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Abstract

The aim of this paper is to classify all 2-capable 2-generator 2-groups of class two.
Obtaining the structure of the 2-nilpotent multipliers of these 2-groups is the other
aim.
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1 Introduction

A group G is called capable if there exists some group H such that G = H/Z(H).
Capability of groups was first appeared in [3], where Baer succeeds to characterize
all capable abelian groups among the direct sums of cyclic groups. The concept of
capability for p-groups is used in the classification of p-groups into isoclinism classes
by Hall [7].

The notion of varietal capability with respect to any variety of groups was introduced
by Moghaddam and Kayvanfar [13]. Moreover, Burns and Ellis [6] generalized the
concept of capability of groups to the varietal capability with respect to the variety of
nilpotent groups of class at most ¢ for ¢ > 1. Recall that a group G is called c-capable
if G = H/Z.(H) for some group H, where Z.(H) is the c-th term of the upper
central series of H for ¢ > 1. As a result, every c-capable group is also 1-capable.
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When ¢ = 1, 1-capable groups are indeed capable groups. Later in [6], Burns and Ellis
generalized the same results of Baer for the capability of finitely generated abelian
groups to c-capability. It is shown that there exists a finite 2-group that is capable but
not 2-capable [6, Theorem 1.4]. Therefore, the concepts of capability and c-capability
for groups are different from each other.

Let G be the quotient of a free group F by a normal subgroup R. Then, the 2-nilpotent
multiplier of G is defined as the abelian group

MP(G) = RN y3(F)/IR, F, F,

where y3(F) = [F, F, F]. This is a lesser extent of the Baer invariant of a group
G with respect to the variety of nilpotent groups of class at most 2, which has been
introduced in [4]. The 1-nilpotent multiplier of G is more known as the Schur multiplier
of G, M(G), and it is much more studied, for instance in [9,15]. Information about
the 2-nilpotent multiplier of groups may be used as an instrument in the connection
to the 2-capability of groups. Niroomand and Parvizi proved that all extra-special p-
groups are capable and 2-capable simultaneously by obtaining explicit structure of the
2-nilpotent multipliers of all extra-special p-groups in [16]. Recently, Niroomand et
al. [17] showed that “capability” and “c-capability” are equivalent for these groups.

A new classification for the 2-generator p-groups of nilpotency class two is pre-
sented in [1] that corrects and simplifies previous classifications for these groups
[2,8,18]. For the case p = 2, computations of the non-abelian tensor square are stated
in [8]. Determination of the capable groups among the 2-generator 2-groups of class
two is stated in [10]. This computation is based on a classification that is incomplete.
Thus, Magidin and Morse determined all capable 2-generator 2-groups of class two
by a new classification in [11]. They have also described the Schur multiplier of these
groups in [11, Theorem 50].

The main result of the present paper is to identify which of the 2-generator 2-
groups of class two are 2-capable. At first, we compute the 2-nilpotent multipliers
of all capable 2-generator 2-groups of class two. Then, we show that the concepts
“capable” and “2-capable” are equivalent for these 2-groups.

2 Preliminaries

This section is devoted to state concepts and results which will be used in the next
section. We use techniques involving the concept of the basic commutators. Here is
the definition.

Definition 2.1 Let X be an arbitrary subset of a free group and select an arbitrary total
order for X. The basic commutators on X, their weight wt, and the ordering among
them are defined as follows.

(i) The elements of X are basic commutators of weight one, ordered according to
the total order previously chosen.

(i) Having defined the basic commutators of weight less than n, a basic commutator
of weight n is d = [s, k], where:
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(a) s and ¢ are basic commutators and wt(s) + wt(k) = n, and
(b) s > k,and if s = [s1, 52], then k > s7.

(iii)) The basic commutators of weight n follow those of weight less than n. The basic
commutators of weight n are ordered among themselves in any total order, but
the most common used total order is lexicographic order, that is if [b, ;] and
[b2, ay] are basic commutators of weight n, then [b1, aj] < [b2, az] if and only
if by < byorb; = by and a; < as.

The following theorem gives a formula for the 2-nilpotent multiplier of a direct
product of two finite groups.

Theorem 2.2 [14] Let G and H be two finite groups. Then,

MG x H) =MD (G)e MP(H) ® ((G/G' ® G/G')® H/H')
@ ((H/H'® H/H) ® G/G').

Let Z;r) denote the direct sum of r copies of Z; in which Z; is the cyclic group of
order ¢. The following theorem determines the structure of the 2-nilpotent multipliers
for finite abelian p-groups, which can be found in [12, Theorem 2.4] and [16, Theorem
2.3].

Theorem 2.3 Let G = Lpmi @ -+ @ Zyni, where my > my > - - > my. Then,
k 2
@ () =~ (i2=i)
M (G) = Q?zpm[ .
1=

The notion of the epicenter Z*(G) is defined for a group G by Beyl et al. [5]. They
have proved that every group G possesses a uniquely determined central subgroup
Z*(G) which is the smallest central subgroup of G whose factor group is capable.
It gives a criterion for detecting capable groups. In fact G is capable if and only if
Z*(G) = 1. To prove the 2-capability of groups, we need the following results, which
can be found in [6,13].

Let F/R be a free presentation for a group G, and = : F/[R, F, F] — G be the
canonical surjection. The subgroup Z3(G) of G is defined as follows:

Z5(G) = w(Z2(F /IR, F, F1)).

Lemma 2.4 [6, Proposition 1.2] A group G is 2-capable if and only if Z5(G) = 1.

Theorem 2.5 ([13, Theorem 4.4] and [6, Lemma 2.1 (vii)]) Let N be a normal sub-
group of a group G contained in Z>(G). Then, N C Z3(G) if and only if the natural
map MP(G) — MP(G/N) is a monomorphism.

Our computations in this paper are based on the classification of the 2-capable
2-generator 2-groups of class two. The following theorem determines all capable 2-
generated 2-groups of class two and is an immediate consequence of [11, Theorems
1 and 67].
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Theorem 2.6 Let G be a capable 2-generated 2-group of class two. Then, G is iso-
morphic to one of the following groups.

() Gy = {a,b|[a,b)” =a* =b* =[a,b,b] =[a,b,a] = 1),
() Go={a,b|[a, b =a®" =b¥ =a,b,b] =a,b,a] = 1),
(i) G3 = (a,b|[a,b)¥ =a* =b* =[a,b,bl=a,b,al =1,a > y),
(v) Ga = (a,b|[a,b]? =a* =[a,b,b] =la,b,a] =1,b> =[a,b]*), where
a—pB>08,a—B=y—o0,a>pBandy > o, dj is the Kronecker delta.

3 2-Nilpotent Multipliers of All Capable 2-Generator 2-Groups of
Class Two

We know that every 2-capable group is capable. Theorem 2.6 shows that there are
only four capable 2-generator 2-groups of class two. Now, we just need to discuss
the 2-capability of these 2-groups. Here, we intend to obtain the structure of the 2-
nilpotent multipliers of all capable 2-generator 2-groups of class two, and then in
the next section, we will show that capability and 2-capability for these groups are
equivalent. In what follows, by considering every capable 2-generator 2-group G of
class two, we compute the 2-nilpotent multiplier of G depending on the nilpotency
class and the free presentation of G.

Let G be the quotient of a free group F by a normal subgroup R. Then, we have
y3(F) € R. Hence,

RNys(F) . y3s(F)/ys(F)
[R,F,F]l  [R,F,Fl/ys(F)

M@ (G) =

Since G is 2-generator, we conclude that F is the free group on the set {a, b}. We
know that y3(F)/ys(F) is a free abelian group with the basis of all basic commutators
of weights 3 and 4 on {a, b} that is the set

{la, b, b], [a,b,al,la,b,a,al,la,b,a,al,la,b,b,b]}, in whicha > b.

The following lemma is obtained by Theorem 2.6.

Lemma 3.1 Let G be a capable 2-generator 2-group of class two. Then, the group G
is isomorphic to one of the following groups:

(i) Gy ={a,b|[a,b)” =a® =b* =[a,b,b] =[a,b,a] = 1) = F /Ry,
() Gy ={a,b|[a, b =a®" =b¥ =[a,b, bl =la,b,a]l = 1) = F/R,,
(i) G3 = {(a,b | [a,b)* = a* = b* = [a,b,b] = [a.b,a]l = l,a > y)
= F/Rs,
(V) G4 = (a,blla,b]” = a* = [a,b,b] = [a,b,a] = 1,0* = [a,b]*")
= F /Ry,

in which F is the free group on the set {a, b} and R; denotes normal closure generated
by the relations of Gi, forall 1 <i < 4.
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In what follows, to compute M(z)(Gi), we will find a suitable basis for the free
abelian group [R;, F, F]/ys(F) forall 1 <i <4.

Proposition 3.2 Let G be a capable 2-generator 2-group of class two.

() If G = (a,b | [a, b1 = a® = ¥ = [a,b,b] = [a,b,a] = 1), then
]

[Ry, F, F] = ([a,b, b [a,b,a]™? ,[a, b, a,al? '[a,b,a]?’, [a, b, al’[a,
b,b, b1, la,b,al?" (a4, b,al? [a, b, b, al?’ "y mod ys(F)

() If Gy = (a,b | [a,b] = " = b = [a,b,b] = [a,b,a] = 1),
then [Ry, F, F] = ({la,b, b]zﬁH, [a, b, a]zﬁﬂ, la, b, a, a]zﬂ, la, b, b]zl5 [a, b,
b, b1, a,b,al?[a, b, b,al?""), mod ys(F).

(i) If G3 = (a,b | [a,b]* = a* = b* = [a,b,b] = [a,b,a]l = 1,a > y),
then [R3, F, F1 = ([a, b, b]*", [a, b, a)*, [a, b,a,al* ,[a, b, b, b]* ,[a,b, b,
al?), mod y5(F), where a > y.

(iv) If G4 = (a, bl[a, b = a®* =[a,b,b] = [a,b,a]l = 1,b*" = [a, b]¥"), then
[Ry, F, F] = ([a, b, al™, [a,b,b,al* ,[a,b,b,b]*,[a,b,al” [a,b,b,al”,
la, b, b]zﬁ), mod ys(F), wherea — B > 8py,a =B =y —o0,a > Bandy > o,
8ij is Kronecker delta.

Proof (i) Clearly,

[Ri. F. F1/ys(F) = ([a® . fi. £1. 0% . f5. fal. [la. 1% fs. fol |
fie F,1<i<6)ys(F)/ys(F).

By using [16, Lemma 3.3], we have the following relations

2B
W, f ol =1a i ol a1 @)

= (la. fi. L. fi.a. LHIZY (mod ys(F)).
2B

b2, f5, fil = b, £, 1 [b, 3. b, f4](2 )
= (b, f3. f1P1b. f3.b. £1Z "2 (mod ys(F)),
[[a, b1, fs. fol = [a. b, fs, fs]* (mod ys(F)).

For any element f € F, f = a"b™[a, b]'s, such that s € y3(F) and n,m,t € Z. By
using the Hall-Witt identity and easy commutator calculations, we have

[b,a,bl = [a,b,bl"',[b,a,b,b]l =[a,b,b,b]~" (mod ys(F)),
[b,a,al =[a,b,al” ", [b,a,b,al =[a,b,b,al”", [a,b,a,b]=]a,b,b,al
(mod ys5(F)).
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Now, we conclude that [Ry, F, F]/y5(F) is generated by the set

{la.b, b1 [a, b, b,al® """ {a.b.a)” [a,b.a,a]® V""" [a.b.a.a]”
la,b.b,al”  [a, b, b, b]*
[a.b,b1 Y [a,b,b, b1V (4. b,a1 ™ [a,b,b,a? @1

modulo y5(F).
We also know that
la,b,b,a1? Y2 a,b,b,a1”" =[a,b,b,al?" @D,
and so

[a,b, 51 [a. b, b, a]® 2 '[a. b, b, a]”
=la.b. b1 [a.b.b,al’ " (a. b, b,a’)?"

By a similar process, we have

[a, b, a]zﬁ la, b, a, a](zﬁfl)zﬁf1 la, b, a, a]zﬁ

=la, b, a]z“3 la, b, a, a]2571([a, b,a, a]zﬁ)zﬁfl,
la,b, b1 [a, b, b, b1 @ Dia, b, b, b]?

=[a. b, b1 [a. b, b, b1 (@, b, b, 51"H?,
la,b, a1 [a,b,b, a1’ @ Va, b, b, a]”’

={a,b, a1 [a,b,b,al”’ " (a, b, b,a’’ ).
Therefore, [R1, F', F]/ys(F) is generated by the set

{la.b. b1 [a, b, b,a’? " [a.b,a)” [a.b.a.a’? ' [a.b.a,a)” . [a. b, b, b]”
(a.b.b.al? [a.b. b7 [a.b.b. b1 " [a.b.al P [a.b. b.a]™> ",

la.b,a,al”}.

By a similar method, we can obtain that

{(la, b, bl[a, b, al™Y?, (a., b, alPla, b, a, a)? ", (a, b, al*la, b, b, D>,
[a,b, a1, (la, b, alla, b, b, a])* ).

is abasis of [Ry, F, F]/ys(F).
Now the proof is complete.
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(i1) We have
[Ry, F, F1=([a®"", fi, 51 0¥, f3, falo lla, b1, f5, fsl | fi € F,1 <i < 6)

modulo y5(F). Using a similar method to the proof of part (i), [Ra, F, F1/y5(F) is
generated by the set

B B
(([a. b, bPla, b, a, 51DV (1@, b, aPla, b,a,al® D),
la,b,a, a]Zﬂ, [a,b, b, a]ﬁ,

p—1 -1
la, b, b, b7, (1b, @, b1P1b, a, b, b1 V" (1b, a, a*[b, a, b, a]®~V)?

}

modulo y5(F). One can easily check that

2p-1

P a.b,a,al” ., (la, b, b1Pla, b, b, b)Y,

[Ry, F, F1=([a,b,b1” ", [a, b, a]
(la, b, al*la, b, b, aD? ™)

modulo y5(F). Now the proof is complete.
For (iii) and (iv), we use a similar method to parts (i) and (ii). Then, for o > y,

(R, F, F1= (la, b, b)*",[a,b,al”, [a,b,a,al” , [a, b, b, b]" ,[a, b, b,a]”"),
mod y5(F) and fora — B > 8gy, 0 — =y —0o,a > Bandy > 0o,

[Ry, F, F1 = ([a, b, b1, [a, b, al*", [a, b, b, al*", [a. b, b, b1,
la,b.a)’ [a.b.b,al*")

mod y5(F), where §;; is the Kronecker delta. The proof is completed. O

So far, all necessary information is gathered and now we are ready to compute the
2-nilpotent multipliers of the groups G1, G2, G3 and G4, which are introduced in
Lemma 3.1.

Theorem 3.3 Let G be isomorphic to the group G, 1 < i < 4, which is mentioned in
Lemma 3.1. Then,

) MP(G) ZZS) | @ Loy ® Lo,
(i) M2(Gy) =L, @ LS | @ Zop.
(i) M2(G3) = Z% o 7).
(iv) M (Ga) = Zu @ Ly D L)

Proof (i) We know that the set

{la, b, al?[a, b, a, al, [a, b, a)*[a, b, b, b], [a, b, al, [a, b, a)*[a, b, b, a],
la, b, blla, b,a]™"}
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is a basis for the free abelian group y3(F)/ys(F) and also

[R1, F, F]1= (([a, b, blla, b,a]™ Y% , [a, b, al®"", (la, b, aV[a, b, a, a])*" ",
(la, b, alla, b, b, a)? ",

(la, b, al*[a, b, b, kD> ") mod ys5(F)

according to Proposition 3.2(i). Therefore,

MO@G) = (la, b, al?a, b, a, al) (la, b, al*[a, b, b, b])
((la.b.aPla.b.a.a)” ) ((la.b.aPla.b.a,a])” )
o (a.b.aPla.b.b.a) {[a, b, bl[a, b, a]™") ([a, b, a])

((la.b.aPla. b, b.a))” ) ((a.b.blla.b.a]H*) = (la.b,a’™)
= Z(Zi’)*l @B Zop @ Zop+1.

To prove (ii), (iii) and (iv), we use the same process as the proof of part (i). It can be
concluded that the results hold for the remaining groups G2, G3 and Gg4. O

4 2-Capability of 2-Generator 2-Groups of Class Two

In this section, we detect the 2-generator 2-groups of class two which are 2-capable.
The following results are used in the proof of Theorem 4.3.

Proposition 4.1 Let G be isomorphic to one of the following groups

() G = (a,b]|[a,b)” =a® =b* =[a,b,b] = [a,b,a] = 1),

b
(i) Gy =(a.b|[a, b’ =a®" =b¥ =[a,b.b]=[a.b.a] = 1),
(ili) G3 = (a,b |[a,b)” =a* =b* =[a,b,bl =[a,b,al =1,a > y).

Then, Z3(G) is trivial.

Proof Let G = Gy.Then, G1/G = ZY; andso [6, Theorem 1.3] implies that G /G
is 2-capable. Now, using [13, Theorem 2.3], we conclude that Z;(Gl) C ([a, b]).
Assume x = [a, b]" suchthat1 <r < 28 —1.1f ged(2,r) = 1, then (x) = ([a, b]).
Let gcd(2,r) # 1. Then r = 27y for some ¢t > 1 such that ged(r1,2) = 1 and so
(x) = (la, b]2t) for some ¢t > 1.

Consider y to denote the image of y € G1 in G1/(x). Then,

2 2Bt

Gi/{x) = @nba =b F_ @, b =labal=1[abbl=11>1)

or Gi/(x) = G1/G/. According to Theorems 2.3, 3.3(i) and (iii), we conclude that
MO (G1/GY) = 2, MP(Gy/(x) 2 23 @ Z8), and M (G1) Z L), @ Zys
@Zyp+1.Since IMP(G1)| > IMP(Gy/(x))], weget MP (G 1) — MP(G/(x))
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is not a monomorphism and so x ¢ Z3(G), by Theorem 2.5. Hence, Z3(G1) = 1.
Now, let G = G». Then using [11, Section 5.1 p.28], Z(G>) = (azﬂ, la, b]). There-
fore, (a*’) < G and (a®") = Z,. We denote the image of y € G, in Go/(a®’) by y.
Since

— 9B — — — —
Gr/a®y=@b|a =5 =(a,b” =(a,b,al=abbl=1) =G\,

Z3(Ga/ (azﬂ )) = 1,and so Lemma 2.4 implies that Gz/(azﬁ ) is 2-capable. Now by [13,
Theorem 2.3], Z5(G2) C (azﬁ ). Using the results of Theorem 3.3, it is straightforward
that IMP(G,)| > |M(2)(G2/(a2ﬂ))|. As a consequence, the map M® (G,) —
M(z)(Gz/(azﬂ)) is not a monomorphism and so Z;‘(Gz) * (azﬁ), by Theorem 2.5.

Hence, Z3(G>) is trivial. By a similar process, we can obtain Z3(G3) = 1. The result
follows. O

Proposition 4.2 Let

Gy=(a.b|la. b =a* =[a.b.b] =a.b,al = 1,b =[a.b*"),
wherea — B > g, 0 — B =y —0,a > Bandy > o, §;; is the Kronecker delta.
Then, Z3(Gy) is trivial.

Proof Using [11, Section 5.1 p.28], we have Z(G4) = (a*", [a, b], b*"). Therefore,
(azﬁ, b2ﬁ> < G4. We denote the image of y € G4 in G4/(a2ﬂ, bzﬂ) by y. As a result,

Ga)a® by =1a,ba% =b¥ =[a, b1 =[a, b, al=1a, b, bl=1, > 0) =Gs.

By Proposition 4.1, we know that G4/ (azﬂ, bzﬂ) is 2-capable and consequently by
[13, Theorem 2.31, Z3(G4) < (a®’, b*"). We claim that Z3(G4) = 1. By contrary,

let 1 # d € Z5(G4) be an arbitrary element. Then, d = ai?"bi?” such that i and Jj
are integers. Then,

H=Gy/d) = (a1, by | & =b¥ =T[a;. by = 1,67 =[a). b]” .
Y _ 9B
a? =77 lay, by, b1l = [a1, by, 1] = 1)

Suppose that i = i’2%2, j = j/2% and gcd(2,i") = ged (2, j') = 1, where k; and
ko are integers. As a consequence,

2% 24 v 2B 20 i12B+k> _j/2ﬁ+k1
H = (a1,b) |ay =by =l[a1,b1]” =1,b] =la1,b1]" ,q =b, ,

lai, b1, b1l = a1, b1, a1] = 1)

Without loss of generality, take i’ = j’ = 1, by [11, Proposition 3.1]. Therefore,

o

« o B B4k _oB+k
H=(a1,bi|a] =b7 =[a.bi]* =1.b] =la1,bi] P=p

la1, b1, b1l = [a1, b1, a1] = 1).

2
, aq

’
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+k: +k
2B 2| _ |b%ﬂ 1

Since |aj |, we obtain k| = kp. Putting k1 = ko = k, we have

o oo v 2f} 20 2ﬂ+k _23+k
H={ay,bi |a; =b] =la1,b1]” =1,b7 =la1,b1]° ;a7 =D

lai, b1, b1] = [a1, b1, a1] = 1).

’

On the other hand, (a%ﬂ+k) < H, since a%’“k € Z(H). We denote the image of

y € Hin H/(a%lﬂk) by . As a result,

—020

Bk otk — ootk B
11’121"1/(6112+)2(611,bl|6112+ =[a.bi”" =15 =T[a.bi]

[ar, by, b1 = [a1, by, a1l = 1).

If B+ k =, then H = H; = G4, sod = 1. Thus it quickly becomes apparent that
B+k < «.Itis acontradiction. Now by using [16, Theorem 2.1 (i) (b)], the sequence

MO H) L MO Hy) — @@y nysH) — 1

is exact. Since H is of class two, we have (af’“k) N y3(H) = 1 and so the homo-
morphism 7 is surjective. By using [5, Proposition 1.1] and [6, Lemma 2.1 (viii)],
we get alsz € Z*(H) € Z3;(H). We simply note that the homomorphism 7 is the
monomorphism, by applying Theorem 2.5. As a result,

MO (Gay(d)) = MP(H) = MO (Hy) = Lopos @ Loy ® L)
and
MD(Gy) = T @ Zop ® LY,

by Theorem 3.3(iv). Now it can be simply deduced that M@ (G4)| > |[MP (G4 /(d))|.
Theorem 2.5 implies thatd ¢ Z3(G4) whichis a contradictionsince 1 # d € Z3(G4).
Consequently, Z5(G4) = 1, as required. O

In what follows, we determine all 2-capable 2-generated 2-groups of class two.

Theorem 4.3 Let G be a 2-generated 2-group of class two. Then, G is 2-capable if
andonlyif G = G, G =Gy, GE Gz orG = Ga.

Proof Let G be 2-capable. Then, G is capable. Theorem 2.6 implies that G = G,
G = G2,G Z Gz or G = G4. The converse holds by Lemma 2.4 and Propositions 4.1
and 4.2 . O

Corollary 4.4 Let G be a 2-generator 2-group of class two. Then, G is capable if and
only if G is 2-capable.
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