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ABSTRACT
The paper is devoted to give a full classification of all finite-dimensional
nilpotent Lie algebras L of class 4 with dim L2 ¼ 3: Moreover, we specify
the capable ones.
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1. Introduction

It is well known that the classification of nilpotent Lie algebras is a classical problem. Several clas-
sifications of nilpotent Lie algebras of dimension at most 7 over various ground fields are avail-
able in the literature (see [3, 6, 4]). It is not easy to classify nilpotent Lie algebras with an
arbitrary dimension. Hence, we are interested to classify nilpotent Lie algebras by focusing on a
different aspect rather than the dimension. For a given Lie algebra L with dim L2 ¼ 1, the struc-
ture of L is given in [9]. When dim L2 ¼ 2, we gave the structure of L when L is of class 3 and
with some restrictions for class 2 in [11]. The purpose of this paper is to describe a classification
of all nilpotent Lie algebras of class 4 with the derived subalgebra of dimension 3. We also deter-
mine which one of these Lie algebras is capable (a Lie algebra L is called capable provided that
L ffi H=ZðHÞ for some Lie algebra H).

2. Preliminaries

This section is devoted to give some elementary and known results that we will need for the next
investigations. All Lie algebras in this paper are finite dimensional over any arbitrary field.

We recall the concept of a central product of two Lie algebras A and B.

Definition 2.1. The Lie algebra L is a central product of A and B, if L ¼ Aþ B, where A and B
are ideals of L such that ½A,B� ¼ 0 and A \ B � ZðLÞ: We denote the central product of two Lie
algebras A and B by AuB:

CONTACT Mohsen Parvizi parvizi@um.ac.ir Department of Pure Mathematics, Ferdowsi University of Mashhad,
Mashhad, Iran.
� 2020 Taylor & Francis Group, LLC

COMMUNICATIONS IN ALGEBRAV
R

https://doi.org/10.1080/00927872.2020.1803895

http://crossmark.crossref.org/dialog/?doi=10.1080/00927872.2020.1803895&domain=pdf&date_stamp=2020-08-11
http://orcid.org/0000-0001-6411-4574
http://orcid.org/0000-0002-8133-5245
https://doi.org/10.1080/00927872.2020.1803895
http://www.tandfonline.com


A Lie algebra L is called Heisenberg provided that ZðLÞ ¼ L2 and dim L2 ¼ 1: Such Lie alge-
bras are odd dimensional with basis v1, v2, :::, vm, v and the only nonzero multiplication between
basis elements is given by ½v2i�1, v2i� ¼ �½v2i, v2i�1� ¼ v for all i, 1 � i � m: A(n) and H(m) will
denote the abelian Lie algebra of dimension n and the Heisenberg Lie algebra of dimension 2mþ
1, respectively. It is shown that Heisenberg Lie algebras are a central product of some of its ideals
([7, Lemma 3.3]).

For a given Lie algebra L, the upper central series

0 ¼ Z0ðLÞ � Z1ðLÞ � Z2ðLÞ � :::

is defined by setting Z1ðLÞ equal to its center Z(L), and taking Zcþ1ðLÞ to be the pre-image in L
of ZðL=ZcðLÞÞ:

The ðcþ 1Þ-th term of the lower central series of L is denoted by Lcþ1 where L1 ¼ L, Lcþ1 ¼
½Lc, L�, inductively.

Let cl(L) denotes the nilpotency class of a Lie algebra L. Recall that an n-dimensional nilpotent
Lie algebra L is said to be nilpotent of maximal class if clðLÞ ¼ n� 1: For a Lie algebra L of max-
imal class, we have dim ðL=L2Þ ¼ 2, ZiðLÞ ¼ Ln�i and dim ðLj=Ljþ1Þ ¼ 1 for all i, 0 � i � n� 1
and for all j, 2 � j � n� 1 (see [2] for more information).

The Lie algebras in this article are given with multiplication tables with respect to fixed bases
with trivial products of the form ½x, y� ¼ 0 omitted. From [4], the only Lie algebra of maximal
class of dimension 4 is isomorphic to

L4, 3 ¼ hx1, :::, x4j x1, x2½ � ¼ x3, x1, x3½ � ¼ x4i,
and there are exactly two non-isomorphic Lie algebras of maximal class of dimension 5 that are
isomorphic to

L5, 6 ¼ hx1, :::, x5j x1, x2½ � ¼ x3, x1, x3½ � ¼ x4, x1, x4½ � ¼ x5, x2, x3½ � ¼ x5i
and

L5, 7 ¼ hx1, :::, x5j x1, x2½ � ¼ x3, x1, x3½ � ¼ x4, x1, x4½ � ¼ x5i,
respectively. From [8], a Lie algebra S is called a stem Lie algebra if ZðSÞ � S2: We say a Lie alge-
bra L is a semidirect sum of an ideal I by a subalgebra K if L ¼ I þ K and I \ K ¼ 0: The semi-
direct sum of an ideal I by a subalgebra K is denoted by K3 I:

Lemma 2.2. [11, Lemma 4.1] Let L be a 5-dimensional nilpotent stem Lie algebra of class 3 and
dim L2 ¼ 2: Then

L ffi L5, 5 ¼ hx1, :::, x5j x1, x2½ � ¼ x3, x1, x3½ � ¼ x5, x2, x4½ � ¼ x5i:
Moreover, L5, 5 ¼ I3 hx4i in which

I ¼ hx1, x2, x3, x5j x1, x2½ � ¼ x3, x1, x3½ � ¼ x5i ffi L4, 3, and I, hx4i½ � ¼ hx5i ¼ ZðL5, 5Þ:

Remark 2.3. According to the classification of Lie algebras of dimension 6 in [3], 6-dimensional
nilpotent stem Lie algebras of class 4 with the derived subalgebra of dimension 3 are listed
as follows:

Over a field F of characteristic different from 2:

L6, 11 ¼ hx1, :::, x6j x1, x2½ � ¼ x3, x1, x3½ � ¼ x4, x1, x4½ � ¼ x2, x3½ � ¼ x2, x5½ � ¼ x6i,
L6, 12 ¼ hx1, :::, x6j x1, x2½ � ¼ x3, x1, x3½ � ¼ x4, x1, x4½ � ¼ x2, x5½ � ¼ x6i:

L6, 13 ¼ hx1, :::, x6j x1, x2½ � ¼ x3, x1, x3½ � ¼ x2, x4½ � ¼ x5, x1, x5½ � ¼ x3, x4½ � ¼ x6i:
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Over a field F of characteristic 2:

L6, 11 ¼ hx1, :::, x6j x1, x2½ � ¼ x3, x1, x3½ � ¼ x4, x1, x4½ � ¼ x2, x3½ � ¼ x2, x5½ � ¼ x6i,
L6, 12 ¼ hx1, :::, x6j x1, x2½ � ¼ x3, x1, x3½ � ¼ x4, x1, x4½ � ¼ x2, x5½ � ¼ x6i:

Lð2Þ6, 1 ¼ hx1, :::, x6j x1, x2½ � ¼ x3, x1, x3½ � ¼ x5,

x2, x4½ � ¼ x5 þ x6, x1, x5½ � ¼ x3, x4½ � ¼ x6i:

Lemma 2.4. Let L be a 6-dimensional nilpotent stem Lie algebra of class 4 and dim L2 ¼ 3: Then L
is isomorphic to exactly one of the following Lie algebras.

(1) L ffi L6, 11 ¼ I1 3 hx5i, in which I1 ¼ hx1, x2, x3, x4, x6j½x1, x2� ¼ x3, ½x1, x3� ¼ x4, ½x1, x4� ¼ ½x2,
x3� ¼ x6i ffi L5, 6 and ½I1, hx5i� ¼ hx6i ¼ ZðI1Þ ¼ ZðL6, 11Þ:

(2) L ffi L6, 12 ¼ I2 3 hx5i, in which I2 ¼ hx1, x2, x3, x4, x6j½x1, x2� ¼ x3, ½x1, x3� ¼ x4, ½x1, x4� ¼
x6i ffi L5, 7 and ½I2, hx5i� ¼ hx6i ¼ ZðI2Þ ¼ ZðL6, 12Þ:

(3) L ffi L6, 13 ¼ I3 3 hx4i, in which I3 ¼ hx1, x2, x3, x5, x6j½x1, x2� ¼ x3, ½x1, x3� ¼ x5, ½x1, x5� ¼
x6i ffi L5, 7 and ½I3, hx4i� ¼ hx5, x6i ¼ Z2ðI3Þ ¼ Z2ðL6, 13Þ:

(4) L ffi Lð2Þ6, 1 ¼ I3 3 hx4i, in which I4 ¼ hx1, x2, x3, x5, x6j½x1, x2� ¼ x3, ½x1, x3� ¼ x5, ½x1, x5� ¼
x6i ffi L5, 7 and ½I4, hx4i� ¼ hx5, x6i ¼ Z2ðI3Þ ¼ Z2ðLð2Þ6, 1Þ:

Proof. By using Remark 2.3, we get L ffi L6, 11, L ffi L6, 12, L ffi L6, 13, or L ffi Lð2Þ6, 1: Let L ffi L6, 11: It
is easy to check that L6, 11 ¼ I1 3 hx5i, in which I1 ¼ hx1, x2, x3, x4, x6j½x1, x2� ¼ x3, ½x1, x3� ¼
x4, ½x1, x4� ¼ ½x2, x3� ¼ x6i ffi L5, 6 and ½I1, hx5i� ¼ hx6i ¼ ZðI1Þ ¼ ZðL6, 11Þ: Similarly, we can see
that L6, 12 ¼ I2 3 hx5i, in which I2 ¼ hx1, x2, x3, x4, x6j½x1, x2� ¼ x3, ½x1, x3� ¼ x4, ½x1, x4� ¼ x6i ffi
L5, 7 and ½I2, hx5i� ¼ hx6i ¼ ZðI2Þ ¼ ZðL6, 12Þ: Now, let L ffi L6, 13 or L ffi Lð2Þ6, 1: Again, ZðL6, 13Þ ¼
hx6i, Z2ðL6, 13Þ ¼ hx5, x6i and L6, 13 ¼ I3 þ hx4i, where I3 ¼ hx1, x2, x3, x5, x6j½x1, x2� ¼ x3, ½x1, x3� ¼
x5, ½x1, x5� ¼ x6i ffi L5, 7 and ½I3, hx4i� ¼ hx5, x6i ¼ Z2ðI3Þ ¼ Z2ðL6, 13Þ: Clearly, ZðLð2Þ6, 1Þ ¼ hx6i,
Z2ðLð2Þ6, 1Þ ¼ hx5, x6i and Lð2Þ6, 1 ¼ I4 þ hx4i, where I4 ¼ hx1, x2, x3, x5, x6j½x1, x2� ¼ x3, ½x1, x3� ¼
x5, ½x1, x5� ¼ x6i ffi L5, 7 and ½I4, hx4i� ¼ hx5, x6i ¼ Z2ðI3Þ ¼ Z2ðLð2Þ6, 1Þ: The result follows. w

For a given Lie algebra L and a subalgebra X of it, ½L, X, :::,X
|fflfflffl{zfflfflffl}

i�times

� is denoted by ½L, iX�:

Lemma 2.5. Let L be an n-dimensional nilpotent Lie algebra of class c. Then Lc�i 6�ZiðLÞ for all
i, 0 � i � c� 1:

Proof. By contrary, let Lc�i � ZiðLÞ for some i, 0 � i � c� 1: Then, Lc ¼ ½Lc�1, L� ¼
½L, :::, L�
|fflfflfflffl{zfflfflfflffl}

c�times

¼ ½Lc�i, iL�: Since Lc�i � ZiðLÞ and ½ZiðLÞ, L� � Zi�1ðLÞ, we have Lc ¼ ½Lc�i , iL� �

½ZiðLÞ, iL� ¼ ½½ZiðLÞ, L�, i�1L� � ½Zi�1ðLÞ, i�1L�: By a similar way, we can see that

Lc � Zi�1ðLÞ, i�1L½ � � ::: � Z0ðLÞ ¼ 0

and so Lc ¼ 0: It is a contradiction, since clðLÞ ¼ c: w

The next two results are obtained in [1, Lemma 2.3 and Theorem 2.4] for p-groups. We need
to state and prove the same results for the class of Lie algebras.

Lemma 2.6. Let L be an n-dimensional nilpotent Lie algebra of class c such that dim L2 ¼ c� 1
and I be an ideal of dimension i, ð0 � i � c� 1Þ contained in L2: Then I ¼ Lc�iþ1:
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Proof. Clearly, dim Lj ¼ c� jþ 1, where 1 � j � c: We proceed by induction on c� iþ 1: If i ¼
c� 1, the result follows easily. Let c� i > 1 and M/I be an ideal of dimension 1 such that

M=I � ðL=IÞ2 \ ZðL=IÞ, so M is an ðiþ 1Þ-dimensional ideal of L such that I$M � L2: By using

the induction hypothesis, M ¼ Lc�i: Since M=I � ZðL=IÞ, we have Lc�iþ1 ¼ ½L, Lc�i� ¼ ½L,M� � I:
Now, both I and Lc�iþ1 are of dimension i, and hence I ¼ Lc�iþ1: The result follows. w

Proposition 2.7. Let L be an n-dimensional nilpotent Lie algebra of class c such that dim L2 ¼
c� 1: Then L2 \ ZiðLÞ ¼ Lc�iþ1 for all i, 0 � i � c� 1:

Proof. By contrary, let Lc�iþ1 $ L2 \ ZiðLÞ for some i, 0 � i � c� 1: Since dim Lc�iþ1 ¼ i, we get
k ¼ dim ðL2 \ ZiðLÞÞ � iþ 1 and so Lemma 2.6 implies L2 \ ZiðLÞ ¼ Lc�kþ1 � Lc�i: Since

iþ 1 � dim L2 \ ZiðLÞ ¼ dim Lc�kþ1 ¼ k � dim Lc�i ¼ iþ 1,

we have L2 \ ZiðLÞ ¼ Lc�i: It is a contradiction since Lc�i 6�ZiðLÞ, by Lemma 2.5. This completes
the proof. w

Now, we are able to prove the following result which is useful in the rest.

Proposition 2.8. Let L be an n-dimensional Lie algebra of class c such that dim L2 ¼ c� 1: Then L
is a stem Lie algebra if and only if ZðLÞ ¼ Lc ffi Að1Þ:

Proof. Let L be a stem Lie algebra. Then by Proposition 2.7, we have

Lc � ZðLÞ � L2 \ ZðLÞ ¼ Lc:

This implies dimZðLÞ ¼ dim Lc ¼ 1, as required. w

3. Main results

We are going to give the structure of all nilpotent Lie algebras of class 4 with the derived subalge-
bra of dimension 3. Moreover, we determine which one of these Lie algebras is capable.

The following proposition is a useful instrument.

Theorem 3.1. Let L be an n-dimensional nilpotent stem Lie algebra of class 4 ðn � 6Þ and
dim L2 ¼ 3 such that

(a) L ¼ I þ K for subalgebras K and I of L such that I is a maximal class subalgebra of dimen-
sion 5,

(b) I \ K � ZðIÞ \ K2, ½I,K� � ZðIÞ and dim ðK2Þ � 1:

Then we have:

(i) If K is a non-trivial abelian Lie algebra, then L is isomorphic to L6, 11 or L6, 12:
(ii) If K is a non-abelian Lie algebra, then L is isomorphic to exactly one of the following

Lie algebras.
(1) L ffi hx1, :::, x5, aj, bjj½x1, xi� ¼ xiþ1, ½x2, x3� ¼ ½aj, bj� ¼ x5, 1 � i � 4, 1 � j � mi and n ¼

2mþ 5 for all m � 1:
(2) L ffi hx1, :::, x5, aj, bjj½x1, xi� ¼ xiþ1, ½aj, bj� ¼ x5, 1 � i � 4, 1 � j � mi and n ¼ 2mþ 5

for all m � 1:
(3) L ffi hx1, :::, x6, aj, bjj½x1, x2� ¼ x3, ½x1, x3� ¼ x4, ½x1, x4� ¼ ½x2, x3� ¼ ½x2, x6� ¼ ½aj, bj� ¼ x5i

and n ¼ 2mþ 6 for all m � 1:
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(4) L ffi hx1, :::, x6, aj, bjj½x1, x2� ¼ x3, ½x1, x3� ¼ x4, ½x1, x4� ¼ ½aj, bj� ¼ ½x2, x6� ¼ x5i and n ¼
2mþ 6 for all m � 1:

Proof.
(i) We have ½I,K� � ZðIÞ, so I is an ideal of L and hence I ffi L5, 6 or I ffi L5, 7: Since I is a Lie

algebra of maximal class of dimension 5 so ZðIÞ ¼ I4 ffi Að1Þ, we also have dim L2 ¼
dim I2 ¼ 3: Therefore, L2 ¼ I2: Proposition 2.8 implies ZðLÞ ¼ L3 ffi Að1Þ and hence

L3 ¼ ZðLÞ ¼ ZðIÞ ¼ I3 ffi Að1Þ:
Since K \ I ¼ 0, we obtain dimK ¼ dim L� dim I ¼ n� 5 and so L ¼ I3K, in which
K ffi Aðn� 5Þ: We claim that ½I,K� ¼ ZðIÞ: By contrary, assume that ½I,K� ¼ 0: Since K is
abelian, we have K � ZðLÞ ¼ ZðIÞ � I, which shows I \ K 6¼ 0, so we have a contradic-
tion. Thus, ½I,K� ¼ ZðLÞ ¼ ZðIÞ:
We claim that K ffi Að1Þ:
First assume that n ¼ 6: Lemma 2.4 implies L ffi I1 3K ffi L6, 11 or L ffi I2 3K ffi L6, 12, in
which I1 ffi L5, 6, I2 ffi L5, 7, ½I1,K� ¼ ZðLÞ and ½I2,K� ¼ ZðLÞ:
Now, let n � 7 and K ¼ �n�5

i¼1 hzii: In this case, we show that K \ I 6¼ 0, which is impos-
sible, so this case cannot occur. First let I ffi L5, 6: By using the Jacobi identity, for all i, 1 �
i � n� 5, we have

zi, x3½ � ¼ zi, x1, x2½ �½ � ¼ zi, x1, x2½ � þ x2, zi, x1½ � ¼ 0

and

zi, x4½ � ¼ zi, x1, x3½ �½ � ¼ zi, x1, x3½ � þ x3, zi, x1½ � ¼ 0

since ½zi, x1�, ½zi, x3�, and ½x2, zi� are central. Thus, ½zi, x3� ¼ ½zi, x4� ¼ 0 for all i, 1 � i �
n� 5: Now, let ½zi, x1� ¼ aix5 and ai 6¼ 0 for all i, 1 � i � n� 5: Putting z0i ¼ zi þ aix4, we
have ½z0i , x1� ¼ ½zi þ aix4, x1� ¼ ½zi, x1� þ ai½x4, x1� ¼ aix5 � aix5 ¼ 0: Also, we obtain
½z0i , x4� ¼ 0: Thus, ½z0i , x1� ¼ ½z0i , x3� ¼ ½z0i, x4� ¼ 0 for all i, 1 � i � n� 5: Now let ½z0i , x2� ¼
ax5 and ½z0j , x2� ¼ bx5, in which a 6¼ 0 and b 6¼ 0 for i 6¼ j for some fixed i, j. Put dij ¼
bz0i � az0j: We have dij 6¼ 0 and ½dij, x2� ¼ ½bz0i � az0j , x2� ¼ bax5 � bax5 ¼ 0 and so ½dij, x2� ¼
0: On the other hand, ½dij, x1� ¼ ½dij, x2� ¼ ½dij, x3� ¼ ½dij, x4� ¼ 0: Therefore, ½dij, I� ¼ 0 and
hence 0 6¼ dij 2 ZðLÞ ¼ ZðIÞ ¼ hx5i: Since

dij ¼ bz0i � az0j ¼ bðzi � aix4Þ � aðzj � ajx4Þ
¼ bzi � azj þ ðaaj � baiÞx4 2 ZðIÞ,

0 6¼ bzi � azj 2 K \ I ¼ 0, which is a contradiction. Thus, n ¼ 6, K ffi Að1Þ, L ¼ I3 hz1i,
and ½x2, z1� ¼ x5, as required. Now, considering the classification of nilpotent Lie algebras L
of dimension 6 with dim L2 ¼ 3 which is given in [4], using Lemma 2.4 and our assump-
tion, we should have L ffi L6, 11: If I ffi L5, 7, then by a similar way, one can see
that L ffi L6, 12:

(ii) By a similar method used in the part (i), we have L2 ¼ I2 and ZðLÞ ¼ ZðIÞ ¼ L4 ffi Að1Þ: If
K2 \ ZðIÞ ¼ 0, then K2 � L2 \ K � I \ K ¼ 0 and so K is abelian, which is a contradiction.
So, K2 ¼ ZðIÞ: Hence, I \ K ¼ K2 ¼ ZðIÞ ¼ ZðLÞ ffi Að1Þ, and so dim ðKÞ ¼ dim ðLÞ �
dim ðIÞ þ dim ðI \ KÞ ¼ n� 5þ 1 ¼ n� 4: We know that dimK2 ¼ 1, so [12, Theorem
3.6] implies K ffi K1 � A, in which K1 ffi HðmÞ and A ffi Aðn� 2m� 5Þ: Now, let A ¼ 0:
Since 2mþ 1 ¼ dim ðK1Þ ¼ n� 4, we have n ¼ 2mþ 5: We are going to show that
½I,K1� ¼ 0: In fact, we show that there exists I1 ffi L5, 6 or I1 ffi L5, 7 and K2 ffi HðmÞ with
½I1,K2� ¼ 0 and L ¼ I1uK2: First let m ¼ 1: We have dim L ¼ 6 and K1 ¼ hx, y, x5j½x, y� ¼
x5i, since K1 ffi Hð1Þ: By using the Jacobi identity, we have
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x, x3½ � ¼ x, x1, x2½ �½ � ¼ x, x1, x2½ � þ x2, x, x1½ � ¼ 0,

x, x4½ � ¼ x, x1, x3½ �½ � ¼ x, x1, x3½ � þ x3, x, x1½ � ¼ 0,

y, x3½ � ¼ y, x1, x2½ �½ � ¼ y, x1, x2½ � þ x2, y, x1½ � ¼ 0

and

y, x4½ � ¼ y, x1, x3½ �½ � ¼ y, x1, x3½ � þ x3, y, x1½ � ¼ 0:

Thus, ½x, x3� ¼ ½x, x4� ¼ ½y, x3� ¼ ½y, x4� ¼ 0: Now, let ½y, x2� ¼ g0x5 for some scalar g0: By
taking x02 ¼ x2 � g0x4, y0 ¼ yþ x1, x03 ¼ x3 � g0x5, we have ½x1, x2� ¼ x03 and ½y, x2� ¼ 0:
Similarly, ½x, x2� ¼ 0: Now, let ½x, x1� ¼ ax5 and ½y, x1� ¼ bx5 for some scalars a and b:
Then by taking x0 ¼ xþ ax4 and y0 ¼ yþ bx4, we have ½x0, x1� ¼ ½y0, x1� ¼ 0: Thus, L ¼
IuK, where K ffi Hð1Þ and I is a maximal class Lie algebra of dimension 5. Thus, L ffi
hx1, :::, x5, a, bj½x1, xi� ¼ xiþ1, ½x2, x3� ¼ ½a, b� ¼ x5, 1 � i � 4i or L ffi hx1, :::, x5, a, bj½x1, xi� ¼
xiþ1, ½a, b� ¼ x5, 1 � i � 4i: Now, let m � 2 and HðmÞ ¼ ha1, b1, :::, am, bm, zj½al, bl� ¼ z, 1 �
l � mi: [7, Lemma 3.3] implies that HðmÞ ¼ T1u:::uTm, in which Ti ffi Hð1Þ for all i, 1 �
i � m: With the same procedure used in case (i) and changing the variables we can see
that ½Ti, I� ¼ 0 for all i, 1 � i � m: So ½I,K1� ¼ 0 and hence L ¼ IuK: Since m � 2, we
have L ¼ ðIuT1ÞuðT2u:::uTmÞ such that IuT1 ffi hx1, :::, x5, a, bj½x1, xi� ¼ xiþ1, ½x2, x3� ¼
½a, b� ¼ x5, 1 � i � 4i, K1 ffi Hðm� 1Þ or IuT1 ffi hx1, :::, x5, a, bj½x1, xi� ¼ xiþ1, ½a, b� ¼
x5, 1 � i � 4i and T2u:::uTm ffi Hðm� 1Þ: Thus, L ffi hx1, :::, x5, aj, bjj½x1, xi� ¼ xiþ1,
½x2, x3� ¼ ½aj, bj� ¼ x5, 1 � i � 4, 1 � j � mi or L ffi hx1, :::, x5, aj, bjj½x1, xi� ¼ xiþ1, ½aj, bj� ¼
x5, 1 � i � 4, 1 � j � mi and n ¼ 2mþ 5 for all m � 1: It completes cases (1) and (2)
of (ii).
Let A 6¼ 0: Then, n 6¼ 2m� 5: Thus, L ¼ I þ ðK1 � AÞ such that ½I,K� � ZðLÞ ¼ ZðIÞ: We
are going to show that A ffi Að1Þ, ½I,K1� ¼ 0 and ½I,A� ¼ ZðIÞ ¼ ZðLÞ: Similar to the cases
(1) and (2) of (ii), we can see that ½I,K1� ¼ 0: We claim that ½I,A� 6¼ 0: By contrary, let
½A,K1� ¼ ½I,A� ¼ 0, so A � ZðLÞ ¼ ZðIÞ: Since A \ I ¼ 0, we have A ¼ 0, which is a
contradiction. So we have ½I,A� ¼ ZðLÞ: We claim that dimA ¼ 1: Let dimA � 2: Similar
to the proof of part (i), we have ½z1, x1� ¼ ½z2, x1� ¼ ½z1, x3� ¼ ½z2, x3� ¼ ½z1, x4� ¼ ½z2, x4� ¼ 0
where z1, z2 2 A and z1 6¼ z2: Now, let ½z1, x2� ¼ ax5 and ½z2, x2� ¼ bx5 for some nonzero
scalars a and b: Putting z01 ¼ bz1 � az2, we have ½z01, x2� ¼ ½bz1 � az2, x2� ¼ bax5 � bax5 ¼
0 and so ½z01, x2� ¼ 0: Hence, ½z01, x1� ¼ ½z01, x2� ¼ ½z01, x3� ¼ ½z01, x4� ¼ 0: Therefore, ½z01, I� ¼ 0
and hence, z01 2 ZðLÞ ¼ ZðIÞ ¼ hx5i ¼ K2

1 : So z01 2 K1 which is a contradiction since K1 \
A ¼ 0: Hence, A ffi Að1Þ and consequently n ¼ 2mþ 6: Thus, L ¼ ðI3AÞuK1 such that
½I,A� ¼ ZðLÞ ¼ ZðIÞ: By using part (i), we have I3A ffi L6, 11 or I3A ffi L6, 12: The proof
of cases (ii)(3) and (ii)(4) is completed. w

Proposition 3.2. Let L be an n-dimensional nilpotent stem Lie algebra of class 4 ðn � 7Þ over a
field F of characteristic different from 2 and dim L2 ¼ 3 such that

(a) L ¼ I þ K, for a subalgebra K of L and a subalgebra I ffi L6, 13 of L,
(b) I \ K � ZðIÞ \ K2, ½I,K� � ZðIÞ and dim ðK2Þ � 1:

Then the following results hold.

(i) If K is a non-trivial abelian Lie algebra, then L is isomorphic to exactly one of the following
Lie algebras.
(1) Lffihx1, :::,x7j½x1,x2�¼ x3, ½x1,x3�¼ ½x2,x4�¼ x5, ½x1,x5�¼ ½x3,x4�¼ ½x2,x7�¼ ½x4,x7�¼ x6i:
(2) L ffi hx1, :::, x7j½x1, x2� ¼ x3, ½x1, x3� ¼ ½x2, x4� ¼ x5, ½x1, x5� ¼ ½x3, x4� ¼ ½x4, x7� ¼ x6i:
(3) L ffi hx1, :::, x7j½x1, x2� ¼ x3, ½x1, x3� ¼ ½x2, x4� ¼ x5, ½x1, x5� ¼ ½x3, x4� ¼ ½x2, x7� ¼ x6i:
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(4) L ffi hx1, :::, x8j½x1, x2� ¼ x3, ½x1, x3� ¼ ½x2, x4� ¼ x5, ½x1, x5� ¼ ½x3, x4� ¼ ½x2, x7� ¼ ½x4, x8�
¼ x6i:

(ii) If K is a non-abelian Lie algebra, then L is isomorphic to exactly one of the following
Lie algebras.
(1) L ffi hx1, :::, x6, ai, bij½x1, x2� ¼ x3, ½x1, x3� ¼ ½x2, x4� ¼ x5, ½x1, x5�¼ ½x3, x4� ¼ ½ai, bi� ¼

x6, 1 � i � mi and n ¼ 2mþ 6 for all m � 1:
(2) L ffi hx1, :::, x6, x7, ai, bij½x1, x2� ¼ x3, ½x1, x3� ¼ ½x2, x4� ¼ x5, ½x1, x5� ¼ ½x3, x4� ¼ ½x2, x7� ¼

½x4, x7� ¼ ½ai, bi� ¼ x6, 1 � i � mi and n ¼ 2mþ 7 for all m � 1:
(3) L ffi hx1, :::, x6, x7, ai, bij½x1, x2� ¼ x3, ½x1, x3� ¼ ½x2, x4� ¼ x5, ½x1, x5� ¼ ½x3, x4� ¼ ½x2, x7� ¼

½ai, bi� ¼ x6, 1 � i � mi and n ¼ 2mþ 7 for all m � 1:
(4) L ffi hx1, :::, x6, x7, ai, bij½x1, x2� ¼ x3, ½x1, x3� ¼ ½x2, x4� ¼ x5, ½x1, x5� ¼ ½x3, x4� ¼ ½x4, x7� ¼

½ai, bi� ¼ x6, 1 � i � mi and n ¼ 2mþ 7 for all m � 1:
(5) L ffi hx1, :::, x6, x7, x8, ai, bij½x1, x2� ¼ x3, ½x1, x3� ¼ ½x2, x4� ¼ x5, ½x1, x5� ¼ ½x3, x4� ¼ ½x2,

x7� ¼ ½x4, x8� ¼ ½ai, bi� ¼ x6, 1 � i � mi and n ¼ 2mþ 8 for all m � 1:

Proof. It is similar to the proof of Theorem 3.1. w

Proposition 3.3. Let L be an n-dimensional class 4 nilpotent stem Lie algebra over a field F of
characteristic 2 ðn � 7Þ and dim L2 ¼ 3 such that

(a) L ¼ I þ K, for a subalgebra K of L and a subalgebra I ffi Lð2Þ6, 1,
(b) I \ K � ZðIÞ \ K2, ½I,K� � ZðIÞ and dim ðK2Þ � 1, :

Then the following results hold.

(i) If K is a non-trivial abelian Lie algebra, then L is isomorphic to exactly one of the following
Lie algebras.
(1) L ffi hx1, :::, x7j½x1, x2� ¼ x3, ½x1, x3� ¼ x5, ½x2, x4� ¼ x5 þ x6, ½x1, x5� ¼ ½x3, x4� ¼ ½x2, x7� ¼

½x4, x7� ¼ x6i:
(2) Lffihx1, :::,x7j½x1,x2�¼ x3, ½x1,x3�¼ x5, ½x2,x4�¼ x5þx6, ½x1,x5�¼ ½x3,x4�¼ ½x2,x7�¼ x6i:
(3) Lffihx1, :::,x7j½x1,x2�¼ x3, ½x1,x3�¼ x5, ½x2,x4�¼ x5þx6, ½x1,x5�¼ ½x3,x4�¼ ½x4,x7�¼ x6:i
(4) L ffi hx1, :::, x8j½x1, x2� ¼ x3, ½x1, x3� ¼ x5, ½x2, x4� ¼ x5 þ x6, ½x1, x5� ¼ ½x3, x4� ¼ ½x2, x7� ¼

½x4, x8� ¼ x6i:
(ii) If K is a non-abelian Lie algebra, then L is isomorphic to exactly one of the following

Lie algebras.
(1) L ffi hx1, :::, x6, ai, bij½x1, x2� ¼ x3, ½x1, x3� ¼ x5, ½x2, x4� ¼ x5 þ x6, ½x1, x5� ¼ ½x3, x4� ¼ ½ai,

bi� ¼ x6, 1 � i � mi and n ¼ 2mþ 6 for all m � 1:
(2) L ffi hx1, :::, x6, x7, ai, bij½x1, x2� ¼ x3, ½x1, x3� ¼ x5, ½x2, x4� ¼ x5 þ x6, ½x1, x5� ¼ ½x3, x4� ¼

½x2, x7� ¼ ½x4, x7� ¼ ½ai, bi� ¼ x6, 1 � i � mi and n ¼ 2mþ 7 for all m � 1:
(3) L ffi hx1, :::, x7, ai, bij½x1, x2� ¼ x3, ½x1, x3� ¼ x5, ½x2, x4� ¼ x5 þ x6, ½x1, x5� ¼ ½x3, x4� ¼ ½x2,

x7� ¼ ½ai, bi� ¼ x6, 1 � i � mi and n ¼ 2mþ 7 for all m � 1:
(4) L ffi hx1, :::, x7, ai, bij½x1, x2� ¼ x3, ½x1, x3� ¼ x5, ½x2, x4� ¼ x5 þ x6, ½x1, x5� ¼ ½x3, x4� ¼ ½x4,

x7� ¼ ½ai, bi� ¼ x6, 1 � i � mi and n ¼ 2mþ 7 for all m � 1:
(5) L ffi hx1, :::, x8, ai, bij½x1, x2� ¼ x3, ½x1, x3� ¼ x5, ½x2, x4� ¼ x5 þ x6, ½x1, x5� ¼ ½x3, x4� ¼ ½x2,

x7� ¼ ½x4, x8� ¼ ½ai, bi� ¼ x6, 1 � i � mi and n ¼ 2mþ 8 for all m � 1:

Proof. The result is obtained by a same way used in the proof of Theorem 3.1. w

We are ready to determine the central factors of all stem Lie algebras T such that cl(T) ¼ 4
and dimT2 ¼ 3:

Lemma 3.4. Let T be an n-dimensional stem Lie algebra such that cl(T) ¼ 4 and dimT2 ¼ 3:
Then T=ZðTÞ ffi L4, 3 � Aðn� 4Þ or T=ZðTÞ ffi L5, 5 � Aðn� 5Þ:
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Proof. By using Proposition 2.8, we have T2=ZðTÞ ffi Að2Þ: Since T=ZðTÞ is capable, [11,
Theorem 5.3] implies that T=ZðTÞ ffi L4, 3 � Aðn� 4Þ or T=ZðTÞ ffi L5, 5 � Aðn� 5Þ: It completes
the proof. w

In the following theorem, we determine the structure of all stem Lie algebras of class 4 with
the derived subalgebra of dimension 3.

Theorem 3.5. Let T be an n-dimensional stem Lie algebra such that cl(T) ¼ 4 and dimT2 ¼ 3:
Then T is isomorphic to exactly one of the following Lie algebras.

Over a field F of characteristic different from 2:

(1) T1 ffi L5, 6:
(2) T2 ffi L5, 7:
(3) T3 ffi L6, 11:
(4) T4 ffi L6, 12:
(5) T5 ffi hx1, :::,x5,aj,bjj½x1,xi� ¼ xiþ1, ½x2,x3� ¼ ½aj,bj� ¼ x5,1� i� 4,1� j�mi and n¼ 2mþ5

for all m� 1:
(6) T6 ffi hx1, :::, x5, aj, bjj½x1, xi� ¼ xiþ1, ½aj, bj� ¼ x5, 1 � i � 4, 1 � j � mi and n ¼ 2mþ 5 for

all m � 1:
(7) T7 ffi hx1, :::, x6, aj, bjj½x1, x2� ¼ x3, ½x1, x3� ¼ x4, ½x1, x4� ¼ ½x2, x3� ¼ ½x2, x6� ¼ ½aj, bj� ¼ x5i

and n ¼ 2mþ 6 for all m � 1:
(8) T8 ffi hx1, :::,x6,aj,bjj½x1,x2� ¼ x3, ½x1,x3� ¼ x4, ½x1,x4� ¼ ½aj,bj� ¼ ½x2,x6� ¼ x5i and n¼ 2mþ6

for all m� 1:
(9) T9 ffi L6, 13:
(10) T10ffihx1, :::,x7j½x1,x2�¼ x3, ½x1,x3�¼ ½x2,x4�¼ x5, ½x1,x5�¼ ½x3,x4�¼ ½x2,x7�¼ ½x4,x7�¼ x6i:
(11) T11 ffi hx1, :::, x7j½x1, x2� ¼ x3, ½x1, x3� ¼ ½x2, x4� ¼ x5, ½x1, x5� ¼ ½x3, x4� ¼ ½x4, x7� ¼ x6i:
(12) T12 ffi hx1, :::, x7j½x1, x2� ¼ x3, ½x1, x3� ¼ ½x2, x4� ¼ x5, ½x1, x5� ¼ ½x3, x4� ¼ ½x2, x7� ¼ x6i:
(13) T13 ffihx1, :::,x8j½x1,x2� ¼ x3, ½x1,x3� ¼ ½x2,x4� ¼ x5, ½x1,x5� ¼ ½x3,x4� ¼ ½x2,x7� ¼ ½x4,x8� ¼ x6i:
(14) T14 ffihx1, :::,x6,ai,bij½x1,x2� ¼ x3, ½x1,x3� ¼ ½x2,x4� ¼ x5, ½x1,x5� ¼ ½x3,x4� ¼ ½ai,bi� ¼ x6, 1� i�

mi and n¼ 2mþ6 for all m� 1:
(15) T15 ffi hx1, :::,x7,ai,bij½x1,x2� ¼ x3, ½x1,x3� ¼ ½x2,x4� ¼ x5, ½x1,x5� ¼ ½x3,x4� ¼ ½x2,x7� ¼ ½x4,x7� ¼

½ai,bi� ¼ x6, 1� i�mi and n¼ 2mþ 7 for all m� 1:
(16) T16 ffi hx1, :::,x7,ai,bij½x1,x2� ¼ x3, ½x1,x3� ¼ ½x2,x4� ¼ x5, ½x1,x5� ¼ ½x3,x4� ¼ ½x2,x7� ¼ ½ai, bi� ¼

x6, 1� i�mi and n¼ 2mþ 7 for all m� 1:
(17) T17 ffi hx1, :::,x7,ai,bij½x1,x2� ¼ x3, ½x1,x3� ¼ ½x2,x4� ¼ x5, ½x1,x5� ¼ ½x3,x4� ¼ ½x4,x7� ¼ ½ai,bi� ¼

x6, 1� i�mi and n¼ 2mþ 7 for all m� 1:
(18) T18 ffi hx1, :::,x8,ai,bij½x1,x2� ¼ x3, ½x1,x3� ¼ ½x2,x4� ¼ x5, ½x1,x5� ¼ ½x3,x4� ¼ ½x2,x7� ¼ ½x4,x8� ¼

½ai,bi� ¼ x6, 1� i�mi and n¼ 2mþ 8 for all m� 1:

Over a field F of characteristic 2:

(1) T1 ffi L5, 6:
(2) T2 ffi L5, 7:
(3) T3 ffi L6, 11:
(4) T4 ffi L6, 12:
(5) T5 ffi hx1, :::, x5, aj, bjj½x1, xi� ¼ xiþ1, ½x2, x3� ¼ ½aj, bj� ¼ x5, 1 � i � 4, 1 � j � mi and n ¼

2mþ 5 for all m � 1:
(6) T6 ffi hx1, :::, x5, aj, bjj½x1, xi� ¼ xiþ1, ½aj, bj� ¼ x5, 1 � i � 4, 1 � j � mi and n ¼ 2mþ 5 for

all m � 1:
(7) T7 ffi hx1, :::, x6, aj, bjj½x1, x2� ¼ x3, ½x1, x3� ¼ x4, ½x1, x4� ¼ ½x2, x3� ¼ ½x2, x6� ¼ ½aj, bj� ¼ x5i

and n ¼ 2mþ 6 for all m � 1:
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(8) T8 ffi hx1, :::,x6,aj,bjj½x1,x2� ¼ x3, ½x1,x3� ¼ x4, ½x1,x4� ¼ ½aj,bj� ¼ ½x2,x6� ¼ x5i and n¼ 2mþ6
for all m� 1:

(9) T19 ffi Lð2Þ6, 1:
(10) T20 ffi hx1, :::, x7j½x1, x2� ¼ x3, ½x1, x3� ¼ x5, ½x2, x4� ¼ x5 þ x6, ½x1, x5� ¼ ½x3, x4� ¼ ½x2, x7�¼½x4,

x7� ¼ x6i:
(11) T21 ffi hx1, :::,x7j½x1,x2� ¼ x3, ½x1,x3� ¼ x5, ½x2,x4� ¼ x5 þ x6, ½x1,x5� ¼ ½x3,x4� ¼ ½x2,x7� ¼ x6i:
(12) T22 ffi hx1, :::,x7j½x1,x2� ¼ x3, ½x1,x3� ¼ x5, ½x2,x4� ¼ x5 þ x6, ½x1,x5� ¼ ½x3,x4� ¼ ½x4,x7� ¼ x6:i
(13) T23 ffi hx1, :::,x8j½x1,x2� ¼ x3, ½x1,x3� ¼ x5, ½x2,x4� ¼ x5 þ x6, ½x1,x5� ¼ ½x3,x4� ¼ ½x2,x7� ¼ ½x4,

x8� ¼ x6i:
(14) T24 ffi hx1, :::,x6,ai,bij½x1,x2� ¼ x3, ½x1,x3� ¼ x5, ½x2,x4� ¼ x5þ x6, ½x1,x5� ¼ ½x3,x4� ¼ ½ai,bi� ¼ x6,

1� i�mi and n¼ 2mþ 6 for all m� 1:
(15) T25 ffi hx1, :::, x7,ai, bij½x1, x2� ¼ x3, ½x1, x3� ¼ x5, ½x2, x4� ¼ x5 þ x6, ½x1, x5� ¼ ½x3, x4� ¼ ½x2, x7� ¼

½x4, x7� ¼ ½ai, bi� ¼ x6, 1 � i � mi and n ¼ 2mþ 7 for all m � 1:
(16) T26 ffi hx1, :::, x7,ai, bij½x1, x2� ¼ x3, ½x1, x3� ¼ x5, ½x2, x4� ¼ x5 þ x6, ½x1, x5� ¼ ½x3, x4� ¼ ½x2, x7� ¼

½ai, bi� ¼ x6, 1 � i � mi and n ¼ 2mþ 7 for all m � 1:
(17) T27 ffi hx1, :::, x7,ai, bij½x1, x2� ¼ x3, ½x1, x3� ¼ x5, ½x2, x4� ¼ x5 þ x6, ½x1, x5� ¼ ½x3, x4� ¼ ½x4, x7� ¼

½ai, bi� ¼ x6, 1 � i � mi and n ¼ 2mþ 7 for all m � 1:
(18) T28 ffi hx1, :::, x8,ai, bij½x1, x2� ¼ x3, ½x1, x3� ¼ x5, ½x2, x4� ¼ x5 þ x6, ½x1, x5� ¼ ½x3, x4� ¼ ½x2, x7� ¼

½x4, x8� ¼ ½ai, bi� ¼ x6, 1 � i � mi and n ¼ 2mþ 8 for all m � 1:

Proof. Since clðTÞ ¼ 4, we have dimT � 5: If dimT ¼ 5, then T is a 5-dimensional Lie algebra
of maximal class and hence by looking at the classification of nilpotent Lie algebras of dimension
5 given in [4], we should have T ffi L5, 6 or T ffi L5, 7: Cases (1) and (2) are obtained.

Assume that dimT � 6: Proposition 2.8 and Lemma 3.4 imply T=ZðTÞ ffi L4, 3 � Aðn� 4Þ or
T=ZðTÞ ffi L5, 5 � Aðn� 5Þ, where ZðTÞ ¼ T4 ffi Að1Þ: First let T=ZðTÞ ffi L4, 3 � Aðn� 4Þ: There
exist two ideals I1=ZðTÞ and I2=ZðTÞ of T=ZðTÞ such that I1=ZðTÞ ffi L4, 3 and I2=ZðTÞ ffi
Aðn� 5Þ: Since T2=ZðTÞ ¼ ðI21 þ ZðTÞÞ=ZðTÞ, we have T2 ¼ I21 þ ZðTÞ and ZðTÞ ¼ T4: Using
[14, Lemma 1], we have T2 ¼ I21 and so clðTÞ ¼ clðI1Þ ¼ 4: Hence, I1 is a 5-dimensional Lie alge-
bra of maximal class and hence I1 ffi L5, 6 or I1 ffi L5, 7: Now, ZðTÞ ¼ ZðI1Þ ffi Að1Þ because
ZðTÞ \ I1 � ZðI1Þ ffi Að1Þ and dimZðTÞ ¼ 1: Since ZðTÞ � I1 \ I2 � ZðTÞ, we have I1 \ I2 ¼
ZðTÞ ¼ ZðI1Þ: Therefore

Z2ðTÞ=ZðTÞ ¼ ZðT=ZðTÞÞ ¼ ZðI1=ZðTÞÞ � I2=ZðTÞ ¼ Z2ðI1Þ=ZðTÞ þ I2=ZðTÞ:
Since I1 is maximal class of dimension 5, we have Z2ðTÞ ¼ Z2ðI1Þ þ I2 ¼ I31 þ I2: Now, we are going
to determine the structure of I2: Since I2=ZðTÞ ffi Aðn� 5Þ, we have I22 � ZðTÞ ffi Að1Þ and hence
clðI2Þ � 2: Since dimT=ZðTÞ � 5, we have dim I2 � 2: Let clðI2Þ ¼ 1: Then, ½I1, I2� ¼ I1 \ I2 ¼
ZðTÞ ¼ ZðI1Þ ffi Að1Þ, because if ½I1, I2� ¼ 0 since I2 is abelian, I2 � ZðTÞ ffi Að1Þ, which is a
contradiction, since dim I2 � 2: Hence, I2 ¼ ZðTÞ � A in which A ffi Aðn� 5Þ and ½I1, I2� ¼ ZðTÞ:
Now, ZðTÞ � I1,A \ I1 ¼ 0 and I1 \ I2 ¼ ZðTÞ so T ¼ I1 þ I2 ¼ I1 þ ZðTÞ þ A ¼ I1 3A: Using
the proof of Theorem 3.1 (i), we have T ffi I1 3K ffi L6, 11, in which K ffi Að1Þ and ½K, I1� ¼ ZðTÞ or
T ffi I1 3K ffi L6, 12 in which K ffi Að1Þ and ½K, I1� ¼ ZðTÞ: These are cases (3) and (4).

Now, let clðI2Þ ¼ 2: Since I22 ¼ I1 \ I2 ¼ ZðTÞ ¼ ZðI1Þ ffi Að1Þ, [12, Theorem 3.6] implies I2 ffi
HðmÞ � Aðn� 2m� 5Þ: First, assume that Aðn� 2m� 5Þ ¼ 0: Then n ¼ 2mþ 5 and I2 ffi
HðmÞ: Using Theorem 3.1 (ii) (1) and (2), we can similarly obtain that ½I1, I2� ¼ 0 and T ¼
I1uI2, where I2 ffi HðmÞ: Cases (5) and (6) follow.

Now, let Aðn� 2m� 5Þ 6¼ 0: Then, n 6¼ 2mþ 5 and hence, T ¼ I1 þ ðK � AÞ where K ffi
HðmÞ, A ffi Aðn� 2m� 5Þ and ½I1,K � A� � ZðTÞ ¼ ZðI1Þ: By using the proof of Theorem 3.1
(ii), we have ½I1,K� ¼ 0: Now, we claim that ½I1,A� ¼ ZðTÞ ffi Að1Þ: Let ½I1,A� ¼ 0: Since ½K,A� ¼
0, we have A � ZðTÞ ¼ ZðI1Þ ¼ ZðKÞ ¼ K2 ffi Að1Þ: It is a contradiction, since A \ K ¼ 0:
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Therefore, ½I1,A� ¼ ZðTÞ and hence T ffi ðI1 3AÞuK where A ffi Aðn� 2m� 5Þ and ½I1,A� ¼
ZðTÞ ¼ ZðI1Þ: Similar to cases (3) and (4), one can obtain that A ffi Að1Þ, so n ¼ 2mþ 6 and
½I1,A� ¼ ZðTÞ: Therefore, T ¼ ðI1 3AÞuK in which A ffi Að1Þ and ½I1,A� ¼ ZðTÞ: These are cases
(7) and (8), by Theorem 3.1 (ii) (3) and (4).

Now, let T=ZðTÞ ffi L5, 5 � Aðn� 5Þ: By a similar way to the above, we can obtain all cases
9–28, by using Propositions 3.2 and 2.2. The result follows. w

The following result shows that the capability of the direct product of a non-abelian Lie alge-
bra T of class 4 with dimT2 ¼ 3 and an abelian Lie algebra depends only on the capability of its
non-abelian factor.

Theorem 3.6. Let L be a finite dimensional nilpotent Lie algebra of class 4 and dim L2 ¼ 3: Then L ¼
T � A such that ZðTÞ ¼ L2 \ ZðLÞ ¼ L4 ¼ T4 and Z	ðLÞ ¼ Z	ðTÞ, where A is an abelian Lie algebra.

Proof. By using [7, Proposition 3.1], L ¼ T � A such that ZðTÞ ¼ L2 \ ZðLÞ and Z	ðLÞ ¼ Z	ðTÞ,
where A is an abelian Lie algebra. Since T is stem, Proposition 2.8 implies ZðTÞ ¼ T4, as required. w

The following corollary is an immediate consequence of Theorems 3.5 and 2.5.

Corollary 3.7. Let L be a finite dimensional nilpotent Lie algebra of class 4 and dim L2 ¼ 3: Then
L ¼ T � A in which T ffi Ti for some i, 1 � i � 28 and A is an abelian Lie algebra.

As mentioned a Lie algebra L is called capable provided that L ffi H=ZðHÞ for some Lie algebra
H. The notion of the epicenter Z	ðLÞ for a Lie algebra L was defined in [13]. It is shown that L is
capable if and only if Z	ðLÞ ¼ 0: Another notion having a close relation to the capability is the
concept of the exterior square of Lie algebras, which is denoted by L� L, for a Lie algebra L, was
introduced in [5]. Our approach is on the concept of the exterior center Z � ðLÞ, the set of all ele-
ments l of L for which l� l0 ¼ 0L � L for all l0 2 L: Niroomand et al. in [12] showed Z � ðLÞ ¼
Z	ðLÞ for any finite-dimensional Lie algebra L. In the following results, we classify all non-capable
stem Lie algebras T of class 4 with dimT2 ¼ 3:

Theorem 3.8. Let L be isomorphic to one of Lie algebras T5, :::,T8,T14, :::,T18, T24, :::,T27 or T28:
Then L is non-capable.

Proof. First assume that L ffi T5: By using the presentation of Theorem 3.5, we have L ¼ TuH
such that T ffi L5, 6 and H ffi HðmÞ, so [10, Proposition 2.2] implies L is non-capable. The other
cases can be obtained by a similar way. w

The following lemma is a useful instrument in the rest.

Lemma 3.9. Let L be isomorphic to one of Lie algebras T10,T11,T13,T20, T22, or T23: Then L is
non-capable

Proof. Using Theorem 3.5 (10), let L ffi T10 ¼ hx1, x2, :::, x7j½x1, x2� ¼ x3, ½x1, x3� ¼ ½x2, x4� ¼
x5, ½x1, x5� ¼ ½x3, x4� ¼ ½x2, x7� ¼ ½x4, x7� ¼ x6i: Clearly, ZðLÞ ¼ hx6i: We claim that x6 2 Z � ðLÞ: It
is sufficient to show that xi � x6 ¼ 0L � L for all i, 1 � i � 7: Since

x1 � x6 ¼ x1 � x4, x7½ � ¼ x7, x1½ �� x6 � x4, x1½ �� x7 ¼ 0L � L,

x3 � x6 ¼ x1, x2½ �� x6 ¼ x1 � x2, x6½ � � x2 � x1, x6½ � ¼ 0L � L,

x5 � x6 ¼ x1, x3½ �� x6 ¼ x1 � x3, x6½ � � x3 � x1, x6½ � ¼ 0L � L,

x4 � x6 ¼ x4 � x1, x5½ � ¼ x5, x4½ �� x1 � x1, x4½ �� x5 ¼ 0L � L,

x7 � x6 ¼ x7 � x1, x5½ � ¼ x5, x7½ �� x1 � x1, x7½ �� x5 ¼ 0L � L

and
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x2 � x6 ¼ x2 � x4, x7½ � ¼ x7, x2½ �� x4 � x4, x2½ �� x7 ¼ �x6 � x4�
x4, x2½ �� x7 ¼ �x5 � x7 ¼ � x1, x3½ �� x7 ¼ �x1 � x3, x7½ � þ x3 � x1, x7½ � ¼ 0L � L,

x6 2 Z � ðLÞ, as required. Similarly, hx1, :::, x6, x7j½x1, x2� ¼ x3, ½x1, x3� ¼ x5, ½x2, x4� ¼ x5 þ x6, ½x1,
x5� ¼ ½x3, x4� ¼ ½x2, x7� ¼ ½x4, x7� ¼ x6i is non-capable. The other cases can be obtained by a simi-
lar way. w

The capable stem Lie algebras of class 4 with the derived subalgebra of dimension 3 are char-
acterized in the following.

Lemma 3.10. Let L be an n-dimensional stem Lie algebra such that cl(L) ¼ 4 and dim L2 ¼ 3: If L

is isomorphic to one of Lie algebras L ffi L5, 6, L ffi L5, 7, L ffi L6, 11, L ffi L6, 12, L ffi L6, 13, L ffi Lð2Þ6, 1,
L ffi T12, or L ffi T21, then L is capable.

Proof. By using a terminology of [3, 4], we have L6, 15 ¼ hx1, :::, x6j½x1, x2� ¼ x3, ½x1, x3� ¼
x4, ½x1, x4� ¼ x5 ¼ ½x2, x3�, ½x1, x5� ¼ x6 ¼ ½x2, x4�i and L6, 18 ¼ hx1, :::, x6j½x1, x2� ¼ x3, ½x1, x3� ¼
x4, ½x1, x4� ¼ x5, ½x1, x5� ¼ x6i: Clearly, ZðL6, 15Þ ¼ hx6i and ZðL6, 18Þ ¼ hx6i, so L6, 15=hx6i ffi L5, 6
and L6, 18=hx6i ffi L5, 7: Hence, L5, 6 and L5, 7 are capable. Consider H ¼ hx1, :::, x7j½x1, x2� ¼
x3, ½x1, x3� ¼ x4 ¼ ½x2, x7�, ½x1, x4� ¼ x5 ¼ ½x3, x7�, ½x1, x5� ¼ x6 ¼ ½x4, x7�i: Clearly, ZðHÞ ¼ hx6i:
Hence, L6, 13 ffi H=hx6i: Therefore, L6, 13 is capable. The capability of L6, 11, Lð2Þ6, 1, L6, 12, T12, and
T21 are obtained by a similar way. The proof is completed. w

In the following theorem, all capable stem Lie algebras of class 3 with the derived subalgebra
of dimension 3 are given.

Theorem 3.11. Let T be an n-dimensional stem Lie algebra such that cl(T) ¼ 4 and dimT2 ¼ 3:
Then T is capable if and only if T is isomorphic to one of the Lie algebras L5, 6, L5, 7, L6, 11,

L6, 12, L
ð2Þ
6, 1, T12, T21, or L6, 13:

Proof. Let T be capable. By Theorem 3.5, Lemmas 3.9, and 2.9, T is isomorphic to one of the Lie

algebras L5, 6, L5, 7, L6, 11, L6, 12, L
ð2Þ
6, 1, T12, T21, or L6, 13: The converse holds by Lemma 3.10. w

The next theorem gives a necessary and sufficient condition for the capability of stem Lie alge-
bras of class 4 with the derived subalgebra of dimension 3.

Theorem 3.12. Let T be an n-dimensional stem Lie algebra such that cl(T) ¼ 4 and dimT2 ¼ 3:
Then T is capable if and only if 4 � dim ðT=ZðTÞÞ � 6:

Proof. The result follows from Lemma 3.4 and Theorem 3.11. w

Now, we are in the position to determine all capable Lie algebras L of class 4 with dim L2 ¼ 3:

Theorem 3.13. Let L be an n-dimensional Lie algebra such that cl(L) ¼ 4 and dim L2 ¼ 3: Then L
is capable if and only if L is isomorphic to exactly one of the Lie algebras L5, 6 � Aðn� 5Þ, L5, 7 �
Aðn� 5Þ, L6, 11 � Aðn� 6Þ, L6, 12 � Aðn� 6Þ, Lð2Þ6, 1 � Aðn� 6Þ, L6, 13 � Aðn� 6Þ, T12 � Aðn�
7Þ, or T21 � Aðn� 7Þ:

Proof. By using Theorem 3.6, L ¼ T � A such that ZðTÞ ¼ L2 \ ZðLÞ ¼ L4 ¼ T4 ffi Að1Þ and
Z	ðLÞ ¼ Z	ðTÞ, where A is an abelian Lie algebra. Now, the result follows from Theorem 3.11. w

The following result is obtained from Theorems 3.12 and 3.13.

Corollary 3.14. Let L be a finite dimensional Lie algebra of class 4 and dim L2 ¼ 3: Then L is cap-
able if and only if 4 � dim ðL=ZðLÞÞ � 6:
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