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ABSTRACT ARTICLE HISTORY

In this paper, we investigate the relationships between proper Received 3 July 2019
efficiency and the solutions of a general scalarization problem Accepted 8 July 2020

in multi-objective optimization. We provide some conditions KEYWORDS

under which the. solutlons. of the dealt with scalar program Multi-objective optimization;
are properly efficient and vice versa. We also show that, under proper efficiency;

some conditions, if the considered general scalar problem is scalarization; transformation
unbounded, then the original multi-objective problem does

not have any properly efficient solution. In another part of the

work, we investigate a general transformation of the objec-

tive functions which preserves proper efficiency. We show that

several important results existing in the literature are direct

consequences of the results of the present paper.

1. Introduction
Consider a general multi-objective optimization problem,

min f(x)

s.t. xeX,

(1)

where X C R” is the feasible set, and f : X — R? with p > 2 is the objective
function. Multi-objective optimization problems arise naturally in many applica-
tions in engineering, management, economics, finance, etc. Indeed, each decision
making or optimization problem with more than one criterion or objective can
be cast as a multi-objective optimization problem.

Efficient solutions of problem (1) are defined as members of X for which it is
impossible to improve some objective(s) without deteriorating (at least) another
one [1,2]. Mathematically, x € X is an efficient solution of problem (1) if there is
no x € X withf;(x) < fi(x) foreveryi =1,2,...,pandfj(x) < f;(x) for somej €
{1,2,...,p}. Proper efficiency, an important solution concept in multi-objective
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optimization, has been proposed in order to eliminate efficient solutions with
unbounded trade-offs [2,3].

Scalarization is one of the most common approaches to handle multi-
objective optimization problems [1,2,4]. A scalarization method is to solve a
single-objective problem (corresponding to (1)) whose optimal solutions can be
(weakly, properly) efficient for (1). In addition, the single-objective programs
derived from scalarization techniques are employed as subproblems in iterative
methods which generate an approximation of the efficient set [5], and also in
interactive approaches which try to produce the most preferred solution [2].

An important question concerning scalarization problems is about the con-
nection between their solutions and proper efficiency, as well as their ability
to generate properly efficient solutions. Scalarization methods are not only
strong tools to generate (properly) efficient solutions, but also provide valuable
information about (the quality of) these solutions. In this study, we consider
a general (unified) scalarization program, and provide some sufficient condi-
tions under which the optimal solutions of the dealt with scalarization problem
are properly efficient. We list some well-known scalarization techniques which
satisfy the given sufficient conditions. Furthermore, we focus on the paramet-
ric scalarization tools, and give sufficient conditions under which a parametric
scalarization method is able to generate all properly efficient solutions. We inves-
tigate the unbounded case separately, and establish that under some conditions
the unboundedness of the considered general scalarization problem implies the
emptiness of the set of properly efficient solutions.

Another part of the current study is devoted to investigation of a general trans-
formation which maps objective functions preserving proper efficiency. Trans-
formation of objective functions has been mainly proposed for normalization
of objectives with different units [6]. In addition, it has been exploited to facili-
tate handling multi-objective problems, for instance by convexification [7,8]. In
this paper, we give sufficient conditions under which the set of properly efficient
solutions of the original and transformed problems are the same. We show that
several important results existing in the literature are direct consequences of the
results of the present paper.

The rest of the paper is organized as follows. We review terminologies and
notations in Section 2. Section 3 is devoted to the scalarization methods. A uni-
fied transformation for multi-objective problems is studied in Section 4. Section 5
contains a short conclusion.

2, Terminologies and notations

The p-dimensional Euclidean space is denoted by RP. Vectors are considered
to be column vectors and the superscript T denotes the transpose operation.
We use both notations x”y and (x, y) to denote the standard inner product of
two vectors x, y € RP. Throughout the paper, we employ the Euclidean norm
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defined as ||x|| = VxTx. We denote the i-th component (resp. row) of a given
vector (resp. matrix) y by ;. We use e and ¢’ to denote the vector of ones and
the i-th unit coordinate vector, respectively. For a set Y C R?, we use the nota-
tions int(Y), cl(Y), and co(Y) for the interior, the closure, and the convex hull
of Y, respectively. Furthermore, cone(Y) and Pos(Y) are the cone and the convex
cone generated by Y, respectively. Recall that cone(Y) = {Ay: A >0, y € Y} and
Pos(Y) = cone(co(Y)).
The nonnegative orthant is defined by

R =lyeRP:y >0,i=12,...,p}.
The notations <, < and < stand for the following orders on R? with p > 2,

P
xSys=y—-xeR,
x§y<:>y—xe]Ri\{0},
x<y<:>y—xeint(R‘i).

Likewise, matrix inequalities are understood componentwise.

According to Rademacher’s theorem, every locally Lipschitz function on R”"
is almost everywhere differentiable in the sense of Lebesgue measure [9]. Let
g : R? — RY be a locally Lipschitz function. The generalized Jacobian of g at X,
denoted by dg(x), is defined by

0g(x) = co{ lim Vg(x,):x, = x,x, ¢ Xf} ,
v——+00

where Xy is the set of points at which g is not differentiable, and Vg(x, ) is the g x
p Jacobian matrix of g at x,. If g is continuously differentiable at y, then dg(y) =
{Vg(»)}. See [9] for more information about the generalized Jacobian. Hereafter,
for a measurable set E C R, i (E) denotes its Lebesgue measure.

The point y' € R? in which y! = minyex fi(x) for every i =1,2,...,p, is
called the ideal point of (1), and a point yV € R? with yV < y is said to be a
utopia point.

Several concepts for proper efficiency have been introduced in the literature.
In what follows, we list some definitions which will be used in the sequel. For a
comprehensive study of proper efficiency, the reader is referred to [10].

Definition 2.1 ([3]): A feasible solution x € X is called a properly efficient solu-
tion of (1) in the GeofIrion’s sense, if it is efficient and there exist a real number
M >0 such thatforalli e {1,2,...,p} and x € X with f;(x) < fi(x), there exists
anindexj € {1,2,...,p} with fj(x) > f;j(x) and

F® — fix)
B IR g
0 —f® -
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Definition 2.2 ([11]): A feasible solution x € X is called a properly efficient
solution of (1) in the Benson’s sense, if

cl<cone(f(X) +R) — f(?c))) N (—-RF) = {0}.

Definition 2.3 ([12]): A feasible solution x € X is called a properly efficient solu-
tion of (1) in the Henig’s sense if there exists a closed convex pointed cone C with
RS\ {0} C int(C) and

fXN (G —C) ={f®]}.

Definitions 2.1-2.3 for multi-objective problem (1) with natural ordering cone
Ri are equivalent; see [11, Theorem 3.2] and [12, Theorem 2.1]. We remark that
having different definitions for the proper efficiency turns out to be of value. In
fact, a result can be easily derived from a given definition, while the proof of the
same result with other definitions may be less obvious.

Let C* denote the dual cone of C, that is, C* = {£ : (§,y) > 0,Vy € C}. For
8 € R, we define the convex cone

Cs = {yERp:<ei+86,y) ZO,i:])_”)p}.

Remark 2.1: For a convex cone C with Rﬁ_ \ {0} C int(C), there exists some § >
0 such that Rfjr C Cs € Cssee [13, p.1259].

An effective tool to analyse the scalarization methods and also proper effi-
ciency is cone approximation [14,15]. Indeed, the cone Cs can be obtained invok-
ing Henig’s procedure addressed in [14]. Henig considered a general ordering
cone and an arbitrary norm. Here, we explain his procedure for the natural order-
ing cone and a special norm defined as ||yl = (1 —i—p(S)*1 le'):l lyil, where § > 0
is a given scalar. This norm depends on §. We denote it by || - || to avoid confu-
sion with Euclidean norm. Define Ks = {y € R? : y + §|lyllB € Ri}, where B is
the unit ball in R?. We have

Ks = Pos {y: llyll = 1,y € K5} = Pos {y:eTy=1+p3,yg ae}
= Pos e + de,..., el + e} .

It can be seen that Cs = K.

3. Scalarization and proper efficiency: A general umbrella

Consider a general problem

min  g(f(x))

s.t. xeX,

(2)

where f(X) C Y C R and g: Y — R1 are given. When q = 1, problem (2) is
corresponding to a scalarization approach. In this case, optimality and (proper)
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efficiency for (2) coincide. Throughout the paper, optimal solutions are under-
stood in the global sense.

Definition 3.1 ([16]): Let Y € R?. A function g: Y — R1 is called properly
increasing on Y if there exists some § > 0 such that

yuy2 €Y, y1—y2 € G\ {0} = gy1) > g(y2). (3)

In fact, Definition 3.1 in [16] is given for Y = R? and any ordering cone C
with R‘i \ {0} < int(C). We consider the ordering cone Cjs in the definition, due
to Remark 2.1. The next theorem states that each efficient solution of (2) is a
properly efficient solution of (1) when g : Y — R is properly increasing. This
theorem can be derived from some results in [16]. Here, we provide a short proof
to keep the paper self-contained.

Theorem3.1: Letf(X) C Y C RP.Ifg: Y — Risproperly increasingon Y, then
each efficient solution of (2) is a properly efficient solution of (1).

Proof: Assume that X is an efficient solution of (2). By Definition 3.1, there exists
some § > 0 such that (3) holds. Hence, f(X) N (f(x) — Cs5) = {f(x)} (Otherwise,
one gets g(f(x)) < g(f(x)) for some x € X, which contradicts the efficiency of x
for (2)). So, x is a properly efficient solution of (1). [ |

Theorem 3.1 is an interesting result which can be employed in scalarization
methods as well. However, it is not straightforward to check if a given function
is properly increasing or not. In Proposition 3.1 and Theorem 3.2 below, we pro-
vide some necessary and sufficient conditions under which a given function is
properly increasing on a given set.

Proposition 3.1: Assume that the locally Lipschitz function g : Y — RY is prop-
erly increasing on open set Y C RP. Then, for each y € Y and each & € dg(y) one
has

glec, Vi=12,...,q

for some § > 0.

Proof: As g is properly increasing on Y, there exists some § > 0 such that (3)
holds. Assume g is differentiable at y € Y. For any non-zero vector d € Cs and
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t > 0 sufficiently small, we have g(y — td) < g(»). Hence,

t

Hence, [Vg(7)]] € C; for each i. By the definition of generalized Jacobian, it is
seen that for each y € Y and each £ € dg(y) one has

ghec, Vi=12,...,9

and the proof is complete. |

The converse of Proposition 3.1 does not hold necessarily (consider zero func-
tion). In the next theorem, we give some sufficient conditions under which a
function is properly increasing. Recall that, for a measurable set E C R, u(E)
denotes its Lebesgue measure.

Theorem 3.2: Let Y C RP be an open convex set and let g : Y — R4 be locally
Lipschitz. If there exists some § > 0 such that

() VyeY,VEcigy) & eChi=12,...,q
(i) VyeY,¥de Cs\{0}: u({t:0€ dgly+ td)}) =0,

then g is properly increasing on Y.

Proof: Lety e Yandd € Cs \ {0}. By mean value theorem (see [17, Theorem 8]),
q .
gy +d) —g(y) =) ri'd,
i=1

whereéi € 0g(zi),zi € [y,y+dl,Ai>0fori=1,...,qand Ziq:l A; = 1. Here,
[1, y2] stands for the line segment joining y; and y, in R?. Now, by assumption
(i), we have g(y + d) = g(y).

Now, we show that g is properly increasing on Y with respect to Cs/». Suppose
that y € Y and d is a non-zero vector in Cs/>. As proved above, g(y + d) = g(»).
So, we need to show that g(y + d) # g(y). By indirect proof, assume that g(y +
d) = g(y) forsomey € Yand 0 # de Cs/2. Define the function 6 : [0, 1] — R4
by 6(t) = g(y + td). Since 6 is componentwise nondecreasing on its domain and
6(0) = 6(1), it is a constant function and consequently 6’(¢) = 0 for each t €
(0,1). As 0'(t) C dg(y + td)d (see [9, Corollary 2.6.6 ]),

0¢ {gTEi:s eag@+t£i)}, Vie 1)

As d € Cs 2\ {0} C int(Cy), STc_i = 0 together with assumption (i) imply that
& = 0. This contradicts assumption (ii) and the proof is complete. ]
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Theorem 3.3: Let Y C RP be an open convex set and let g : Y — R4 be locally
Lipschitz. If there are two matrices L, U> 0 such that

VyeY, Véeodgly):LSESU,

then g is properly increasing on Y.

Proof: The assumption L < & < Uforally € Y and & € dg(y) implies the exis-
tence ofa § > O such that&; € Cj foreachy € Y, & € 9g(y),andi=1,2,...,4.
So, all assumptions of Theorem 3.2 are fulfilled. Hence, g is properly increas-
ing. |

Theorem 3.3 may not hold when L = 0. The following example clarifies this.

Example 3.1: Consider the multi-objective problem

min  f(x)

st. xeR, )
with f(x) = (—exp(x), — exp(—x))T. Here, exp(-) is the exponential function.
Letg : —int(R%) — R be given by g(y) = —y1y». It is readily seen that Vg(y) >
0 foreachy < 0,and f(R) < {y: y < 0}. Furthermore,

argmin {g(f(x)) 1X € R} =R

Problem (4) does not admit any properly efficient solution. Hence, g cannot be
properly increasing on Y.

In the following, we show that several important existing results concern-
ing scalarization and proper efficiency are directly derived from Theorems 3.1
and 3.3. Indeed, the following results have been proved for each scalarization
method in the literature separately. Here, we give a unified framework.

o Weighted Sum method [18]: The scalar program of this method is formulated
as

min )\Tf(x)
st.  xeX,

(5)

where A € int(]Ri). Setting g(y) := ATy, we have Vg(y) = A.By Theorem 3.3,
it is easily seen that g is properly increasing on RP. Consequently, by
Theorem 3.1, the optimal solutions of (5) are properly efficient for (1).
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e Conic scalarization method [19]: The scalar problem of this method can be
written as

P p
min YA =) +a Y i) — ] (6)
i=1 i=1

s.t. x € X,

where 0 < @ < Aj, and is an arbitrary reference point. By setting

p p
g0) =D Mi—yD+a ) lyi—

i=1 i=1
the function g is convex but not necessarily differentiable on R?. We have
9g(y) € {A+an:—e = n < e}. By Theorem 3.3, g is properly increasing on
RP for 0 <o < Aj, (i=1,...,p). Therefore, by Theorem 3.1, the optimal
solutions of (6) are properly efficient for (1) when0 <o < A;,(i=1,...,p).
o Modified weighted Tchebycheff method [20]: This method is written as

min max {)»,'(f,'(x) — y,-U) + (xeT(f(x) - )’U)}
st. xeX,

(7)

where A € int(Ri), o > 0, and yV is a utopia point. By setting g(y) :=
max;{Ai(y; — yiU )+ aeT(y - yU)}, the function g is convex but not necessar-
ily differentiable on R?. By Theorem 3.3, it is seen that g is properly increasing
on R?. Therefore, by Theorem 3.1, each optimal solution of (7) is properly
efficient for (1).

Although properly increasing notion provides a unified framework for obtain-
ing some well-known results, it is not applicable for some methods. For instance,
consider the following scalarization problem, known as compromise program-
ming [21],

» 1/s
. S U\s
min (; X (fi(x) — i) ) (8)
st. xeX,

where A € int(]R‘i), s> 1, and yY is a utopia point. It is known that opti-
mal solutions of (8) are properly efficient for (1) [21,22]. For instance, assume
p=s=2,11 =i = 1land yU = e. Suppose that Y = int(e + R%), § > 0 and

gy = m Since
T 1 ((cos(2a)) (cosa\) _ (0
ot a \ \sinQa) sina /)~ \1)’

for & > 0 sufficiently small, (cos(2a) sin(2a))T — (cos@ sin@)T € int(Cs). On
the other hand, for r sufficiently large, by setting y := r(cos(2&) sin(2&))T and
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y:=r(cos@ sin@)’,wehavey,y € Yandy —y € Cs \ {0} whileg(p) = g() =
r. Therefore, g cannot be properly increasing on Y. In the following, we give a
result which covers these cases.

Theorem 3.4: Assume the following conditions:

(i) The properly efficient set of (1) is non-empty;
(ii) Y is open and convex satisfying cl(f (X)) C Y;
(iii) g:Y — RYislocally Lipschitzon Y ;
(iv) € >0,VyeY,VEecog(y).

Then the set of efficient solutions of (2) is a subset of the set of properly efficient
solutions of (1).

Proof: By indirect proof, suppose that x is an efficient solution of (2) while it is
not properly efficient for (1). By Benson’s proper efficiency definition, there are
{x,} € X, {dy) C R and {t,} C R such that

vli)ngo tv(f(xv) +d, _f(J_C)) = —d, 9)

where 0 # d € Rﬂ_. If f(x,) — f(x) = 0 for some subsequence of {x,}, then due
to

b(f () —f(X) = H(f () +dy — f(X), (10)

we get 0 < —d which contradicts 0 # d € Rﬁ. So, without loss of generality, we
assume f (x,) — f(x) # 0 for each v. Hence, the sequence {(f (x,) — f(X))/||f (xv)
— f(x)]|} is well-defined and, by working with subsequences if it is necessary, we
get
im SOV SO g (11)
=00 [|f(x) — fFX)l

for some 0 # d € RP. Now, we show that d € Ri. To this end, as {d,} C R‘i, it
is sufficient to prove that

f(xv)+dv —f()_C) < 0

i <o. 12
oo f) —fEI (12)

We have
f(xv) +d, _f(J_C) — lim tv(f(xv) +d, _f(J_C)) (13)

=00 [f) —f@I oo t(fx) —f@D

If t,||f (xv) — f(X)]| goes to 400 or a positive scalar (by choosing an appropriate
subsequence if necessary), then by (9) and (13), the inequality (12) is derived.
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Otherwise, we have lim, _, o t, [|f (xy) — f(X)|| = 0, and by (9),
—d = vlgrolo tv(f(xv) +d, _f(ic))
= lim #(f(xy) — f(%)) + lim #,d, =0+ lim t,d, =0,
V—>00 V—00 V—00

which contradicts 0 # d € ]Ri.
Therefore, one may assume

o) —fG® -
- - -~ =, 14
00 [[f () — f@) | (14)

for some 0 # de ]R‘i. By [17, Theorem 8] (taking (ii) and (iii) into account), for
each v, there are {y),...,»1} € Yand A" € RY such that

q
g (x) — g(f®) = Y MEN(f(x,) — f)), (15)
k=1

where y,li € [f(xy),f(x)] and é{f € 8g(y‘]§), k=1,...,9,and ZZZI A; = 1. Sup-
pose that {f(x,)} has a cluster point. Without loss of generality, due to (ii) and
(iii), one may assume that ¥ — A,f(x,) — y € Y,y* — y¥ € Yand &k — &k ¢
ag(yk) fork =1,...,q. By (iv), accompanying (14) and (15), we get

. g(f(x) —g(f(x) -
| = —d
=00 [f () —f@]

>

for some d € Ri. Indeed, d > 0 (because of (iv)). The preceding relation con-
tradicts the efficiency of x for (2). Now we consider the case that {f(x,)} is
unbounded. Let & be a properly efficient solution of (1). One can infer from (14),

f(xv) _f(&) -
A
=00 [[f () — @]

This contradicts the proper efficiency of X for (1), and the proof is complete. W

As checking the existence of properly efficient solution might be demanding
in some cases, we replace this assumption (i.e. (i) in Theorem 3.4) with another
condition in the next theorem.

Theorem 3.5: Assume the following conditions:

(i) Yisan open convex set with Y C a + Rﬂ for some a € R?;
(ii) gislocally Lipschitz on Y;
(iii) £ >0,VyeY,VE& € ag(y);
(iv) d(f(X)) €Y.



OPTIMIZATION 1

Then each efficient solution of (2) is a properly efficient solution for (1).

Proof: The proof is same as that of Theorem 3.4. Only we need to show that the
sequence {f (x,)} is bounded. If it is unbounded, then by choosing an appropriate
subsequence, (i) and (iv) imply that

. fx) —f(x) . fx) A
_— = 1 = d,
V50 f ) —f @I v If G
for some d € R‘i, which contradicts (14). [ |

In the following, we demonstrate that Theorem 3.5 implies that the opti-
mal solutions of some common and uncommon scalar problems are properly
efficient.

e Compromise programming [21]: As mentioned above, the scalar program of
this method is written as

» 1/s
min (; A (fix) — yY )s> (16)
st.  x E_X,

where X € int(R‘i), s > 1,and yY is a utopia point. Suppose that Y = {y : y >
yY},andg: Y — R given as

P 1/s
gy = (Z M=y )5> :

i=1

All assumptions of Theorem 3.5 are fulfilled. Hence, the optimal solutions
of (16) are properly efficient for (1).

e Multiplicative scalarization: Let yU € RP be a utopia point for (1). Consider
the following scalarization method

p
min g(fi(x) — y)% (17)
st. xeX,

where A > 0 is a fixed vector. It is seen that the function g : int(yV + Ri) —
R given by g(y) = ]_[le(yi — yY)* fulfils all conditions of Theorem 3.5. So,
each optimal solution of (17) is a properly efficient solution of (1).
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e Exponential scalarization: By considering g(y) := Zle Aie?i with A > 0 (a
fixed vector), we get the following scalarization

P

min Z Aei®
i=1

st. xelX.

(18)

By setting Y = {y : y > yV}, all assumptions of Theorem 3.5 are fulfilled.
Therefore, the optimal solutions of (18) are properly efficient for (1).

A multi-objective optimization problem generally has numerous properly
efficient solutions. One important question in this regard is  under which con-
dition(s) a parametric scalarization technique is able to generate each properly
efficient solution? . A general parametric scalarization problem can be written as

(Py): min g(f(x),u)

19
s.t. xeX, (19)

where x is the decision variable and u is a parameter varying within an arbi-
trary set U. The set Y C R? with f(X) € Y and the functiong: Y x U - RU
{400} are given. Theorem 3.6 below, gives sufficient conditions under which the
parametric problem (19) generates all properly efficient solutions of (1).

Theorem 3.6: Let f(X) C Y. Assume that for each y € Y and each § > 0, there
exists some u € U with

eY:ghhuw <gw} c ¢y —Cy). (20)
If x is a properly efficient solution for (1), then x solves (19) for some u € U.
Proof: Suppose that x is a properly efficient solution of (1). Due to the Henig’s
proper efficiency definition, invoking Remark 2.1, there is some § > 0 such that

fX) N (f(x) — Cs) = {f(x)}. Set y := f(x). By the assumption, there exists some
u € U such that

{xeX:g(f(x),n) < g(f(x),w)} C (f(X) — Cy).
This implies
x € argmin{g(f (x), u) : x € X},

and the proof is complete. |

As an application of Theorem 3.6, we establish that conic scalarization method
[19] produces all properly efficient solutions. It is enough to show that this
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method fulfils all assumptions of Theorem 3.6. As mentioned above, the scalar
program of this method is written as

p p

min ) A(fix) —yD +a ) it — ]
i=1 i=1

st. xeX,

Here,
U= {(a,k,yr) Yy eRP, L€ int(R‘i), 0<a<Ai(i= 1,...,p)}

and g : R? x U — R U {400} is given by
P P
g0, (o, 1, )") = Z ri(yi —yi) to Z lyi — yil.
i=1 i=1

Now, we check the assumptions of Theorem 3.6. Let y € R and § > 0 be given.
We show that for A = e, € (1/(25 + 1),1) and y” = y we have

p p
{yERPIZ()/i—)_/i)-i-aZlyi—}_/il <0} C(y—GCs),
i=1 i=1
or equivalently
p p
{yeRp:Zyi+aZ|yi|<0}§—C5. (21)

i=1 i=1

It is not difficult to see that, for each o > 0,

p p
{yERP:Zy,-+aZ|yi| <o]
i=1 i=1

P p
= {yERP:Zyi+OlZﬂi)’i<O»V,B E{—Ll}p}-

i=1 i=1

To establish the inclusion (21), it is sufficient to show that forj=1,...,p, and
ye Rl with 32 yi +a Y h_ [yl <0, wehave (¢ 4 8e)Ty < 0.
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Suppose that Z‘?_:lyi +(1/(25 + 1)) Z‘f:l lyil <0. Let j € {1,2,...,p} be
arbitrary. Consider B € {—1, 1}¥ with

Q. _]-a l#]
e

By our discussion, Z‘Ll yi+(1/28+1)) Z‘?:l Biyi < 0. As

p p
. 1 . 1 . .
d+8e=-(256+1 E ! e’—E !
+ de 2( +1) i:1e+28+1 iZIe
#

P p
1 . 1 _
=-(26+1 E ! E el
2( ’ )<i:Ie +28+1 i=1 ﬁle))

we have (¢ + 8e)Ty < 0. Now, to prove (21), assume o € (1/(26 +1),1) and
SE yi+adl il <0.As 1/Q28 4+ 1) <, we get Y0y + (1/(28 + 1))
Zle lyil < 0. So, due to the above discussion, (¢/ + 8e)'y < 0 for each j =
1,2,...,p. Thisleads to y € —Cjs and (21) is proved.

In the same way, one can show that the modified weighted Tchebycheff method
satisfies the conditions of Theorem 3.6, and so, by choosing A and « appropriately,
this technique is also able to generate all properly efficient solutions.

By Theorem 3.1, one can obtain a properly efficient solution. However, scalar-
ization methods can be applied to recognize the emptiness of the set of properly
efficient solutions. Consider the following scalarization problem:

min  g(f(x))
st. xeX, (22)

fx) Z e,

in which Y C RR? is a given set containing f (X). Furthermore, g : Y — R U {00}
is a lower semi-continuous function and € € RP.

Theorem 3.7: If problem (22) is unbounded, then multi-objective problem (1) does
not have any properly efficient solution.

Proof: By indirect proof assume that x is a properly efficient solution of (1).
Due to the Henig proper efficiency, there exists a convex pointed cone C C R?
with Ri \ {0} € int(C) and (f(X) — f(x)) N (—C) = {0}. We show that the set
{y € f(X) : y < €} is bounded. If not, there exist a nonnegative sequence {t,}
and a sequence {d,} C Rﬂ)r such that ||d,|| = 1 for each v, and t, — 400 and
{e — t,d,} C f(X). Without loss of generality, we may assume d, — de R‘i \
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{0}. As R‘i \ {0} € int(C) and (1/t,)(e — t,d, — f (X)) — —d, for v sufficiently
large, we have

1
t—(é —tdy — (%)) € —C\ {0},

which contradicts (f(X) — f(x)) N (—C) = {0}. Therefore, the set {y € f(X) :
y < €} is bounded. So, minimum of the lower semi-continuous function g on
cd({y : y € f(X),y < €}) is finite. This implies the finiteness of the optimal value
of problem (22) and completes the proof. |

As an application, we apply Theorem 3.7 to Benson’s problem [23] written as

p
min Zfi(x)
i=1
st f(x) = f(x),

x € X,

(23)

where x € X. Benson [23] showed that, under convexity, if problem (23) is
unbounded, then problem (1) does not have any properly efficient solution.
Soleimani-damaneh and Zamani [24] established this result without convexity.
In addition, Zamani [25] proved it for a general ordering cone. It is readily seen
that the above-mentioned results reported in [23,24] follow from Theorem 3.7.
Another scalarization technique, to which one can apply Theorem 3.7,
is Gerstewitz/Pascoletti-Serafini scalarization. It is known that a variety of
important scalarization techniques can be modelled as special cases of Gerste-
witz/Pascoletti-Serafini scalarization [4,26]. This method is formulated as

min ¢
st. f(x) Sa+tr, (24)
x € X,

wherea € RP and r € R‘:. If (24) is unbounded, then

min  g(f(x))
st. f(x) Ze, (25)
x € X,

with g(y) = min{¢ : y < a + tr} is unbounded for some € € RP. The considered
g is lower semi-continuous. Hence, by Theorem 3.7, one can infer that if Ger-
stewitz/Pascoletti-Serafini scalarization with a € R? and r € Rﬁ is unbounded,
then problem (1) does not have any properly efficient solution. This result has
been derived in [25, Proposition 2.2] as well.
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4. Proper efficiency and transformation

In this section, we investigate the relationship between the multi-objective prob-
lem (1) and its objective-transformed correspondence regarding the proper effi-
ciency. Transforming the objective functions has been mainly proposed for con-
vexifying the problem [7,8,27,28] and normalizing the objectives with different
units [6].

Let Y € RP withf(X) C Y and avector-valued function ¢ : Y — R9be given.
An objective-transformed version of (1), invoking ¢, can be written as

min ¢ (f(x))

26
s.t. xeX. (26)

In the sequel, we provide some sufficient conditions under which properly ethi-
cient solution sets of problems (1) and (26) coincide. It is known when ¢ is
Rﬂ-transformation on Y, then the efficient solutions of problems (1) and (26)
are the same [29, p. 296]. Recall that a function ¢ : Y — Z C R? is called
R‘i-transformation on Y if it is bijective and

Sy ()=o), Vyyev.

By mean value theorem [17, Theorem 8], if ¢ : Y — ¢(Y) is bijective and
the generalized Jacobian of ¢ and ¢! are positive on open sets Y and ¢ (Y),
respectively, then it is Rﬂ-transformation onY.

By the following example, we show that ]RfL -transformation property of ¢ on Y
is not sufficient for coincidence of the properly efficient solutions of problems (1)
and (26).

Example 4.1: Consider the multi-objective problem

. X2
min
X

s.t. x <0.

Let¢ : Ry x (—R;) — R?begivenby ¢ (y) = (1 yz)T. It can be seen that ¢
is RZ -transformation on Ry x (—R.). The point X = 0 is not properly efficient,
because there does not exist A € int(Ri) such that x au‘gminx<0{)»1x2 + Aox};
see [1, Theorem 3.13]. Notice that the considered multi-objective problem is
convex. Nevertheless, x is properly efficient for the problem transformed by ¢.
This follows from the fact that each efficient solution of a linear multi-objective
optimization problem is properly efficient [1].

Theorem 4.1: Assume the following conditions:

(i) Yis an open convex set satisfying cl(f (X)) C Y;
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(ii) Either the properly efficient set of (1) is non-empty or Y € a + R‘i for some
a € RP;

(iii) ¢ : Y — RYislocally Lipschitz on Y;

(iv) kerM) NRE = {0}, Vy € Y,VM € 3¢ (y);

(v) M=20,VyeY, VM€ dp(y).

Then the set of properly efficient solutions of (26) is a subset of that of (1).
Proof: 1t is proved similar to Theorem 3.4. |

In general, Theorem 4.1 does not hold without condition (ii). The following
example clarifies this point.

Example 4.2: Consider the multi-objective problem

. hil (x):|
min |:/'2 )
s.t. x <1,
with f(x) = x and
—x, —1<x<1

fx) = { L ox<—1

Let ¢ : R? — R? given by ¢ (y) = [exp(n1), exp(r2) 1T. The original and the trans-
formed problems have the same efficient solutions. Figure 1 illustrates that
all efficient points of the transformed problem are properly efficient while the
original problem does not have any properly efficient solution.

Note that in the same line one can establish Theorem 4.1 when f(X) is
Lipschitz arc-wise (arc-wise Rﬁ—convex) connected while Y is not necessarily
convex.

f2 ¢2(f)

fi

¢1(f)

Figure 1. f(X) and ¢ (f(X)).
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Definition 4.1 ([29]): A set Y C R? is called

(i) Lipschitz arc-wise connected if for each y;,y, € Y, there exists a Lipschitz
function y : [0,1] — Y such that y(0) = y; and y (1) = y».

(ii) arc-wise R‘i-convex connected if for each y;,y, € Y, there exists a convex
function y : [0,1] — Y such that y(0) = y; and y (1) = y».

Remark 4.1: Since convex functions on compact subsets of Euclidean spaces
are Lipschitz [9], arc-wise Rﬂ—convex connectivity implies Lipschitz arc-wise
connectivity.

Corollary 4.1 below, addresses the result of Theorem 4.1 for differentiable case.

Corollary 4.1: Assume that the properly efficient set of (1) is non-empty, and Y is
an open convex set satisfying cl(f (X)) C Y. Furthermore, assumethat¢ : Y — R4
is continuously differentiable on Y. If V¢ (y) = 0 and {d € R‘i\{O} : Vo (n)d =
0} =@ foreach y € Y, then the set of properly efficient solutions of (26) is a subset
of that of (1).

In the next corollary, we give other sufficient conditions under which the
properly efficient sets of problems (1) and (26) are the same.

Corollary 4.2: Assume the following conditions:

(i) Y1, Y, C RP are open convex sets;

(ii) Either the properly efficient set of (1) is non-empty or Y1 C a + Rﬁ_ for some
aec RS

(iii) ¢ : Y1 — Y, and its inverse, ¢, are locally Lipschitz;

(iv) d(f(X)) € Y1 and (@ (F(X)))  Yas

(v) kerM)NRE = {0}, V yeY|,YMedp(y); M20, ¥ yec Y,V Me
¢ (y);

(vi) ker(M) NRY = {0}, VyeY,,VMe 8(1)_1()/); M=20, VyeY,VMe
3o~ ().

Then the properly efficient solutions of (1) and (26) are the same.
Proof: It follows from Theorem 4.1. |

In [27], Zarepisheh et al. have proved, given integer I > 0, the set of properly
efficient solutions of (1) coincides with that of the following problem

JiE5%
min :

(%)
s.t. x € X,
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provided that y' > 0. This result follows from Corollary 4.2. It is enough to
consider Y1 =Y, ={y:y > 0}and ¢ (f(x)) = (fi ), .. .,]fg(x)l)T.

Hirschberger [29, Theorem 5.2] showed that both problems (1) and (26)
share the same properly efficient solutions provided that the following conditions
hold:

(@) f(X),p(f(X)) C RP are closed and arc-wise R‘i—convex;

(b) Y; and Y, are open sets with f(X) C Y; and ¢ (f(X)) C Y2

(c) ¢: Y] — Y, isa diffeomorphism (both ¢ and ¢! are bijective and differ-
entiable);

(d ¢:Y7 —> Yyis Rﬁ—transformation;

(e) The properly efficient set of (1) is non-empty.

Since ¢ is R‘i -transformation, for given y € Yand d € R‘ljr \ {0},

0 +1d) —¢0) .
t >0,

Vo (F)d = lim
t—0
Asd e Ri \ {0} is arbitrary, we have V¢ (¥) = 0. In addition, ¢ is a diffeomor-
phism. Thus, V¢ (p) is invertible and ker(V¢ (y)) N RE = {0}. Similarly, under
these circumstances, one can derive condition (vi) of Corollary 4.2 as well. Since
the efficient set of (1) is non-empty, R‘i -transformation property implies that
the efficient set of (26) is also non-empty. Consequently, by [29, Proposition
4.1], the properly efficient set of (26) will be non-empty. As mentioned ear-
lier, Corollary 4.2 holds under arc-wise ]Ri—convex connectivity as well. So,
Hirschberger’s result follows from Corollary 4.2 when ¢ and ¢! are locally
Lipschitz on their domain.
In another paper, Zarepisheh and Pardalos [28] investigated some special
classes of transformations. They considered the transformed problem

g1(fix))

min : (27)
& ()

s.t. x € X,

in which g; : [infyex fi(x), sup,cx fi(x)] — R for i =1,2,...,p. This transfor-
mation is a special case of transformation ¢ investigated in Corollary 4.2. They
established if y € R? exists and the following conditions are satisfied for each
i=1,2,...,p, then the properly efficient solutions of problems (1) and (27) are
the same [28, Theorem 2]:

(I) giis continuous on [infyex fi(x), sup,cx fi(x)];
(II) g;is differentiable and g; is positive on I; := (infyex f;(x), sup,x fi(x));
(IIT) Both g; and g/ are increasing on (infyex fi(x), sup,cx fi(x)).
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This result is valid when the interval considered in (II) and (III) is replaced
with closed interval I; := [inf,ex fi(x),sup,x fi(x)]. Indeed, assumptions (II)
and (IIT) should be considered on a set containing I;. Then [28, Theorem 2] is a
consequence of Corollary 4.2 of the current paper. The following example shows
that the properly efficient solutions of (1) and (27) may not be the same if one
assumes (I) —(II1) with I;’s instead of I;’s.

Example 4.3: Consider the multi-objective problem

. X
mney (28)

s.t. 0<x<l,

As the above problem is linear, all efficient solutions are properly efficient [1].
In addition, info<y<1 fi(x) = info<x<) fo(x) = 0. Let ¢ : R%2 — R? be given by
o) = [n%pt 1T It is easily seen that the example fulfils all assumptions (I)
—(III) listed above. Here, X = 1 is a properly efficient solution of (28), but not
for the transformed problem. This follows from the fact that the transformed
problem is convex and X ¢ argmin{A;x*> + A2(1 — x)*: 0 < x < 1} foreach A €
int(Ri).

5. Conclusion

In this paper, we provided some theorems for analysing a unified scalarization
approach as well as a general objective transformation, regarding proper efh-
ciency. In addition to establishing fundamental important results, we showed
that several well-known results existing in the literature can be obtained as a
by-product of these new theorems. These results not only address a unified
framework for examination of the scalarization techniques, they pave the road
for introducing and analysing new scalarization methods.
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