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Abstract:An adaptive state feedback control approach for linear descriptor (or singular) systems is investigated in this

paper, which makes the closed-loop dynamics of this class of systems regular, impulse-free, and stable. The proposed

adaptive method is based on the Lyapunov theorem to ensure the admissibility of the descriptor system and it also

provides the state tracking with the desired reference trajectory. First, a control law is generated to stabilize the

equilibrium point of origin, and, after that, the method is extended to a state tracking controller. The presented

controller not only gets the stable output tracking asymptotically but is also fairly simple compared to the existing

methods in the literature proposed for the control problem of descriptor systems. Simulation results on controlling a

sample descriptor system are presented to demonstrate the effectiveness of the proposed approach in this paper.
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1. Introduction

Singular systems have attracted interest in recent years because of special features that are not found in classical

systems, such as impulse terms in state response, nonproperness of the transfer function, or noncausality between

the input and output. Descriptor systems are more precise models for the realization of different practical

systems, such as robotics, mechanical systems, or electrical circuits [1,2]. Due to the importance of descriptor

systems, many control approaches have been extended successfully in the last 3 decades. The complex nature

of this type of system causes many difficulties in the control strategy. In addition to being stable, it is necessary

for the descriptor systems to be regular and impulse-free. A system that poses these 3 characteristics is known

as an admissible system. The control objective is therefore making the system admissible.

Most of the control approaches that have been studied so far are in the fields of optimal control and robust

control [3–6]. The other control methods, such as state feedback [7–9], intelligent control methods [10,11], and

Lyapunov-based approaches [12–14], have also been extended to date. However, there are only a few papers

on adaptive control of descriptor systems. The adaptive mechanism during the adaptive control can adjust the

controller for a system with structural and parametric uncertainty to improve the system performance.

In this paper, an adaptive state feedback controller is designed to ensure that the closed-loop system is

admissible and provides a state tracking ability. The controller is constructed from a state feedback approach

with adaptive gains and a mechanism to adjust the feedback gains. Based on the Lyapunov stability theorem,

we prove that the proposed controller can control the descriptor system to the fixed point of origin and, with

some extensions, it is possible to apply the result to a desired set point or tracking problem. The proposed

controller is fairly simple and easy to apply.
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The rest of the paper is organized as follows. The problem formulation and some preliminaries are

introduced in Section 2. After that, in Section 3, the adaptive control strategy is extracted. A simulation on

a sample descriptor system is done and the results are presented in Section 3.1. In Section 4, the proposed

method is extended to solve the tracking problem of singular systems. Section 5 concludes the paper.

2. Problem formulation and preliminaries

Consider the following general single-input descriptor system:

Eẋ (t) = Ax (t) +Bu (t) , (1)

where x ∈ Rn is the vector of the system states and u ∈ R is the control input. The matrices B ∈ Rn×1, A,E ∈
Rn×n are constant system matrices. The matrix E can be singular (Rank (E) < n). For the unforced descriptor

system of

Eẋ (t) = Ax (t) , (2)

the following definitions are introduced.

Definition 1

1. System (2) is regular if |sE −A| is not identically 0 ( |.| = det(.)). The regularity of a descriptor system

ensures that x (t) has a unique solution [2].

2. System (2) has an impulse-free response if deg |sE −A| = rank (E) [2].

3. System (2) is stable if all of the roots of |sE −A| = 0 are in the open left-half of the complex plane [2].

4. System (2) is called admissible if it is regular, stable, and impulse-free [15].

In the investigation of the stability of descriptor systems, many results in the sense of Lyapunov stability have

been derived. For descriptor systems, the control objective is to make the system admissible. In [16], Zhang

presented a theorem to ensure the system admissibility, as follows:

Theorem 1 System (2) is regular, impulse-free, and asymptotically stable if and only if there exists a matrix

P satisfying the following equations: {
PTA+ATP = −Q
ETP = PTE ≥ 0

, (3)

where the matrix Q is positive definite. The proof is found in [16]. We use Theorem 1 to extract the control

law.

3. Controller design

Our goal in this paper is to find an adaptive state feedback controller

u = θx, (4)

where θ is a 1× n vector, and a mechanism to adjust θ such that the closed-loop system

Eẋ (t) = (A+Bθ)x (t) (5)
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is admissible.

To solve this problem, first of all, we consider some assumptions for the singular system.

Assumption 1 For the singular system (1), we can find a matrix P that satisfies the following condition:

ETP = PTE ≥ 0. (6)

Assumption 2 Knowing matrix P from Assumption (1), we assume that there will exist a θ∗ with appropriate

dimensions such that all of the eigenvalues of the following matrix Q are positive:

−Q = PT (A+Bθ∗) + (A+Bθ∗)TP, (7)

where θ∗ is also unknown and A and B are the system matrices.

Considering the above assumption, we propose our result in the following theorem.

Theorem 2 For system (1), we use the adaptive state feedback controller (4), where θ is an adaptive vector

with the adaption law

θ̇T = −γxxTPTB, (8)

in which γ is a positive scalar that is known as the adaption rate and P is a matrix that satisfies Eq. (6). Next,

the closed-loop systems (5) and (8) will be admissible.

Proof Assume that we choose the control law as u∗ = θ∗x , while θ∗ satisfies (7). Hence, based on Theorem

1, the closed-loop system (E,A∗) is stable and admissible where:

A∗ = A+Bθ∗. (9)

Hence, the control input u∗ is our desired control law. Now we choose u = θx , and the control objective is

that the control input utends to u∗
. In other words, the vector θ should approach θ∗ .

Knowing this, with the rewriting of (5) using (9), we reach the closed-loop system dynamics as follows:

Eẋ = A∗x+B(θ − θ∗)x. (10)

From Eq. (10), it is clear that if vector θ is equal to θ∗ , then system (10) would be admissible. To minimize

the parametric error and to stabilize the system, we consider the following positive Lyapunov function:

V = xTETPx+
1

γ
(θ − θ∗)(θ − θ∗)T . (11)

Differentiating V, we get:

V̇ = ẋTETPx+ xTPTEẋ+
2

γ
(θ − θ∗)θ̇T . (12)

Using Eq. (10) in Eq. (12) results in:

V̇ = xT [PTA∗ +A∗TP ]x+ 2xTPTB(θ − θ∗)x+
2

γ
(θ − θ∗)θ̇T . (13)
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Next, based on Eqs. (7) and (9), we get:

V̇ = −xTQx+ 2(θ − θ∗)[xxTPTB +
1

γ
θ̇T ]. (14)

To let V̇ be negative, we choose the adaption law as in Eq. (8), which results in:

V̇ = −xTQx. (15)

As we know that Q is positive definite, it is easy to see that the closed-loop system is admissible based on

Theorem 1.

Needless to say, the proposed controller is fairly simple compared to the existing methods in the literature

proposed for the control problem of descriptor systems. The adaptive state feedback control strategy is

summarized in Figure 1. A simulation is done to demonstrate the performance of the proposed method for

controlling a singular system to a fixed point of origin. The simulation is explained shortly. After that, in

Section 4, we extend this method for state tracking control.

Plant

( ) ( ) ( )Ex t Ax t Bu t= +
.

.

Controller

u = θx

θ(0)

θT = -γxxT PT B

Adaptation law

u
x

θ

Figure 1. Adaptive state feedback control formulation.

3.1. Simulation results

To illustrate the effectiveness of the proposed controller, a simulation on controlling a sample descriptor system

is performed. Consider a continuous descriptor system (1) with the following parameters:

E =

 1 0 0
−2 2 0
−2 1 0

 , A =

 0 1 0
3 −1 0
4 1 1

 , B =

 0
2
2

 . (16)

The state’s initial values are set to x1(0) = −2.2, x2(0) = 4.1, x3(0) = −1. Next, the following control input is

applied to the system:

u = θx = [θ1θ2θ3]

 x1

x2

x3

 , θ̇T = −γxxTPTB,P =

 0.7029 0.9404 0.9001
0.4581 0.8770 −0.4500
−0.5948 −0.5674 0.9001

 , (17)
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where γ = 0.9 is the adaption rate and matrix P satisfies Eq. (6). The initial value of vector θ is set to

[0.2, 1,−2.8]. The state response is shown in Figure 2. We can see that the states quickly approximate 0, which

verifies the validity of the proposed controller. Figure 3 illustrates the convergence of the adaptive parameters

of vector θ . It can be seen that vector θ tends to a fixed value. The final value of θ that is considered to be an
estimation of θ∗ is [0.3800−5.2173−5.7965]. The control input is presented in Figure 4, which is smooth and

limited. From all of the results, it is easy to see that the controller renders the closed-loop system stable. From

Definition 1, it is clear that the closed-loop system with the final value of vector θ is an admissible one.
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Figure 2. State variables of the closed-loop system. Figure 3. Convergence of the adjustable parameters (vec-

tor θ) .
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Figure 4. Control input.

4. State tracking control problem

In the previous section, the controlling problem of a singular system to a fixed point 0 was investigated. We

will extend the results to achieve a state tracking controller, because in more practical applications, we need

the system to track a desired trajectory. A reference trajectory should be smooth enough to have continued

derivatives of any order required in the calculation. It should also satisfy the system dynamic equations. Thus,
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we introduce a reference trajectory xd that satisfies the condition below.

Eẋd (t) = Axd (t) +Bud (t) (18)

Hence, by choosing a determined xd , we can calculate the reference input ud as follows:

ud (t) = (BTB)−1BT (Eẋd −Axd), (19)

where ud is the nominal control input, which we name the tracking cost. ud is obtained offline and it only

depends on the system parameters and reference trajectory.

Next, a proposed controller,

u = ud − θ(xd − x), (20)

is employed using ud and θ(xd − x) as the tracking error feedback. Now the objective is to find an adaption

mechanism to adjust the vector θ so that the states of the closed-loop system

Eẋ (t) = Ax (t) +Bu (t) (21)

can track the desired trajectory xd .

Our results of solving the tracking problem for linear singular systems are summarized in the following

theorem.

Theorem 3 For system (1), using the adaptive state feedback controller (20), where θ is an adaptive vector

with the adaption law:

θ̇T = −γeeTPTB, (22)

in which γ is a positive scalar, P is a matrix that satisfies Eq. (6), and e is the tracking error, as follows:

e = xd − x, (23)

where xd, ud satisfies (18).

Next, the closed-loop systems (21) and (22) will asymptotically track the desired trajectoryxd .

Proof Subtracting the closed-loop dynamics (21) from the desired model (18) results in:

E(ẋd − x) = A(xd − x) +Bθ(xd − x). (24)

Using Eq. (23) we have:

Eė = Ae+Bθe. (25)

Adding and deducting the statement Bθ∗e in Eq. (25) results in:

Eė = (A+Bθ∗)e+B(θ − θ∗)e. (26)

Using (9) in (26), the error dynamic will be:

Eė = A∗e+B(θ − θ∗)e. (27)

That is very similar to (10). Hence, using a similar Lyapunov function as in Theorem 2:

V = eTETPe+
1

γ
(θ − θ∗)(θ − θ∗)T . (28)
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We can end in a corollary of Theorem 2, where if we choose the adaption mechanism (22), the derivative of the

Lyapunov function (28) would be negative. Hence, the tracking error tends to 0 and, finally, we can conclude

that the system states asymptotically track the desired trajectory, xd .

Two simulations on the different singular systems were done to demonstrate the effectiveness of the

proposed controller to track a reference trajectory.

4.1. Simulations

To illustrate the adaptive feedback control scheme proposed in this paper, 2 simulations were performed. In

the first simulation, the controller is applied to the sample system introduced by (16), and in the second, we

use the proposed method for the state tracking of a DC motor modeled by singular systems.

4.1.1. Sample singular system

In this section, a simulation of the tracking control of the sample singular system is done. Consider the system

introduced by (16), with the same initial values for x, θ . The objective is that the states of the system track

the following desired trajectory:

xd = [1− cos(t), sin(t),−1− sin(t)]. (29)

Applying the control law (20) and the adaption mechanism (22) to the system above results in the graphs shown

in Figures 5–8. In this simulation, matrix P is selected as:

p =

 1.1882 1.2846 −1.8363
0.2321 0.7336 0.9182
−0.0534 −0.2967 −1.8363

 , (30)

which satisfies (6). The state responses of tracking the reference trajectory are shown in Figure 5, which shows

the performance of the proposed controller. The tracking error is shown in Figure 6. It is clear that the error is

acceptable and tends to 0. Figure 7 shows the convergence of the adaptive parameters of vector θ . It is obvious

that vector θ tends to fixed values. The final value of θ is [−1.6511−1.11633.4305], which is considered to be

an estimation of our ideal θ∗. It is easy to observe that matrices P and θ∗ satisfy (7). The control input is

smooth and limited and is presented in Figure 8. The results show that the tracking error converges to 0 while

adjusting gains adaptively.
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Figure 5. States and desired trajectories. Figure 6. Tracking error.
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4.1.2. DC motor

Figure 9 shows a simple DC motor. Since typically La is small, if we neglect the armature inductance, we can

write the system equations as [17]: {
Va (t) = Ria (t) +Kwω (t)
J dω

dt = Ktia (t)− bω (t)
, (31)

where ia (t) , Va (t) , R are, respectively, the armature current, voltage, and resistance. J is the moment of inertia.

Kt,Kw are, respectively, the torque and the back electromotive force, developed with a constant excitation flux.

The constant b is the damping coefficient and ω (t) is the angular speed. The model of the motor consists of

a differential equation and an additionally algebraic equation, which is the result of Kirchhoff’s voltage law in

the armature circuit. It is possible to model the DC motor using just one differential equation in ordinary state

space, but using the singular model of the motor, we can reach a more precise model, which can also describe

the behavior of the armature current. By choosing x1 (t) = ia (t) , x2 (t) = ω (t) andu(t) = Va(t), we can rewrite

the system equations as:[
0 0
0 J

] [
ẋ1 (t)
ẋ2 (t)

]
=

[
R Kw

Kt −b

] [
x1 (t)
x2 (t)

]
+

[
−1
0

]
u (t) , (32)

which is in the form of (1). Now we apply the proposed control method to the singular model of the DC motor.

The system parameters are defined in the Table. The state’s initial values are set to x1(0) = 3A, x2(0) =

500rpm . A matrix P that satisfies (6) is chosen as below:

p =

[
−0.697 −0.006
0 0.617

]
. (33)

The control objective is that the states of the motor (armature current and angular speed) track the following

desired trajectory:

xd = [(4.7 + 0.93e−2t), (1500− 1500e−2t)]. (34)

The control law (20) with an adaption mechanism (22) is applied to the motor system and the results are shown

in Figures 10–13. The state responses are displayed in Figure 10 and the tracking errors are shown in Figure
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Figure 9. Electrical circuit of the DC motor.
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11. It can be seen that good tracking performance is obtained. Figure 12 shows the convergence of the adaptive

parameters of vector θ . Similar to other simulations, θ tends to fixed values. The final value of the adjustable

vector θ is [−0.01−8.1× 10−8] and satisfies (7). The control input is presented in Figure 13, which is smooth

and limited. All of the simulation results demonstrate the effectiveness of the proposed control method.

Table. DC motor parameters.

R Kt Kw J b
0.8Ω 8 × 10−3 v/rpm 8 × 10−3 v/rpm 1.5 × 10−5 NMS 2.5 × 10−5 NM/rpm

5. Conclusion

An adaptive state feedback controller for linear descriptor systems was investigated in this paper and good

tracking performance was achieved. The proposed control method ensures the admissibility of the closed-loop

system based on the Lyapunov theorem. The effectiveness of the controller was confirmed through simulation

results. The control law is simple, bounded, and feasible. It should be pointed out that the proposed approach

in this paper can be extended for multiinput systems with some changes in the Lyapunov function, and we can

also challenge the method by applying it to more real models in experimental environments.
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