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Abstract
Let H be a compact subgroup of a locally compact group G. In this paper we define a convolution onM(G/H) , the space of

all bounded complex Radon measures on the homogeneous space G/H. Then we prove that the measure spaceM(G/H) with

the newly well-defined convolution is a non-unital Banach algebra that possesses an approximate identity. Finally, it is

shown that this Banach algebra is not involutive and also L1ðG=HÞ with the new convolution is a two-sided ideal of it.
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1 Introduction and Preliminaries

Let G be a locally compact group, and let M(G) be the

space of all bounded complex Radon measures on it. The

convolution of any two measures l1 and l2 in M(G) is

defined by

l1 � l2ðf Þ ¼
Z
G

Z
G

f ðxyÞdl1ðxÞdl2ðyÞ; ðf 2 CcðGÞÞ:

ð1:1Þ

It is well-known that ðMðGÞ; �Þ is a unital Banach algebra, it
is called the measure algebra and plays a key role in har-

monic analysis, (See, e.g., Deitmar and Echterhoof 2009

and Fell and Doran 1988). Now let H be a compact

subgroup of locally compact groupG, and the homogeneous

space G/H is a Hausdorff space on which G acts transitively

by left. We should clear that H is not normal subgroup

necessarily, so G/H does not possess a group structure but it

will be a locally compact Hausdorff space. Let M(G/

H) denote the space of all bounded complex Radon mea-

sures on G/H. Compared with the measure algebraM(G) , it

is worthwhile to investigate the existence of a convolution

onM(G/H) which makes it into a Banach algebra. Farashahi

(2018) studied this problem in the case that H is a closed

subgroup of a compact group G; However, the theory of

homogeneous spaces in which H is a compact subgroup of a

locally compact group G has many applications in physics

and engineering. For example, if the Euclidian group E(2)

acts transitively on R2, then the isotropy subgroup of origin

is the orthogonal group O(2). In that sequel, the homoge-

neous space E(2)/O(2) provides definition of X-ray trans-

form that is used in many areas such as radio astronomy,

positron emission tomography, crystallography, etc (See,

e.g., Deans 1983, Ch. 1 and Helgason 2011). Now, we

review some preliminaries and results in homogeneous

spaces theory. Let dy be the left invariant Haar measure of

locally compact group G. The modular function MG is a

continuous homomorphism from G into the multiplicative

group Rþ. Furthermore, for all x 2 GZ
G

f ðyÞdy ¼ MGðxÞ
Z
G

f ðyxÞdy
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where f 2 CcðGÞ, the space of continuous functions on

G with compact support. A locally compact group G is

called unimodular if MGðxÞ ¼ 1, for all x 2 G. A compact

group G is always unimodular. Assume that H is a closed

subgroup of the locally compact group G, it is known that

CcðG=HÞ consists of all PHf functions, where f 2 CcðGÞ
and

PHf ðxHÞ ¼
Z
H

f ðxhÞdh ðx 2 GÞ:

Moreover, PH : CcðGÞ ! CcðG=HÞ is a bounded linear

operator which is not injective (see, e.g., Folland 1995, Ch.

2, Section. 6). Suppose that l is a Radon measure on G/

H. For all x 2 G we define the translation of l through x, by

lxðEÞ ¼ lðxEÞ, where E is a Borel subset of G/H. Then l is

said to be G-invariant if lx ¼ l, for all x 2 G. If H is

compact, G/H admits a G�invariant Radon measure (See,

e.g., Folland 1995, Corollary 2. 51). l is said to be strongly

quasi-invariant, if there is a continuous function k : G�
G=H ! ð0;þ1Þ which satisfies

dlxðyHÞ ¼ kðx; yHÞdlðyHÞ:

If the function kðx; :Þ is reduced to a constant for each

x 2 G, then l is called relatively invariant under G. We

consider a rho-function for the pair (G, H) as a continuous

function q : G ! ð0;þ1Þ for which qðxhÞ ¼
MHðhÞMGðhÞ�1 qðxÞ, for each x 2 G and h 2 H. It is well

known that (G, H) admits a rho-function and for every rho-

function q there is a strongly quasi-invariant measure l on

G/H such thatZ
G

f ðxÞdx ¼
Z
G=H

PHf ðxHÞdlðxHÞ ðf 2 CcðGÞÞ;

where in this case, PHf ðxHÞ ¼
R
H

f ðxhÞ
qðxhÞ dh and this equation

is called quotient integral formula. This measure l also

satisfies

dlx
dl

ðyHÞ ¼ qðxyÞ
qðyÞ ðx; y 2 GÞ:

Let l be a strongly quasi invariant measure on G/H which

is associated with the rho-function q for the pair (G, H) .

The mapping TH : L1ðGÞ ! L1ðG=HÞ is defined almost

everywhere by

THf ðxHÞ ¼
Z
H

f ðxhÞ
qðxhÞ dh ðf 2 L1ðGÞÞ

is a surjective bounded linear operator with k TH k � 1

(see Reiter and Stegeman 2000, Subsection 3.4) and also

TH satisfies the generalized Mackey–Bruhat formula,

Z
G

f ðxÞdx ¼
Z
G=H

THf ðxHÞdlðxHÞ ðf 2 L1ðGÞÞ; ð1:2Þ

which is also known as the quotient integral formula. Two

useful operators left translation and right translation,

denoted by L and R respectively, plays key role in the next

section. The left translation of u 2 CcðG=HÞ by x 2 G is

defined by LxðuÞðyHÞ ¼ uðx�1yHÞ. In a similar way, the

left translation operator is defined for the integrable func-

tion on a homogeneous space G/H as follows:

LxðuÞðyHÞ ¼ uðx�1yHÞ ðl� almost all yH 2 G=HÞ;

where u 2 LpðG=HÞ, 1� p�1. The mapping x 7!LxðuÞ is

continuous and also kLxðuÞkp ¼
qðxÞ
qðeÞ

� �1=p
kukp. The right

translation is defined in the same manner [for more details

see Kamyabi-Gol and Tavalaei (2009)]. Now, let H be a

compact subgroup and put

CcðG:HÞ :¼ ff 2 CcðGÞ : Rhf ¼ f ; 8h 2 Hg;

where Rh denotes the right translation through h. Let l be a

G-invariant Radon measure on G/H. One can prove that

CcðG:HÞ ¼ fupH :¼ u � pH : u 2 CcðG=HÞg

and it is a left ideal of the algebra CcðGÞ. Moreover the

operator PH is an algebraic isometric isomorphism between

CcðG:HÞ and CcðG=HÞ. Furthermore, PHðupH Þ ¼ u, for all
u 2 CcðG=HÞ. These results can be extended, by approx-

imation, to TH : L1ðG:HÞ ! L1ðG=HÞ, where

L1ðG:HÞ :¼ ff 2 L1ðGÞ : Rhf ¼ f ; 8h 2 Hg;

(See, e.g., Reiter and Stegeman 2000, P. 98) and also (see,

e.g., Farashahi 2015, 2013; Kamyabi-Gol and Tavalaei

2009). Therein TH is an algebraic isometrically isomor-

phism. By using this isomorphism one can define a well-

defined convolution on L1ðG=HÞ. Let k be a strongly quasi-
invariant measure on G/H that arises from the rho-function

q, then

u � wðxHÞ ¼THðupH � wpH ÞðxHÞ

¼
Z
G=H

Z
H

uðyHÞwðhy�1xHÞ qðhy
�1xÞ

qðxÞ dhdkðyHÞ;

(See, e.g., Farashahi 2013). Now, let M(G) be the space of

all bounded complex Radon measures on locally compact

group G and H be a compact subgroup of G. Also assume

that l 2 MðGÞ. One can define rl 2 MðG=HÞ byZ
G=H

uðxHÞdrlðxHÞ ¼
Z
G

upH ðxÞdlðxÞ ðu 2 CcðG=HÞÞ:

ð1:3Þ
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In other words rlðuÞ ¼ lðupH Þ, for all u in CcðG=HÞ.
Since krlk 6 klk, the linear map l 7!rl is continuous and
it can be shown that this map is surjective (see, e.g., Reiter

and Stegeman 2000, P. 233).

2 The Main Results

Let us denote the space of all bounded complex Radon

measures on locally compact Hausdorff space G/H by

M(G/H) . In this section we establish some results to define

a well-defined convolution on M(G/H) which makes it into

a Banach algebra, then we introduce an approximate

identity for it; After that the relationship between two

Banach algebras M(G/H) and L1ðG=HÞ is described, the

last result asserts that L1ðG=HÞ can be regarded as a

Banach subalgebra of M(G/H) . From now on, we consider

H as a compact subgroup of locally compact group G. We

first introduce an important closed left ideal of M(G) in

what follows. Let

MðG:HÞ ¼fl 2 MðGÞ : lðRhf Þ
¼lðf Þ; 8f 2 CcðGÞ; h 2 Hg;

where Rh denotes the right translation through h.

Proposition 2.1 Let H be a compact subgroup of a locally

compact group G and l be a left Haar measure on G. Then

MðG:HÞ ¼ flf : f 2 L1ðG:HÞg;

where dlf ðxÞ ¼ f ðxÞdlðxÞ.

Proof For any f 2 L1ðG:HÞ, it is clear that lf ðxÞ ¼
f ðxÞdlðxÞ 2 MðGÞ and also for all g 2 CcðGÞ and h 2 H

we have

lf ðRhgÞ ¼
Z
G

RhgðxÞdlf ðxÞ

¼
Z
G

gðxhÞf ðxÞdlðxÞ

¼
Z
G

gðxÞf ðxh�1Þdlðxh�1Þ

¼
Z
G

gðxÞdlf ðxÞ

¼ lf ðgÞ:

Note that since H is compact, DGjH ¼ 1. Now let lf 2
MðG:HÞ for some f 2 L1ðGÞ, so lf ðRhgÞ ¼ lf ðgÞ for all

g 2 CcðGÞ. In other words,
R
G RhgðxÞdlf ðxÞ ¼R

G gðxÞdlf ðxÞ. SinceZ
G

gðxhÞf ðxÞdlðxÞ ¼
Z
G

gðxÞf ðxÞdlðxÞ;

we have

Z
G

gðxÞf ðxh�1Þdlðxh�1Þ ¼
Z
G

gðxÞf ðxh�1Þdlðxh�1Þ

¼
Z
G

gðxhÞf ðxÞdlðxhÞ

¼
Z
G

gðxÞf ðxÞdlðxÞ;

for all g 2 CcðGÞ. Therefore,
R
G gðxÞ f ðxhÞ � f ðxÞð Þ

dlðxÞ ¼ 0 for all g 2 CcðGÞ and h 2 H. Then by Urysohn’s

Lemma to take suitable g 2 CcðGÞ we get f ðxhÞ ¼ f ðxÞ, for
all x 2 G and h 2 H. Thus f 2 L1ðG:HÞ. h

Proposition 2.2 Let H be a compact subgroup of a locally

compact group G. Then M(G : H) is a closed left ideal of

M(G) . Moreover,

MðG:HÞ ¼ frPH
:¼ r � PH : r 2 MðG=HÞg:

Proof Let l1; l2 2 MðG:HÞ, then for all f 2 CcðGÞ and

h 2 H we have

l1 � l2ðRhf Þ ¼
Z
G

Rhf ðgÞdðl1 � l2ÞðgÞ

¼
Z
G

Z
G

Rhf ðxyÞdl1ðxÞdl2ðyÞ

¼
Z
G

l1ðRhðLx�1 f ÞÞðyÞdl2ðyÞ

¼
Z
G

l1ðLx�1 f ÞðyÞdl2ðyÞ

¼
Z
G

Z
G

f ðxyÞdl1ðxÞdl2ðyÞ

¼ l1 � l2ðf Þ:

Therefore l1 � l2 2 MðG:HÞ. A similar calculation shows

that M(G : H) is a left ideal of M(G) . Furthermore, let l be

limit of the net flaga2K in M(G : H), then

lðRhf Þ ¼limlaðRhf Þ for all f 2 CcðGÞ and h 2 H. But

laðRhf Þ ¼ laðf Þ and this implies that lðRhf Þ ¼ lðf Þ. It

remains to prove the equality in this Proposition. Let r 2
MðG=HÞ then r � PH is a bounded linear functional on

CcðGÞ, since

jr � PHðf Þj ¼ jrðPHðf ÞÞj

¼ j
Z
G=H

PHf ðxHÞdrðxHÞj

¼
Z
G=H

j
Z
H

f ðxhÞdhjdjrjðxHÞ

6 kfk1krk:

Thus kr � PHk�krk\1 ), so that the mapping r � PH is

a bounded linear functional on CcðGÞ. Furthermore, for all

f 2 CcðGÞ and h 2 H we have
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r � PHðRhf Þ ¼
Z
G=H

Z
H

Rhf ðxgÞdgdrðxHÞ

¼
Z
G=H

Z
H

f ðxghÞdgdrðxHÞ

¼
Z
G=H

Z
H

f ðxgÞdgdrðxHÞ

¼ r � PHðf Þ:

Thus rPH
¼ r � PH 2 MðG:HÞ for all r 2 MðG=HÞ. To

show the reverse inclusion let l be in M(G) such that

lðRhf Þ ¼ lðf Þ for all f in CcðGÞ and h in H. Then by (1.3)

there exists r 2 MðG=HÞ such that for all f in CcðGÞ we

have

lðf Þ ¼
Z
G

f ðxÞdlðxÞ

¼
Z
G

Rhf ðxÞdlðxÞ

¼
Z
G=H

Z
H

f ðxghÞdgdrðxHÞ

¼
Z
G=H

Z
H

f ðxgÞdgdrðxHÞ

¼ r � PHðf Þ:

So l ¼ r � PH and the proof is complete. h

Now, consider the map RH : MðGÞ ! MðG=HÞ given

by

RHlðuÞ :¼ lðupH Þ

¼
Z
G

upH ðxÞdlðxÞ; ðu 2 CcðG=HÞÞ:
ð2:1Þ

Let u ¼ w 2 CcðG=HÞ then upH ¼ u � pH ¼ w � pH ¼
wpH . Hence lðupH Þ ¼ lðwpH Þ and this implies that

RHlðuÞ ¼ RHlðwÞ. From the definition we can easily

deduce that RHl is a positive linear functional on

CcðG=HÞ. So by the Riesz representation theorem there

exists a unique Radon measure r 2 MðG=HÞ such that

RHlðuÞ ¼
Z
G=H

uðxHÞdrðxHÞ ¼ rðuÞ: ð2:2Þ

Then RHl ¼ r 2 MðG=HÞ. Also based on definition (2.1)

it is clear that RHðl1Þ ¼ RHðl2Þ if l1 ¼ l2. So RH is a

well-defined map. To show that the mapping RH is linear,

consider an arbitrary scalar a and the elements l1 and l2 in
M(G) . Then for any u in CcðG=HÞ we have

RHðl1 þ l2ÞðuÞ ¼ ðl1 þ l2ÞðupH Þ
¼ l1ðupH Þ þ l2ðupH Þ
¼ RHl1ðuÞ þ RHl2ðuÞ
¼ ðRHl1 þ RHl2ÞðuÞ;

thus RH is linear. We shall show that RH is a bounded

operator. To do this, if we consider any u in CcðG=HÞ then
we have

jRHlðuÞj ¼ j
Z
G

upH ðxÞdlðxÞj 6
Z
G

juðxHÞjdjljðxÞ

6

Z
G

kuk1djljðxÞ 6 klkkuk1:

So kRHlk 6 klk\1 and this implies kRHk 6 1. For

surjectivity, let r 2 MðG=HÞ and define l on CcðGÞ by

lðf Þ :¼ rðPHf Þ ðf 2 CcðGÞÞ: ð2:3Þ

Suppose u 2 CcðG=HÞ, using Proposition 2.2, for l 2
MðG:HÞ. Then by the definition of RH , we have

RHlðuÞ ¼ lðupH Þ
¼ rðPHðupH ÞÞ

¼
Z
G=H

PHðupH ÞðxHÞdrðxHÞ

¼
Z
G=H

uðxHÞdrðxHÞ

¼ rðuÞ;

this proves surjectivity.

Remark 2.3 The operator RH is an extension of the map-

ping TH : L1ðGÞ ! L1ðG=HÞ given by THf ðxHÞ ¼R
H f ðxhÞdh, for all x 2 G:

The next two Propositions play a central role for making

M(G/H) into a Banach algebra.

Proposition 2.4 Let H be a compact subgroup of a locally

compact group G. Then RH jMðG:HÞ, the restriction of RH to

M(G : H), is a bijective mapping and also it is an isometry.

Proof Since RH is surjective, it is enough to show that it is

injective. Let l 2 MðG:HÞ and RHðlÞ ¼ 0. Then there

exists r 2 MðG=HÞ such that l ¼ rPH
¼ r � PH and

RHðlÞ ¼ 0 implies that for all u 2 CcðG=HÞ,
rðuÞ ¼ rPH

ðupH Þ ¼ 0. So that l ¼ 0 and therefore RH is

injective.

Let rPH
be in M(G : H), then for all u in CcðG=HÞ, on

one hand

jRHðrPH
Þuj ¼ jrPH

ðupH Þj 6 krPH
kkupHk1;

so kRHrPH
k 6 krPH

k and on the other hand,
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jrPH
ðupH Þj ¼ jRHrPH

ðuÞj
6 kRHrPH

kkuk
¼ kRHrPH

kkPHðupH Þk
6 kRHrPH

kkPHkkupHk
6 kRHrPH

kkupHk:

so krPH
k 6 kRHrPH

k. Hence the proof is complete. h

The remarkable equality RHðdxÞ ¼ dxH is obtained by

using the following equalities:

RHðdxÞðuÞ ¼ dxðupH Þ

¼
Z
G

upH ðyÞddxðyÞ

¼ upH ðxÞ
¼ uðxHÞ

¼
Z
G=H

uðyHÞddxHðyHÞ

¼ dxHðuÞ;

for all x 2 G. Note that for all u in CcðG=HÞ and x 2 G we

get

dxHðuÞ ¼
Z
G=H

uðyHÞddxHðyHÞ ¼ uðxgHÞ ¼ uðxHÞ:

where g 2 H. Now, we are able to define a convolution on

M(G/H) .

Definition 2.5 Let H be a compact subgroup of a locally

compact group G. The mapping � : MðG=HÞ �
MðG=HÞ ! MðG=HÞ given by

r1 � r2ðuÞ :¼ RHðr1PH � r2PH ÞðuÞ ðu 2 CcðG=HÞÞ;
ð2:4Þ

is a well-defined convolution on M(G/H) .

To show that � is well defined, let r1; r2; r01; r
0
2 2

MðG=HÞ and ðr1;r2Þ ¼ ðr01; r02Þ. Using surjectivity of RH ,

there exists r1PH ; r2PH ; r
0
1PH

; r02PH 2 MðG:HÞ such that

RHðr1PH Þ ¼ r1;RHðr2PH Þ ¼ r2;RHðr01PH Þ ¼ r01;RHðr02HÞ ¼ r02:

Therefore the injectivity of RH implies that ðr1PH ; r2PH Þ ¼
ðr01PH ; r

0
2PH

Þ. Thus

r2PH � r2PH ¼ r01PH � r02PH ;

since the convolution on M(G) is well-defined. Then

RHðr1PH � r2PH Þ ¼ RHðr01PH � r02PH Þ. Finally, by (2.4),

r1 � r2 ¼ r01 � r02. Consequently, convolution � is well-

defined. Using Proposition 2.4 and Definition 2.5 we

deduce the following result.

Corollary 2.6 The bijective mapping RH jMðG:HÞ in

Proposition 2.4 is an algebraic isometric isomorphism.

Now some remarks are in orders.

Remark 2.7 With the notations as above, we have:

(i) ðr1 � r2ÞPH
¼ r1PH � r2PH , because RHðr1PH �

r2PH Þ ¼ RHððr1 � r2ÞPH
Þ and RH is one to one on

M(G : H) .

(ii) One can simplify (2.4) as follows:

r1 � r2ðuÞ ¼ RHðr1PH � r2PH ÞðuÞ
¼ r1PH � r2PH ðupH Þ

¼
Z
G

Z
G

upH ðxyÞdr1PH ðxÞdr2PH ðyÞ

¼
Z
G

Z
G

uðxyHÞdr1PH ðxÞdr2PH ðyÞ;

for all u 2 CcðG=HÞ:
(iii) Iet l 2 MðGÞ and r 2 MðG=HÞ, if we define l �

r :¼ RHðl � rPH
Þ then we have

l � rðuÞ ¼ RHðl � rPH
ÞðuÞ

¼ l � rPH
ðupH Þ

¼
Z
G

Z
G

upH ðxyÞdlðxÞdrPH
ðyÞ

¼
Z
G

Z
G

upH ðxyÞdrPH
ðyÞdlðxÞ

¼
Z
G

Z
G

ðLx�1upH ÞðyÞdrPH
ðyÞdlðxÞ

¼
Z
G

Z
G=H

PHðLx�1upH ÞðyHÞdrðyHÞdlðxÞ

¼
Z
G

Z
G=H

Z
H

Lx�1upH ðyhÞdhdrðyHÞdlðxÞ

¼
Z
G

Z
G=H

upH ðxyÞdrðyHÞdlðxÞ

¼
Z
G=H

Z
G

uðxyHÞdlðxÞdrðyHÞ;

for all u 2 CcðG=HÞ:

By using part (iii) of Remark 2.7 it is deduced that M(G/

H) is a left M(G) module. In the next main theorem, it is

shown that MðG=HÞ; �ð Þ is a Banach algebra and has an

approximate identity.

Theorem 2.8 ðMðG=HÞ; �Þ is a Banach algebra and also

it possesses an approximate identity.

Proof It is well known that M(G/H) endowed with the

total variation norm is a Banach space (See, e.g., Reiter

and Stegeman 2000, P. 233). The fact that convolution on

M(G/H) is associative follows by applying (ii) of

Remark 2.7 twice and associativity of M(G). Let r1; r2 be
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in M(G/H). Then by using surjectivity of RH , there exists

r1PH and, r2PH in MHðGÞ such that RHðr1PH Þ ¼ r1 and

RHðr2PH Þ ¼ r2. Now Definition 2.5 and the fact that

M(G : H) is an normed algebra imply that:

kr1 � r2k ¼kr1PH � r2PH k 6 kr1PH kkr2PH k
6 kRHr1PH kkRHr2PH k

¼kr1kkr2k:

Note that RH is an isometry. Thus ðMðG=HÞ; �Þ is a

normed Banach algebra. To introduce an approximate

identity, let fuaga2K be an approximate identity for the

Banach algebra L1ðG=HÞ, see Farashahi (2013). Put

ra :¼ RHðlðuaÞpH
, for all a 2 K where l is the left Haar

measure on G. Then by surjectivity of RH , for any r in

M(G/H) there exists rPH
2 MðG:HÞ such that

RHðrPH
Þ ¼ r. Hence we have

kra � r� rk ¼kRHðlðuaÞpH
Þ � RHðrPH

Þ � RHðrPH
Þk

¼klðuaÞpH
� rPH

� rPH
k;

but by Proposition 2.1 there exists wpH 2 CcðG:HÞ such

that rPH
¼ lwpH

and also it can be seen by direct compu-

tation that lf � lg � lh ¼ lf�g�h, for all f, g and h in

CcðGÞ; so

kra � r� rk ¼klðuaÞpH
� lwpH

� lwpH
k

¼klðuaÞpH �wpH
�wpH

k:

On the other hand, the embedding of L1ðGÞ into M(G) is

isometric, therefore

kra � r� rk ¼ kðuaÞpH � wpH � wpHk

¼ kPH ðuaÞpH � wpH � wpH

� �
k

¼ kPH ðuaÞpH � wpH

� �
� PH wpH

� �
k

¼ kPH ðuaÞpH
� �

� PH wpH

� �
� PH wpH

� �
k

¼ kua � w� wk;

Since fuaga2K is an approximate identity, kua � w� wk
tends to 0 as a ! 1. Note that in the two last equalities,

PH is an isometry from CcðG:HÞ onto CcðG=HÞ. This

implies that kra � r� rk goes to 0 when a ! 1. h

In the sequel, consider de as the unit element of the

unital Banach algebra M(G) . If we define the point mass

measure dH :¼ RHðdeÞ, then for all u in CcðG=HÞ, by the

definition of RH we have

dHðuÞ ¼ RHðdeÞðuÞ ¼ deðupH Þ ¼
Z
G

upH ðxÞddeðxÞ

¼ upH ðeÞ ¼ uðHÞ:
ð2:5Þ

Note that for all u in CcðG=HÞ we have

dHðuÞ ¼
Z
G=H

uðxHÞddHðxHÞ ¼ uðHÞ:

Lemma 2.9 Let H be a compact subgroup of a locally

compact group G. dH is a right multiplicative identity in the

algebra M(G/H) .

Proof Suppose that u is in CcðG=HÞ and r 2 MðG=HÞ.
Then we have

r � dHðuÞ ¼ RHðrPH
� ðdHÞPH

ÞðuÞ
¼ ðrPH

� ðdHÞPH
ÞðupH Þ

¼
Z
G

Z
G

upH ðstÞdrPH
ðsÞdðdHÞPH

¼
Z
G

Z
G

ðLs�1upH ÞðtÞdðdHÞPH
ðtÞdrPH

ðsÞ

¼
Z
G

Z
G=H

PHðLs�1upH ÞðxHÞdðdHÞðxHÞdrPH
ðsÞ

¼
Z
G

Z
G=H

Z
H

Ls�1upH ðxhÞdhdðdHÞðxHÞdrPH
ðsÞ

¼
Z
G

Z
H

Ls�1upH ðghÞdhddH ðxHÞdrPH
ðsÞ;

for some g 2 H. Therefore, because of dh is invariant, we

have

r � dHðuÞ ¼
Z
G

Z
H

Ls�1upH ðghÞdhdrPH
ðsÞ

¼
Z
G

Z
H

upH ðshÞdhdrPH
ðsÞ

¼
Z
G

upH ðsÞdrPH
ðsÞ

¼
Z
G=H

Z
H

upH ðxhÞdhdrðxHÞ

¼
Z
G=H

uðxHÞdrðxHÞ

¼ rðuÞ:

Thus, for all r in M(G/H) we have r � dH ¼ r. h

Corollary 2.10 Let H be a compact subgroup of a locally

compact group G. If r is a two-sided identity in the algebra

M(G/H) , then r ¼ dH .

Proof Since dH ¼ dH � r ¼ r � dH ¼ r, the last equality

is satisfied by considering Lemma 2.9. h
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Generally, dH is not a left identity in the algebra M(G/

H). Hence ðMðG=HÞ; �Þ fails to be a unital Banach algebra.

Corollary 2.11 The Banach algebra ðMðG=HÞ; �Þ is not an
involutive algebra.

Proof If ðMðG=HÞ; �Þ is an involutive algebra, then r �
dH ¼ r for all r 2 MðG=HÞ. This implies that

r � ðdHÞ�ð Þ�¼ dH � r� ¼ r�. Thus dH � r ¼ r, for all

r 2 MðG=HÞ. So dH is a left identity too, a contradiction.h

Proposition 2.12 Let H be a compact subgroup of a

locally compact group G.

(i) dxH � dyH ¼ dxyH is satisfied for all x; y 2 G if and

only if H is normal.

(ii) dH is an identity for the Banach algebra

ðMðG=HÞ; �Þ if and only if H is normal.

Proof (i) Let the equality dxH � dyH ¼ dxyH hold for all

x; y 2 G. If H is not normal subgroup of G. Since gxH and

xH are two disjoint points in locally compact Hausdorff

space G/H. Let K be a compact neighborhood of xH in G/

H, then by Urysohn’s Lemma for LCH Spaces, there exists

w in CcðG=HÞ such that wjK ¼ 1 and absolutely

wðxHÞ ¼ 1. Now by lemma 2.47 in Folland (1995) there

exist u :¼ Pf for some f in CcðGÞ, moreover suppu is

compact, uðxHÞ ¼ 1 and uðgxHÞ ¼ 0. Hence, by the

hypothesis, dgH � dxHðuÞ ¼ dxHðuÞ ¼ uðxHÞ ¼ 1. On the

other hand dgH � dxHðuÞ ¼ dgxHðuÞ ¼ uðgxHÞ ¼ 0 and

this is impossible. Thus H is normal. For the converse, let

H be a normal subgroup of G. Considering Lemma 2.9 and

Corollary 2.10, it is enough to show that dH is a left mul-

tiplicative identity in M(G/H) . Let u be in CcðG=HÞ and r
be an arbitrary element in M(G/H) . Then

ðdH � rÞðuÞ ¼ RHððdHÞPH
� rPH

ÞðuÞ
¼ ððdHÞPH

� rPH
ÞðupH Þ

¼
Z
G

Z
G

upH ðstÞdðdHÞPH
ðsÞdrPH

ðtÞ

¼
Z
G

Z
G

ðRtupH ÞðsÞdðdHÞPH
ðsÞdrPH

ðtÞ

¼
Z
G

Z
G=H

PHðRtupH ÞðxHÞdðdHÞðxHÞdrPH
ðtÞ

¼
Z
G

Z
G=H

Z
H

RtupH ðxhÞdhdðdHÞðxHÞdrPH
ðtÞ

¼
Z
G

Z
H

RtupH ðghÞdhdðdHÞðxHÞdrPH
ðtÞ;

for some g 2 H. Since H is normal and dh is invariant, we

have

ðdH � rÞðuÞ ¼
Z
G

Z
H

RtupH ðhÞdhdrPH
ðtÞ

¼
Z
G

Z
H

upH ðhtÞdhdrPH
ðtÞ

¼
Z
G

Z
H

uðhtHÞdhdrPH
ðtÞ

¼
Z
G

Z
H

uðhHtÞdhdrPH
ðtÞ

¼
Z
G

Z
H

uðtHÞdhdrPH
ðtÞ

¼
Z
G

upH ðtÞdrPH
ðtÞ

¼
Z
G

Z
H

uðtHÞdhdrPH
ðtÞ

¼
Z
G=H

Z
H

upH ðthÞdhdrðtHÞdrPH
ðtÞ

¼
Z
G=H

uðxHÞdrðxHÞ

¼ rðuÞ:

This implies that dH � r ¼ r, that is dH is an identity for

M(G/H) . (ii) Assume that H is a normal subgroup of G, the

proof to show that M(G/H) has an identity is the same as

the proof of the converse part in (i). Conversely, suppose

that r is the two-sided identity in M(G/H) and assume that

H is not normal. Then there exists some g 2 H and x 2 G

such that gxH 6¼ xH. Now take a u in CcðG=HÞ with

uðxHÞ ¼ 1 and uðgxHÞ ¼ 0, this is possible by Urysohn’s

Lemma. By (i) above dgH � dxHðuÞ ¼ dxHðuÞ ¼ uðxHÞ ¼
1; and on the other hand dgH � dxHðuÞ ¼ dgxHðuÞ ¼
uðgxHÞ ¼ 0, a contradiction. h

Proposition 2.13 Let H be a compact subgroup of a

locally compact group G and also let k be a strongly quasi-

invariant measure on G/H. Fix u in L1ðG=H; kÞ. Then

w7!
R
G=H wðxHÞuðxHÞdkðxHÞ, w 2 CcðG=HÞ, defines a

bounded measure on G/H. Denoting this measure by ku,
the mapping u 7!ku is an isometric injection on L1ðG=H; kÞ
into M(G/H) .

Proof Let u be a non zero element of CcðG=HÞ. For all xH
in G/H, set unðxHÞ :¼ ðjuðxHÞj=kuk1Þ1=nsgnðuðxHÞÞ for
all n > 1. Clearly, unu > 0, kunk1 6 1, and also unu "
juj as n goes to 1. Hence by using the monotone con-

vergence Theorem we haveZ
G=H

jujdkðxHÞ ¼ lim

Z
G=H

unudkðxHÞ 6
Z
G=H

kunk1udkðxHÞ

6

Z
G=H

udkðxHÞ ¼ kkuk:
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The inverse is obvious. Therefore, kkuk ¼ kuk1 for all

u in CcðG=HÞ: The general case then follows by approx-

imation for all u in L1ðG=HÞ: h

Remark 2.14 The asserted inclusion in Proposition 2.13 is

reduced to an injection of the algebra L1ðGÞ into M(G) in

the case of H ¼ feg.

The relation between some of the induced measures on

G/H and G, in Proposition 2.13 and Remark 2.14 respec-

tively, has been proved in the following Lemma.

Lemma 2.15 Let H be a compact subgroup of a locally

compact group G. Fix l as a left Haar measure on G and k
as a strongly quasi-invariant measure on G/H with asso-

ciated rho-function q, then for all u 2 CcðG=HÞ we have

RHðlðupH
ÞÞ ¼ ku, where dkuðxHÞ ¼ uðxHÞdkðxHÞ and

dlðupH
ÞðxÞ ¼ upH ðxÞdlðxÞ.

Proof Let w 2 CcðG=HÞ; then we have

RHðlðupH
ÞÞðwÞ ¼ lðupH

ÞðwpH Þ

¼
Z
G

wpH ðxÞdlðupH
ÞðxÞ

¼
Z
G

wpH ðxÞupH ðxÞdlðxÞ

¼
Z
G=H

Z
H

wpH ðxhÞupH ðxhÞ
qðxhÞ dhdkðxHÞ

¼
Z
G=H

uðxHÞ
Z
H

wpH ðxhÞ
qðxhÞ dhdkðxHÞ

¼
Z
G=H

PHðwpH ÞðxHÞdkuðxHÞ

¼ kuðPHðwpH ÞÞ
¼ ðkuÞðwÞ:

h

Consider the notations as in Proposition 2.13. Put

K :¼ fku : u 2 L1ðG=HÞg:

Theorem 2.16 Let k be a strongly quasi-invariant measure
on G/H arises from the rho-function q. The Banach algebra
L1ðG=HÞ; kð Þ is a two-sided ideal of the Banach algebra

M(G/H) .

Proof By Proposition 2.13 there is a one to one corre-

sponding between L1ðG=HÞ and the range of the injection

u7!ku, so it is enough to show that K is a two-sided ideal

of M(G/H) . To do this it is enough to show that ku �
r\\k for all ku 2 K and r 2 MðG=HÞ, since K consists

precisely of those r 2 MðG=HÞ such that r\\k. Now, by
Definition 2.5 we have ku � r ¼ RHð ku

� �
PH
�rPH

Þ, but

ku
� �

PH
�rPH

¼ ku � r
� �

PH
2 MðG:HÞ and so by

Proposition 2.1 it equals to lwpH
for some w in L1ðG=HÞ.

Thus RHð ku
� �

PH
�rPH

Þ ¼ RHðlwpH
Þ ¼ kw 2 K: Therefore,

ku � r ¼ kw\\k and the proof is complete. h

Fix a strongly quasi-invariant measure k on G/H arises

from the rho-function q. Here and in the rest of sequel we

set

Cq
c ðG:HÞ ¼ fuq

pH :¼ u � pH � q1=p : u 2 CcðG=HÞg;

and also take LpðG:HÞ ¼ Cq
c ðG:HÞ

k�kp
; for all 1� p\1: In

a similar calculation in Farashahi (2013), Kamyabi-Gol and

Tavalaei (2009) and Reiter and Stegeman (2000), one can

see that Cq
c ðG:HÞ is a left ideal of the algebra CcðGÞ. Then

Tp
H : LpðGÞ ! LpðG=HÞ defined by Tp

Hðf ÞðxHÞ ¼
R
H

f ðxhÞ
qðxhÞ1=p

dh is a surjective and bounded operator with

kTp
Hk� 1. Consider the surjectivity of

Tp
H : LpðG:HÞ ! LpðG=HÞ, for all 1� p\1. By using

Proposition 3. 39 in Folland (1995), we know that upH �
wpH belongs to LpðG:HÞ. Then one can define:

u � wðxHÞ ¼Tp
HðupH � wpH ÞðxHÞ

¼
Z
G=H

Z
H

uðyHÞwðhy�1xHÞ qðhy�1xÞ
qðxÞ

� �1=p

dhdkðyHÞ;

for all u 2 L1ðG=HÞ and w 2 LpðG=HÞ. Let r 2 MðG=HÞ
and u 2 LpðG=HÞ, there exist rPH

2 MðG:HÞ and upH 2
LpðG:HÞ such that Tp

HðupH Þ and RHðrPH
Þ ¼ r. Then we

define the function r � u in a natural way as follows:

r � uðxHÞ ¼ Tp
HðrPH

� upH ÞðxHÞ:

But we have the following calculation:

r � uðxHÞ ¼ Tp
HðrPH

� upH ÞðxHÞ

¼
Z
H

ðrPH
� upH ÞðxgÞ

qðxgÞ1=p
dg

¼
Z
H

R
G upH ðy�1xgÞdrPH

ðyÞ
qðxgÞ1=p

dg

¼
Z
H

1

qðxÞ1=p
Z
G=H

Z
H

upH ðh
�1y�1xgÞdhdrðyHÞdg

¼
Z
G=H

Z
H

Z
H

uðh�1y�1xHÞ qðh�1y�1xÞ
qðxÞ

� �1=p

dhdhdrðyHÞ

¼
Z
G=H

Z
H

uðhy�1xHÞ qðhy�1xÞ
qðxÞ

� �1=p

dhdrðyHÞ;

and in a similar calculation we get

u � r ¼
Z
G=H

Dðy�1Þ
Z
H

uðxhy�1HÞ qðxhy�1Þ
qðxÞ

� �1=p

dhdrðyHÞ:
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Proposition 2.17 Suppose 1� p\1 and let r 2 MðG=HÞ
and also u 2 LpðG=HÞ. Then r � u 2 LpðG=HÞ and

kr � ukp �krkkukp
Proof Fix r 2 MðG=HÞ and u 2 LpðG=HÞ. Considering

definition of Tp
H , the function r � u belongs to LpðG=HÞ.

Using the fact that the mapping Tp
H and RH are isometric on

LpðG:HÞ and M(G : H) , respectively, we get

kTp
HðrPH

� upH Þkp ¼krPH
� upHkp �krPH

kkupHkp
¼kRH rPH

ð ÞkkTp
H upH

� �
kp:

This implies kr � ukp �krkkukp: h
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