\ Yi(ug) for k= 1.

By considering zj, € Y2(uy)+R% instead of y;, if necessary, where z;; is a unique point
on the segment joining y;, and y;, such that [yx, ;] N (Ya(ur) +RY) = [z}, y;,], we may
assume that

(7) [k, yi) 0 (Ya(ur) + RE) = {y;.}.

Note that when zj, # v}, by a suitable change in ¢, we still have (6) with 2, replacing
Y- Moreover, due to the domination property, there are some y; € Va(uy) (the
efficient set of Y5(uy)) and i, € R such that y;, = )/ + 7.

Claim 2. limy, o0y = 7.

We notice first that the argument used to prove Claim 1 can be applied to show
that limy_ o0y, = §. Then, consider the sequence {ry}r. If it is bounded, we may
assume it converges to some vector r € }Rf_. It follows that limy oo yy = 3§ — 7.
Because Y3 +R¥ is closed at @ and 7 is an efficient point of Y (), we have r = 0, and
so limy_,o yj, = . If that sequence is unbounded, we may assume limy_, ||7x| =
+00 and limy_o 7i/|7%]| = 7 € RE \ {0}. By the convexity hypothesis, we have
Yy, — i/ |7kl € Ya(ur) +RE for k sufficiently large, which, in view of the closedness
hypothesis, implies §—7 = limg o0 (y;, —7%/||7x||) € Y2(@)+RE. This is a contradiction
because 7 is an efficient point of Y (@) + RY..

Now we consider the convex sets

Ay =Y (ur) + R,
By :={y +t(yr —y) : t 2 0}.

We have int(Ay) # 0 and By Nint(Ax) = . The latter empty intersection is obtained
from (7), because otherwise one should find some ¢ € (0,1) such that y}/ +t(yx —y}) €
Ay. This implies y;, +t(yx — y%,) € Yk, ¥i) N (Ya(ur) +RE), which contradicts (7). We
separate them by a unit norm vector Ay € R? as

</\kay_yg>§0§<>\k7z_yg> fOI‘ auyeAka ZeBk'

We deduce, in particular, that Ar € Ny?, e (45) N (—R%) and
+

(8) My —yp) 20 for k= 1.
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We may assume that limy_,, Ay = A for some \ € —Rﬂ. Due to Claim 2, the lower

semi-continuity of Y3 +R% at @, and (8), we obtain \ € Nicfs(ﬂ)—s-Ri () and

(A, —v) = lim A, te(ye — yi)) = Hm Mg, te(yr — yp —7%)) 2 0.
k—o0 k—o0

This is a contradiction because A € —int(R%) by (ii) and —v € RE \ {0} by (6). The
proof is complete. 0

One should ask whether condition (ii) can be replaced by requiring g to be uni-
formly efficient for Y; whenever it belongs to Y;(@). The answer is negative, as is
shown by the next example.

Example 5. Consider Y7,Ys5 : R =% R? defined by

= ({5)-()-(0)- (1))

Ya(u) := Yi(u) + <5‘2>

for every u € R. Then the point 47 = (0 0) is uniformly efficient for both Y; and
Y3 at @ = 0, but not for their union. In this example condition (ii) of Theorem 4 is
violated.

We close this section by considering a parametric vector problem of minimizing
a linear function on a finite union of polyhedral convex sets. Namely, let f(u,x) =
Cu)x, X;(u) = {z € R" : A;(u)z < b;j(u)}, where C(u) is a p X n-matrix, A;(u) is
an m; X n-matrix, and b;(u) is an my-vector for each v € R? and ¢ = 1,...,m. The
problem P(u) is written as

min  C(u)z

m

s.t.x € U Xi(u).
i=1

In our notation, X (u) = Ji~, Xi(u), Y(u) = U2, Yi(u) with Y;(u) = {C(u)z : x €
X;(w)}, and Vi(u) = Min(Y;(u)) for i = 1,...,m. In the next corollary, given a point
u, the kernel of the linear operator C'(u) is denoted by Ker C(u).

COROLLARY 6. Let y € V(u). Assume that the following conditions hold:
(i) for everyi € {1,...,m}, the functions C, A;,b; are continuous at @ and there
exists x; with A;(u)x; < b(a);
(ii) for every i € {1,...,m}, Ker C(a) N [X;(1)]e = {0};
(iii) forie {1,...,m} such that y ¢ Y;(@), one has
(9) O(@) [Xi(@)]oo N —RE = {0}:
(iv) fori e {1,...,m} such that § € Y;(u), one has
{re —RE : CT(u)A € N, (5 (Z:)} C — int(RE) U {0},

where T; € X;(u) such that §j = C(4)Z;, i € {1,...,m}.
Then y is a uniformly efficient point of Y at u.
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Proof. Our aim is to check the hypotheses of Theorem 4. First, we note that (9) is
true for all : = 1,...,m. Indeed, if not, say for some i with § = C(@)Z; € Y;(a), there
is some nonzero vector v = C(@)d € C(a)[X;(@)]sc N —RY with d € [X;(@)]s. Pick
any nonzero vector A from the set on the left-hand side of the inclusion in (iv) (such a
A exists because ¢ is an efficient point of Y;(u)). Then (CT (@), d) = (X, C(u)d) = 0,
which contradicts (iv). Second, we show that Y7,...,Y,, are closed and lower semi-
continuous at @. Observe that due to (i) the mappings Xi,..., X, are closed and
lower semi-continuous at 4. Then the lower semi-continuity of Yp,...,Y,, is im-
mediate. For the closedness of Y; at @, let (ug,yx) € gphY; converge to (4,y).
We find some z; € X;(ug) such that C(ug)zr = yr. If the sequence {zj}y is
bounded, then it admits a cluster point € X;(@). Then y = C(@)z, proving

that (@,y) € gphY;. If that sequence is unbounded, say limy_, o ||zk]| = +oo,
we may assume limy_,o zx/||zk]| = v for some nonzero vector v. Then, on the
one hand C(@)v = limy_yoo C(uk)zr/||2k] = limg—oo yr/l|zk]| = 0. On the other
hand, A;(@)v = lmy_ o A;(ur)zr/l|zk]] < limg_oo bi(ugk)/|lzk]] = 0. This contra-
dicts (ii). Hence, Y7,...,Y,, are closed and semi-continuous at @. Third, by defi-
nition, Y3 (u),..., Y, (u) are polyhedral convex sets. Moreover, due to (ii) and [15,
Lemma 4.2], we have C(@)[X;(1)]oo = [Yi(@)]oo- Since (iii) is true for all ¢ = 1,...,m,

we deduce that [Y;(@)]e N —R% = {0}. Due to the closedness of Y at @, we have
[Yi(u)]oo N —RE = {0} for all u in a small neighborhood U of % too. Because
Y;(u) is a convex polyhedral set, the latter equality implies its domination prop-
erty around @. Thus, Yi,...,Y,, are closed, semi-continuous at u, and have con-
vex values and the domination property around @. Then so too are the mappings
Y; + R% i = 1,...,m. Moreover, it follows from (iv) that the cone Nyi(a)Jr]Ri ()
entirely lies in —int(R% ) U {0} whenever § € Y;(@). It remains to apply Theorem 4
to complete the proof. 0

We note that when X;(@) is bounded, conditions (ii) and (iii) of the preceding
corollary are evidently satisfied. A sufficient condition for (iv) to hold is that g is a
relative interior point of a (p — 1)-dimensional face of Y;(a) + R% if § € Y;(a),i €
{1,...,m}. The conclusion of Corollary 6 may fail if the last condition does not hold,
as is shown by the next example.

Ezample 7. Let X : R = R3 be given by X (u) =: {x € R® : —11 £ —u, —uz; —
29 L 0,23 £0,—21 — 29 — 23 S —u,x1 +x2 — x3 < 10} and let C(u) be given by

100
Cluy={0 1 0
00 1

At @i = 0, the point 7 = (0 0 0) is not uniformly efficient, while 7 = (2 1 —3)
is uniformly efficient. Clearly ¥ is not a relative interior point of a 2-dimensional face
of Y (@) at which condition (iv) does not hold, but § is.

4. Semi-differentiability of the marginal mapping. In this section, we shall
focus only on conditions for the semi-differentiability of the marginal mapping V' and
find a formula to compute its semi-derivative. But, mutatis mutandis, most of the
results of this section and the next ones remain true for strict semi-differentiability.
Let us begin with outer and inner estimates for the semi-derivative of V.

PROPOSITION 8. Let § € V(). The following statements hold for every d € R?:
(1) Dlowv(ﬂvg)(d) - WMZ”[DlowY(ﬂﬂg)(d)L
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(ii) DiowV (4,5)(d) € Min[DoY (4, §)(d)] provided that § is a uniformly effi-
cient point;

(iil) DiowV (1, 7)(d) D Min[DiowY (4, 7)(d)] provided thatY is semi-differentiable
at (a,y), closed at u, and has the domination property around (4,q), Y °°(a)N
—R? = {0}, and DY (a,5)(0) N —R, = {0}.

Proof. Let d € R? be given. We prove (ii) first. Suppose to the contrary that
the inclusion in (ii) does not hold, that is, there are some w € D,V (@, 7)(d), w’ €
DiowY (1, 7)(d) and a nonzero vector r € RY such that w = w’ + r. Let t, > 0 with
ty — 0 and dy — d be given. There are z; € V(u + trdi) and yi, € Y (u + txdy)
such that limg_ o0 (2 — )/t = w and limg— o0 (Y — §)/tx = w — r. It follows that
limg oo (Y — 21)/te = limgpoo((ye — §) + (§ — 2x))/tk = —r. By Lemma 2 this
contradicts the uniform efficiency hypothesis.

For the first statement, if the inclusion does not hold, then the vector r in the
proof of the first statement belongs to int(]Rf_). Hence for k sufficiently large, one
has y, — 2z, € —int(R"), which contradicts the fact that zj is an efficient point of
Y (@ + trdy).

For (iii), let w € Min[Djo, Y (@, 7)(d)]. Let tx > 0 with ¢, — 0 and dj, — d
be arbitrarily given. Our aim is to find zx € V(a4 + trdg) such that limg oo (2 —
7)/tk = w. Note that, because w € Dy, Y (@, §)(d), there are yi, € Y (@ + trdy) such
that limg— 0o (yx — §)/tk = w. Due to the domination property, we may find some
2y € V(a+ tpdy) and 7, € R such that y, = 2z, + 7. Consider the sequence

{Tk/tk}k.

Claim 1. limy_oo i = 0.

Indeed, if not, we may assume, without loss of generality, that either limy_, o 75 =
r for some nonzero vector r € RY, or limy_,o 7 /||7%|| = 7 for some nonzero vector
7 € RE with limy_, o [|7%|| = +0c0. In the first case, limy_,o 21, = §—1 € Y (@) because
Y is closed at @, which contradicts the fact that 7 is an efficient point of Y'(@). In the

second case
. 2k . Yk Tk _
lim —— = lim ( — )r,
koo [|rgl| koo \ 7wl Il
which shows that —7 € Y'°°(@). This contradicts the assumption that Y°>°(a)N—R% =

{0}.

Claim 2. The sequence {7/t } is bounded.

In fact, suppose to the contrary that it is unbounded, say limg_, o0 ||7, || /tr, = +00
for some subsequence {r,, /t,, }x. Then we may assume that limg_,o0 vy, /|70 ]| = 7
for some nonzero vector r € RY and derive

koo |lry | koo \ by rll Il
i+t d,)—a '

i @ ttndu) -3 L —

k—r00 172 k—oo " [|7y, ||

Since limg_, oo i = 0 by Claim 1, these limits prove that —r € DY (@, )(0), which
contradicts the assumption that DY (@, 7)(0) N —RY. = {0}.

Claim 3. limg_yoo T/t = 0.

We proceed by contradiction. In view of Claim 2, assume there is a subsequence
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{ry, /tu,} converging to some nonzero vector 7 € RY. We have

(yl/k - g) + Tl/k _ hm Zl/k - g

Vi k—o0 tyk

w—7 = lim

)
k—oc0

which belongs to DY (4, )(d). The above limit also belongs to D, Y (4, 7)(d) because
Y is semi-differentiable at (@, ). This contradicts the fact that w is an efficient point
of Do Y (@, ) (d).

We return to the sequence {(@ + txdg, zk) }x C gphV, which converges to (@, §) €
gphV according to Claim 1. In view of Claim 3, we also have limg_, o0 (2x — 7)/tr =
limg oo ((yx — ) — 7))/t = w, by which w € D,V (@, 5)(d) and statement (iii) is
proven. 0

Remark 1. In general, the estimates given in the preceding proposition are not
true either for contingent derivatives or for proto-derivatives (see also Remark 3).
When Y is semi-differentiable, inclusion (i) is true for the contingent derivative (see
also [11, Theorem 3.3]), that is,

(10) DV(ﬂ,gj)(d) < WMZ”[DlowY(ﬂvg)(d)}

Corollary 9 shows that when d € domDjo,V (4, 3), the equality DoV (1, 7)(d) =
Min[DjoY (@, §)(d)] can be established without hypothesis on the asymptotic direc-
tions of Y.

COROLLARY 9. Let y € V(u) be a uniformly efficient point of Y. Assume that
(i) Y is semi-differentiable at (4, q), closed at @, and has the domination property
around (@,q), and
(i) DY (1,5)(0) N —R% = {0},
Then DiowV (4, 7)(d) = Min[DiowY (4, §)(d)] for every d € domDjo,V (4, 7).

Proof. By a close inspection of the proof of Proposition 8 we need only to show
that the sequence {rj} is bounded. We proceed by contradiction. Assume that
limy, o0 [|7k] = 400 and limg_eo ri/||re]| = 7 for some nonzero vector 7 € RE.
Choose any vector © € Dy, V (@, 7)(d). By definition, there exists Zx € V(u + txdy)
such that limg_,o0(Zx — §)/tx = 0. Since g is uniformly efficient, we may assume that
Zi, are all K -efficient for some € > 0. We have also

2 — 2Kk .. 2k _

1 = =
k—oo ||’I“k|| k—o0 HrkH

Hence, for k sufficiently large we have (2 — Zx)/||r|| € — int(K ), implying 2z — 25, €
—int(K ). The latter relation is in contradiction with the K -efficiency of Z;. The
proof is complete. O

We are now able to give a main result on the semi-differentiability of the marginal
mapping when the feasible value mapping is semi-differentiable.

THEOREM 10. Let § € V(@) be a uniformly efficient point of Y. Assume the
following conditions:
(i) Y is semi-differentiable at (@,q), closed at @, and has the domination property
around (,q);
(i) DY (&,7)(0) N —R%, = {0};
(iii) Y°°(a) N —RL = {0}.
Then V is semi-differentiable at (4,y) and its semi-derivative is given by the formula

(11) DiowV (@, 5)(d) = Min[DionY (4,5)(d)]  for every d € RY.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/10/18 to 128.123.44.23. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

SEMI-DIFFERENTIABILITY OF THE MARGINAL MAPPING 1267

Proof. Let (d,w) € gphDV (4, y) with (d,w) = lim(u, — @,y, — §)/s, for some
Yy € V(uy), s, >0, and s, — 0 as v tends to co. Let ¢ | 0 and dx, — d be arbitrary
and given. We have to find wy € V(@ + txdy) such that

(12) lim =Y
k—o0 tr

= w.

To this end, we observe that because Y is semi-differentiable, there exists z; € Y (a+
trdy) such that
2k =

(3 S

Due to the domination property, we find some wy € V(u + tydy) and 7 € ]Rﬁ_ such
that z;, = wg+7rg. We wish to show that limg_, o 7%/t = 0, which completes the proof
by setting @), = wy, and using (12) and (13). We observe that the proof of Claims 1
and 2 of Proposition 8 hold, while Claim 3 needs some explanation because in the
present case it is not known whether w is an efficient element of Dj,,, Y (@, 7)(d). By
contradiction, we suppose that Claim 3 is not true, that is, there is a subsequence
{rv,/tu, }& that converges to some nonzero vector 7 € R%. It follows from (13)
that (d,w — 7) € gphDV (4,y). Again, by the semi-differentiability of Y, for the
subsequences {s,, }x and {d,, }» from {s,}, and {d,}, given at the beginning of the
proof, we may find some y,, € Y (u+ s,,d,,) such that
p _
m 2 =Y

k— o0 Svp,

We deduce that

. y/uk “Yue . (y/uk — g) + (Zj — yl/k) =
lim —=%=—— = lim = —T.
k—o0 Svy k—o0 Suy,

In view of Lemma 2, the latter relation contradicts the uniform efficiency of . We
conclude that V' is semi-differentiable at (@, y). The formula for the semi-derivative
of V at (@, y) is obtained from Proposition 8. 0

Remark 2. The domination property assumption in Proposition 8 and Theo-
rem 10 can be replaced by requesting that Y be closed-valued around @. Indeed,
condition Y*°(z) N =R’ = {0} implies that for u close to @ and for every y, the set
Y (u) N (y — RY) is bounded, and hence compact. Therefore, for each y € Y'(u), that
set admits an efficient point dominating y.

Remark 3. In part (iii) of Proposition 8 (hence condition (i) of Theorem 10 and
the subsequent results), the closedness of Y at @ can be replaced by the closed-
ness of Y + R’ around (@,7). Indeed, the closedness hypothesis was used to derive
limg 00 2t = § — 7 € Y(@). The limit § — r may lie outside of Y (@) when Y is not
closed at @, but the segment joining (#,y —r) and (u,y) does lie in the closure of the
graph of Y +R¥ . Because Y + R is closed around (%, %), we find some point (@, ) in
the interior of that segment, which belongs to the graph of Y +R% . This contradicts
the hypothesis that ¢ is an efficient point of Y (u).

Remark 4. We note that the formula of the lower semi-derivative established in
Corollary 9 and Theorem 10 was already known in [24, Theorem 4.1 and Corollary
4.1]. There are, however, some inadequacies in that paper, some of which were already
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pointed out in [28]. Unfortunately, there is still a problem with these works because
the main results of [24] and [28], including the above mentioned Theorem 4.1 and
Corollary 4.1, are based on Proposition 3.2 of [24], which is wrong in general. A
suitable modification of an example given in [21, p. 199] illustrates this observation.

Example 11. Let Y : R = R? be given by

{(1,0) s usin(In(u)) S y1 S u} U {(2u,—u)} for u >0,
Y(u):=q {(0,0)} for u =0,
{ (usin(In(|ul)), 0), (2ful, —|ul) } for u < 0.

Then at (@, ) = (0, (0,0)), we have

Dlow(Y—FRi)(’l],g)(d) = {(ll,lg) hZ |d|,l2 S Ri} @] {(11712) 2 2|d|,l2 > —|d|},
o {(d,0),(2d,—d)} for d >0,
DiowY (4, 5)(d) =
o 0@ ={ o ™ raZe
Hence min Dyo,, (Y +R2)(@,7)(—1) € DyowY (4, y)(—1), which refutes Proposition 3.2
of [24]. Moreover, since

[ {(usin(In(|ul)),0), (2u|, =[ul)}  for u # 0,
Viw) = { {(0,0)} for u = 0,

we have Djo,, V(,§)(1) = {(2, 1)}, by which min Dj,, Y (@, §)(1) € DiowV (@, 7)(1).
Notice that for this mapping Y all assumptions of [24, Theorem 4.1 and Corol-
lary 4.1] and [28, Theorems 2.1 and 2.2] are satisfied; nevertheless, equality between
min Dy, Y (%, §) and Djoy V (4, ) does not hold.

COROLLARY 12. Let § € V(u) be a uniformly efficient point of Y. Assume the
following conditions:
(1) Y is semi-differentiable at (@,q), closed at @, and has the domination property
around (,q);
(ii) eitherY is calm at @, or
(ila) Y is calm at (4,y) and
(iib) Y*(a) N —RE = {0}.
Then V is semi-differentiable at (@, ) and its derivative is given by (11).

Proof. To prove this corollary it suffices to show that conditions (ii) and (iii) of
Theorem 10 hold. First, we prove that (iia) implies condition (ii) of Theorem 10. In
fact, let w € DY (@, 5)(0),w # 0. There are (ug,yx) € gphY converging to (u,y) and
tr > 0 converging to 0 such that w = limg o0 (yx — ¥)/tr and 0 = limy o0 (up, — @) /L.
Because Y is calm at (u,7), we may find some g, € Y (@) and ¢ > 0 such that
17 — vk || < £)|ux, — @|| for every k sufficiently large. We deduce that

U=y Ue =Yk | Y=Y\ _
lim = lim + =w.
k—oo  tg k—o0 tx tr

Since 7 is a properly efficient point of Y (@), due to (R3), we conclude that w ¢ —RY .
Next, we prove that if Y is calm at @, then condition (iib) is satisfied. Indeed, because
Y is calm at 4, we have

(14) Y= (u) € [Y(0)]-
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Moreover, being uniformly efficient, the point § is a properly efficient point of Y ().
Therefore, we deduce from (R3) that

[V (@)oo N —RE. C cl(cone(Y (@) — §)) N —K;F = {0}

for some € > 0. This latter relation and (14) yield (iib). The proof is complete. d

COROLLARY 13. Let § € V(a) be a uniformly efficient point of Y. Assume the
following conditions:
(i) Y is proto-differentiable, pseudo-Lipschitz at (u,y), closed at u, and has the
domination property around (4, 7);
(ii) Y (u) N —RE = {0}.
Then V is semi-differentiable at (4,y) and its derivative is given by (11).

Proof. We know from (R2) that a proto-differentiable and pseudo-Lipschitz map-
ping is semi-differentiable. Therefore, due to (i), the first condition of Corollary 12
holds true. Furthermore, the pseudo-Lipschitz assumption on Y at (@, y) implies that
it is calm at this point. It remains to apply Corollary 12 to complete the proof. O

In the what remains of this section we wish to find conditions on the feasible
mapping X and the objective function f to ensure the semi-differentiability of V' and
to compute its semi-derivative. For (u,y) € gphY we define

X(u,y) = (f(u,)) (@) N X (u) = {z € X(u) : f(u,z) = y}.

In the next result “dist” denotes distance.

LEMMA 14. Let (u,y) € gphY . Assume the following conditions:
(i) f is locally Lipschitz at (4,Z),T € X(a,g);
(i) X is closed around @ and pseudo-Lipschitz at (u, %),z € X (a,3);
(i)
limsup  dist[0, X (u,y)] < +oo.

gphY

(wy)—(w,9)
Then Y is pseudo-Lipschitz at (u,q).

Proof. Our aim is to apply (R1). We first prove that gphY is locally closed at
(,7). To this end we claim that there exist a > 0 and a neighborhood @ of (4, )
such that

(15) X(u,y) N (aBp) #0 Y(u,y) € gphY N Q.

Indeed, if this is not the case, there exist {(ug,yx)}r C gphY with (ug,yr) —
(4,7) and X (up,yr) N (kB,) = 0. Then for the sequence {(ux,yx)}r, one has
limy,_, o0 dist[0, X (ug, yx)] = +00, which contradicts (iii). Further, we choose a closed
neighborhood Q' C Q of (@,y) and show that gphY N Q' is closed. To this end, let
{(uk, yx) }r C gphY N Q' converge to (u,y). By (15), there are x; € X (ux) N (aBy)
with f(ug,xr) = yx. We may assume that z; — Z. Due to the continuity of f and
due to condition (ii), we have (u,y) € gphY N Q' as requested. Thus, gphY is locally
closed at (u,y).

Now we suppose to the contrary that Y is not pseudo-Lipschitz at (@, 7). In view
of (R1), we have (0,0) € Nypny (@, §) for some o # 0. By definition there are positive
numbers ¢, converging to 0, a sequence {(uk,yx)}x € gphY converging to (4, %), and
{(O'k-,,uk)}k with (O’k,p,k) S N;ghy(uk,yk) such that limk_mo(()'k,p,k) = (0, O) In view

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/10/18 to 128.123.44.23. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1270 D. THE LUC, M. SOLEIMANI-DAMANEH, M. ZAMANI

of (ii), we may find a sequence {zy}) such that y, = f(ug,z)) and a subsequence
{z,,} converging to some Z € X (@, ). Then for every k we have

<0Vk’u_qu> + <:ul/k7y _yuk>

€, = lim su
v = P e =t [+ 19 — |

hY
(1) > (i Y, )

% Tim sup <al,k|,|u — UV;C>| i |<|l}u(kaf()’u’ $}( f(uuk ;)Tuk» .
()5 (20 U — Uy, u, T Uy s Tu
Let £ > 0 be a Lipschitz constant of f at (@,Z). For k sufficiently large we deduce
that <
3 Oy, U — Uy,
(140 (ev, + lp, ) = limsup : o)

(w,) gphX (o, )”u_qu”_'_Hx_Il/kH’
) > (U Ty,

o (1+0) (ewy +ll g 1)

which implies (0,,,0) € N, x (ty,, %y, ). By passing to the limit in the
latter relation when k tends to oo, we obtain (0,0) € Ngprx (@, Z). This contradicts
the pseudo-Lipschitz continuity of X. The proof is complete. ]

To go further, we recall the concept of an asymptotic function of a real function
¢ : R? x R™ — R with respect to the mapping X at @ (see [15]):

(16) ¢X(u;v) :=inf { klim ted(uk, x) < tp 4 0,2 € X (ug), up — 4, tpxy — v}
— 00
for v € R".

Note that ¢§ may take the value —oo or +oo.

COROLLARY 15. Assume f is locally Lipschitz at (@, Z) and X is locally closed and
pseudo-Lipschitz at (u,Z) for every T € X(ﬂ, y). The mapping Y is pseudo-Lipschitz
at (u,y) if any of the following conditions holds:

(i) for every sequence {(up,yr)}tr S gphY converging to (u,y), there exists a

sequence {xy}p with xj, € X (uy,yx) admitting a cluster point & € X (u,§);

(ii) the mapping X is locally bounded at (u,9);

(iii) {v e R™: (f))¥(w;v) £0,i=1,...,p} = {0}.

Proof. We observe that (i) is equivalent to condition (ii) of Lemma 14 and (ii)
clearly implies (i). Therefore, to complete the proof it suffices to show that (iii)
implies (ii). Indeed, suppose to the contrary that X is not locally bounded at (@, 7).
Then we may find a sequence {(ug,yx)}r C gphY converging to (4,y) and xp €
X (ug, yx) such that limg_,o ||zx]| = co. Without loss of generality we may assume
{z1/||xk| }r converges to some nonzero vector v. We have limy_, oo f(ug, zr)/||zx| =
limy 00 Y/ ||kl = 0, which shows that (f;)¥(4;v) < 0 for all ¢ = 1,...,p. This
contradicts (iii) and completes the proof. 0

Let o : R® — R be a locally Lipschitz function. If the directional derivative
KW(Z;d) of h at T in any direction d € R™ exists and coincides with the Clarke di-
rectional derivative, then one says that h is regular at . A vector-valued locally
Lipschitz function is said to be regular at Z if its components are regular at = (see [7]
for more information).

LEMMA 16. Let (u,y) € gphY . Assume f is locally Lipschitz and regular at (u, Z),
Z € X(u,y). Then

A7) {f((a@,7);(d,v)) : v € DiowX (@, 2)(d)} € DiowY (@,5)(d) for d € RY.
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If, in addition, .
(i) X is semi-differentiable at (4,%),7 € X (4,7);
(ii) R
limsup  dist[0, X (u,y)] < 4005
()~ (.9)

(i) DX (a,)(0) N {v e R™: f'((u,2); (0,0)) = 0} = {0}, & € X(,7),
then the mapping Y is semi-differentiable at (u,y) and the semi-derivative of Y at
(a,q) is given by

(18) DiowY (u,9)(d) = U {£'((@,2); (d,v)) : v € Dyow X (@, 2)(d)} -
zeX(u4,7)

Proof. If Djy, X (1, Z)(d) is empty, then there is nothing to prove. Let v €
DiowX (1, Z)(d). We show that the vector f'((a,Z); (d,v)) belongs to DipwY (4, §)(d).
In fact, let t; > 0 converging to 0 and dj converging to d be given. By definition,
there are some xy, € X (@ + txdy) such that limy_,oo (2 — T)/tr = v. Because f is reg-
ular, we deduce that limy oo (f (@ + trdy, zr) — f(4, Z))/tr = f'((@,Z); (d,v)). Hence
f'((@,2); (d, ) € DiowY (u, y)(d).

Let (d,w) € gphDY (4,7), say w = limg— oo (yr — §)/tk, d = limy_yoo (U, — @) /tg,
where (ug,yx) € gphY and t; > 0 converges to 0. In view of (ii) we may find zy €
X (ug) such that yr = f(ug,2r) and the sequence {xj}y is bounded, which admits
a cluster point 7 € X (4,7). By working with subsequences if necessary one may
assume that Z is the limit of that sequence. We consider the sequence {(xy — Z)/tx } k.
If it is unbounded, then we may suppose that the sequence {(zx — Z)/||xx — Z| }
converges to some nonzero vector v and {ty/||xr — Z||}r converges to 0. The latter
limit implies limy_, oo (up — @)/||2x — Z|| = 0 and limg o0 (yx — §)/||zx — Z|| = 0. This
yields © € DX (@,Z)(0) and f'((@,Z); (0,9)) = 0, which is in contradiction with (iii).
By this we may suppose the sequence {(xy — Z)/t; }r converges to some vector v and
deduce that (d,v) € gphDX (@, Z). Moreover,

w= tim L) ZI@2) g g, 0)).

k—o0 tr

Let £ > 0 converge to 0 and dj, converge to d. Because X is semi-differentiable at
(u,q), there exists Ty, € X (u+1txdy) converging to z such that limy o (Zx —Z) /tr, = v.
Setting g = f(@ + trpdg, Tr) we have

klggo(gk - g)/{k = khﬂnolo(f(ﬂ + {kdkaik) - f(ﬁa j))/tk = f/((ﬂaf)a (da U)) =w.

This proves that Y is semi-differentiable at (@, ). The formula for the semi-derivative
of Y is immediate. ad

We note that when X is graph convex and @ € int(domX), the mapping X is
semi-differentiable and Dy, X (@, Z)(d) is nonempty for every direction d (see [10,
Theorem 11.1.36]). In the general case, a certain regularity condition is needed to
ensure the nonemptiness of Dj,,, X (4, Z)(d) (see [4, section 4.2], in which first order
feasible directions at T relative to d are exactly those of the lower Dini derivative
Diow X (@, Z)(d)).

COROLLARY 17. Let (u,y) € gphY. Assume the following conditions:
(1) X is calm at (u,y) with X(u,y) = {Z} a singleton;
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(ii) f is locally Lipschitz and reqular, and X is semi-differentiable at (u,T).
Then the mapping Y is semi-differentiable at (@, y) and the semi-derivative of Y at
(u,q) is given by

DiowY (@, 9)(d) = {f'((2,7); (d,v)) : v € Diow X (w, Z)(d)} .

Proof. This corollary is obtained from Lemma 16 by observing that when X (a,7)
is a singleton, the calmness of X at (u,y) is equivalent to (iii) of that lemma. |

We say that Y has locally bounded sections at (@, %) if there is a neighborhood @
of (@,y) and a constant a > 0 such that

(19) Y(u)N(y—RE) CaB, forall (u,y) € Q,

and f has locally bounded level sets at (u, ) if there is a neighborhood @ of (u,y) and
a constant a > 0 such that

(20) {reX(): flu,x) ey —RE} CaB, forall (u,y) € Q.

It is clear that with f continuous, (20) implies (19). Moreover, a sufficient condition
for (20) can be given by {v € R™: (f;)¥(a;v) £ 0,i=1,...,p} = {0}. In particular,
this is true when X is locally bounded at u. We are now able to present a main result
on the semi-differentiability of the mapping V under the semi-differentiability of the
feasible solution mapping.

THEOREM 18. Let § € V() be a uniformly efficient point. Assume the following
conditions:
(i) f s locally Lipschitz, regular at (u,Z) for every T € X(mgj), and has locally
bounded level sets at (@, y);
(ii) X is closed around u, pseudo-Lipschitz, and semi-differentiable at (u,7),7 €
X(@,9); A
(it)) DX (s, 2)(0) N {v € R" : f/((@2); (0,v)) = 0} = {0}, € X(,37).
Then V is semi-differentiable at (4,q) and its semi-derivative is given by the formula

DoV (@, 9)(d) = Min [ {f'((@,9);(d,v)) : v € Diow X (@, 7)(d)}
zeX (a,7)
Proof. We wish to apply Theorem 10 combined with Remark 3. Checking for
three conditions of that theorem will be done by five claims.

Claim 1. Y is semi-differentiable at (%, y) and its semi-derivative is given by (18).

Indeed, in view of Lemma 16 we have only to prove that

(21) limsup  dist[0, X (u,y)] < +oo.
gphY

(w,y)—(2,9)

Let @ be a neighborhood of (@, 7+ e) and a > 0 be such that (20) is satisfied. Choose
a small neighborhood U of @ such that U x {§ + e} C Q. We deduce from (20) that

X(u,y) C{ze X(u): fu,z) <y}
C o e X(u): flu) < g+ te)
CaB,

for all (u,y) from the neighborhood U x {fj+ e —int(R% )} of (@,%). This implies (21)
and so Claim 1 is obtained from Lemma 16.
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Claim 2. Y + R is closed around (@, 7).

Since f has closed bounded level sets at (u,y), we can have (20) for a closed
neighborhood @ of (@, y) and X is closed on the projection of @ on R?. We prove
that gph(Y +R%) N Q is closed. Indeed, let {(ug,yr + 7x)}x € gph(Y + RE)NQ
converge to (u,y) with yx € Y (uy) and r, € R Due to (20) and (ii), we may choose
2k € X(ug) such that f(ug,zr) < yr + rx and xp — x € X (u). It follows from the
continuity of f that f(u,z) € Y(u) and f(u,z) < y. Hence y € Y (u) + R, which
shows Y + R” is closed around (@, 7).

Claim 3. Y has the domination property around (&, 7).

In fact, we know that Y has locally bounded sections at (@, §). Therefore, when
(u,y) € gphY is sufficiently close to (@, %), the set Y (u) N (y — RY) is nonempty and
compact. Consequently, it admits efficient points. Any efficient point of this section
is also an efficient point of Y (u) and dominates y.

Claim 4. DY (u,3)(0) N —RE = {0}.

Let w € DY (@, %)(0) be a nonzero vector, say w = limy_,o0(yx — )/t for some
(uk,yr) € gphY converging to (@, §) and t > 0 converging to 0 such that limg_, o (ug—
@)/t), = 0. We may find x3, € X (ug, yx) that converge to some Z € X (@, 7). Since X
is pseudo-Lipschitz at (@, Z), there exists &) € X (@) such that ||z — Zx|| < €|jur — 4|
for some ¢ > 0 and for all k£ 2 0. Set g = f(@, Zx). Then

lim
k—oo  tg k—o0

U =Y _ i <f(uvfk)_f(ukaxk) +yk—y) —w,
tr tr

because || f (4, Zx) — f(ur, zr)l| = Kllur — Ul + |12 — z[l) = £(1+ )|lug — al|, where
K is a Lipschitz constant of f near (@,Z), which yields

fim f(a, o) — flug, zx)
k—o0 tr

=0.

We deduce that w € Ty (3 (). Since 7 is a properly efficient point of Y'(#) we conclude
that w ¢ —R”.

Claim 5. Y>°(u) N =R, = {0}.

Let w € Y°°(@) be a nonzero vector, say w = limg_, o0 tx Yk, with ¢ > 0 converging
to 0 and yy € Y (ug) with up, — @ and |lyx|| — +o00. According to the proof of Claim 3,
we find some gy, € V(ux) such that {gx}x is a bounded sequence. Then

w= lm tryr = lim tgx(yx — ) € limsup  cone(Y(u) — y).
k—o0 k—o0 gphV

(w,y)——(a,y)

In view of Lemma 2, w ¢ —R and Claim 5 is established.
To complete the proof it remains to apply Theorem 10 and Lemma 16. O

Remark 5. In a number of papers devoted to sensitivity analysis of vector op-
timization problems (see [5, 11, 12, 23] for instance), the derivative (called the S-
derivative)

DgF(u,z)(d) := {v eR" w= klim tp(zr — &) with t > 0, (ug, xx) € gphF,
—00

U — ﬂ,tk(uk — U, Tk —i’) — (d,'l})}
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is frequently considered for a mapping F': R? = R" at (@, Z) € gphF. This derivative
is very large, even larger than the contingent derivative in many nonconvex cases.
Therefore, conditions involving it in computation of derivatives of the efficient value
mapping are sometimes exceedingly restrictive. For instance, the condition

DsF(u,z)(0) = {0}
implies existence of a number v > 0 and of a neighborhood U of % such that
F(u) C{z} +v|v—u||B, foralluel.

In particular, the condition DgX (@, Z)(0) = {0} used in [5, Proposition 4.1] leads to
the fact that limsup,,_,,; X(u) = {Z}, which, in particular, tells us that the feasible
solution set of P(u) must be a singleton whenever X is lower semi-continuous at .
Note further that condition DgY (@,%)(0)N—R% = {0} used in [11, 23] to establish es-
timates for contingent derivatives implies both conditions (ii) and (iii) of Theorem 10.
The converse is not true except for the convex case.

Remark 6. An important result of [12, Theorem 4.2] for the proto-derivative was
expressed in terms of the S-derivative. It states that, under the following conditions,
DagiV (1, §)(d) € WMin[Dag;Y (u, §)(d)]:

(i) f is continuously differentiable at (@, Z), where Z € X (@, 7);

(ii) X is semi-differentiable at (u, Z);

Actually, this result is true when f is locally Lipschitz and regular at (@,Z). In fact,
according to Remark 3, condition (iii) implies existence of a constant v > 0 and
neighborhoods U of @ and W of § such that

X(u,y) €Az} +v(lu—all+ [y = gl)Bn  forall u € U,y € W.

This, in its turn, implies both conditions (ii) and (iii) of Lemma 16, by which the
mapping Y is semi-differentiable at (@, 7). In particular, Y is proto-differentiable and
its proto-derivative coincides with the lower semi-derivative at (@, ). It remains to
apply (10) to conclude.

We now give an example for which Theorem 4.2 of [12] is not applicable because
condition (iii) discussed in Remark 4 is not satisfied, while our approach works and
gives

DaqiV (i, ) (d) = DiowV (4, y)(d) = Min[DiowY (4, )(d)] € WMin[DiowY (4, y)(d)],

the last inclusion being evident.

Ezample 19. Let X : R = R be given by X(u) =: {x e R: 0 < 2z < 1} and let
f:RxR — R be given by f(u,z) = 1. Then V is proto-differentiable (strictly semi-
differentiable) at (@, ) = (0,1) while Ds X ((@,¥),z)(0,0) # {0} for each € X (4, §).

Remark 7. An interesting case is when the feasible set is unperturbed (see e.g.,
[4, 17]). Conditions for semi-differentiability of V' in such a case are much simplified.
Recall that a set K C R” is derivable at x if Tk (z) = ToY (z).

COROLLARY 20. Let § € V(@) be a uniformly efficient point of Y at @. Assume
the following conditions: R
(1) f is locally Lipschitz, reqular at (@,z) for every T € X (u,y);
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(ii) X(u) = K for all u in some neighborhood of u, where K C R™ is compact,
derivable at every point T € X (u,y) and satisfies

Tk (z)N{v eR™: f'((,2); (0,v)) = 0} = {0}.
Then V is semi-differentiable at (@,q) and its semi-derivative is given by the formula
DiowV (1, §)(d) = Min{V, f(@,§)d + Vo f (@, §)v : v € Tk (2)} -

Proof. Because K is derivable, the constant mapping X is semi-differentiable and
its derivative is given by DX (@, Z)(d) = DiowX (4, Z)(d) = Tk (Z). The corollary is
now immediate from Theorem 18. 0

Remark 8. In the convex case, in which X is graph convex and f is convex,
the following corollary strengthens the main result of [26, Theorem 5.3], in which
the author gives the formula for the contingent derivative under the same conditions
except for (ii), where it is requested that y be normally efficient (hence uniformly
efficient in this case).

COROLLARY 21. Assume that X is graph-convex, [ is convex and continuously
differentiable, and the following conditions hold:
(i) @ € int(domY’);
(ii) g is a uniformly efficient point of Y at u;
(iii) X (u) is closed for every u in a neighborhood of u;
(iv) X is calm at ((4,7), %), where X (u,7) = {z}.
Then V is semi-differentiable at (4,q) and its semi-derivative is given by the formula

DoV (a,9)(d) = Min{Vf(u,5)d + V. f(u,5)v:v € DX (4,Z)(d)}.

Proof. Since X is graph convex and closed-valued and @ € int(domX), the map-
ping X is continuous (closed and lower semi-continuous) at @ and pseudo-Lipschitz at
(@, Z) (see [21, Theorem 9.34 and Example 9.52]). In order to apply Theorem 18 we
have only to prove that f has locally bounded level sets at (u,y) because condition
DX (u,z)(0)NKer V. f(a,z) = {0} is equivalent to (iv), as we have already mentioned
in the proof of Corollary 17. Let us consider the mapping

X(u,y) :=Xw)N{z eR": f(u,z) ey —RY} for (u,y) € R? x RP.

Direct verification shows that this mapping is graph convex and closed at (7).
Moreover, because i is an efficient point of Y (@), we have X(u,9) = X(u,§) =
{z}. We show that X is locally bounded at (@, 7). Indeed, suppose to the con-
trary that for some sequence {(uk,yr)}r converging to (u,y), there exists zp €
X (ug, yx) such that limy o ||2%| = co. We may assume without loss of general-
ity that limg_, oo 2 /||2k|| = v for some v # 0. Since X is lower semi-continuous at @,
there exists wy € X (ug) with wy, — Z. Since X (uy) is convex, when k is sufficiently

large, we have wy + Hi’; :z:l\ € X (ug) and the closedness of X implies

T — Wk

lim wy, + =Z+veX(a).

k—o0 ||$k — wk||

By convexity of f, one has also

f(uk,wk + xk_wk) < (1 1>f(ukawk) + éf(ukyxk)
|2k — wel|

|2k — wl| ek — wi
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By passing to the limit when & tends to oo in the latter inequality, we deduce that
fu,z+v) = f(u,z).

Because § = f(u, 7) is an efficient point of Y () we deduce that § = f(u, T +v). This
contradicts the fact that X (@, y) = {Z}. It is then clear that f has closed and locally
bounded level sets at (@, ). The proof is complete. d

By using Corollary 20 it is easy to construct examples for which the results of
[26] cannot apply, while Theorem 21 is suitable. For instance, if f is the identity
function on the set X(u) := [0,1] x [0,1] in R? for every u € R, then the point
7 = (0,0) is uniformly efficient. In view of Corollary 20 the marginal mapping V is
semi-differentiable (it is a constant singleton). Since g is not normally efficient, we
cannot apply [26, Theorem 5.3] to obtain its contingent derivative.

We recall that an efficient solution Z of P(u) is strict if there is no other efficient
solution z such that f(u,z) = f(u,Z). In other words Z is a strict efficient solution if
X(a, f(u,z)) is a singleton.

COROLLARY 22. Let T € S(u) be a strict efficient solution with § = f(u,T) uni-
formly efficient. Assume the following conditions:

(i) f is continuously differentiable at (u,Z) and V,f(u,Z) is an injection on

DX (u,z)(d) for every d € R? and has locally bounded level sets at (u,7y);

(ii) X is closed around u, pseudo-Lipschitz and semi-differentiable at (G, T).

Then S is semi-differentiable at (@,q) and its semi-derivative is given by the formula

DiowS(a, z)(d)
= A{v € DipuX(0,Z)(d) : Vo f(u,z)d + V. f(a,Z)v € Dy, V(u,g)(d)} .

Proof. First, we observe that due to the injection hypothesis of V,f(@,Z) on
DX (4,z)(0), condition (iii) of Theorem 18 is satisfied. The other conditions being
already stated in the corollary, we conclude that V' is semi-differentiable at (@, ). To
prove semi-differentiability of S, let (d,v) € gphDS (4, Z), say v = limg_ o (zf — T) / Lk,
d = limg_y o0 (ug — ) /g, with (ug,zx) € gphS and tx > 0 converging to 0. By setting
gy = f(u,z), we have

w = Vuf(a?j)d + vxf(aa j)v € gphDV(aag) = gpthowV(aag)'

Let di € RY converging to d and s > 0 converging to 0 be arbitrary and given. We
wish to find Zy € S(u + srdy) such that limg_ o (T — Z)/sr = v. Indeed, due to the
semi-differentiability of V', we find gy € V(4 + sgdy) such that limg o0 (Y — ¥)/Sk =
w. Choose any T € S(u + sgdr) such that gy = f(@ + spdy,Tr) and {Tp}y is
bounded (which is possible given the local bounded level sets of f). We show that the
sequence {Zj}x is the one we are looking for. In fact, condition (iii) of Theorem 18
implies that the sequence {(Zp — Z)/sk}r is bounded. Let {(Z,, — Z)/su, }r be a
subsequence converging to some limit v € DX (u,Z)(d). Then w = V, f(u,z)d +
V. f(u,Z)v. Hence, V,f(u,Z)v = V,f(4,Z)v. In view of (i), © = v proving the
semi-differentiability of S. The formula of the semi-derivative of S' is clear. a0

Remark 9. As far as we know, the only result that exists on differentiability
of S was given in [12, Theorem 3.1] for proto-differentiability under the following
hypotheses: (a) f is continuously differentiable at (u,Z) and V,f(a,Z) is strictly
monotone on R™ in the sense that (V. f(u,Z)(vy — v2),v1 — vg) > 0 for all vy # vy;
(b) DsX (4, z)(0,0) = {0}; and (c) V is proto-differentiable at (@, ). Notice that
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the strict monotonicity of V. f(@,Z) implies that p = n and V. f(@,Z) is positive
definite. It is rather restrictive, especially in applications, where most of practical
problems have two or three objective components while the number of decision variable
components may be very large. Condition (b), as we already discussed in Remark 2,
implies that T is a strict efficient solution. Actually the argument of the proof of
Corollary 22 can also be applied to establish the formula for the proto-derivative under
the condition that Z be strictly efficient instead of (b), which is a much stronger result
than [12, Theorem 3.1].

Ezample 23. Let X : R = R3 be given by X (u) =: {z € By : 11 — 29 = 2u, —x9 <
0} and let

w41 u+1 1
f(u7 Z‘) - ( 1 u2 m 1)

Atu=0,z" = (0 0 0)is strictly efficient. On account of Lemma 3, f(u,Z) = 0 is
uniformly efficient. In view of (R4) (see section 5), X is pseudo-Lipschitz and semi-
differentiable at the given point and D, X (@, Z)(d) = {v : v1 — v = 2d, —ve < 0}.
We show that V, f(@,Z) is injective on DX (@, Z)(d) for every d € R. Indeed, let
vl v? € DX (u,7)(d) with V, f(@,z)vt = V, f(i,z)v?. Then,

11 1\, 1 o
<1 0 —1)(” —v) =0
(1 =1 0)(w'—2v*=0.

We deduce that v! = v2. All hypotheses of Corollary 22 are fulfilled at (u#,z) and
so S is semi-differentiable at the given point. Moreover, due to this corollary and
Theorem 18, Dju,,S(@, Z)(d) is equal to the set of feasible points of the following
multiobjective problem for each d € R:

. 1 1 1
min {00 v
s.t. v — vy = 2d,
— V2 § 0.
In this example V. f (4, Z) is not a square matrix, and so [12, Theorem 3.1] cannot be

applied.

5. Problem with general constraint. In this section we consider the problem
P(u), in which the constraint set X (u) is given by

(22) X(u)={zeC:g(u,x) € K},

where the sets C' C R™ and K C R™ are closed and g : R? xR™ — R™ is a continuously
differentiable function. The constraint qualification (CQ) at (@, Z) is the following:

N (9(t, 7)) N {Vag(u,7)(To (7))} = {0}.

We will need the following result ([21, Example 9.51]).

(R4) Let C and K be regular at  and ¢(4, Z), respectively, that is, Tc(z) = T (z)
and Tx (9(4, 7)) = T (g(u,7)). If (CQ) holds at (#, ), then X is both strictly
semi-differentiable and pseudo-Lipschitz there and its strict semi-derivative
is given by

Do X (0,2)(d) = {v € Tc(Z) : Vug(u, z)d + Veg(a, T)v € Tk (g(a, Z))}.
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THEOREM 24. Let § € V() be a uniformly efficient point. Assume the following
conditions:
(i) C C R™ is nonempty compact and regular at T with T € X(ﬁ, 9), and K CR™
is nonempty closed and regular at g(u,T);
(ii) f and g are continuously differentiable and g satisfies (CQ) at every (@, )
with & € X (i, 7);
(iii) {v € Te(?) : Vug(u,z)v € Tk(g(u,z))} N KerV,f(u,z) = {0} for z €
X(m,9).
Then V is semi-differentiable at (@,q) and

DiowV(@,9)(d) = |J AVuf(@2)d+ Vo f(@,8)v: v e To(), Vog (@, 7)o € Tic(9(a, 7))}
ze X (a,7)

Proof. We wish to apply Theorem 18. First, we observe that in view of (R4),
the mapping X is pseudo-Lipschitz and semi-differentiable at (u,z) with € X(f, 9)
because ¢ is continuously differentiable and satisfies (CQ) at (u,Z). Moreover, since
C' is compact, f has locally bounded and closed level sets, and X is closed around
@. It remains to verify (iii) of Theorem 18. According to (R4) and as X is semi-
differentiable, we have DX (@,z)(0) = {v € Tc(Z) : V.g9(u,T)v € Tk(g(a,x))}.
Therefore, (iii) of Theorem 18 is immediate from (iii). The proof is complete. d

Let us consider a particular case when K = —R" and C is compact and regular.
The constraint g(u,z) € K becomes the system of inequalities g;(u,z) < 0,1 =

1,...,m, where g1, ..., gm are the components of g. The feasible set mapping is given
by

(23) Xw)={xeC:g(u,x)<0,i=1,...,m}.
The active index set at (@,Z) € gphX is given by
I(a,z):={ie{l,...,m}:gi(a,z) =0}.
The constraint qualification (CQ) at (4,Z) € gphX is the known Mangasarian—

Fromovitz constraint qualification.

COROLLARY 25. Let § € V(a) be a uniformly efficient point. Assume the follow-
ing conditions:
(i) f and g are continuously differentiable and g satisfies (CQ) at every (4, T)
with & € X(Z,7);
(ii) {v € Te(Z) : Vagi(a,z)v £ 0,i € I(u,z)} NKer V. f(u,z) = {0}.
Then V is semi-differentiable at (a,y) and

DoV (u,g)(d) = U {Vuf(@,2)d+ V. f(@,T)v:v e Tc(T),Vaegi(t, T)v S0,
zeX(a,z)
i€ I(u,z)}.
Proof. An application of Theorem 24 yields the result. ]

6. Problem over a union of convex polyhedral sets. We consider the prob-
lem of minimizing a linear function over a union of polyhedral set described at the
end of section 3:

min  C(u)x
s.t. € X(u),
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where C(u) is a p x n-matrix, X (u) = J!, X;(u) with X;(u) = {z € RP : A;(u)z <
bi(u)}, in which A;(u) is an m; X n-matrix and b;(u) is an m;-vector for each u € R?
and ¢ = 1,...,m. Here, it is assumed that all functions C(.), A4;(.), and b;(.) are
continuously differentiable. We set Y;(u) := C(u)X;(u) and V;(u) := MinY;(u). The
next theorem provides sufficient conditions for semi-differentiability of the marginal
mapping V.

THEOREM 26. Let j € V(u). Assume the following conditions:

(i) for each i € {1,...,m} there exists x; with A;(@)x; < b(u);

(ii) for each i € {1,...,m} with § € Y;(u), there is a unique efficient solution

Z; € X;(u) such that § = C(w)z; and

(24) {Ae —RE : CT(a)A € N, () (Z:)} C —int(RE) U{0};
(iii) for eachi € {1,...,m} with y € Y;(u) one has
(25) {v:C(w)v 20}Nn{v: A;(a)v £ 0} = {0}.

Then V is semi-differentiable at (a,y) and

DiowV (@,5)(d) = Min | ] {C'(#d)z; + C(@)v : v € DyowXi(1, Z;)(d)} .
ie{l,...,m}:
g=C(a)z;

Proof. In order to apply Theorem 18, we show that ¢ is a uniformly efficient
point. To this end we check the hypotheses of Corollary 6. Clearly condition (i) of
Corollary 6 is the same as (i). Condition (ii) of Corollary 6 follows from (25) for those
i with § ¢ Y;(@), and from the uniqueness of Z; in (ii) for those i with § € Y;(a).
Condition (iii) of Corollary 6 is obtained from (25), and finally (24) is exactly (iv)
of Corollary 6. It remains to check the hypotheses (i)—(iii) of Theorem 18. First,
C' has locally bounded level sets because, otherwise, we may find some y € RP,
(uk,xr) € gphX such that limg_, oo up = @, limg_ oo | zk|| = +o00 and Clug)zr <y
for all k = 1. Without loss of generality we may assume that z; € X;(uy) for all
k and some i € {1,...,m}, and limg_,o0 zx/||zk|| = v for some v # 0. Then we
obtain C(z)v £ 0 and A;(@)v £ 0. The two latter inequalities contradict (ii) if
i is such that § € Y;(@), and (25) if ¢ is such that § ¢ Y;(@). Second, it follows
from (i) that X(a@,5) = {Z; : © € {1,...,m} such that§ = C(@)z;}. Moreover,
since A; and b; are continuous, the mappings X; are closed around @. In view of
(i), the constraint qualification (CQ) is satisfied, and hence X; are pseudo-Lipschitz
and semi-differentiable at z;. We deduce that X is closed around @, pseudo-Lipshitz,
and semi-differentiable at (@,x), = € X (@, 7). Finally, the uniqueness of #; in (ii) is
equivalent to the condition that

Ker(C(a)) 0 {v: 4](@)v 20, € Li(w.2)} = {0}
where A7() stands for the jth row of A;(@). This, in its turn, implies condition (iii)
of Theorem 18 because DX;(@,7)(0) C {v: Al(a)v £ 0,5 € I;(@,Z)}. Tt remains to
apply Theorem 18 to complete the proof. ]

We end this section with an example to illustrate Theorem 26.

Ezample 27. Let X1, X2, X3 : R = R? be given by X;(u) =: {z : —uz; — 225 <
(u—1)2}, Xo(u) =: {z : =221 — uze < 0}, and X3(u) =: {z : 3v1 — uwy £ —u} and

let
2

Clu) = (1Li u u2u1) '
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Atw=1and 57 = (0 0), wehavey € C(u)X,(a)NC ()X (@) while j ¢ C(u)X3(u).
It is verified that all conditions of Theorem 26 hold at the given point. Thus, V is
semi-differentiable at the given point and, for each d € R,

DiowV (0, 9)(d) = cone { (_11) , (1 4> } .
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