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Abstract: In this study, a new hybrid method is suggested for the analysis of laterally loaded pile groups in sandy soils. In the proposed
method, a pile group is replaced by an equivalent single pile (ESP) using the concept of two-phase material. Perfect bonding hypothesis
and linear elastic behavior are assigned in the application of the two-phase approach. The ESP is analyzed by employing an appropriate sin-
gle-pile p-ymethod to obtain a bending moment profile of the laterally loaded pile group. The proposed approach is evaluated by the results of
full-scale and centrifuge experimental tests. Good agreements between measured and computed bending moment profiles approved the ad-
equacy of the proposed approach. The properties of the ESP depend on the flexibility factor and slenderness of each pile, as well as pile
spacing in the group. The effect of all these parameters is reflected in a factor named κ-multiplier. The effects of various parameters on
the κ-multiplier is investigated by parametric studies. Generally, the proposed method provides a simple procedure to analyze the complicated
problem of laterally loaded pile groups. DOI: 10.1061/(ASCE)GM.1943-5622.0001821. © 2020 American Society of Civil Engineers.
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Introduction

Application of pile groups has grown in recent decades, owing to
construction developments in different fields of industries, such
as petroleum and offshore utilities. Pile groups are affected by lat-
eral loads, such as winds, waves, ship impacts, and earthquakes
and, hence, the analysis of laterally loaded piles is essential.
Many experimental, analytical, and numerical studies have been
conducted to understand the lateral behavior of pile groups, and
several methods have been presented for analysis and design.

Analytical methods of laterally loaded pile groups can be gener-
ally classified into three categories: the continuum method, Winkler
spring method, and hybrid method. In the continuum method, the
soil around the piles is treated as a continuum with an associated
stress–strain relationship. In the simplest form, it is assumed that
the soil behavior is elastic and the pile group response is analyzed
(e.g., El Sharnouby and Novak 1985; Poulos and Davis 1980;
Randolph 1981). More-rigorous soil constitutive models can also
be implemented by using finite element (e.g., Comodromos and
Papadopoulou 2012; Teramoto et al. 2018; Wakai et al. 1999)
and finite difference (e.g., Fayyazi et al. 2014) analyses. In the Win-
kler spring method, the pile is assumed to be an elastic beam that is
attached to discrete springs, representing the soil. It is often as-
sumed that the behavior of springs obeys a nonlinear relationship,
i.e., p-y curves, between the soil resistance (p) and soil lateral dis-
placement (y). Typical p-y curves for single piles, also known as the
p-y method, are recommended by many researchers (e.g., Matlock

1970; Reese et al. 1974) and standards (API 2002; DNV 1977).
The behavior of a pile group can be studied by introducing a
p-multiplier (Brown et al. 1988) or reduction factor (Fayyazi
et al. 2014) to modify p-y curves of single piles and, later, the
piles in the group can be analyzed. The applicability of this method
has been validated by experimental tests (e.g., Christensen 2006;
McVay et al. 1995, 1998; Rollins et al. 2005; Ruesta and Townsend
1997; Tobita et al. 2004). The third approach is the hybrid method,
which employs both the elastic continuum and p-y analysis meth-
ods (e.g., Leung and Chow 1987; Ooi and Duncan 1994), or uses
the elastic theory for piles and treating the soil as springs (e.g.,
Kitiyodom and Matsumoto 2002, 2003). Other solutions such as
variation approach (Shen and Teh 2002) and digital signal process-
ing (Zhao and Wang 2018) have been applied for laterally loaded
pile groups.

From a specific viewpoint, piles in a group can be considered as
inclusions that reinforce the soil medium. According to Fig. 1, in a
macroscopic view, the pile group and the among soil it can be re-
garded as a homogenous but anisotropic composite material, in
which the piles are distributed periodically. For reinforced soil me-
dium, de Buhan and Sudret (1999) introduced a so-called multi-
phase model as an extension of the classical homogenization
technique. In the multiphase model, a composite material at the
macroscopic scale is regarded not only as a single medium like
the classical homogenization method, but also as a mutual superpo-
sition of interacting media called “phases,” representing the soil
and the inclusions. Appropriately, as shown in Fig. 1(b), a pile
group can be considered as a two-phase material, in which each
geometrical point consists of the superposition of the matrix
phase (representative of soil) and reinforcement phase (representa-
tive of piles). Each phase has its own characteristics, with individ-
ual displacement and/or rotation fields. The two-phase approach
has been applied to the analysis of rock-bolted tunnels (de Buhan
et al. 2008; Sudret and de Buhan 2001) and reinforced soil walls
(Seyedi Hosseininia and Ashjaee 2018; Seyedi Hosseininia and
Farzaneh 2010a, b, 2011). Analysis of piled embankment (Hassen
et al. 2009; Son et al. 2010), determination of horizontal and
rocking impedances of pile groups (Nguyen et al. 2016), finite
element simulations of the behavior of pile-raft foundations
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(Bourgeois et al. 2013), and settlement analysis accounting for
soil–pile interactions (Bourgeois et al. 2012; Nasrollahi and Seyedi
Hosseininia 2019) are other examples of using a two-phase ap-
proach to study piled structures.

In the present study, laterally loaded pile groups in sandy soils
are analyzed by proposing a new hybrid method. In the proposed
method, a pile group is replaced by an Equivalent Single Pile
(ESP) by using the two-phase approach, which is analyzed with ap-
propriate p-y curves. To validate the proposed hybrid method, com-
puted results are compared with those of full-scale and centrifuge
tests. This study focuses on the determination of bending moment
profiles of pile groups under different lateral displacement levels.
The effects of piles and soil properties on the results of the pro-
posed method are investigated, as well.

Principles of Two-Phase Approach

Static equilibrium equations of a two-phase system were estab-
lished in the framework of virtual works principle (de Buhan and
Sudret 1999). The two-phase approach was developed to consider
flexural and shear behavior of linear inclusions (de Buhan and
Sudret 2000; Hassen and de Buhan 2005). A brief recall of the es-
tablished equations in the framework of elastic constitutive law for
each phase is introduced here. The equilibrium equations are

divσm + ρmFm − J = 0 (1)

for the matrix phase, and

div(nrex ⊗ ex + vrey ⊗ ey) + ρrFr + J = 0
div(mrez ⊗ ex) + vrez = 0

{
(2)

for the reinforcement phase. The superscriptsm and r denote matrix
and reinforcement phases, separately. Tensors and vectors in
the above equations are specified with the boldface letters. In
Eqs. (1) and (2), σm represents the classical Cauchy stress tensor
defined in every point of the matrix phase. The term ρF in both
equations is the vector of the external body force applied to each
phase. J denotes the interaction force vector exerted by the rein-
forcement phase over the matrix phase and vice versa. The terms
nr, vr, and mr are the densities of axial force, shear force, and bend-
ing moment per unit area, respectively. The terms ex, ey, and ez are
the unit vectors along the x-, y-, and z-axis, respectively. The sign⊗
refers to the dyadic product of vectors. Fig. 2 illustrates all the stress
tensor components, as well as force vectors with positive values. It
is noted that the concept of anisotropic micropolar or Cosserat con-
tinuum has been also used in the modeling of the reinforcement

phase similar to the modeling of layered materials (Adhikary and
Dyskin 1997) or beam lattices (Chen et al. 1998). Thus, the expres-
sion nrex ⊗ ex + vrey ⊗ ey is a nonsymmetrical stress tensor by
considering the shear force density and mrez ⊗ ex is the tensor of
couple stress. For more details, see the reference Adhikary and
Dyskin (1997). In order to obtain the solution of these equations,
corresponding stress boundary conditions should be prescribed
on the boundary surface of each phase individually.

Regarding the displacement fields of the two-phase system (ξm,
ξr ) in the context of linear elastic behavior and small deformations,
the strain tensor (ɛm) of the matrix phase is classically defined as

εm =
1

2
{gradξm +t gradξm} (3)

and the constitutive elastic law under isotropic condition for the
matrix phase (and also for the soil medium) is expressed as

σm =
2Gmνm

1 − 2νm
(trεm)I + 2Gmεm (4)

where Gm and νm = shear modulus and Poisson’s ratio of the matrix
(and the soil), respectively. Eq. (4) is another form of the elastic
constitutive law in terms of Lamé constants.

For the reinforcement phase, as regards the classical context of
the individual Timoshenko beams, three strain variables, namely
axial strain (ɛr), shear strain (θr), and curvature (χr), are introduced

(a) (b)

Fig. 1. Schematics of a laterally loaded pile group: (a) in a discrete form; and (b) as a two-phase material.

Fig. 2. Stress components and force vectors in a two-phase system.
Signs are positive.
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by de Buhan and Sudret (2000):

εr =
∂ξrx
∂x

, θr =
∂ξry
∂x

− ωr, χ r =
∂ωr

∂x
(5)

where ωr = rotation field of the reinforcement phase. According to
these strain variables, the scalar form of stress–strain relations in
the framework of one-dimensional elastic behavior is obtained as

nr = αrεr, vr = βrθr, mr = γrχr (6)

Similar to beam stiffness characteristics, αr, βr, and γr = axial,
shear, and flexural stiffness densities per unit area of the pile
group, respectively. For a pile as an inclusion with the properties
of cross-section area AI, moment of inertia II, elastic modulus EI,
and shear modulus GI, these stiffness densities are defined as

αr =
AIEI

s2
, γr =

EI I I

s2
, βr =

A*IGI

s2
(7)

where A*I=AI/fs = reduced cross section of the reinforcement and
fs = shape factor depending only on the cross-sectional shape of the
reinforcement. For a thin-walled tube, circular, and rectangular
cross sections, fs is equal to 2, 10/9, and 6/5, respectively, which
can be obtained from structural analysis (Popov 1998).

In this study, to avoid the complexity in the definition of the in-
teraction stiffness tensor (J), a perfect bonding between the phases
is assumed. Hence, the kinematics of the matrix and reinforcement

phases remain identical:

ξ = ξm = ξr (8)

Application to Pile Group Problems

In the present approach, a single pile is analyzed by using a proper
p-y curve that is equivalent to the whole of the pile group, whose
properties are assessed by the two-phase model. The detailed
problem-solving procedure is described in the next section.

Definition of the Problem

Fig. 3 schematically demonstrates a 3D view of a pile group in dis-
crete and two-phase forms. In Fig. 3(a), arbitrary numbers of piles
with the diameter D and length L are located along the x-axis in a
regular arrangement with the specific distance s. In the yz plane, the
pile group have the dimensions of B and H along the y- and z-axes,
respectively. A horizontal displacement δ is applied to the pile
group head along the y-axis. By considering the piles and the
among soil as a two-phase system, the pile group can be converted
to an ESP with a similar cross-sectional shape of the group with di-
mensions of Beq and Heq with the same similarity ratio ψ=B/H=
Beq/Heq, as plotted in Fig. 3(b).

Fig. 4 demonstrates the 2D view of the pile group in the forms of
a two-phase system and an ESP with specific boundary conditions.
The discrete piles together with the among soil shown in Fig. 4(a) is
replaced by a two-phase material in Fig. 4(b). The length of the
reinforced-soil layer is L and the piles are located with the equal
spacing s along the Ox direction. Boundary conditions for both
phases are defined to be clamped at one end (the lower side) and
pinned at the other end (the upper side). The ESP and the corre-
sponding boundary conditions are depicted in Fig. 4(c). If the
upper end of the pile group is imposed by a horizontal displacement
δ, the displacement, as well as the rotation and curvature profiles of
the corresponding two-phase system, can be obtained in the form of
functions f (x), ω(x), and χ(x), respectively.

The displacement field of the matrix phase ξm as well as the ro-
tation ωr and the curvature χr fields of the reinforcement phase can
be defined based on the perfect bonding condition:

ξm = ξr = ξ = f (x)ey, ωr = ω(x)ez, χr = χ(x)ez (9)

(a) (b)

Fig. 3. Three-dimensional view of (a) a pile group; and (b) ESP as a
two-phase system.

(a) (b) (c)

Fig. 4. Presentation of an elastic shear-loaded reinforced-soil layer with specific boundary conditions in the form of (a) discrete view; (b) two-phase
system; and (c) a beam called as ESP, whose properties are equivalent to the pile group as a two-phase system.
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It is assumed that the shear behavior of the piles (and the
reinforcement phase accordingly) complies with that of a
Timoshenko beam. For the two-phase system, the boundary condi-
tions are

f (x = 0) = δ, χ(x = 0) = 0,

f (x = L) = 0, ω(x = 0) = 0
(10)

The strain tensors of the matrix and the reinforcement phases are
expressed in Eqs. (11) and (12), respectively:

εm =
f ′(x)
2

(ex ⊗ ey + ey ⊗ ex) (11)

εr = 0, θr = f ′ − ω, χr = ω′ (12)

According to Eqs. (4) and (6), the corresponding stress tensors
are

σm = 2Gmεm = Gm f ′(x)(ex ⊗ ey + ey ⊗ ex) (13)

nr(x) = 0, vr = βr( f ′ − ω),

mr(x) = γrχ(x) = γrω′(x)
(14)

Substituting Eqs. (13) and (14) into the equilibrium equations
[Eqs. (1) and (2)] in the absence of the external body forces yields

Gm f ′′(x)ey − J = 0
βr( f ′′(x) − ω′(x))ey + J = 0
(γrω′′(x) + βr( f ′(x) − ω(x))ez = 0

⎧⎨
⎩ (15)

The elimination of J leads to the following differential equation:

ω′′′(x) −
η21
L2

ω′(x) = 0

f ′(x) = ω(x) −
η22
η21

L2ω′′(x)

⎧⎪⎪⎨
⎪⎪⎩ (16)

in which, nondimensional parameters, η1 and η2, are

η1 =

�������������
GmβrL2

(Gm + βr)γr

√
; η2 =

���������
Gm

Gm + βr

√
(17)

The solution of the differential Eq. (16) in general form is

f (x) = A1 + A2x + (1 − η22)
L

η1
A3 sinh η1

x

L

( )
+ A4 cosh η1

x

L

( )[ ]
ω(x) = A2 + A3 cosh η1

x

L

( )
+ A4 sinh η1

x

L

( )
⎧⎪⎨
⎪⎩

(18)

where A1, A2, A3, and A4 are constants. By considering boundary
conditions [Eq. (10)], horizontal displacement, rotation and curva-
ture functions of the two-phase system is assessed as

f (x) = δ
(1 − η22)[ sinh (η1x/L) − sinh η1] + η1(1 − x/L) cosh η1

η1 cosh η1 − (1 − η22) sinh η1

ω(x) = δ
η1
L

cosh η1 − cosh (η1x/L)

η1 cosh η1 − (1 − η22) sinh η1

χ(x) = −δ
η21
L2

sinh (η1x/L)

η1 cosh η1 − (1 − η22) sinh η1

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(19)

The absolute value of the bending moment per unit area (mr) in
the reinforcement phase is calculated by virtue of the curvature

function (χ):

mr(x) = γrχ(x) = γrδ
η21
L2

sinh (η1x/L)

η1 cosh η1 − (1 − η22) sinh η1
(20)

Substituting the definition of γr in Eq. (20) leads to the bending
moment function Mr(x) in the reinforcement phase as

Mr(x) = mr(x) · s2 = EI I Iχ(x)

= EI I Iδ
η21
L2

sinh (η1x/L)

η1 cosh η1 − (1 − η22) sinh η1
(21)

In common practice, it is assumed that piles in the pile group be-
have like an Euler–Bernoulli beam, which means that shear deflec-
tions are negligible if subjected to lateral loads. This condition
implies that the shear deflection is ignored (θr= 0) or the shear stiff-
ness of the reinforcement phase (βr) tends to infinity. Accordingly,
the parameter η2 reaches zero and the parameter η1 tends to a di-
mensionless value called as relative stiffness density per unit area
(η) of the pile group:

η =

����
Gm

γr

√
L (22)

In the case of the Euler–Bernoulli beam theory for the reinforce-
ment phase, the bending moment profile has the following form:

Mr(x) = mr(x) · s2 = EI I Iχ(x)

= EI I Iδ
η2

L2
sinh (ηx/L)

η cosh η − sinh η

(23)

Equivalent Single Pile (ESP)

The shear-loaded two-phase system described is considered as an
ESP, which is a single beam under lateral displacement (δ) with
fixed and pinned boundary conditions at the ends as illustrated in
Fig. 4(c). This beam is characterized by the length L, elastic mod-
ulus (Eeq), and moment of inertia about the z-axis (Ieq) in terms of
the dimensions Beq and Heq. Similarly, by considering a beam as a
one-phase system (Gm= 0) in Eq. (17) and resolving Eq. (16), the
horizontal displacement fESP, the rotation ωESP, and the curvature
χESP functions of the ESP as a Timoshenko beam are obtained as

f ESP(x) =
δ

2 + 6R/L2
x

L

( )3
− 3 +

2R

L2

( )
x

L

( )
+ 2 +

6R

L2

[ ]

ωESP(x) =
3δ

L(2 + 6R/L2)

x

L

( )2
− 1

[ ]

χESP(x) =
6δ

L2(2 + 6R/L2)

x

L

( )

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(24)

where R = (EeqIeq/GeqA*
eq) represents the shear behavior contribu-

tion in the ESP in which A*
eq and Geq are the reduced cross section

and shear modulus of the ESP, respectively. Assuming a rectangu-
lar cross section; i.e., fs= 6/5 for the ESP, the curvature function
(χESP) in Eq. (24) is simplified to

χESP(x) =
δ

L2
36(L/Beq)

2

12(L/Beq)
2 + 5(1 + νeq)

x

L

( )
(25)
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where νeq = Poisson’s ratio of the ESP. Accordingly, the bending
moment function (MESP) is determined as

MESP(x) = EeqIeq · χESP(x)

= EeqIeq
δ

L2
36(L/Beq)

2

12(L/Beq)
2 + 5(1 + υeq)

x

L

( )
(26)

In the analysis of the laterally loaded ESP by using the p-y
method, the shear behavior distribution is ignored so that the
ESP converts to an Euler–Bernoulli beam. Assuming that the
shear rigidity (GeqA*

eq) tends to infinity [and R tends to zero in
Eq. (24)], the bending moment profile of an Euler–Bernoulli ESP
is assessed by

MESP(x) = EeqIeq · χESP(x) = EeqIeq
3δ

L2
x

L

( )
(27)

To investigate the effect of the ESP geometry (and slenderness)
on the behavior, the bending moment functions of both Euler—
Bernoulli and Timoshenko ESPs are compared. The variation of
the dimensionless bending moment functions of the ESPs,
MESP(x) · L2/(δ ·EeqIeq) along the normalized length (x/L) is de-
picted in Fig. 5 for values of L/Beq= 1, 3, 5, and 10. For the Timo-
shenko ESP, νeq= 0.15 is assumed. It is generally seen that the
bending moments of the two ESPs get closer as the L/Beq becomes
bigger, such that for L/Beq= 3, the maximum difference is about
6% at the fixed-end support (x/L= 1). It can be said that if the ge-
ometry of the ESP is configured such that L/Beq > 3, then the ESP
can be regarded as slender enough to ignore the effect of shear de-
flections on the behavior.

The properties of the ESP can be derived based on the charac-
teristics of the two-phase system described before. The bending ri-
gidity of the ESP, (EI)eq, is calculated by equating the bending
moment of the ESP and that of the two-phase system at the fixed
end support (x= L):

(EI )eq = EI I I · κ (28)

in which, a parameter named as κ-multiplier is defined as

κ =
η2

3

tanh η

η − tanh η
(29)

The κ-multiplier can be interpreted as a magnification factor
(greater than unity), which translates the bending rigidity of a single
pile as a microscopic element to that of an ESP in a macroscopic

view representing the pile group. The κ-multiplier is a function
of the η parameter containing the properties of the pile group and
the soil amongst according to Eq. (22). By applying a p-y model
for the analysis of the ESP, the complicated problem of a laterally
loaded pile group converts to a simple problem.

The application of the p-y method for the ESP as a single pile is
achieved by solving the equations for a beam resting over a foun-
dation (Hetenyi 1946). If the ESP is subdivided into incremental el-
ements, the differential equation of the problem can be converted
into a deference form and it can be solved numerically, as described
in details by Reese and Van Impe (2010). Isenhower et al. (2018)
have developed a computer software named LPILE that is widely
used for single-piles analysis. By solving the equations, the bending
moment along the length of the ESP can be obtained accordingly.
Based on the concept of the ESP as a representative of the pile
group, the bending moment profile of the ESP is equal to the sum
of the bending moment profiles of all the rows of the pile group.

A challenging issue in the proposed simplified approach is the
boundary condition at the tip of the ESP. This boundary condition
refers to the situations where the tips of the piles penetrate into a
dense soil layer or bedrock. It is worth mentioning that in the anal-
ysis of laterally loaded piles, there is always a point of fixity some-
where above the pile tip. The depth of the fixity in sandy soils
depends on the bending rigidity of the piles and lateral subgrade
modulus (Chen 1997) or piles diameter and lateral subgrade mod-
ulus (Caltrans 1990). Although there are some suggested relations
in the literature to calculate the depth of fixity, the total length of the
piles is considered here to avoid the confusion of selecting the best
choice for the depth of fixity. Validation case studies explained in
the following sections indicate that this assumption would be ac-
ceptable without loss of generality.

Step-by-Step Procedure for the Problem-Solving

A step-by-step process is presented here in order to investigate the
response of a laterally loaded pile group in sandy soils by using the
proposed approach. Fig. 6 demonstrates an arbitrary n×m pile
group and the corresponding ESP in a x-y-z coordinate system lo-
cated in a multilayered soil profile. The pile group is loaded by a
lateral displacement, δ, at the head. The soil profile consists of N
layers with different properties of thickness (h1 to hN), shear mod-
ulus (Gm

1 toGm
N ), unit weight (γ1 to γN), internal friction angle (ϕ1 to

ϕN), and lateral subgrade modulus (k1 to kN). Pile spacing in the

Fig. 5. Variations of dimensionless bending moment function of a laterally loaded ESP with normalized length considering Euler–Bernoulli and
Timoshenko beam theories.
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group is equal to s in both the y- and z-directions. The piles are
characterized by length (L), moment of inertia (II), cross-section
area (AI), and the elastic modulus (EI). Back-to-back dimensions
of the pile group in the front and leading rows are B and H in the
y- and z-direction, respectively. The neutral axis of the pile group
is located along the z-direction and the distance between the neutral
axis and each pile row axis is d. The pile group and the soil amongst
[Fig. 6(a)] can be replaced by an ESP and nonlinear springs, as il-
lustrated in Fig. 6(b). The length of the ESP is equal to L and its
dimensions in the plan view are Beq and Heq in the y- and
z-direction, respectively. Other properties of the ESP are the
moment of inertia about the z-axis (Ieq) and the elastic modulus
(Eeq). The details and the steps of the analysis procedure are
listed as:
1. The properties of the matrix phase (the soil equivalently) includ-

ing shear modulus (Gm) and internal friction angle (ϕ) is esti-
mated by using field tests data and/or empirical correlations.
Lateral subgrade modulus (k) is also required for p-y analysis,
which can be determined by the recommended diagram of
API (2002). The correctness of the selected soil parameters
can be assured by the analysis of a single pile if there is a
good match between the bending moment profile obtained
from analysis and measurement.

2. By knowing that the soil among the piles does not have any
bending resistance, the moment of inertia of the ESP (Ieq) is cal-
culated based on the arrangement of the piles in the group by
having the neutral axis [z-axis in Fig. 6(a)] as well as the mo-
ment of inertia of each pile (II).

3. The elastic modulus of the ESP (Eeq) is computed as

Eeq =
κ · EI I I

Ieq
(30)

For the case where the pile group is located in layered soils
(as shown in Fig. 6), different values of Eeq are obtained for each
layer. In this case, it is suggested to use the weighted average
value (�Eeq) with respect to the soil layer thickness up to the
depth of 10 pile diameters. According to Brown et al. (1988),

the pile response under lateral loading is dominated by a
sandy soil layer with an effective depth of 10D.

4. The cross-section geometry of the ESP is regarded similar to that
of the real pile group according to the piles arrangement and,
hence, the dimensions of the ESP cross section is assessed. For in-
stance, for a pile group where the piles are located in a rectangular
pattern according to Fig. 6, the length (Heq) and width (Beq) of the
ESP is obtained by

Heq =

������
12Ieq
ψ

4

√
, Beq = ψHeq (31)

where ψ= (B/H ). It means that the global cross-section shape of
the ESP is assumed to be similar to that of the real group pile,
with the similarity ratio ψ.

5. As the last step, the ESP is analyzed by using the p-y curves that
have been already validated for a single pile of the pile group.
As a result, the bending moment profile of the pile group can
be obtained. It is noted that the computed bending moment of
the ESP is equal to the sum of the bending moment of all
rows of the pile group which is conventionally reported in the
literature.
In the application of p-y curves, there are various ideas in the lit-

erature about the relationship between the lateral subgrade modulus
(k) and pile diameter (D). For instance, Terzaghi (1955), Vesic
(1961), Reese et al. (1974), and Ashford and Juirnarongrit
(2003), among others, believe that the lateral subgrade modulus
is independent of the pile diameter, though there is an opposite
opinion (e.g., Pender 1993; Poulos 2018) that states that the sub-
grade modulus has a reciprocal relationship with the pile diameter.
Also, Meyer and Reese (1979) declared that for sandy soils, the
value of the subgrade modulus is not a sensitive parameter in the
analysis of lateral pile response, especially in terms of maximum
bending moment. To avoid complexity in the problem-solving pro-
cedure and to extend the applicability of the proposed method, in
the present study it is assumed that the lateral subgrade modulus
is independent of pile diameter.

(a) (b)

Fig. 6. A graphical scheme of the proposed hybrid approach for the analysis of a laterally loaded pile group located in a multilayered soil profile:
(a) the pile group; and (b) the ESP.
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Similar to other methods applied in the analysis of laterally
loaded pile groups, the proposed hybrid method have its own ad-
vantages and limitations. The advantages can be listed as:
• The analysis procedure is easier with respect to other existing

simplified methods. In the proposed hybrid method, only a sin-
gle pile (ESP) is analyzed by using the p-y method, while in
other pile group analyses it is required to analyze individually
each pile row with a specific p-y curve by defining a p-multiplier
(e.g., Rollins et al. 2005; Walsh 2005; Zhang et al. 1999).

• The hybrid method presented in this paper is more convenient
than the numerical continuum methods, such as finite element
and finite difference methods, because does not require model-
ing the whole pile group in detail.
The limitations of the proposed hybrid approach are:

• The bending moment of each row of the pile group cannot be
calculated directly. As explained before, the present approach
only gives the sum of the bending moment of the whole pile
group, and an estimation of the value of each row can be at-
tained instead. Meanwhile, by reviewing experimental and
physical full-scale tests in the literature (e.g., Rollins et al.
2005; Tobita et al. 2004; Walsh 2005), the value of bending mo-
ments of each row of the pile groups have been reported to be
almost the same or with small deviations from each other.

• The present approach is only applicable for the cases where the
geometry of the pile group satisfies the condition of a slender
ESP, i.e., L/Beq > 3 since the p-y analysis is appropriate for
long and thin piles.

• It is assumed that the behavior of the piles in the group and the
soil amongst (and consequently the ESP) remains elastic during
the analysis. Thus, this approach is not appropriate for large de-
formations or where the piles have plastic behavior.

Model Validations

In order to evaluate the proposed method, three experimental studies
including two full-scale tests and one centrifuge test are considered
here. The full-scale tests were carried out in the layered sandy soils
with clayey lenses, and the centrifuge test was performed in a uniform
sandy soil. In this section, a bending moment profile for each pile
group is assessed by applying the proposed method. It is noted that
the bending moment profile of the pile groups reported in the case
studies was presented for each row. Hence, in order to have compa-
rable results, the sum of the bending moment profile of all the rows is
introduced as the bending moment profile of the pile group. The de-
tails of the tests and verification procedure are described next.

Case Study 1 (Physical Full-Scale Test)

Rollins et al. (2005) performed lateral load tests on a 3 × 3 pile
group as well as on a single pile. The pipe piles had an approximate
length L= 12 m, the outer diameter D= 0.324 m, and the wall

thickness t= 0.0095 m. The moment of inertia of each pipe pile
was II= 1.43 × 10−4 m4 by considering the effect of attached equip-
ment. The piles were located in 3.3D (s= 1.07 m) spacing in the
group. The piles were made up of steel with an elastic modulus
EI= 200 GPa. Lateral loads were applied at a height of 0.69 and
0.86 m above the ground surface in the single pile and pile group
tests, respectively.

The piles were driven into a layered soil profile including loose
to medium-dense submerged sand underlain by clay. Rollins et al.
(2005) estimated soil properties based on in situ standard penetra-
tion test (SPT) excluding soil elastic modulus and Poisson’s ratio.
To approximate the latter parameters, the graph presented by
Callanan and Kulhawy (1985) is used. In the absence of SPT
data for clayey layers, the elastic modulus is estimated by
Em= 4qc (Bowles 1996) in which, qc is the cone resistance in the
cone penetration test (CPT). Poisson’s ratio for sandy and clayey
layers are assumed as νm= 0.3 and 0.45, respectively. Table 1 sum-
marizes soil properties for each layer. The groundwater table in the
single pile testing was about 0.5 m below the ground surface, but in
pile group tests it rose to within about 0.1 m because of rainfall.
The values written in the parentheses for some soil properties in
Table 1 are related to the single pile tests (moist) condition.

Fig. 7 shows the measured as well as computed bending mo-
ment profiles of the single pile under different pile-head horizontal
displacements, δ= 4.7, 12.0, 20.7, and 30.5 mm. The circles in the
figure indicate the measured moment values along the pile length
and the solid lines show the predicted moment of the pile by
using the p-y analysis. The analyses have been performed by imple-
menting Reese et al. (1974) and Matlock’s (1970) p-y curves for
sand and clay, respectively. As shown, there is generally acceptable
agreement between the experimental and analytical results, which
means that the soil properties have been chosen properly.

The behavior of the pile group under lateral load is investigated
by using the proposed ESP concept. Knowing that the cross section
of the pile group is square (B=H= 2.462 m), the moment of inertia
of the ESP (Ieq) is calculated as Ieq= 0.06567 m4, leading to equiv-
alent dimensions Beq=Heq= 0.942 m. The slenderness of the ESP
is characterized by L/Beq= 12.8≫ 3, which satisfies the applicabil-
ity of the proposed approach. The elastic modulus of the ESP (Eeq)
is then calculated based on Eq. (30). Since the pile group is installed
in the layered soil, different values of Eeq is obtained for each layer
until the depth of 10D and the weighted average value is
�Eeq = 877MPa.

Fig. 8 illustrates the results of the analysis of the ESP with sim-
ilar p-ymodels in terms of bending moment profiles. The pile group
was laterally loaded under different levels of displacements, δ= 10,
21, 29, and 39 mm. As shown, there is high correspondence be-
tween the measured and computed values of the bending moments
along the depth. In all the tests, the value, as well as the depth of
maximum bending moment, are suitably estimated. It seems
that for larger lateral displacements, the bending moment is

Table 1. Soil profile properties in the Rollins et al. (2005) study

Depth (m) Soil type γ′ (kN/m3) Em (MPa) νm c (kPa) ϕ (°) k (MN/m3) ɛ50 (strain)

0.00–0.51 Sand 10.3 (19.5)* 10 (27) 0.3 0 33 15.4 (24.4) —
0.51–2.59 Sand 10.3 10 0.3 0 33 15.4 —
2.59–4.73 Sand 10.3 10 0.3 0 32 13.6 —
4.73–7.49 Sand 10.3 8 0.3 0 30 10.6 —
7.49–9.25 Soft clay 9.5 11.5 0.45 19.2 0 — 0.01
9.25–10.16 Sand 10.3 2 0.3 0 30 10.6 —
10.16–11.84 Soft clay 9.5 11.5 0.45 19.2 0 — 0.01

Note: Values in the parentheses indicates the soil properties in the moist condition (single pile testing).
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underpredicted at the depths below the maximum value. However,
there is again a good match for longer depths of the pile group.

Case Study 2 (Physical Full-Scale Test)

A 3×5 pile group and a single pile with identical characteristics were
tested by Walsh (2005). The 13.5 m-length steel pipe piles were used
with the same properties of those mentioned in the tests of the first
case study reported by Rollins et al. (2005). Pile spacing in the
group was equal to 3.92D (s= 1.27 m). The lateral load was applied
at the height of 0.48 m above the ground surface in all the tests.

The piles were driven into a layered ground consisting of sandy
soils in the top layers and soft clays at deeper layers, with an aver-
age relative density Dr= 50%. The properties of the soil layers in-
cluding γ′, ϕ, c, k, and ɛ50 were estimated based on back analysis. It
seems that the soil parameters ϕ and k are overestimated with

respect to Dr= 50% (e.g., ϕ= 40° (Walsh 2005)) and thus, the val-
ues are revised in this study. The values of ϕ and k for sandy layers
are approximated by the ϕ-k-Dr graph recommended by API
(2002). The average values of Em for each layer of the soil profile
are derived from CPT results. Poisson’s ratios are assumed to be
νm= 0.3 and 0.45 for sand and clay, respectively. Table 2 summa-
tizes soil properties for each layer.

In order to check the correctness of the selected soil parameters,
the behavior of the single pile is analyzed by using Reese et al.
(1974) and Matlock’s (1970) p-y models for sandy and clayey lay-
ers, respectively. Bending moment responses for different pile-
head displacements δ= 6, 13, 19, 25, and 38 mm are assessed
and compared with the recorded results, as shown in Fig. 9. Gener-
ally, there is a good trend in the variation of the pile bending mo-
ment along the depth. An inconsistency is observed regarding
the estimation of the magnitude or depth of maximum bending

Fig. 8. Comparison of bending moments profiles measured in a full-scale test on a 3 × 3 pile group (Rollins et al. 2005) and computed bending mo-
ments profiles using the proposed method for different pile-head deflections.

Fig. 7. Comparison of measured and computed bending moments versus depth at different pile-head deflections for the single pile test performed by
Rollins et al. (2005).

© ASCE 04020182-8 Int. J. Geomech.

 Int. J. Geomech., 2020, 20(10): 04020182 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

E
hs

an
 S

ey
ed

i H
os

se
in

in
ia

 o
n 

08
/0

6/
20

. C
op

yr
ig

ht
 A

SC
E

. F
or

 p
er

so
na

l u
se

 o
nl

y;
 a

ll 
ri

gh
ts

 r
es

er
ve

d.



moment. As explained by Walsh (2005), existence of malfunc-
tioned gauges in some depth and interpolating the data with the
gauges above and below a specific depth might be the reason of
the differences between the measured and computed values of
bending moment around the maximum bending moment.

In order to analyze the 3 × 5 pile group, the moment of inertia
of the ESP is calculated as Ieq= 0.15356 m4. Based on the pile
arrangement in a rectangular area of the pile group with

ψ=B/H= 1.887, the equivalent dimensions are Beq= 0.994 m
and Heq= 1.876 m. Having calculated the Ieq, the equivalent elastic
modulus (Eeq) of each soil layer is assessed and the weighted aver-
age value is obtained as �Eeq = 897MPa. The L/Beq ratio for the ESP
is 13.6, which indicates that the proposed approach is appropriate
for the analysis of this problem.

Fig. 10 shows the variation of measured and computed values of
the bending moment of the pile group along the depth for the same

Table 2. Soil profile properties in Walsh’s (2005) study

Depth (m) Soil type γ′ (kN/m3) Em (MPa) νm c (kPa) ϕ (degrees) k (MN/m3) ɛ50 (strain)

0.0–2.1 Sand 16.7 48 0.3 0 33 24.4 —
2.1–2.4 Sand 6.8 28 0.3 0 33 15.4 —
2.4–2.7 Soft clay 9.1 12 0.45 41 0 — 0.01
2.7–3.7 Soft clay 9.1 12 0.45 50 0 — 0.01
3.7–4.6 Soft clay 9.1 8 0.45 40 0 — 0.01
4.6–6.3 Sand 8.1 40 0.3 0 32 13.6 —
6.3–8.0 Soft clay 9.1 12 0.45 57 0 — 0.01
8.0–14.0 Sand 6.7 20 0.3 0 30 10.6 0

Fig. 9. Comparison of measured and computed bending moments versus depth at different pile-head deflections for the single pile test performed by
Walsh (2005).

Fig. 10. Comparison of bending moments profiles measured in a full-scale test on a 3 × 5 pile group (Walsh 2005) and computed bending moments
profiles by using the proposed method for different pile-head displacements.
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lateral pile-head displacements as the single pile. An acceptable fit
between the measured and computed bending moment profiles of
the pile group is observed. The predicted value of the maximum
bending moment matches well with that of the measurement, how-
ever the depth is over-predicted slightly. Presence of the clayey lay-
ers in shallow depths (lower than 10 pile diameter) might be the
reason of inconsistency observed around the maximum bending
moment location.

Case Study 3 (Centrifuge Test)

In an experimental study, Tobita et al. (2004) conducted centrifuge
tests on both single piles and pile groups in a sand deposit to study
the pile group behavior and to investigate p-y curves for seismic de-
sign based on the static tests data. A single pile and a 3 × 3 pile
group at 3D pile spacing (s= 0.9 m) were tested under lateral load-
ing. The single pile and the piles of the group had the same charac-
teristics. Fig. 11 shows the centrifuge static test setup for the pile
group model tests. The tubed piles in model and prototype scales
were made up of brass. Table 3 lists the characteristics and dimen-
sions of the piles for both model and prototype scales. Boundary
conditions of the pile group were rotation-free at the head and
rotation-fixed at the piles tips. The lateral load was applied to the
single pile and pile group at the height of 0.02 and 0.4 m from
the ground surface in the model and prototype scale, respectively.
Hereafter, the prototype dimensions and characteristics are consid-
ered to validate the proposed method.

The piles were placed in 8.66 m silica sand deposit. Regarding the
soil parameters, the maximum dry unit weight and the relative den-
sity of the silica sand were reported as γd= 14 kN/m3 and Dr= 65%
(medium dense), respectively. In their work, the soil friction angle (ϕ
= 36°) was approximated based on the relative density, without any
measurement. Such a friction-angle value is controversial because
the reported value does not match the unit weight as well as the

mineralogy of the sandy deposit. Many studies in the literature
have confirmed that the friction angle not only depends on density
but also on mineralogy, as well as on consolidation stress (e.g.,
Sadrekarimi and Olson 2011; Schanz and Vermeer 1996). From
the viewpoint of mineralogy, silica is the origin of quartz (Mitchell
and Soga 2005), and the friction angle of the quartz sand is in the
range of 27–32° (Bolton 1986; Budhu 2010). Furthermore, triaxial
test results on quartz-origin sand with the consolidation stress of
100–200 kPa (similar to the stress levels that exists in the centrifuge
tests performed by Tobita et al. (2004) indicate that the range of the
friction angle is 26–30° (Sadrekarimi and Olson 2011). On the other
hand, back analyses of the single pile behavior under lateral load give
an estimation of ϕ= 29° for the silica sand. Consequently, it turns
out that the value of ϕ= 36° is too high for the silica sand in the
study of Tobita et al. (2004) and instead,ϕ= 29° is chosen in the pre-
sent study. Based on the soil friction angle, k= 3 MN/m3 is adopted
according to the API (2002) recommended diagram. The elastic
modulus of dry medium-dense sand is approximated in the range
of 28–41 MPa, as stated by Callanan and Kulhawy (1985). Eventu-
ally, the value of Em= 30 MPa is considered for the silica sand, as-
suming Poisson’s ratio of νm= 0.3.

Fig. 12 depicts the bending moment profiles of the single pile under
different lateral displacements δ=38.2, 57.0, 74.2, 90.6, and 99.2 mm
for both measured and calculated data. In the simulations, the soil was
modeled by the Reese et al. (1974) p-y curves. Comparison of the re-
sults implies a very good agreement between the measured and pre-
dicted bending moment profiles. In all deformation levels, the
location, as well as the magnitude of the maximum bending moment,
are predicted accurately. A small underestimation can be recognized in
the predictions, especially for small lateral displacements, though.

Similar to the foregoing case studies, required characteristics of
the ESP is now computed following the steps 2–4 of the proposed
procedure mentioned in the “Step-by-Step Procedure for Problem-
Solving” section. The equivalent moment of inertia is assessed
as Ieq= 0.08706 m4 for the squared arrangement of the piles (H=
B= 2.1 m), which gives Beq=Heq= 1.011 m and Eeq= 567 MPa.
The L/Beq ratio of the corresponding ESP is close to 10, which sat-
isfies the geometry condition of the proposed method. The analysis
of the pile group is achieved by using p-y models for the corre-
sponding ESP. Fig. 13 illustrates the bending moment curves
versus depth at five pile-head displacement levels, δ= 38.6, 56.6,
74.2, 88.6, and 109.2 mm. The measured values from the tests
are presented as well. Comparison between measured and com-
puted results indicate that the overall shape of the bending moment

(a)

(b)

Fig. 11. Model setup in the centrifuge tests for static loading: (a) section view; and (b) plan view (Tobita et al. 2004).

Table 3. Piles characteristics in model and prototype scales in Tobita et al.
(2004) study

Characteristic Model scale Prototype scale Unit

Length 0.5 10 m
Outer diameter 15 300 mm
Wall thickness 1 20 mm
Elastic modulus 101 101 GPa
Moment of inertia 1.08 × 103 1.73 × 108 mm4
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profile, as well as the location of the maximum bending moment,
strongly agree. This case study also validates the capability of the
proposed method in the analysis of laterally loaded pile groups.

Discussion

After validation of the proposed problem-solving algorithm, the
importance of each parameter affecting the bending moment of
the pile group is investigated. By referring to Eq. (30), note that
the bending moment of the ESP is directly affected by the
κ-multiplier. The effect of influencing parameters on the
κ-multiplier is here discussed for a reasonable range.

During the description of the basic theory of elastic analysis for
laterally loaded single piles, Poulos and Davis (1980) defined pile
flexibility factor (KR) as

KR =
EI I I

2Gm(1 + νm)L4
(32)

KR is a dimensionless measure of the flexibility of the pile rela-
tive to the surrounding soil and has no limiting value for an

infinitely rigid pile, i.e., KR→∞ and it reaches zero for an infinitely
long pile. Generally, if KR> 0.02, pile is considered as a rigid pile;
otherwise, it would be flexible. By considering the KR definition,
the η parameter is rewritten as

η =
s/D

L/D

��������������
1

2KR(1 + νm)

√
(33)

Here, the formulation is intentionally presented in terms of nor-
malized terms of s/D and L/D in order to investigate their effects on
κ-multiplier directly.

According to typical values of KR for various types of piles
and soils reported by Poulos and Davis (1980), a reasonable
range is KR= 10−6–1. A common range for pile spacing in the
groups would be s/D= 3–6. A constant value of Poisson’s ratio
as νm= 0.3 is also assumed.

By considering L/D= 40, similar to what existed in the case
studies mentioned earlier (L/D= 38.5–41), the effect of pile spac-
ing and the pile flexibility factor on the κ-multiplier can be inves-
tigated as shown in Fig. 14. In Fig. 14(a), the variation of the
κ-multiplier with the pile spacing is illustrated for different pile-

Fig. 12. Comparison of measured and computed bending moments versus depth at different pile-head deflection for the single pile test performed by
Tobita et al. (2004).

Fig. 13. Comparison of measured and computed bending moments versus depth at different pile-head deflection for the pile group test performed by
Tobita et al. (2004) using the proposed method.
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flexibility factor magnitudes. It can be seen that the κ-multiplier
grows gradually with s/D, whose rate is dependent on the pile flex-
ibility factor. As the pile flexibility factor increases, the change of
κ-multiplier decreases with s/D. Furthermore, for rigid piles (KR>
0.02), the pile spacing has no effect on the κ-multiplier, and KR

tends to unity. However, for flexible piles with KR< 10
−4, it is se-

verely dependent on s/D. In other words, an increase of the pile
spacing in a group reduces the group performance, and conse-
quently the behavior of each pile becomes more similar to a single
pile. Therefore, the κ-multiplier results in bigger values. From an-
other viewpoint, the variation of κ-multiplier against the pile flex-
ibility factor is plotted in Fig. 14(b). It is clear that κ-multiplier
generally decreases exponentially with the pile flexibility factor
reaching to one for rigid piles. It is noted that the pile spacing is
more effective on the κ-multiplier value if KR< 0.02 where
κ-multiplier increases sharply as the pile becomes more flexible.

The influence of the pile flexibility factor on the value of
the κ-multiplier for different pile length to diameter ratios (L/D),
representing the slenderness of the piles of the group, is depicted
in Fig. 15 by assuming a constant pile spacing equal to 3D
(s/D= 3). As seen, the value of κ-multiplier is highly dependent
to the pile flexibility factor if KR< 0.02, regardless of the slender-
ness values of the pile. However, for rigid piles (KR> 0.02), the
κ-multiplier remains almost constant and has a small value around

unity especially for very slender piles (L/D≥ 100). Nevertheless,
the κ-multiplier grows quickly by decreasing L/D for flexible
piles with KR< 10

−3 and tends to infinity for less-slender flexible
piles. Generally, κ-multiplier is highly dependent on the pile slen-
derness for L/D greater than 40.

Concluding Remarks

A new hybrid method for the analysis of laterally loaded pile groups
founded in sandy soils was presented in this study. The proposed
method is a combination of the two-phase approach and p-y curves
to obtain the bending moment profile of a pile group under lateral
load. The pile group and the soil among the piles are replaced by
an ESP. The properties of the ESP are dependent on a parameter called
as κ-multiplier, which is defined in terms of the bending stiffness of
each pile, pile spacing, and the soil shear modulus. The ESP is ana-
lyzed by implementing an appropriate p-y model. Verification of the
proposed method indicates an acceptable accuracy for predicted bend-
ing moment profiles. Major concluding remarks are summarized as:
• In contrast to existing p-y analyses of pile groups, any

p-multipliers or other reduction factors are not required in the
proposed analytical method. Rather, the response is predicted
by implementing a unique p-y analysis for a single pile ESP
whose properties represent those of the pile group.

• The proposed method requires a good estimation of the soil
properties, by which the lateral response of a single pile can
be accurately simulated.

• The proposed approach is appropriate only for the pile groups
whose dimensions of the corresponding ESP satisfy the geome-
try criterion as L/Beq > 3.

• The results of the reviewed case studies confirm that the pro-
posed method can be safely applied to analyze the laterally
loaded pile groups. Bending moment profile, as well as the lo-
cation of the maximum bending moments, can be obtained
properly by implementing such a simplified approach.

• Themain parameter affecting the response of a laterally loaded pile
group is the κ-multiplier, which is a function of the piles flexibility
factor (KR), slenderness (L/D), as well as pile spacing ratio (s/D).

Data Availability Statement

All data, models, and code that support the findings of this study are
available from the corresponding author upon reasonable request
(the data in the graphs and the code of calculation, etc.).

(a) (b)

Fig. 14. Variation of κ-multiplier versus: (a) pile spacing (s/D); and (b) pile flexibility factor (KR) for ν
m = 0.3 and L/D= 40.

Fig. 15. κ-multiplier versus pile flexibility factor (KR) for various L/D
with νm = 0.3 and s/D= 3.
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Notation

The following symbols are used in this paper:
A1, A2, A3, and A4 = constants of the solution in differential

equation;
Aeq = cross-section area of the ESP;
A*
eq = reduced cross-section area of the ESP;
AI = cross-section area of an inclusion (and pile);
A*I = reduced cross-section area of an inclusion (and pile);
B = pile group dimension along the y-axes;

Beq = ESP dimension along the y-axes;
c = cohesion;
D = pile diameter;
Dr = soil relative density;
d = distance between the neutral axis of the pile group in

plan view and each pile row axis;
Eeq = elastic modulus of ESP;
�Eeq = weighted average value of Eeq;
EI = elastic modulus of an inclusion (and pile);

(EI)eq = ESP bending rigidity;
Em = soil elastic modulus;
ex = unit vectors along the x-axis;
ey = unit vectors along the y-axis;
ez = unit vectors along the z-axis;

f ESP(x) = displacement function of the ESP;
fs = shape factor;

f (x) = displacement function of a shear-loaded reinforced soil
layer;

Geq = shear modulus of the ESP;
GeqA*eq = ESP shear rigidity;

GI = shear modulus of an inclusion (and pile);
Gm = shear modulus of the matrix (and soil);
H = pile group dimension along the z-axes;

Heq = ESP dimension along the z-axes;
h = thickness of the soil layer;

Ieq = ESP moment of inertia about the z-axis;
II = moment of inertia of an inclusion (and pile);
J = interaction force vector;

KR = pile flexibility factor;
k = lateral subgrade modulus;
L = pile length;

M r(x) = bending moment function in the reinforcement phase;
MESP(x) = bending moment function of the ESP;

mr = density of bending moment per unit area;
N = number of the soil layers;
nr = density of axial force per unit area;
p = soil resistance;
qc = cone resistance in the cone penetration test (CPT);
R = represent the shear behavior contribution in the ESP;
s = center to center pile spacing;
t = wall thickness of tubed pile;
vr = density of shear force per unit area;
y = soil lateral displacement;
αr = axial stiffness density per unit area of pile group;
βr = shear stiffness density per unit area of pile group;
γ = soil unit weight;
γ′ = effective soil unit weight;
γd = maximum dry unit weight;
γr = flexural stiffness density per unit area of pile group;
δ = applied horizontal displacement;

ɛ50 = strain corresponding to one-half of the maximum
principal stress difference;

ɛm = strain tensor of matrix phase;
ɛr = axial strain of reinforcement phase;

η = relative stiffness density per unit area of the pile group;
η1 = nondimensional parameter;
η2 = nondimensional parameter;
θr = shear strain of reinforcement phase;
κ = κ-multiplier;

νeq = Poisson’s ratio of the ESP;
νI = Poisson’s ratio of an inclusion (and pile);
νm = Poisson’s ratio of the matrix (and soil);
ξ = displacement field;

ξm = displacement fields of matrix phase;
ξr = displacement fields of reinforcement phase;
ρF = vector of the external body force;
σm = classical Cauchy stress tensor;
ϕ = soil internal friction angle;

χ(x) = curvature function of a shear loaded reinforced soil
layer;

χESP(x) = curvature function of the ESP;
χr = curvature of the reinforcement phase;
ψ = similarity ratio;

ωESP(x) = rotation function of the ESP;
ωr = rotation field of reinforcement phase; and

ω(x) = rotation function of a shear loaded reinforced soil layer.
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