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1. Introduction

In this paper, we consider the large continuous-time algebraic Riccati equation (CARE) of the form
ATX +XA—XBB'X +C"C =0, (1)
and the continuous-time differential matrix Riccati equation (DRE) on the time in the interval [0, Tf] of the form

X(t) = ATX(t) + X(t)A — X(t)BB"X(t) + CTC, @)
X(0) = Xo,

where A € R™" is assumed to be large, sparse, and nonsingular, B € R™* and C € RP*" are assumed to be full rank
matrices with p, s < n, Xp is some given n x n low rank matrix, X is unknown matrix for Eq. (1) and unknown matrix
function for Eq. (2).

Continuous-time algebraic Riccati equation (1) and differential matrix Riccati equation (2) play the fundamental roles
in many areas such as control, model reduction problems and many others; see, e.g., [1-10] and references therein. In
the last decades, some numerical methods have been proposed for approximating solution of large scale algebraic Riccati
equations [11-15]. For continuous-time differential matrix Riccati equation, only a few attempts have been made for large
problems, see [16,17].
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In this paper we present a new projection method that projects the initial problem onto an extended block Krylov
subspace. The new projection method builds the orthonormal bases of enriched block Krylov subspaces and allows us to
compute low rank approximations to the stabilizing solution of (1) and to obtain a low-dimensional differential matrix
Riccati equation. The extended block Krylov subspaces are generated by means of the new extended block Golub and
Kahan procedure. In addition, we provide new theoretical analysis of the method and the norm of the residual.

We mention that the Golub and Kahan process first introduced in [18]. In [19], the authors defined the block
bidiagonalization based on Golub and Kahan procedure. In the present paper, for given matrices A € R™" and C € R™*?,
we use the block bidiagonalization procedure of Golub and Kahan and generate the orthonormal bases for the following
extended Krylov subspaces:

K 4 1.m(AAT, C) = span{(AAT)7*C, ..., (AAT)"'C, C, (AAT)C, ..., (AAT)""1C},
K mq(ATA, ATC) = span{(ATA)M1ATC, ..., (ATA)"ATC,ATC, (ATA)ATC, ..., (ATA)"ATC},

where k, m > 1,dim K, .(AAT, C) < (k4 m)p, and dim K. ,(ATA,ATC) < (k+ m)p.

Evidently, K}, +1,m(AAT, C) and ’Ci,m +1(ATA,ATC ) can be treated as the usual Krylov subspaces, but with other starting
matrices (AAT)~KC and (ATA)"*+1ATC, respectively. We do not wish to calculate the matrices (AAT)%C and (ATA)~**+1ATC
(they would be numerically unstable), but instead we are interested in developing a special procedure to obtain the
orthonormal bases of the extended Krylov subspaces ICiHYm(AAT, C) and Ici‘mH(ATA,ATC). The use of the extended
subspaces is justified by the fact that they contain more information than the classical Krylov subspaces since they are
enriched by (AAT)~! and (ATA)~ ..

Throughout this paper, we use the following notations. For two n x s matrices X and Y, we define the following inner
product: (X, Y)r = tr(XTY), where tr(Z) denotes the trace of the square matrix Z. The associated norm is the Frobenius
norm denoted by ||.||r. We will use the notation (., .), for the usual inner product in R" and the associated norm denoted
by |.]|2. Finally, Os,; will denote the zero matrix in R**!, 0; and I; will denote the zero and the identity matrix in R¥*S,
respectively.

The outline of this paper is as follows. In Section 2, we give a quick overview of the block Golub-Kahan procedure
and its properties. In Section 3, we present the extended version of block Golub-Kahan procedure and its properties. In
Section 4, we show how to apply the extended block Golub-Kahan procedure to obtain low rank approximate solutions
to the continuous-time algebraic equation (1). We give some theoretical results for the residual at each step which
does not require the computation of products of large matrices. In Section 5, we use the extended block Golub-Kahan
procedure for the numerical resolution of the differential Riccati equation (2). The initial differential Riccati equation is
projected onto a block extended Krylov subspace to get a low dimensional differential Riccati equation that is solved
by the backward differentiation formula (BDF) method. Section 6 is devoted to some numerical experiments. Finally, we
make some concluding remarks in Section 7.

2. The block Golub-Kahan procedure

In this section, we present a brief of the block Bidiag 1 algorithm [19]. This algorithm is the basis for the extended
block Golub-Kahan procedure.

The block Bidiag 1 procedure constructs the sets of the n x p block vectors Vq, V,, ..., Vi and Uy, Uy, .. ., Ui such that
VIV; = 0,, UTU; = 0p, for i # j, and V'V; = I,, UTU; = I, and after k steps they form the orthonormal bases of R

Block Bidiag 1 (Starting matrix B; reduction to block lower bidiagonal form)

UiBi =B, VA =AUy, 3)

Uit1Biy1 = AV, — UA],

Vis1Aipr = ATUi — ViBl 4,

} i=1,2,...,k, (4)

where U, V; € R™P B;,A; € RP*? and U;Bi, V4A1, Uir1Biy1, Vip14ip1 are the QR decompositions of the matrices
B, ATUy, AV; — UAT, ATU;;q — ViBL ,, respectively. With the definitions

i+1’
A}
B, Al
Up=[U1. Uz ... Ul Vs [Vi Voo Vi, Ti= , (5)
By Al
Biet1
the recurrence relations (3) and (4) may be rewritten as:
Ui1EBr = B,
AV = Ui, (6)
AUk = W] + Vk+1Ak+1EZ+17
— — =T
ATUI( = Vka,
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where T, obtained from Tj by deleting its p last rows and g,- is the (k + 1)p x p matrix which is zero except for the ith p
rows, which are the p x p identity matrix. We have also V| Vi = Iy, and Uy ;Uk11 = lg+1), Where [ is the I x [ identity
matrix. More details about the block Golub-Kahan process can be found in [19].

3. The extended block Golub-Kahan algorithm

The algorithm proceeds by first running k steps of the block Golub-Kahan process with A~T, and then continuing with
m iterations of the block Golub-Kahan process with A, while maintaining orthogonalization among all generated vectors
in the sequence. Given a matrix C € R™*?, by performing k steps of the Golub-Kahan procedure to the pair (A~T, C), we
have

UiB; =C, V1A, =AUy, (7)

Uit1Biy1 = ATV, — UAL,

Vis1Aip1 = A" WUiq — ViBL

} i=1,2,....k (8)
i+1°

where U;,V; € R™P Bj,A; € RPP, and U;By, ViA1, Uip1Bit1, VipiAigpq are the QR decomposition of the matrices
C,A"'Uy, ATV, — UAT, A" 'Uiy1 — ViBL, |, respectively. By defining Uy, Vi and Ty as in (5), the recurrence relations (7)
and (8) may be rewritten as:

UpriEiBr = C,
ATV = Uy, (9)
A" Wi = VT + Vi Ak EL o,

AUy = VT,

where, as in (6), Ty obtained from Ty by deleting its p last rows and E;j is the (k+1)p x p matrix which is zero except for the
jth p rows, which is the p x p identity matrix. We have also U£ +1Uks1 = Iges1yp and VZV,( = Iy, We can easily show that
[Uy, Uy, ..., U and [V4, Vs, ..., Vi] are the orthonormal basis of the subspaces K¢((AAT)™1, C) and Kk((ATA)"1, A~1C), re-
spectively. Now we again use the block Golub and Kahan bidiagonalization applied to the pair (A, U;) in order to construct
the matrices Qq, Q2, ..., Qm and Py, Py, ..., Ppyq such that Ugp1m = [Ug, Ua, ..o, Uks1, Q1, Qo ..o, Q] and Vi1 =
[Vi,Va, ..., Vi, P1, Py, ..., Pnyq] form the orthonormal basis of the subspaces K, ,(AAT, C) and K . (ATA, ATC), re-
spectively. In order to have the orthonormal basis U 1 m, Vi.m+1, first we orthogonal the matrix ATU, against Vy, Vs, ..., Vi
and we generate the matrix P; satisfying:

k
PiA; = AU, — ZViHih (10)
i=1
where P1A1 is the QR decomposition of the matrix ATU; — 25;1 ViH;1. Then, we orthogonal the matrix AP; — Uliﬂ against
U,, Us, ..., Ugr1 and we generate the matrix Q; satisfying
k+1
QiB1 = AP; — UA] — Z UiGi, (11)
i=2
where Qlél is the QR decomposition of the matrix AP; — U1A€ — Zf‘:zl UiGi1. Now we construct Qo, Qs, ..., Qny1 and
Py, Ps, ..., Ppy1 with the recurrence relations:

A — ATO. . —p. . RT
P = ATQi, PLT]B,]’} i=2.3....m+1. (12)
QiB; = AP; — Qi_1A;,
With the definitions G;; = AT and
B
A, B
Qn=1001.Q.....Qn). Pn=I[P1.Ps....Pyl, Tn= ,
An B
Am+1

the recurrence relations (12) may be rewritten as
ATam = ﬁm+le7

_ _ =T (13)
APy = QT + (1] UG )ET.
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where T, is the matrix obtained from T, by deleting p last rows and E; is the mp x p matrix which is zero except for the
first p rows.
The main steps of the extended block Golub-Kahan algorithm to generate U1, and Vi 41 may be summarized as

follows.

Algorithm 1 The extended block Golub-Kahan algorithm

1. Inputs: A € R™", C € R™P, k, and m.
2. UiB; =C, V3A; =A~'U; (QR decomposition of C and A~'U;),
3. For i=1,...,k

W =A"TV; — UA,

Uir1Bit1 = W (QR decomposition of W),

W =A"1U;, — VB!

Vig1Aipr =W (QRHd]ecomposition of W),
end for.
4. W =ATU,,
For i=1,...,k
Hy =V]w,
W =W —ViHj,
end for.

P1A; =W (QR decomposition of W),
5. W = AP, — U1AT,
For i=2,...,k+1

Gi=Ulw,
W =W — UGy,
end for.

Q:B; = W (QR decomposition of W),
6. For i=2,....m+1 _
W =ATQi_1 — Pi1BL |,
PA =W (QR decomposition of W),
W = AP, — Qi_1A],
0;B; =W (QR decomposition of W),
end for.

The extended block Golub-Kahan algorithm will be breakdown if one of the matrices B;; 1 (at step i of part 3), A (in
the computation of matrix P;), and A; (at step i of part 6) of Algorithm 1 is singular. So the Algorithm 1 will not breakdown
if all the matrices B;,i=1,...,k+1and A;,i = 1,..., m+1 are nonsingular. We will not treat the problem of breakdown
in this paper and we assume that all the matrices B;’s and A;’s produced by the extended block Golub-Kahan algorithm

are nonsingular.

For the extended block Golub-Kahan Algorithm, we have the following propositions.

Proposition 1. Suppose that (k, m) steps of the extended block Golub-Kahan Algorithm have been taken, then the matrices
Ukr1m = [U1, Uz ooy Uk, Q1, Qa, o ., Q] and Vimer = [V, Vo ..o, Vi, P1, P, ..., Pnyq] are the orthonormal bases of the
extended block Krylov subspaces K, ,(AAT, C) and K, (ATA, ATC), respectively.

Proof. The proof of this proposition is similar to that given in [20] for the classical Arnoldi process. O

Proposition 2. Suppose that (k,m) steps of Algorithm 1 have been carried out. Let

[, AlB;! 1
I, AlB;! By
b 2B3 u -
Fry1 = I . = .21 3 . (14)
» : )
AiBiy »
L Ip _ _Hk] Bk+l_
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Then we have

]ka:r]1 | Okpxmp
ATuk+l,m = Viem+1Fk+1,m, with Fit1,m = AlE{F];:] | E—{E{ ’ (15)
Ompx(k+1)p | im
where im is the matrix obtained from T by deleting its p first row and E1T =[Ip,0p, ..., 0p] € RPX™P,
Proof. From (8) and (10), we have
k
ATU, = PiA, + Z ViHi1,
i=1
ATUi 1 + ATUATBL, = ViBZ, fori=1,...,k

By using the definition of matrices Fy, and Ji, these equations can be written as follows:
TTT 7 ]k
A Uk+lFI<+l = [Vk; Pl] |:A1E;[i| s
where ET = [I,, 0p, ..., 0,] € RP*+1P_This together with the first relation of (13) implies the desired relation (15). O
4. Low rank approximate solution to the continuous-time algebraic Riccati equation

Eq. (1) arises from the continuous-time linear-quadratic optimal control problem:

2
subject to the dynamics constraints

X(t) = Ax(t) + Bu(t),
y(t) = Cx(t),  x(0) = Xo,

where x(t) is the state vector of dimension n, u(t) is a control vector of R*, and y(t) is the output of length p. Under the
hypotheses [21]: the pair (A, B) is c-stabilizable (i.e., there is a matrix S such that A — BS is stable) and the pair (C, A) is
c-detectable (i.e., the pair (AT, CT) c-stabilizable), then J(xo, u) is minimized by u(t) = —BTXx(t), where X € R™" is the
unique symmetric positive semidefinite and stabilizing solution (Re(A(A — BBX) < 0)) of the algebraic Riccati equation
(1).

Many numerical methods have been proposed for the solution of (1), such as Newton type methods, eigenvector
approaches; see, e.g., [8,9,11,22-24]. Most of the proposed methods are effective for relatively small problems. For
large and sparse problems, projection methods onto block Krylov subspaces have been applied to compute low rank
approximate solutions CAREs [13,14,25]. These methods usually require large projection subspaces and this increases
considerably the CPU time and the memory requirements. To remedy the drawback of the projection methods based on
the block or global Arnoldi algorithms, Heyouni and Jbilou in [12] introduced extended block Arnoldi process for solving
approximate solution to (1).

The aim of this section is to show how to use the extended block Golub-Kahan algorithm described in Section 3
to extract low rank approximate solution to the continuous-time algebraic Riccati equation (1). This will be done by
projecting the initial problem onto the extended block Krylov subspace Kj, +1,m(AAT, CT). Applying the extended block

+o00
Minimize J(xo, u) = 1 / () y(t) + u(t) u(t))dt, (16)
0

(17)

Golub-Kahan Algorithm 1 to the pair (A, CT) gives us the orthonormal basis U 1.m = [U1, ..., Uks1, Q1. ..., Qnl] and
Vimer = [V1,..., Vi, P1, ..., Pnyq] of the extended block Krylov subspaces K, ,(AAT,C") and K, ,(ATA,ATCT),
respectively. In addition, by using Proposition 2, we can define the matrix

77<+1.m = M/Z-+1,mATZ/{k+1,m = Z/{1<T+1,mvk.m+l]:k+l,mv (18)

where the matrix F;1,, can be obtained through the algorithm. Using the orthonormal basis ¢4 m, as in [13,26], we
look for low-rank approximate solution that have the form

Xk+1,m = Z/{k+1,myk+].mulz-+]’m! (]9)

where Y1, € REFTHMPx(1Hme Using the expression (19) in Eq. (1), multiplying on the left by ¢4, ; ,, and on the right
by Uy+1.m, we get the low-dimensional continuous-time algebraic Riccati equation

T >, nT ~T ~
77<+1,mYk-H,m + Yk+1,m77<+1,m - Yk—H,mBk+l,mBk+1,mYk-H,m + Ck+],mck+1,m =0, (20)
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with By1m = Uy, B and fkTer = Uy, ,C". We assume that the low-dimensional continuous-time algebraic Riccati
equation (20) has a unique symmetric positive semidefinite and stabilizing solution Y1 . The low-dimensional equation
(20) can be solved by a standard direct method such as the Schur method [27].

Let Rer1.m = ATXer1.m + Xer1.mA — Xir1.mBB  Xir1.m + CTC, be the residual associated with the approximate solution
Xk+1.m- To stop the iterations, one has to test whether ||Ri+1.m|lF < tol, where tol is some fixed tolerance. The computation
of Xi+1,m (and of Ry4+1.m) becomes expensive as the pair (k, m) increases. The next result shows that how to compute the
residual without computing the approximation Xy1.m» which is calculated only when convergence is achieved.

Theorem 3. Let CT = U;B; and Yy, 1. be the exact solution of (20) and Xy11.m = uk+1,mYk+LmU];r+1,m be the approximate
solution to the continuous-time algebraic Riccati equation (1) obtained after (k, m) iterations of the extended block Golub-Kahan
method. Then the residual Ryy1m associated to Xi11m satisfies

- =T
Rk+1,m = Rk+1,m + Rk+1,m7 (21)

D T
where Riy1.m = (Vigm+1 Fiert,m — uk+1,m77<+1.m)yk+l,muk+1‘m~

Proof. Starting from Ry 1.m = A" X 1.m + Xt 1.mA — Xir1.mBB  Xir-1.m + CTC and using (15), we have

T T T
Rk+1,m = Vk,m+l]'—k+14,myk+l,muk+1'm + uk+1.mYI<+1,m-7:k+1,mvk$m+1
R RT T T
- uk-&—l,myk+1,mBk+1,mBk+1,mYk+l,mUk+1,m +C'C.

From Cl,, ,, = U}, .C" = E1By, where E; € R&F1+MPxP is the matrix of the first p columns of the (k+1+m)px (k+1+m)p
identity matrix, we have
C'C = UB1BIU] = U1, mE1BiBIE Uy 1 1y = Uit mCisq i Cie 1, mli 4 1 m
So, we get
Rk+1,m = Vk‘m+l-7:k+1,myk+l,mzill;r+1,m_+ uk+1,myk+l‘m-z:kr+1,myk1’m+1
+ uk+1,m(_Yk+1,mBk+1.mBL_],mYkJr],m + C,<T+1,mCI<+1,m)ukT+1'm'
Since Yy11,m is the symmetric solution of reduced CARE (20), this relation can be written as
Rk+1,m = Vk,m—H-Fk+1,mYI<+l,mu]Z-+1.m + Zf{k+1,mYk+l,m]:]Z+1,mvlz:m+1
- uk+l‘m(77<+l,myk+1,m + Yk+1‘m7ﬁ*_1’m)z/[]{+1,mv
which yields the relation (21). O
We mention that the matrix .41, and 7x+1,m can be easily updated in each iteration. So, the norm of residual in each
iteration can be computed cheaply without computing Xy 1,m- o
By the experiments, we observe that, it is appropriate to take the size k for U, (Golub-Kahan basis for the Krylov

subspace Ki(AAT, (AAT)~*1CT)) small such as k = 10. For some fixed k, the extended block Golub-Kahan algorithm for
the continuous-time algebraic Riccati equation (1) is summarized as follows.

Algorithm 2 The extended block Golub-Kahan algorithm for continuous-time algebraic Riccati equations

1. Inputs: A € R™", B € R™, C € RP*", the integers k, mmax, and a tolerance tol.
2. Generate the matrices Uy, = [Uy, Ua, ..., Ugs1l, Vi1 = [Vi, Va, ..., Vie1], Ti, Qq, and P; using the steps 1-5 of Algorithm 1 with
(A, CT). .
Compute JiF.', AiETF; using Eq. (14).
3. For m=2,..., mmax _
W =ATQi_1 — Pi4Bl ,,
PAi =W (QR decomposition of W),
W = AP, — Qi_1A],
0;B; =W (QR decomposition of W),
Set Upyr,m = [Ur, -+, U1, Q, -+, Q] and Vigmer = [Vi, -+, Vi, P1, - -+, P ).
Compute Fy.1., using Eq. (15).
Compute Biy1m = Uy g B, Cliym = Ug1 mCTs and Tip1m = Uy Viemt1 Fict 1m-
Solve by a direct method (the Schur method) the low-order Riccati equation

T R rT ~T a
77<+1‘mYk+1,m + Yk+1,m77<+1,m - Yk+1,mBk+1,mBk+1YmYk+1‘m + C/<+1Ymck+14m =0.

Compute Ry;1,m using Eq. (21). If |[Ri1,mllF < tol, then compute the obtained approximation
Xicrrm = UeprmYir1,mUy s and stop.
End.
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5. Low rank approximate solution to the differential matrix Riccati equations

We first recall the following theoretical result which gives under some assumptions on the coefficient matrices A, B,
and C, an expression of the exact solution of (2), see [1] for more details.

Theorem 4. Assuming that (A, B) is stabilizable and (C, A) is observable that X(0) > 0, the differential Riccati equation (2)
admits a unique solution X given by

X(t) =X + e [ ZeA 4 (Xg — X)1 = Z] 1A (22)
where X is the positive definite solution of algebraic Riccati equation

ATX +XA—XBB'X+C'C=0, A=A-BB'X, (23)
and Z is the positive definite solution of the Lyapunov equation

AZ 4+ ZAT —BB" = 0.

The formula (22) is not suitable for large scale problems as it requires the computation of a matrix exponential, of an
inverse matrix, and various products of matrices.

In this section, we show how to obtain low rank approximate solutions to the differential matrix Riccati equations (2)
by projecting directly the initial problem onto small extended block Krylov subspace K% ;. m(AAT, CT). As in Section 4, we
look for low-rank approximate solution that have the form

Xk+1,m(t) = Z/{k+],mYk+1,m(t)u/Z+1,mv t e [tO, Tf]a (24)
and satisfying the Petrov-Galerkin orthogonality condition
Up o1 R tm(OUis1m =0, t € [to, Ty], (25)

where Ry 1m(t) is the residual Ri1m(t) = X 1,m(t) — A" Xics 1,m(t) = Xier1.m(E)A + Xicr1,m(£)BB Xy 1,m(t) — CTC. From (24)
and (25), we obtain the low dimensional differential matrix Riccati equation

ch+1 m(t) - 77<+1.mYk+1.m(t) - Yk+1¢m(t)7;<11,m + Yk+1,m(t)Bk+l,mB[t+1,mYk+1¢m(t) - 6IZ--H,rr,&kjLLm = 05 (26)

with Bk+1 m = Z,{k +1.mB and C lm = Z,{k +1.mC T. The latter low dimensional differential matrix Riccati equation is solved
by using the well known Backward Differentiation Formula (BDF) method described in Section 5.1.

We assume that at each time t; the approximate solution X1 () can be given as a product of two low rank matrices.
Consider the eigen-decomposition of the symmetric and positive definite matrix Yy 1 m(t;) = lef]T, where D is the
diagonal matrix of the eigenvalues of Yy, m(t;) sorted in decreasing order. Let Um, be the (m + k + 1)p x m; matrix of the
first m; columns of U corresponding to the my elgenvalues of magnitude greater than some tolerance dtol. We obtam the

truncated eigen-decomposition Yyi1 m(t)) =& U Dm,Um, where Dy, = diag[Aq, ..., Ay,]. Setting Z(k+1 m)l = Um,Dm, and
Zik1,m),0 = U1, mZike-1,m),1» it follows that
Xk+1,m(tl) ~ Z(I<+l,m).lZ(Tk+1,m),1- (27)

The computation of X, 1m,(t) (and of Ryy1m(t)) becomes expensive as k and m increase. So, in order to stop the
iterations, one has to test if ||Re41.m(t)| < € without having to compute extra products involving the matrix A. The
next result shows how to compute the residual norm of Ry n(t) without forming the approximation Xy m(t) which is
computed in a factored form only when convergence is achieved.

Theorem 5. Let CT = U;B; and Yy 1 n(t) be the exact solution of (26) and Xj1.m(t) = L{kﬂ,mYkH,m(t)ukTH’m be the
approximate solution to the differential matrix Riccati equation (2) obtained after (k, m) iterations of the extended block
Golub-Kahan method. Then the residual Ry.1 m(t) associated to Xi11,m(t) satisfies

Rk+1.m(t) = El<+1,m(t) + Ek—}—l,m(t)ra (28)

where EkJrl,m(t) = Veme1 Firtm — Uk+1,m77<+1,m)Yk+1,m(t)u/€+1,m~
Proof. The proof is similar to that of Theorem 3. O
5.1. BDF for solving the low order differential matrix Riccati equation (26)

We use the Backward Differentiation Formula (BDF) method [28] for solving, at each step (k, m) of the extended block
Golub-Kahan Algorithm 1, the low dimensional differential matrix Riccati equation (26). At each time t;, let Y11 m): be

Please cite this article as: Z. Asgari, F. Toutounian, E. Babolian et al., An extended block Golub-Kahan algorithm for large algebraic and differential matrix
Riccati equations, Computers and Mathematics with Applications (2019), https://doi.org/10.1016/j.camwa.2019.11.010.




8 Z. Asgari, F. Toutounian, E. Babolian et al. / Computers and Mathematics with Applications xxx (XXxx) XXx

Table 1
Coefficients of p step BDF method with p < 3.
p B o o oy
1 1 1
2 2/3 4/3 -1/3
3 6/11 18/11 —9/11 2/11

the approximation of Y1 m(t;), where Yy 1 m is a solution of (26). Then, the new approximation Y(x;1,m),i+1 Of Yiq1,m(ti+1)
obtained at step [ + 1 by BDF is defined by the implicit relation

p—1
Yot 1,m)i+1 = Z i Y(kr1,m),1—i + RBF(Yik1,m),141), (29)
=0

where h = t;,1 — t; is the step size, «; and 8 are the coefficients of the BDF method as listed in Table 1 and §(Y) is given
by

F(Y) = TesrmY + YT 1 — YBes1mBioy mY + Cliq mCics1m.
The approximate Y(x;1,m),+1 solves the following matrix equation

—Yrtm.ie1 + BB(Test.mYoerr.muirt + Yoertm).io1 Teprm
p—1
- Y(k+1,m),l+1Bk+1.m3£+1,my(k+1,m),l+1 + C,<T+1,mck+1,m) + Zaiy(kﬂ,m),m =0.
i—0

which can be written as the following continuous-time algebraic Riccati equation
Tk+1.my(k+l,m),l+l + Y(k+1$m),l+lTZ+1_m - Y(k+1,m),l+lBk+],mBLerY(k%—l,m),Hl + (C(Tk+1,m)$l+1(c(k+l,m),l+l =0. (30)

By using the low rank product Y 1.my ~ Z,<+1,m),lf(£+1’m),,, E(k+l.m),l e RkEm+Dpxm with m; < (k + m + 1)p (which

described in the previous section), the coefficient matrices appearing in (30) are given by

I]rkJr],m = hﬁnth - %Ia
Biyim = \/h.BBI_Hrl,m» -
Cer1,my, 141 = [v hﬂckﬁ»l,mv A/ aOZg{_H,m),[a cee «/ap—lz(i_'_l,m)q[_'_l_p]]:

The continuous-time algebraic Riccati equation (30) can be solved by applying direct methods based on Schur decom-
position or based on generalized eigenvalues of the Hamiltonian in the small dimensional cases [9,22,24] or matrix sign
function methods [29-31].

In order to initialize the BDF(p) integration scheme, the p — 1 approximates X, ..., X,—; are computed by lower-order
integration schemes. In our tests, we chose p = 2 and X; was computed as a product of low-rank factors (X; ~ Z1Z{ ) by
the Implicit Euler method BDF(1).

We summarize the steps of our proposed approach (using the extended block Golub-Kahan procedure) in Algorithm 3.

Remark. In the next section we compare the results obtained by the extended block Golub-Kahan and the block
Golub-Kahan procedures. For the latter procedure, by defining

—T

X = UnYnU,,, (31)
and using
T = Uy AUy = Uy VT (32)

which obtained from the last relation of (6), we have the following low-dimensional equation

TnYm + YT} — YuBwBL Yo + CI G = 0, (33)
with By, = U,,B and CT, = U,,C". The residual Ry, associated to X, is as follows:

Ry = R + Ry, (34)

where R, = (Vmﬁn — ﬁme)YmU;.
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For the differential matrix Riccati equation, using the block Golub-Kahan procedure, the similar results can be given.

Algorithm 3 The extended block Golub-Kahan algorithm for differential continuous-time algebraic Riccati equations

1. Inputs: A € R™", B € R™, C € RP*", the integers k, mmax, and a tolerance tol.
2. Generate the matrices Uy = [Uq, Ua, . .., Ukt1], Vi1 = [V1, Va, . .., Vi1, Tr and vectors Qq, P; using the steps 1-5 of Algorithm 1
with (A, CT). ~
Compute ]kF,;ll,AlElTF,:Jl using Eq. (14).
Compute Xj, ..., Xp—1 as low-rank products X; ~ Z,-ZjT.
3. For i=2,...,mmax _
W =ATQ_1 — P_1Bl,,
Pl-;\i =W (QR decomposition of W),
W = AP — Qi1A],
QBi =W (QR decomposition of W),
Set Upp1,m = [Ur, -+, Ukg1, Quy -+, Qul and Vi1 = [V, -+, Vi, P, -+, P
Compute Fi41,, using Eq. (15).
Compute Byy1m = “1<T+1,va Cliim =Up 1 mCT, and Tiprm = UL Viems1 Fit1m-
Use the BDF method to solve the low dimensional differential Riccati equation

Yitt.m — Tert.m Yt 1.m — Yk+l.m77<i].m + Yk+1.mBk+1.mB£+1‘mYk+1,m - CkTH,kaH,m =0, telt,Tfl

If |[Rk+1,mllF < tol, stop and compute the approximate solution Xi1 ,(t) in the factored form given by
the relation (27).
End.

6. Numerical experiments

In this section, we report some experimental results. All the numerical experiments have been coded in MATLAB 2014a
with windows 8 (64 bit) PC-Intel(R) Core(TM) i7-7700 CPU 3.60 GHz, 16 GB of RAM. The projected low-dimensional
problem (20) was solved by using MATLAB functions care.m from MATLAB Toolbox. For Examples 1 and 2, we compare
the performance of the extended block Golub-Kahan (EBGK-CARE) and the block Golub-Kahan (BGK-CARE) methods with
equal-sized approximation spaces. In Tables 1 and 2, we give the number of iterations (Iter), the residual norm (Res. norm),
and the CPU time in seconds (CPU time) required for convergence. For Example 3, we compare the performance of these
methods by using the Krylov subspace Ki,(AA", C") and the extended Krylov subspace K¢, ; ,,(AA”, CT) with the same size
subspace m.

Example 1. The matrix A is generated from the five-point discretization of the operator

L(u) = Au — sin(x + 2y)8—u - eya—u — Xy,
ax ay
on the unit square [0, 1] x [0, 1] with homogeneous Dirichlet boundary conditions [ 14]. The number of inner grid points
in each direction is ng and the dimension of the matrix A is n = ng. For this experiment we set ngp = 50,s = 3, and
p = 3. The entries of the matrix B are random values uniformly distributed on the interval [0, 1] and C = I, is the
identity p x n matrix. The results are shown in Table 2. The BGK-CARE (using m = 50) is compared to EBGK-CARE (using
m=40,k+1 = 10and m = 44,k + 1 = 6). Thus, the same size subspaces are used. These results indicate that the
EBGK-CARE method is effective for this problem and it is better than BGK-CARE method with corresponding size subspace,
in terms of the residual norm and the CPU time.

Example 2. This example is taken from [13]. The matrix A is of size n = 1000 and is given by:

(4 05 0 ... 0 1
15 4 05 0 ... 0
0
A=—
05
|1 0 ... 0 15 4

The entries of the matrix B have random values uniformly distributed on [0, 1] and the number of the columns in B is
s = 2 and the matrix C = I,., is the identity p x n matrix, where p = 2. Using the BGK-CARE, the EBGK-CARE, and
the EBA-CARE (Extended Block Arnoldi [12]) methods with the same size subspaces m1 = 16, we obtained the results
presented in Table 3. The results in Table 3 illustrate that the EBGK-CARE method clearly outperforms the BGK-CARE
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Table 2
Numerical results for Example 1.
Method Iter. Res. norm CPU time
BGK-CARE m=>50 8.7646e — 04 573
EBGK-CARE m=40, k+1=10 2.5193e — 05 431
m=44, k+1=6 8.0725e — 05 471
Table 3
Numerical results for Example 2.
Method Iter. Res. norm CPU time
BGK-CARE m=16 2.1604e — 08 0.32
EBGK-CARE m=10, k+1=6 1.4115e — 12 0.30
(ml=m+k+1=16)
EBA-CARE m=38 5.9065e — 12 0.15
(m1=2m=16)
Table 4
Numerical results for Example 3.
Size (A) Method Iter. Res. norm CPU time
49 x 49 BGK-BDF(2) m=14 1.9297e — 06 0.05
EBGK-BDF(2) m=14, k+1=7 1.3086e — 10 0.15
81 x 81 BGK-BDF(2) m=15 4.9565e — 06 0.04
EBGK-BDF(2) m=15 k+1=10  4.0781e—09  0.17
100 x 100 BGK-BDF(2) m=15 1.1833e — 05 0.03

EBGK-BDF(2) m=15, k+1=10 5.1146e — 08 0.17

method in terms of residual norm and computation time. The EBA-CARE method needs less CPU time than EBGK-CARE
method and they reach the same accuracy in terms of the residual norm.

Example 3. This example was taken from [32] and comes from the autonomous linear-quadratic optimal control problem
of one dimensional heat flow

Dt y) = -Loxtt. ) + bl (o)
at ay2 ’
x(t,0)=x(t,1)=0,t >0,
X(0,y)=x0,y €10, 1],
Y = [y elyX(t, y)dy, x > 0.
Using a standard finite element approach based on the first order B-splines, we obtain the following ordinary differential
equation

{ MX(t) = KX(t) + FU(t),

y(t) = CX(t),
where the matrices M and K are given by:
4 1 2 -1
. 1 4 1 -1 2 -1

M= — . . , K= —an . . .

6n . . . . .
1 4 1 -1 2 -1
1 4 -1 2

Using the semi-implicit Euler method, we get the following discrete dynamical system
(M — AtK)% = Mx(t) + AtFU,.

We set A= —(M — AtK)~'M and B = At(M — AtK)~'F. The entries of the n x p matrix F and the p x n matrix C are given
random values uniformly distributed on [0, 1]. We chose the initial condition as Xo = 0,5, = zozg , where Zy = 0,5 and
we set p = 2, = 0.05, and At = 0.01. In Table 4, we reported the number of iterations, residual norms, and the run
times for various sizes of A. In this table, the parameter m presents the dimension of the Krylov subspace K,(AAT, CT)
which can be used in the BGK-BDF(2) method for obtaining the most accurate approximate solution for this example.
Table 4 shows that, by using the EBGK-BDF(2) method, we can obtain more accurate approximate solution than the one
obtained by the BGK-BDF(2) method at little extra cost.
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7. Conclusion

In the present paper, we have described the extended version of block Golub-Kahan procedure and its properties. By
using the extended block Golub-Kahan procedure, we have presented a new projection method for computing low rank
approximate solutions for large-scale algebraic and differential matrix Riccati equations. We gave some theoretical results
for the residual at each step which does not require the computation of products of large matrices. Finally, some numerical
experiments were given in order to compare the block Golub-Kahan and extended block Golub-Kahan procedures.
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