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Abstract Removing the field redefinitions, the Bianchi
identities and the total derivative freedoms from the general
form of gauge invariant NS–NS couplings at order α′3, we
have found that the minimum number of independent cou-
plings is 872. We find that there are schemes in which there
is no term with structures R, Rμν, ∇μHμαβ , ∇μ∇μ�. In
these schemes, there are sub-schemes in which, except one
term, the couplings can have no term with more than two
derivatives. In the sub-scheme that we have chosen, the 872
couplings appear in 55 different structures. We fix some of the
parameters in type II supersting theory by its corresponding
four-point functions. The coupling which has term with more
than two derivatives is constraint to be zero by the four-point
functions.
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1 Introduction

String theory is a quantum theory of gravity with a finite
number of massless fields and a tower of infinite number
of massive fields reflecting the stringy nature of the gravity.
An efficient way to study different phenomena in this theory
is to use an effective action which includes only massless
fields and their derivatives [1,2]. The effective action has a
double expansions. The genus expansion which includes the
classical and a tower of quantum corrections, and the stringy
expansion which is an expansion in powers of the Regge
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slope parameter α′. The latter expansion for metric yields
the Einstein gravity and the stringy corrections are a specific
tower of higher orders of the curvature tensors. A challenge is
to explore different techniques to find the effective action that
incorporates all such corrections, including non-perturbative
effects [3]. In the bosonic and in the heterotic string theories,
the higher derivative couplings begin at order α′, whereas, in
type II superstring theory, they begin at order α′3.

There are various techniques in the string theory for
finding these higher derivative couplings: S-matrix element
approach [4–9], sigma-model approach [10–14], supersym-
metry approach [15–18], double field theory approach [19–
23], and duality approach [3,24–28]. In the duality approach,
the consistency of the effective actions with duality transfor-
mations are imposed to find the higher derivative couplings
[3,27]. In particular, it has been speculated in [29] that the
consistency of the effective actions at any order of α′ with the
T-duality transformations may fix both the effective actions
and the corrections to the Buscher rules [30,31]. It has been
shown explicitly in [32] that the T-duality constraint fixes the
effective action and the corrections to the Buscher rules at
order α′, up to an overall factor. The T-duality constraint has
been also used in [33] to find the effective action of bosonic
string theory at order α′2.

In using the T-duality technique for finding the effective
actions at the higher-derivative orders in the string theory,
one needs the minimal gauge invariant couplings at each
order of α′. To find such couplings, one has to impose var-
ious Bianchi identities, use field redefinitions freedom [34–
36] and remove total derivative terms from the most gen-
eral gauge invariant couplings. In the literature, the Bianchi
identities and total derivative terms are first imposed to find
the minimum number of couplings at each order of α′, up
to field redefinitions. The parameters in the resulting action
are then either unambiguous which are not changed under
field redefinition, or ambiguous which are changed under the
field redefinitions. Some combinations of the latter parame-
ters, however, remain invariant under the field redefinitions
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[13]. This allows one to separate the ambiguous parameters
to essential parameters which are fixed by e.g., S-matrix cal-
culations [7,13], and some remaining arbitrary parameters.
Depending on which set of parameters are chosen as essen-
tial parameters and how to choose the arbitrary parameters,
one has different schemes. To find the minimum number of
independent couplings, one sets all the arbitrary parameters
to zero. This method has been used to find the 8 independent
couplings for gravity, B-field and dilaton at order α′ in [13].

One may impose the Bianchi identities, remove the total
derivative terms and use the field redefinition freedom at the
same time. That is, one may first write all gauge invariant
couplings at each order of α′ and then impose the above free-
doms to reduce the couplings to the minimal couplings. The
parameters in the gauge invariant action are then either unam-
biguous or ambiguous depending on whether or not they
are changed under these freedoms. Some combinations of
the ambiguous parameters, however, remain invariant. This
allows one to separate the ambiguous parameters to essential
parameters which may be found by S-matrix calculations,
and some arbitrary parameters. Again, depending on which
set of parameters are choosing as essential parameters and
how to choose the arbitrary parameters, one has different
schemes. The minimum number of independent couplings
are found in the schemes that all the arbitrary parameters are
set to zero. This method has been used in [37] to find the 60
minimal gauge invariant couplings for gravity, B-field and
dilaton at order α′2. In this paper, we are going to find such
couplings at order α′3.

The outline of the paper is as follows: In Sect. 2, we write
the most general gauge invariant couplings involving met-
ric, dilaton and B-field at order α′3. There are 23,996 such
couplings. Then we add to them the most general total deriva-
tive terms and field redefinitions with arbitrary parameters.
To impose various Bianchi identities, we rewrite them in
the local inertial frame, and rewrite the terms which have
derivatives of B-field strength H , in terms of potential, i.e.,
H = dB. We then use the arbitrary parameters in the total
derivative terms and in the field redefinitions to show that
there are only 872 essential parameters and all other param-
eters are arbitrary which can be set to zero. We show that
there are minimal schemes in which there are 871 couplings
which have no term with more than two derivatives and no
term involving R, Rμν,∇μHμαβ , ∇μ∇μ�. There is also one
essential coupling which has three derivatives on B-field. The
872 couplings in the scheme that we have chosen, appear in
55 different structures. We write the explicit form of these
couplings in this section. In Sect. 3, we impose the constraint
that the couplings in the type II superstring theory should
reproduce the sphere-level S-matrix element of four NS–NS
operators at order α′3, to fix some of the parameters in the
superstring theory. In Sect. 4, we impose the T-duality con-
straint when B-field is zero, to show that the dilaton couplings

are all zero. We postpone the evaluation of all 872 parameters
by the T-duality constraint when B-field is non-zero, to the
future works.

2 Minimal couplings at order α′3

The effective action of string theory has a double expansions.
One expansion is the genus expansion which includes the
classical sphere-level and a tower of quantum effects. The
other one is a stringy expansion which is an expansion in
terms of higher-derivative couplings. The number of deriva-
tives in each coupling can be accounted by the order of α′.
The sphere-level effective action of superstring theory has
the following power series of α′ in the string frame:

Seff =
∞∑

n=0

α′n Sn = S0 + α′3S3 + α′4S4 + · · · ;

Sn = γn

κ2

∫
d10x

√−ge−2�Ln (1)

where γn is normalization of the effective action at order α′n ,
e.g., γ0 = 1/2, and we have used the fact that the superstring
theory has no effective action at orders α′, α′2. The effective
action must be invariant under the coordinate transformations
and under the B-field and R–R gauge transformations. So
the NS–NS fields must appear in the Lagrangian Ln trough
their field strengths and their covariant derivatives, e.g., the
Lagrangian at the leading order of α′ for NS–NS fields is

L0 = R − 1
12 Hαβγ Hαβγ + 4∇α�∇α�. (2)

Similarly for the R–R fields. There is also Chern–Simons
Lagrangian involving the R–R couplings. In this paper how-
ever we are not interested in the R–R couplings. The higher-
derivative field redefinitions and Bianchi identity can not
change the form of this action. A systematic method has
been used in [37] to find the minimum number of indepen-
dent couplings at order α′2 in the bosonic string theory. It has
been shown in [37] that there are 60 couplings at this order.
The coefficients of these couplings have been found in [33]
by the T-duality constraint. In this paper we are going to find
the independent couplings of NS–NS fields at order α′3 in
the superstring theory.

Following [37], one first should write all gauge invariant
NS–NS couplings at eight-derivative order with even parity.
Using the package “xAct” [38], one finds there are 23,996
such couplings in 202 different structures, i.e.,

L ′
3 = c′

1Hα
δεHαβγ Hβ

εμHγ
ζηH δε

θ Hεζ
ι Hμι

κHηθκ + · · ·
(3)

where c′
1, . . . , c

′
23996 are some parameters. The above cou-

plings however are not all independent. Some of them are
related by total derivative terms, some of them are related
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by field redefinitions, and some others are related by various
Bianchi identities.

To remove the total derivative terms from the above cou-
plings, we consider the most general total derivative terms at
order α′3 which has the following structure:

α′3γn
κ2

∫
d10x

√−ge−2�J3 = α′3γn
κ2

∫
d10x

√−g∇α(e−2�Iα
3 )

(4)

where the vectorIα
3 is all possible covariant and gauge invari-

ant terms at seven-derivative level with even parity, i.e.,

Iα
3 = J1Hγ δεRαβ Rβεεθ∇δHγ

εθ + · · · (5)

where the coefficients J1, . . . , J11941 are 11941 arbitrary
parameters. Adding the total derivative terms with arbitrary
coefficients to L ′

3, one finds the same Lagrangian but with
different parameters c′′

1 , c′′
2 , . . . . We call the new Lagrangian

L ′′
3. Hence

�′′
3 − J3 = 0 (6)

where �′′
3 = L ′′

3 − L ′
3 is the same as L ′

3 but with coef-
ficients δc′′

1 , δc′′
2 , . . . where δc′′

i = c′′
i − c′

i . Solving the
above equation, one finds some linear relations between only
δc′′

1 , δc′′
2 , . . . which indicate how the couplings are related

among themselves by the total derivative terms. The above
equation also gives some relation between the coefficients of
the total derivative terms and δc′′

1 , δc′′
2 , . . . in which we are

not interested.
The couplings in (6), however, are in a fixed field variables.

One is free to change the field variables as

gμν → gμν + α′3δg(3)
μν

Bμν → Bμν + α′3δB(3)
μν

� → � + α′3δ�(3) (7)

where the tensors δg(3)
μν , δB(3)

μν and δ�(3) are all possible
covariant and gauge invariant terms at 6-derivative level.
δg(3)

μν , δ�(3) contain even-parity terms and δB(3)
μν contains

odd-parity terms i.e.,

δg(3)
αβ = g1H{αγ δHβ}γ εHδ

εθ Hεε
ηHθ

μνHημν + · · ·
δB(3)

αβ = e1R
γ δRδεε[α∇β]Hγ

εε + · · ·
δ�(3) = f1Hα

δεRβγ ∇α�∇γ Hβδε + · · · (8)

The coefficients g1, . . . , g3440, e1, . . . , e2843 and f1, . . . , f705

are arbitrary parameters. When the field variables in S3 are
changed according to the above field redefinitions, they pro-
duce some couplings at orders α′6 and higher in which we
are not interested in this paper. However, when the field vari-
ables in S0 are changed, up to some total derivative terms,

the following couplings at order α′3 are produced:

δS0 = δS0

δgαβ

δg(3)
αβ + δS0

δBαβ

δB(3)
αβ + δS0

δ�
δ�(3)

≡ α′3γ3

κ2

∫
d10x

√−ge−2�K3

= α′3γ3

κ2

∫
d10x

√−ge−2�

×
[(1

2
∇γ H

αβγ − Hαβ
γ ∇γ �

)
δB(3)

αβ

−
(
Rαβ − 1

4
Hαγ δHβ

γ δ + 2∇β∇α�
)
δg(3)

αβ

−2
(
R − 1

12
Hαβγ H

αβγ + 4∇α∇α�

−4∇α�∇α�
)(

δ�(3) − 1

4
δg(3)μ

μ

)]
(9)

where we have absorbed a factor of γ0/γ3 to the arbitrary
parameters in (8). Adding the total derivative terms and field
redefinition terms to L ′

3, one finds the same Lagrangian
but with different parameters c1, c2, . . . . We call the new
Lagrangian L3. Hence

�3 − J3 − K3 = 0 (10)

where �3 = L3 − L ′
3 is the same as L ′

3 but with coefficients
δc1, δc2, . . . where δci = ci−c′

i . Solving the above equation,
one finds some linear relations between only δc1, δc2, . . .

which indicate how the couplings are related among them-
selves by the total derivative and field redefinition terms.
There are also many relations between δc1, δc2, . . . and the
coefficients of total derivative terms and field redefinitions in
which we are not interested.

However, to solve the Eq. (10) one should write it in terms
of independent couplings, i.e., one has to impose the follow-
ing Bianchi identities as well:

Rα[βγ δ] = 0

∇[μRαβ]γ δ = 0

∇[μHαβγ ] = 0

[∇,∇]O − RO = 0. (11)

To impose these Bianchi identities in gauge invariant form,
one may contract the left-hand side of each Bianchi identity
with the NS–NS field strengths and their derivatives to pro-
duce terms at order α′3. The coefficients of these terms are
arbitrary. Adding these terms to the Eq. (10), then one can
solve the equation to find the linear relations between only
δc1, δc2, . . . . Alternatively, to impose the Bianchi identities
in non-gauge invariant form, one may rewrite the terms in
(10) in the local frame in which the first derivative of metric
is zero, and rewrite the terms in (10) which have derivatives
of H in terms of B-field, i.e., H = dB. In this way, the
Bianchi identities satisfy automatically [37]. In fact, writing
the couplings in terms of potential rather than field strength,
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there would be no Bianchi identity at all. We find that this
latter approach is easier to impose the Bianchi identities by
computer. Moreover, in this approach one does not need to
introduce another large number of arbitrary parameters to
include the Bianchi identities to the Eq. (10).

Using the above steps, one can rewrite the different terms
on the left-hand side of (10) in terms of independent but non-
gauge invariant couplings. The solution to the Eq. (10) then
has two parts. One part is 872 relations between only δci ’s,
and the other part is some relations between the coefficients
of the total derivative terms, field redefinitions and δci ’s in
which we are not interested. The number of relations in the
first part gives the number of independent couplings in L3.
In a particular scheme, one may set some of the coefficients
in L ′

3 to zero, however, after replacing the non-zero terms
in (10), the number of relations between only δci ’s should
not be changed, i.e., there must be always 872 relations. We
set the coefficients of the couplings in L ′

3 in which each
term has R, Rμν, ∇μHμαβ , ∇μ∇μ� zero. After setting this
coefficients to zero, there are still 872 relations between δci ’s.
This means we are allowed to remove these terms.

We then try to set zero couplings in L ′
3 which have term

with more then two derivatives. Imposing this condition and
then solving (10) again, one would find 871 relations between
only δci ’s. It means that at least one of the independent cou-
plings has terms with more than two derivatives. We have
found this independent coupling to be

LR2H∂∂H
3 = c520H

αβγ Rβμδ
ζ Rγ ζεε∇μ∇εHα

δε. (12)

The way we have found above coupling is that we divided
the couplings involving more than two derivatives to two
parts. We then set the coefficients of one part to zero. If the
corresponding equations in (10) gives 872 relations between
the remaining δci ’s then that choice is allowed, otherwise
the other part is allowed to set to zero. Again we divided
the non-zero part to two parts and set half of them to zero.
If the corresponding equations in (10) gives 872 relations
between the remaining δci ’s then that choice is allowed, oth-
erwise the other part is allowed to set to zero. Repeating this
strategy one finds the above couplings is one of the inde-
pendent couplings. Apart from the above coupling, all other
couplings which have terms with more than two derivatives
are allowed to be zero. There are still 2882 couplings which
have no term with more than two derivatives and have no
terms with structures R, Rμν, ∇μHμαβ , ∇μ∇μ�. Hence,
there are still many choices for choosing the non-zero coef-
ficients such that they satisfy the 872 relations δci = 0. In
the particular scheme that we have chosen, the 872 couplings
appear in 55 structures.

One structure is (12) which has only one coupling. All
other couplings appear in the following 54 structures:

LH8

3 = c1Hα
δεHαβ γ Hβ

εμ Hγ
ζηHδε

θ H εζ
ιHμι

κ Hηθκ

+c2Hα
δεHαβγ Hβδ

εHγ
μζ Hεμ

ηHε
θιHζθ

κ Hηικ

+c3Hαβ
δHαβγ Hγ

εεHδ
μζ Hεμ

ηHε
θιHζθ

κ Hηικ

+c4Hαβ
δHαβγ Hγ

εεHδ
μζ Hεε

ηHμ
θιHζθ

κ Hηικ

+c5Hα
δεHαβγ Hβδ

εHγ ε
μHε

ζηHμ
θιHζθ

κ Hηικ

+c6Hαβ
δHαβγ Hγ

εεHδε
μHε

ζηHμ
θιHζθ

κ Hηικ

+c7Hα
δεHαβγ Hβδ

εHγ εεHμ
θιHμζηHζθ

κ Hηικ

+c8Hα
δεHαβγ Hβ

εμHγ
ζηHδε

θ Hεζ
ιHμη

κ Hθικ

LH6R
3 = c9Hαβ

δHαβγ Hε
ζηH εεμHεζ

θ Hμη
ιRγ θδι

+c13Hαβ
δHαβγ Hγ

εεHε
μζ Hμ

ηθ Hηθ
ιRδζει

+c14Hαβ
δHαβγ Hγ

εεHε
μζ Hε

ηθ Hμη
ιRδζθι

+c15Hαβ
δHαβγ Hγ

εεHε
μζ Hμ

ηθ Hζη
ιRδθει

+c16Hαβ
δHαβγ Hγ

εεHεε
μHζη

ιH ζηθ Rδθμι

+c17Hαβ
δHαβγ Hγ

εεHε
μζ Hεμ

ηHζ
θιRδθηι

+c18Hαβ
δHαβγ Hγ

εεHε
μζ Hμ

ηθ Hηθ
ιRδιεζ

+c19Hαβ
δHαβγ Hγ

εεHε
μζ Hε

ηθ Hμζ
ιRδιηθ

+c31Hα
δεHαβγ Hβ

εμHγ
ζηHδε

θ Hζθ
ιRεημι

+c32Hα
δεHαβγ Hβδ

εHγ
μζ Hμ

ηθ Hζη
ιRεθει

+c50Hα
δεHαβγ Hβδ

εHγ
μζ Hε

ηθ Hμη
ιRεζθι

+c51Hαβ
δHαβγ Hγ

εεHδε
μHζη

ιH ζηθ Rεθμι

+c52Hαβ
δHαβγ Hγ

εεHδ
μζ Hε

ηθ Hμη
ιRεθζ ι

+c53Hαβ
δHαβγ Hγ

εεHδ
μζ Hεμ

ηHη
θιRεθζ ι

+c54Hα
δεHαβγ Hβδ

εHγ
μζ Hεμ

ηHζ
θιRεθηι

+c55Hαβ
δHαβγ Hγ

εεHδ
μζ Hε

ηθ Hηθ
ιRειμζ

+c56Hαβ
δHαβγ Hγ

εεHδ
μζ Hε

ηθ Hμη
ιRειζ θ

+c72Hαβ
δHαβγ Hγ

εεHδ
μζ Hε

ηθ Hεη
ιRμθζ ι

+c73Hαβ
δHαβγ Hγ

εεHδ
μζ Hεε

ηHη
θιRμθζ ι

+c74Hα
δεHαβγ Hβ

εμHγ
ζηHδε

θ Hεζ
ιRμθηι

+c75Hα
δεHαβγ Hβδ

εHγ ε
μHε

ζηHζ
θιRμθηι

+c76Hαβ
δHαβγ Hγ

εεHδε
μHε

ζηHζ
θιRμθηι

+c77Hα
δεHαβγ Hβ

εμHγ
ζηHδε

θ Hεζ
ιRμιηθ

+c80Hα
δεHαβγ Hβδ

εHγ
μζ Hεμ

ηHε
θιRζθηι

+c81Hαβ
δHαβγ Hγ

εεHδ
μζ Hεμ

ηHε
θιRζθηι

+c82Hαβ
δHαβγ Hγ

εεHδ
μζ Hεε

ηHμ
θιRζθηι

+c83Hα
δεHαβγ Hβδ

εHγ ε
μHε

ζηHμ
θιRζθηι

+c84Hαβ
δHαβγ Hγ

εεHδε
μHε

ζηHμ
θιRζθηι

+c85Hα
δεHαβγ Hβδ

εHγ εεHμ
θιHμζηRζθηι

+c86Hαβ
δHαβγ Hγ

εεHδεεHμ
θιHμζηRζθηι

LR4

3 = c10Rαβ
εεRαβγ δRγ

μ
ε
ζ Rδμεζ

+c11Rα
ε
γ

εRαβγ δRβ
μ

ε
ζ Rδζεμ

+c12Rαβ
εεRαβγ δRγ

μ
ε
ζ Rδζεμ

+c20Rαβ
εεRαβγ δRγ

μ
δ
ζ Rεμεζ

+c21Rαγβ
εRαβγ δRδ

εμζ Rεμεζ

+c22Rα
ε
γ

εRαβγ δRβ
μ

δ
ζ Rεζεμ

+c33RαγβδR
αβγ δRεμεζ R

εεμζ (13)

LH2R3

3 = c23H
αβγ H δεεRα

μ
β

ζ Rγ
η
δμRεζεη

+c24Hα
δεHαβγ Rβδ

εμRγ
ζ
ε
ηRεζμη
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+c25Hα
δεHαβγ Rβ

ε
δ
μRγ

ζ
ε
ηRεζμη

+c26Hα
δεHαβγ Rβ

ε
γ

μRδ
ζ
ε
ηRεζμη

+c27Hα
δεHαβγ Rβ

ε
δ
μRγ

ζ
ε
ηRεημζ

+c28Hα
δεHαβγ Rβ

ε
γ

μRδ
ζ
ε
ηRεημζ

+c29Hαβ
δHαβγ Rγ

εεμRδ
ζ
ε
ηRεημζ

+c34H
αβγ H δεεRαδβεRγ

μζηRεζμη

+c35Hα
δεHαβγ Rβ

ε
δ
μRγ

ζ
ε
ηRεζμη

+c36Hαβ
δHαβγ Rγ

εεμRδε
ζηRεζμη

+c37Hα
δεHαβγ Rβ

ε
γ

μRδ
ζ
ε
ηRεζμη

+c38Hαβγ H
αβγ Rδε

ζηRδεεμRεζμη

+c39Hα
δεHαβγ Rβδγ

εRε
μζηRεζμη

+c40Hαβ
δHαβγ Rγ

ε
δ
εRε

μζηRεζμη

+c41H
αβγ H δεεRαβ

μζ Rγ δε
ηRεημζ

+c42H
αβγ H δεεRαδβ

μRγ
ζ
ε
ηRεημζ

+c43Hα
δεHαβγ Rβ

ε
δ
μRγ

ζ
ε
ηRεημζ

+c57Hα
δεHαβγ Rβδγ εRεζμηR

εμζη (14)

LH4R2

3 = c30Hα
δεHαβγ Hβ

εμHδ
ζηRγ

θ
εζ Rεθμη

+c44Hαβ
δHαβγ H εεμH ζηθ Rγ εδζ Rεημθ

+c45Hα
δεHαβγ Hβ

εμH ζηθ Rγ ζδεRεημθ

+c46Hαβ
δHαβγ Hγ

εεHε
μζ Rδ

η
μ

θ Rεθζη

+c47Hαβ
δHαβγ Hγ

εεHμζηRδ
θ
εμRεθζη

+c48Hα
δεHαβγ Hβδ

εHγ
μζ Rε

η
μ

θ Rεθζη

+c49Hαβ
δHαβγ Hγ

εεHδ
μζ Rε

η
μ

θ Rεθζη

+c58Hα
δεHαβγ Hε

ηθ H εμζ Rβδγ εRμηζθ

+c59Hαβ
δHαβγ Hεε

ζ H εεμRγ
η
δ
θ Rμηζθ

+c60Hα
δεHαβγ Hβ

εμHδε
ζ Rγ

η
ε
θ Rμηζθ

+c61Hαβ
δHαβγ Hγ

εεHεε
μRδ

ζηθ Rμηζθ

+c62Hαβ
δHαβγ Hγ

εεHε
μζ Rδ

η
ε
θ Rμηζθ

+c63Hα
δεHαβγ Hβδ

εHγ
μζ Rε

η
ε
θ Rμηζθ

+c64Hαβ
δHαβγ Hγ

εεHδ
μζ Rε

η
ε
θ Rμηζθ

+c65Hα
δεHαβγ Hβδ

εHγ ε
μRε

ζηθ Rμηζθ

+c66Hαβ
δHαβγ Hγ

εεHδε
μRε

ζηθ Rμηζθ

+c67Hα
δεHαβγ Hβ

εμHδ
ζηRγ εε

θ Rμθζη

+c68Hαβ
δHαβγ Hε

ζηH εεμRγ εδ
θ Rμθζη

+c69Hα
δεHαβγ Hβ

εμHδ
ζηRγ εε

θ Rμθζη

+c70Hα
δεHαβγ Hβ

εμHδε
ζ Rγ

η
ε
θ Rμθζη

+c71Hα
δεHαβγ Hβ

εμHγ
ζηRδεε

θ Rμθζη

+c78Hα
δεHαβγ Hβδ

εHγ εεRμηζθ R
μζηθ

+c79Hαβ
δHαβγ Hγ

εεHδεεRμηζθ R
μζηθ (15)

LH6(∂�)2

3 = c87Hβ
εεHβγ δHγ ε

μHδ
ζηHεζ

θ Hμηθ∇α�∇α�

+c88Hβγ
εHβγ δHδ

εμHε
ζηHεζ

θ Hμηθ∇α�∇α�

+c89Hβγ δH
βγ δHε

ζηH εεμHεζ
θ Hμηθ∇α�∇α�

+c90Hβγ
εHβγ δHδ

εμHε
ζηHεμ

θ Hζηθ∇α�∇α�

+c91Hβγ
εHβγ δHδ

εμHεε
ζ Hμ

ηθ Hζηθ∇α�∇α�

+c92Hβγ δH
βγ δHεε

ζ H εεμHμ
ηθ Hζηθ∇α�∇α�

+c93Hβγ δH
βγ δHεεμH

εεμHζηθ H
ζηθ∇α�∇α�

+c108Hα
γ δHβ

εεHγ
μζ Hδ

ηθ Hεμζ Hεηθ∇α�∇β�

+c109Hα
γ δHβ

εεHγ
μζ Hδμ

ηHεζ
θ Hεηθ∇α�∇β�

+c110Hα
γ δHβ

εεHγ ε
μHδ

ζηHεζ
θ Hμηθ∇α�∇β�

+c111Hα
γ δHβ

εεHγ δ
μHε

ζηHεζ
θ Hμηθ∇α�∇β�

+c112Hα
γ δHβγ

εHδ
εμHε

ζηHεζ
θ Hμηθ∇α�∇β�

+c113Hα
γ δHβγ δHε

ζηH εεμHεζ
θ Hμηθ∇α�∇β�

+c114Hα
γ δHβγ

εHδ
εμHε

ζηHεμ
θ Hζηθ∇α�∇β�

+c115Hα
γ δHβ

εεHγ ε
μHδμ

ζ Hε
ηθ Hζηθ∇α�∇β�

+c116Hα
γ δHβ

εεHγ δ
μHεμ

ζ Hε
ηθ Hζηθ∇α�∇β�

+c117Hα
γ δHβ

εεHγ ε
μHδε

ζ Hμ
ηθ Hζηθ∇α�∇β�

+c118Hα
γ δHβ

εεHγ δ
μHεε

ζ Hμ
ηθ Hζηθ∇α�∇β�

+c119Hα
γ δHβγ

εHδ
εμHεε

ζ Hμ
ηθ Hζηθ∇α�∇β�

+c120Hα
γ δHβγ δHεε

ζ H εεμHμ
ηθ Hζηθ∇α�∇β�

+c121Hα
γ δHβ

εεHγ ε
μHδεμHζηθ H

ζηθ∇α�∇β�

+c122Hα
γ δHβ

εεHγ δ
μHεεμHζηθ H

ζηθ∇α�∇β�

+c123Hα
γ δHβγ

εHδ
εμHεεμHζηθ H

ζηθ∇α�∇β�

+c124Hα
γ δHβγ δHεεμH

εεμHζηθ H
ζηθ∇α�∇β�

LR3(∂�)2

3 = c94Rβ
ε
δ
μRβγ δεRγμεε∇α�∇α�

+c95Rβγ
εμRβγ δεRδεεμ∇α�∇α�

+c148Rα
γ δεRβ

ε
δ
μRγμεε∇α�∇β�

+c149Rα
γ δεRβγ

εμRδεεμ∇α�∇β�

+c150Rα
γ

β
δRγ

εεμRδεεμ∇α�∇β� (16)

LH4R(∂�)2

3 = c96Hβ
εεHβγ δHγ

μζ Hεμ
ηRδεζη∇α�∇α�

+c100Hβγ
εHβγ δHεμ

ηH εμζ Rδζεη∇α�∇α�

+c103Hβγ
εHβγ δHδ

εμHε
ζηRεζμη∇α�∇α�

+c105Hβ
εεHβγ δHγ ε

μHδ
ζηRεζμη∇α�∇α�

+c106Hβγ
εHβγ δHδ

εμHε
ζηRεζμη∇α�∇α�

+c107Hβγ δH
βγ δHε

ζηH εεμRεζμη∇α�∇α�

+c125Hγ δ
εHγ δεHε

μζ Hμζ
ηRαεβη∇α�∇β�

+c126Hγ
εμHγ δεHδε

ζ Hεμ
ηRαζβη∇α�∇β�

+c127Hγ δ
εHγ δεHε

μζ Hεμ
ηRαζβη∇α�∇β�

+c128Hγ δεH
γ δεHεμ

ηH εμζ Rαζβη∇α�∇β�

+c129Hα
γ δHγ

εεHμζηH
μζηRβεδε∇α�∇β�

+c130Hα
γ δHγ

εεHε
μζ Hμζ

ηRβεδη∇α�∇β�

+c131Hα
γ δHγ

εεHδ
μζ Hεμ

ηRβεζη∇α�∇β�

+c139Hα
γ δHγ

εεHε
μζ Hεμ

ηRβζδη∇α�∇β�

+c140Hα
γ δHγ

εεHεε
μHμ

ζηRβζδη∇α�∇β�

+c141Hα
γ δHγ δ

εHεμ
ηH εμζ Rβζεη∇α�∇β�

+c142Hα
γ δHγ

εεHδε
μHε

ζηRβζμη∇α�∇β�

+c143Hα
γ δHγ δ

εHε
εμHε

ζηRβζμη∇α�∇β�

+c144Hα
γ δHγ

εεHε
μζ Hμζ

ηRβηδε∇α�∇β�

+c145Hα
γ δHγ

εεHδ
μζ Hεε

ηRβημζ ∇α�∇β�

+c146Hα
γ δHβ

εεHμζηH
μζηRγ εδε∇α�∇β�

+c158Hα
γ δHβγ

εHεμ
ηH εμζ Rδζεη∇α�∇β�

+c159Hα
γ δHβ

εεHγ
μζ Hεμ

ηRδζεη∇α�∇β�

+c160Hα
γ δHβ

εεHγ ε
μHμ

ζηRδζεη∇α�∇β�

+c161Hα
γ δHβ

εεHγ
μζ Hμζ

ηRδηεε∇α�∇β�

123
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+c162Hα
γ δHβ

εεHγ
μζ Hεμ

ηRδηεζ ∇α�∇β�

+c169Hα
γ δHβ

εεHγ
μζ Hδμ

ηRεζεη∇α�∇β�

+c170Hα
γ δHβ

εεHγ δ
μHμ

ζηRεζεη∇α�∇β�

+c171Hα
γ δHβγ

εHδ
εμHε

ζηRεζμη∇α�∇β�

+c173Hα
γ δHβ

εεHγ ε
μHδ

ζηRεζμη∇α�∇β�

+c174Hα
γ δHβ

εεHγ δ
μHε

ζηRεζμη∇α�∇β�

+c175Hα
γ δHβγ

εHδ
εμHε

ζηRεζμη∇α�∇β�

+c176Hα
γ δHβγ δHε

ζηH εεμRεζμη∇α�∇β� (17)

LH2R2(∂�)2

3 = c97Hβ
εεHβγ δRγ

μ
ε
ζ Rδμεζ ∇α�∇α�

+c98H
βγ δH εεμRβγ ε

ζ Rδζεμ∇α�∇α�

+c99Hβ
εεHβγ δRγ

μ
ε
ζ Rδζεμ∇α�∇α�

+c101Hβ
εεHβγ δRγ

μ
δ
ζ Rεμεζ ∇α�∇α�

+c102Hβγ
εHβγ δRδ

εμζ Rεμεζ ∇α�∇α�

+c104Hβγ δH
βγ δRεμεζ R

εεμζ ∇α�∇α�

+c132Hγ
εμHγ δεRαδε

ζ Rβμεζ ∇α�∇β�

+c133Hγ δεH
γ δεRα

εμζ Rβμεζ ∇α�∇β�

+c134Hγ δ
εHγ δεRα

μ
ε
ζ Rβμεζ ∇α�∇β�

+c135H
γ δεH εμζ Rαγ εμRβζδε∇α�∇β�

+c136Hγ
εμHγ δεRα

ζ
δεRβζεμ∇α�∇β�

+c137Hγ δ
εHγ δεRα

μ
ε
ζ Rβζεμ∇α�∇β�

+c138Hγ
εμHγ δεRα

ζ
δεRβζεμ∇α�∇β�

+c147Hα
γ δH εεμRβ

ζ
εεRγμδζ ∇α�∇β�

+c151H
γ δεH εμζ RαγβεRδμεζ ∇α�∇β�

+c152Hα
γ δHγ

εεRβ
μ

ε
ζ Rδμεζ ∇α�∇β�

+c153Hα
γ δHβ

εεRγ
μ

ε
ζ Rδμεζ ∇α�∇β�

+c154Hα
γ δH εεμRβεγ

ζ Rδζεμ∇α�∇β�

+c155Hα
γ δHγ

εεRβ
μ

ε
ζ Rδζεμ∇α�∇β�

+c156Hα
γ δH εεμRβ

ζ
γ εRδζεμ∇α�∇β�

+c157Hα
γ δHβ

εεRγ
μ

ε
ζ Rδζεμ∇α�∇β�

+c163Hγ δ
εHγ δεRα

μ
β

ζ Rεμεζ ∇α�∇β�

+c164Hα
γ δHγ δ

εRβ
εμζ Rεμεζ ∇α�∇β�

+c165Hα
γ δHγ

εεRβ
μ

δ
ζ Rεμεζ ∇α�∇β�

+c166Hα
γ δHβ

εεRγ
μ

δ
ζ Rεμεζ ∇α�∇β�

+c167Hα
γ δHβγ

εRδ
εμζ Rεμεζ ∇α�∇β�

+c168Hγ
εμHγ δεRαδβ

ζ Rεζεμ∇α�∇β�

+c172Hα
γ δHβγ δRεμεζ R

εεμζ ∇α�∇β� (18)

LH4(∂�)4

3 = c177Hγ
εμHγ δεHδε

ζ Hεμζ ∇α�∇α�∇β�∇β�

+c256Hβ
δεHγ

εμHδε
ζ Hεμζ ∇α�∇α�∇β�∇γ �

+c287Hα
εεHβε

μHγ ε
ζ Hδμζ ∇α�∇β�∇γ �∇δ�

+c288Hα
εεHβεεHγ

μζ Hδμζ ∇α�∇β�∇γ �∇δ�

LR2(∂�)4

3 = c178Rγ εδεR
γ δεε∇α�∇α�∇β�∇β�

+c289Rα
ε
β

εRγ εδε∇α�∇β�∇γ �∇δ�

LH2R(∂�)4

3 = c179Hγ
εμHγ δεRδεεμ∇α�∇α�∇β�∇β�

+c257Hβ
δεHγ

εμRδεεμ∇α�∇α�∇β�∇γ � (19)

LH4(∂�)2∂∂�
3 = c180Hγ

εμHγ δεHδε
ζ Hεμζ ∇α�∇β∇α�∇β�

+c259Hβ
δεHγ

εμHδε
ζ Hεμζ ∇α�∇β�∇γ ∇α�

+c274Hβ
δεHγ

εμHδε
ζ Hεμζ ∇α�∇α�∇γ ∇β�

+c275Hβ
δεHγ δ

εHε
μζ Hεμζ ∇α�∇α�∇γ ∇β�

+c309Hα
εεHβ

μζ Hγ εμHδεζ ∇α�∇β�∇δ∇γ �

+c310Hα
εεHβ

μζ Hγ εεHδμζ ∇α�∇β�∇δ∇γ �

+c311Hα
εεHβε

μHγ ε
ζ Hδμζ ∇α�∇β�∇δ∇γ �

+c312Hα
εεHβεεHγ

μζ Hδμζ ∇α�∇β�∇δ∇γ �

+c313Hαγ
εHβ

εμHδε
ζ Hεμζ ∇α�∇β�∇δ∇γ �

+c314Hαγ
εHβ

εμHδε
ζ Hεμζ ∇α�∇β�∇δ∇γ �

+c315Hαγ
εHβε

εHδ
μζ Hεμζ ∇α�∇β�∇δ∇γ �

+c316Hαγ
εHβδ

εHε
μζ Hεμζ ∇α�∇β�∇δ∇γ �

+c317Hαγ
εHβδεHεμζ H

εμζ ∇α�∇β�∇δ∇γ �

(20)

LR2(∂�)2∂∂�
3 = c181Rγ εδεR

γ δεε∇α�∇β∇α�∇β�

+c261Rβ
δεεRγ εδε∇α�∇β�∇γ ∇α�

+c277Rβ
δεεRγ εδε∇α�∇α�∇γ ∇β�

+c321Rα
ε
γ

εRβεδε∇α�∇β�∇δ∇γ �

+c322Rα
ε
γ

εRβεδε∇α�∇β�∇δ∇γ �

+c326Rα
ε
β

εRγ εδε∇α�∇β�∇δ∇γ � (21)

LH2R(∂�)2∂∂�
3 = c182Hγ

εμHγ δεRδεεμ∇α�∇β∇α�∇β�

+c260Hδε
μH δεεRβεγμ∇α�∇β�∇γ ∇α�

+c262Hβ
δεHδ

εμRγ εεμ∇α�∇β�∇γ ∇α�

+c263Hβ
δεHγ

εμRδεεμ∇α�∇β�∇γ ∇α�

+c276Hδε
μH δεεRβεγμ∇α�∇α�∇γ ∇β�

+c278Hβ
δεHδ

εμRγ εεμ∇α�∇α�∇γ ∇β�

+c279Hβ
δεHγ

εμRδεεμ∇α�∇α�∇γ ∇β�

+c318Hγ
εεHεε

μRαδβμ∇α�∇β�∇δ∇γ �

+c319Hγ
εεHδε

μRαεβμ∇α�∇β�∇δ∇γ �

+c320Hα
εεHεε

μRβγ δμ∇α�∇β�∇δ∇γ �

+c323Hα
εεHγ ε

μRβεδμ∇α�∇β�∇δ∇γ �

+c324Hαγ
εHε

εμRβεδμ∇α�∇β�∇δ∇γ �

+c325Hα
εεHγ ε

μRβμδε∇α�∇β�∇δ∇γ �

+c327Hα
εεHβε

μRγ εδμ∇α�∇β�∇δ∇γ �

+c328Hαγ
εHβ

εμRδεεμ∇α�∇β�∇δ∇γ � (22)

LH6∂∂�
3 = c183Hα

γ δHβ
εεHγ

μζ Hδ
ηθ Hεμζ Hεηθ∇β∇α�

+c184Hα
γ δHβ

εεHγ
μζ Hδμ

ηHεζ
θ Hεηθ∇β∇α�

+c185Hα
γ δHβ

εεHγ ε
μHδ

ζηHεζ
θ Hμηθ∇β∇α�

+c186Hα
γ δHβ

εεHγ δ
μHε

ζηHεζ
θ Hμηθ∇β∇α�

+c187Hα
γ δHβγ

εHδ
εμHε

ζηHεζ
θ Hμηθ∇β∇α�

+c188Hα
γ δHβγ δHε

ζηH εεμHεζ
θ Hμηθ∇β∇α�

+c189Hα
γ δHβγ

εHδ
εμHε

ζηHεμ
θ Hζηθ∇β∇α�

+c190Hα
γ δHβ

εεHγ ε
μHδμ

ζ Hε
ηθ Hζηθ∇β∇α�

+c191Hα
γ δHβ

εεHγ δ
μHεμ

ζ Hε
ηθ Hζηθ∇β∇α�

+c192Hα
γ δHβ

εεHγ ε
μHδε

ζ Hμ
ηθ Hζηθ∇β∇α�

+c193Hα
γ δHβ

εεHγ δ
μHεε

ζ Hμ
ηθ Hζηθ∇β∇α�

+c194Hα
γ δHβγ

εHδ
εμHεε

ζ Hμ
ηθ Hζηθ∇β∇α�

+c195Hα
γ δHβγ δHεε

ζ H εεμHμ
ηθ Hζηθ∇β∇α�

123
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+c196Hα
γ δHβ

εεHγ ε
μHδεμHζηθ H

ζηθ∇β∇α�

+c197Hα
γ δHβ

εεHγ δ
μHεεμHζηθ H

ζηθ∇β∇α�

+c198Hα
γ δHβγ

εHδ
εμHεεμHζηθ H

ζηθ∇β∇α�

+c199Hα
γ δHβγ δHεεμH

εεμHζηθ H
ζηθ∇β∇α�(23)

LH4R∂∂�
3 = c200Hγ δ

εHγ δεHε
μζ Hμζ

ηRαεβη∇β∇α�

+c201Hγ
εμHγ δεHδε

ζ Hεμ
ηRαζβη∇β∇α�

+c202Hγ δ
εHγ δεHε

μζ Hεμ
ηRαζβη∇β∇α�

+c203Hγ δεH
γ δεHεμ

ηH εμζ Rαζβη∇β∇α�

+c204Hα
γ δHγ

εεHμζηH
μζηRβεδε∇β∇α�

+c205Hα
γ δHγ

εεHε
μζ Hμζ

ηRβεδη∇β∇α�

+c206Hα
γ δHγ

εεHδ
μζ Hεμ

ηRβεζη∇β∇α�

+c214Hα
γ δHγ

εεHε
μζ Hεμ

ηRβζδη∇β∇α�

+c215Hα
γ δHγ

εεHεε
μHμ

ζηRβζδη∇β∇α�

+c216Hα
γ δHγ δ

εHεμ
ηH εμζ Rβζεη∇β∇α�

+c217Hα
γ δHγ

εεHδε
μHε

ζηRβζμη∇β∇α�

+c218Hα
γ δHγ δ

εHε
εμHε

ζηRβζμη∇β∇α�

+c219Hα
γ δHγ

εεHε
μζ Hμζ

ηRβηδε∇β∇α�

+c220Hα
γ δHγ

εεHδ
μζ Hεε

ηRβημζ ∇β∇α�

+c221Hα
γ δHβ

εεHμζηH
μζηRγ εδε∇β∇α�

+c233Hα
γ δHβγ

εHεμ
ηH εμζ Rδζεη∇β∇α�

+c234Hα
γ δHβ

εεHγ
μζ Hεμ

ηRδζεη∇β∇α�

+c235Hα
γ δHβ

εεHγ ε
μHμ

ζηRδζεη∇β∇α�

+c236Hα
γ δHβ

εεHγ
μζ Hμζ

ηRδηεε∇β∇α�

+c237Hα
γ δHβ

εεHγ
μζ Hεμ

ηRδηεζ ∇β∇α�

+c244Hα
γ δHβ

εεHγ
μζ Hδμ

ηRεζεη∇β∇α�

+c245Hα
γ δHβ

εεHγ δ
μHμ

ζηRεζεη∇β∇α�

+c246Hα
γ δHβγ

εHδ
εμHε

ζηRεζμη∇β∇α�

+c248Hα
γ δHβ

εεHγ ε
μHδ

ζηRεζμη∇β∇α�

+c249Hα
γ δHβ

εεHγ δ
μHε

ζηRεζμη∇β∇α�

+c250Hα
γ δHβγ

εHδ
εμHε

ζηRεζμη∇β∇α�

+c251Hα
γ δHβγ δHε

ζηH εεμRεζμη∇β∇α� (24)

LH2R2∂∂�
3 = c207Hγ

εμHγ δεRαδε
ζ Rβμεζ ∇β∇α�

+c208Hγ δεH
γ δεRα

εμζ Rβμεζ ∇β∇α�

+c209Hγ δ
εHγ δεRα

μ
ε
ζ Rβμεζ ∇β∇α�

+c210H
γ δεH εμζ Rαγ εμRβζδε∇β∇α�

+c211Hγ
εμHγ δεRα

ζ
δεRβζεμ∇β∇α�

+c212Hγ δ
εHγ δεRα

μ
ε
ζ Rβζεμ∇β∇α�

+c213Hγ
εμHγ δεRα

ζ
δεRβζεμ∇β∇α�

+c222Hα
γ δH εεμRβ

ζ
εεRγμδζ ∇β∇α�

+c226H
γ δεH εμζ RαγβεRδμεζ ∇β∇α�

+c227Hα
γ δHγ

εεRβ
μ

ε
ζ Rδμεζ ∇β∇α�

+c228Hα
γ δHβ

εεRγ
μ

ε
ζ Rδμεζ ∇β∇α�

+c229Hα
γ δH εεμRβεγ

ζ Rδζεμ∇β∇α�

+c230Hα
γ δHγ

εεRβ
μ

ε
ζ Rδζεμ∇β∇α�

+c231Hα
γ δH εεμRβ

ζ
γ εRδζεμ∇β∇α�

+c232Hα
γ δHβ

εεRγ
μ

ε
ζ Rδζεμ∇β∇α�

+c238Hγ δ
εHγ δεRα

μ
β

ζ Rεμεζ ∇β∇α�

+c239Hα
γ δHγ δ

εRβ
εμζ Rεμεζ ∇β∇α�

+c240Hα
γ δHγ

εεRβ
μ

δ
ζ Rεμεζ ∇β∇α�

+c241Hα
γ δHβ

εεRγ
μ

δ
ζ Rεμεζ ∇β∇α�

+c242Hα
γ δHβγ

εRδ
εμζ Rεμεζ ∇β∇α�

+c243Hγ
εμHγ δεRαδβ

ζ Rεζεμ∇β∇α�

+c247Hα
γ δHβγ δRεμεζ R

εεμζ ∇β∇α� (25)

LR3∂∂�
3 = c223Rα

γ δεRβ
ε
δ
μRγμεε∇β∇α�

+c224Rα
γ δεRβγ

εμRδεεμ∇β∇α�

+c225Rα
γ

β
δRγ

εεμRδεεμ∇β∇α� (26)

LH4(∂∂�)2

3 = c252Hγ
εμHγ δεHδε

ζ Hεμζ ∇β∇α�∇β∇α�

+c253Hγ δεH
γ δεHεμζ H

εμζ ∇β∇α�∇β∇α�

+c264Hβ
δεHγ

εμHδε
ζ Hεμζ ∇β∇α�∇γ ∇α�

+c265Hβ
δεHγ

εμHδε
ζ Hεμζ ∇β∇α�∇γ ∇α�

+c266Hβ
δεHγ δ

εHε
μζ Hεμζ ∇β∇α�∇γ ∇α�

+c267Hβ
δεHγ δεHεμζ H

εμζ ∇β∇α�∇γ ∇α�

+c331Hα
εεHβ

μζ Hγ εμHδεζ ∇β∇α�∇δ∇γ �

+c332Hα
εεHβ

μζ Hγ εεHδμζ ∇β∇α�∇δ∇γ �

+c333Hα
εεHβε

μHγ ε
ζ Hδμζ ∇β∇α�∇δ∇γ �

+c334Hα
εεHβεεHγ

μζ Hδμζ ∇β∇α�∇δ∇γ �

+c335Hαγ
εHβ

εμHδε
ζ Hεμζ ∇β∇α�∇δ∇γ �

+c336Hαγ
εHβε

εHδ
μζ Hεμζ ∇β∇α�∇δ∇γ �

+c337Hαγ
εHβδ

εHε
μζ Hεμζ ∇β∇α�∇δ∇γ �

+c338Hαγ
εHβδεHεμζ H

εμζ ∇β∇α�∇δ∇γ �

LR2(∂∂�)2

3 = c254Rγ εδεR
γ δεε∇β∇α�∇β∇α�

+c269Rβ
δεεRγ εδε∇β∇α�∇γ ∇α�

+c341Rα
ε
γ

εRβεδε∇β∇α�∇δ∇γ �

+c342Rα
ε
γ

εRβεδε∇β∇α�∇δ∇γ �

+c346Rα
ε
β

εRγ εδε∇β∇α�∇δ∇γ � (27)

LH2R(∂∂�)2

3 = c255Hγ
εμHγ δεRδεεμ∇β∇α�∇β∇α�

+c268Hδε
μH δεεRβεγμ∇β∇α�∇γ ∇α�

+c270Hβ
δεHδ

εμRγ εεμ∇β∇α�∇γ ∇α�

+c271Hβ
δεHγ

εμRδεεμ∇β∇α�∇γ ∇α�

+c339HεεμH
εεμRαγβδ∇β∇α�∇δ∇γ �

+c340Hα
εεHεε

μRβγ δμ∇β∇α�∇δ∇γ �

+c343Hα
εεHγ ε

μRβεδμ∇β∇α�∇δ∇γ �

+c344Hαγ
εHε

εμRβεδμ∇β∇α�∇δ∇γ �

+c345Hα
εεHγ ε

μRβμδε∇β∇α�∇δ∇γ �

+c347Hα
εεHβε

μRγ εδμ∇β∇α�∇δ∇γ �

+c348Hαγ
εHβ

εμRδεεμ∇β∇α�∇δ∇γ � (28)

LH2(∂�)4∂∂�
3 = c258HδεεH

δεε∇α�∇α�∇β�∇γ ∇β�∇γ �

+c290Hγ
εεHδεε∇α�∇β∇α�∇β�∇γ �∇δ�

+c298Hγ
εεHδεε∇α�∇α�∇β�∇γ �∇δ∇β�

+c329Hγ
εεHδεε∇α�∇α�∇β�∇β�∇δ∇γ �

+c373Hβδ
εHγ εε∇α�∇α�∇β�∇γ �∇ε∇δ�

(29)
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LH2(∂�)2(∂∂�)2

3 = c272HδεεH
δεε∇α�∇β�∇γ ∇β�∇γ ∇α�

+c280HδεεH
δεε∇α�∇α�∇γ ∇β�∇γ ∇β�

+c299Hγ
εεHδεε∇α�∇β�∇γ ∇α�∇δ∇β�

+c301Hγ
εεHδεε∇α�∇α�∇γ ∇β�∇δ∇β�

+c308Hβ
εεHδεε∇α�∇β�∇γ ∇α�∇δ∇γ �

+c330Hγ
εεHδεε∇α�∇β∇α�∇β�∇δ∇γ �

+c358Hα
εεHβεε∇α�∇β�∇δ∇γ �∇δ∇γ �

+c371Hαδ
εHβεε∇α�∇β�∇δ∇γ �∇ε∇γ �

+c376Hβδ
εHγ εε∇α�∇β�∇γ ∇α�∇ε∇δ�

+c380Hβδ
εHγ εε∇α�∇α�∇γ ∇β�∇ε∇δ�

+c436Hαγ εHβδε∇α�∇β�∇δ∇γ �∇ε∇ε� (30)

LH2(∂∂�)3

3 = c273HδεεH
δεε∇β∇α�∇γ ∇β�∇γ ∇α�

+c300Hγ
εεHδεε∇β∇α�∇γ ∇α�∇δ∇β�

+c349Hγ
εεHδεε∇β∇α�∇β∇α�∇δ∇γ �

+c378Hβδ
εHγ εε∇β∇α�∇γ ∇α�∇ε∇δ�

+c437Hαγ εHβδε∇β∇α�∇δ∇γ �∇ε∇ε� (31)

LH∂HR∂�∂∂�
3 = c281Hα

δεRγ εεμ∇α�∇γ ∇β�∇δHβ
εμ

+c363H
δεεRαμγ ε∇α�∇γ ∇β�∇εHβδ

μ

+c471Hβ
δεRγ εεμ∇α�∇γ ∇β�∇μHαδ

ε

+c479H
γ δεRδεεμ∇α�∇β∇α�∇μHβγ

ε

+c482H
δεεRαμγ ε∇α�∇γ ∇β�∇μHβδε

+c483Hα
δεRγ εεμ∇α�∇γ ∇β�∇μHβδ

ε

+c484Hα
δεRγμεε∇α�∇γ ∇β�∇μHβδ

ε

+c495H
γ δεRβεεμ∇α�∇β∇α�∇μHγ δ

ε

+c496H
γ δεRβμεε∇α�∇β∇α�∇μHγ δ

ε

+c497Hβ
δεRαεεμ∇α�∇γ ∇β�∇μHγ δ

ε

+c498Hβ
δεRαμεε∇α�∇γ ∇β�∇μHγ δ

ε

+c505Hβ
γ δRδμεε∇α�∇β∇α�∇μHγ

εε

+c507Hαβ
δRδμεε∇α�∇γ ∇β�∇μHγ

εε

+c510Hβ
δεRαεγμ∇α�∇γ ∇β�∇μHδε

ε

+c511Hβ
δεRαμγ ε∇α�∇γ ∇β�∇μHδε

ε

+c512Hα
δεRβεγμ∇α�∇γ ∇β�∇μHδε

ε

+c513Hαβ
δRγμεε∇α�∇γ ∇β�∇μHδ

εε (32)

L(∂H)2R2

3 = c282Rεμεζ R
εεμζ ∇δHαβγ ∇δHαβγ

+c283Rγ
εμζ Rεμεζ ∇δHαβ

ε∇δHαβγ

+c284Rβ
μ

ε
ζ Rγμεζ ∇δHα

εε∇δHαβγ

+c285Rβ
μ

ε
ζ Rγ ζεμ∇δHα

εε∇δHαβγ

+c286Rβ
μ

γ
ζ Rεμεζ ∇δHα

εε∇δHαβγ

+c369Rγ
εμζ Rεμεζ ∇δHαβγ ∇εHαβδ

+c407Rγ
μ

ε
ζ Rδμεζ ∇δHαβγ ∇εHαβ

ε

+c408Rγ
μ

ε
ζ Rδζεμ∇δHαβγ ∇εHαβ

ε

+c409Rγ
μ

δ
ζ Rεζεμ∇δHαβγ ∇εHαβ

ε

+c416Rβ
μ

ε
ζ Rγμεζ ∇δHαβγ ∇εHαδ

ε

+c417Rβ
μ

ε
ζ Rγ ζεμ∇δHαβγ ∇εHαδ

ε

+c418Rβ
μ

γ
ζ Rεμεζ ∇δHαβγ ∇εHαδ

ε

+c475Rβμε
ζ Rγ ζδε∇δHαβγ ∇μHα

εε

+c476Rβεγ
ζ Rδμεζ ∇δHαβγ ∇μHα

εε

+c477Rβγ ε
ζ Rδζεμ∇δHαβγ ∇μHα

εε

+c478Rβδγ
ζ Rεμεζ ∇δHαβγ ∇μHα

εε

+c514Rαεβ
ζ Rγμεζ ∇δHαβγ ∇μHδ

εε

+c515Rαμβ
ζ Rγ ζεε∇δHαβγ ∇μHδ

εε

+c516Rαεβ
ζ Rγ ζεμ∇δHαβγ ∇μHδ

εε

+c697RαεβεRγμδζ ∇δHαβγ ∇ζ H εεμ

+c698RαεβεRγ ζδμ∇δHαβγ ∇ζ H εεμ

+c699RαβδεRγ ζεμ∇δHαβγ ∇ζ H εεμ (33)

LH∂H(∂�)5

3 = c291Hβ
εε∇α�∇α�∇β�∇γ �∇δHγ εε∇δ� (34)

L(∂H)2(∂�)4

3 = c292∇α�∇βHα
εε∇β�∇γ �∇δHγ εε∇δ�

+c425∇α�∇α�∇β�∇γ �∇εHγ δε∇εHβ
δε

+c428∇α�∇α�∇β�∇γ �∇εHγ δε∇εHβ
δε

+c433∇α�∇α�∇β�∇β�∇εHγ δε∇εHγ δε

L(∂�)8

3 = c293∇α�∇α�∇β�∇β�∇γ �∇γ �∇δ�∇δ�

(35)

L(∂�)6∂∂�
3 = c294∇α�∇α�∇β�∇β�∇γ �∇δ∇γ �∇δ� (36)

L(∂�)4(∂∂�)2

3 = c295∇α�∇β∇α�∇β�∇γ �∇δ∇γ �∇δ�

+c304∇α�∇α�∇β�∇γ �∇δ∇γ �∇δ∇β�

+c359∇α�∇α�∇β�∇β�∇δ∇γ �∇δ∇γ � (37)

LH∂H(∂�)3∂∂�
3 = c296Hδ

εε∇α�∇β�∇γ Hβεε∇γ �∇δ∇α�

+c297Hβ
εε∇α�∇β�∇γ �∇δHγ εε∇δ∇α�

+c350Hγ
εε∇α�∇α�∇β�∇δHβεε∇δ∇γ �

+c354Hβ
εε∇α�∇α�∇β�∇δHγ εε∇δ∇γ �

+c375Hαδ
ε∇α�∇β�∇γ Hβεε∇γ �∇ε∇δ�

+c387Hγ
εε∇α�∇α�∇β�∇δ∇γ �∇εHβδε

+c392Hβ
εε∇α�∇β�∇γ �∇δ∇α�∇εHγ δε (38)

LH∂H∂�(∂∂�)2

3 = c302Hγ
εε∇α�∇γ ∇β�∇δHαεε∇δ∇β�

+c303Hα
εε∇α�∇γ ∇β�∇δHγ εε∇δ∇β�

+c351Hγ
εε∇α�∇β∇α�∇δHβεε∇δ∇γ �

+c356Hβ
εε∇α�∇β∇α�∇δHγ εε∇δ∇γ �

+c382Hβδ
ε∇α�∇γ ∇β�∇εHαγ ε∇ε∇δ�

+c383Hαβ
ε∇α�∇γ ∇β�∇εHγ δε∇ε∇δ�

+c384Hβδ
ε∇α�∇γ ∇β�∇ε∇δ�∇εHαγ ε

+c385Hγ
εε∇α�∇γ ∇β�∇δ∇β�∇εHαδε

+c388Hγ
εε∇α�∇β∇α�∇δ∇γ �∇εHβδε

+c391H
δεε∇α�∇β∇α�∇γ ∇β�∇εHγ δε

L(∂�)2(∂∂�)3

3 = c305∇α�∇β�∇γ ∇α�∇δ∇γ �∇δ∇β�

+c307∇α�∇α�∇γ ∇β�∇δ∇γ �∇δ∇β�

+c360∇α�∇β∇α�∇β�∇δ∇γ �∇δ∇γ � (39)

L(∂∂�)4

3 = c306∇β∇α�∇γ ∇α�∇δ∇γ �∇δ∇β�

+c361∇β∇α�∇β∇α�∇δ∇γ �∇δ∇γ � (40)

L(∂H)2(∂�)2∂∂�
3 = c352∇α�∇β�∇γ Hα

εε∇δHβεε∇δ∇γ �

+c355∇α�∇βHα
εε∇β�∇δHγ εε∇δ∇γ �

+c411∇α�∇β�∇δHβεε∇δ∇γ �∇εHαγ
ε
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+c412∇α�∇β�∇δ∇γ �∇εHβδε∇εHαγ
ε

+c414∇α�∇β�∇δ∇γ �∇εHβδε∇εHαγ
ε

+c427∇α�∇α�∇γ ∇β�∇εHγ δε∇εHβ
δε

+c429∇α�∇β�∇γ ∇α�∇εHγ δε∇εHβ
δε

+c431∇α�∇α�∇γ ∇β�∇εHγ δε∇εHβ
δε

+c432∇α�∇βHδεε∇β�∇γ ∇α�∇εHγ
δε

+c434∇α�∇β∇α�∇β�∇εHγ δε∇εHγ δε

L(∂H)2(∂∂�)2

3 = c353∇β∇α�∇γ Hα
εε∇δHβεε∇δ∇γ �

+c357∇βHα
εε∇β∇α�∇δHγ εε∇δ∇γ �

+c413∇β∇α�∇δ∇γ �∇εHβδε∇εHαγ
ε

+c415∇β∇α�∇δ∇γ �∇εHβδε∇εHαγ
ε

+c426∇β∇α�∇γ ∇α�∇εHγ δε∇εHβ
δε

+c430∇β∇α�∇γ ∇α�∇εHγ δε∇εHβ
δε

+c435∇β∇α�∇β∇α�∇εHγ δε∇εHγ δε (41)

LH3∂HR∂�
3 = c362Hα

βγ Hδ
μζ H δεεRεημζ ∇α�∇εHβγ

η

+c366Hα
βγ Hβ

δεHδ
εμRεζμη∇α�∇εHγ

ζη

+c367Hβγ
εHβγ δH εμζ Rαημζ ∇α�∇εHδε

η

+c386Hβγ
εHβγ δHδ

εμRεζμη∇α�∇εHα
ζη

+c389Hα
βγ Hδ

μζ H δεεRγ ημζ ∇α�∇εHβε
η

+c390Hα
βγ Hδε

μH δεεRγ ζμη∇α�∇εHβ
ζη

+c393Hα
βγ Hβ

δεHδ
εμRεζμη∇α�∇εHγ

ζη

+c394Hα
βγ Hβ

δεH εμζ Rγ ημζ ∇α�∇εHδε
η

+c397Hα
βγ Hβ

δεHγ
εμRεζμη∇α�∇εHδ

ζη

+c402Hβγ
εHβγ δHδ

εμRαζμη∇α�∇εHε
ζη

+c403Hα
βγ Hβ

δεHδ
εμRγ ζμη∇α�∇εHε

ζη

+c438Hβ
εεHβγ δHμζηRεζεη∇α�∇μHαγ δ

+c439Hβ
εεHβγ δHμζηRδζεη∇α�∇μHαγ ε

+c440Hβ
εεHβγ δHγ

μζ Rδζεη∇α�∇μHαε
η

+c441Hβ
εεHβγ δHγ

μζ Rδηεζ ∇α�∇μHαε
η

+c442Hβγ
εHβγ δH εμζ Rδζεη∇α�∇μHαε

η

+c444Hα
βγ H δεεHμζηRεζεη∇α�∇μHβγ δ

+c445Hα
βγ H δεεHμζηRγ ζεη∇α�∇μHβδε

+c446Hα
βγ Hδ

μζ H δεεRγ ζεη∇α�∇μHβε
η

+c447Hα
βγ Hδ

μζ H δεεRγ ηεζ ∇α�∇μHβε
η

+c448Hβ
εεHβγ δHμζηRαζεη∇α�∇μHγ δε

+c451Hα
βγ Hβ

δεH εμζ Rδζεη∇α�∇μHγ ε
η

+c455Hα
βγ H δεεHμζηRβζγ η∇α�∇μHδεε

+c456Hβ
εεHβγ δHγ

μζ Rαζεη∇α�∇μHδε
η

+c457Hβ
εεHβγ δHγ

μζ Rαηεζ ∇α�∇μHδε
η

+c458Hβγ
εHβγ δH εμζ Rαζεη∇α�∇μHδε

η

+c459Hβγ
εHβγ δH εμζ Rαηεζ ∇α�∇μHδε

η

+c460Hα
βγ Hβ

δεH εμζ Rγ ζεη∇α�∇μHδε
η

+c461Hα
βγ Hβ

δεH εμζ Rγ ηεζ ∇α�∇μHδε
η

+c462Hβ
εεHβγ δHγ

μζ Rαζδη∇α�∇μHεε
η

+c463Hβ
εεHβγ δHγ

μζ Rαηδζ ∇α�∇μHεε
η

+c464Hα
βγ Hδ

μζ H δεεRβζγ η∇α�∇μHεε
η

+c470Hα
βγ Hδε

μH δεεRβζγ η∇α�∇μHε
ζη

+c524Hβ
εεHβγ δHμζηRδηεε∇α�∇ζ Hαγμ

+c525Hβ
εεHβγ δHμζηRαηεε∇α�∇ζ Hγ δμ

+c526Hβ
εεHβγ δHμζηRαηδε∇α�∇ζ Hγ εμ

+c527Hα
βγ H δεεHμζηRβεγ η∇α�∇ζ Hδεμ

+c528Hβ
εεHβγ δHμζηRγ εδε∇α�∇ηHαμζ

+c529Hβ
εεHβγ δHμζηRαεδε∇α�∇ηHγμζ

+c530Hα
βγ Hδ

μζ H δεεRεημζ ∇α�∇ηHβγ ε

+c531Hα
βγ Hδε

μH δεεRεζμη∇α�∇ηHβγ
ζ

+c532Hα
βγ Hδ

μζ H δεεRγ ημζ ∇α�∇ηHβεε

+c533Hα
βγ Hδ

μζ H δεεRγ ηεζ ∇α�∇ηHβεμ

+c534Hα
βγ Hδε

μH δεεRγ ζμη∇α�∇ηHβε
ζ

+c535Hα
βγ Hδε

μH δεεRγ ημζ ∇α�∇ηHβε
ζ

+c536Hα
βγ HδεεH

δεεRγ ημζ ∇α�∇ηHβ
μζ

+c537Hα
βγ Hβ

δεH εμζ Rεημζ ∇α�∇ηHγ δε

+c538Hα
βγ Hβ

δεHδ
εμRεζμη∇α�∇ηHγ ε

ζ

+c539Hα
βγ Hβ

δεH εμζ Rδζεη∇α�∇ηHγ εμ

+c540Hα
βγ Hβ

δεHδ
εμRεζμη∇α�∇ηHγ ε

ζ

+c541Hα
βγ Hβ

δεHδ
εμRεημζ ∇α�∇ηHγ ε

ζ

+c542Hα
βγ Hβ

δεHδε
εRεημζ ∇α�∇ηHγ

μζ

+c543Hβ
εεHβγ δHγ

μζ Rαημζ ∇α�∇ηHδεε

+c544Hα
βγ Hβ

δεH εμζ Rγ ημζ ∇α�∇ηHδεε

+c545Hα
βγ Hβ

δεHγ
εμRεζμη∇α�∇ηHδε

ζ

+c546Hα
βγ Hβγ

δH εεμRεζμη∇α�∇ηHδε
ζ

+c547Hβγ
εHβγ δH εμζ Rαηεζ ∇α�∇ηHδεμ

+c548Hα
βγ Hβ

δεH εμζ Rγ ζεη∇α�∇ηHδεμ

+c549Hα
βγ Hβ

δεH εμζ Rγ ηεζ ∇α�∇ηHδεμ

+c550Hβ
εεHβγ δHγ ε

μRαζμη∇α�∇ηHδε
ζ

+c551Hβ
εεHβγ δHγ ε

μRαημζ ∇α�∇ηHδε
ζ

+c552Hα
βγ Hβ

δεHγ
εμRεζμη∇α�∇ηHδε

ζ

+c553Hβ
εεHβγ δHγ

μζ Rαηδζ ∇α�∇ηHεεμ

+c554Hα
βγ Hδ

μζ H δεεRβζγ η∇α�∇ηHεεμ

+c555Hβγ
εHβγ δHδ

εμRαζμη∇α�∇ηHεε
ζ

+c556Hβγ
εHβγ δHδ

εμRαημζ ∇α�∇ηHεε
ζ

+c557Hβγ δH
βγ δH εεμRαημζ ∇α�∇ηHεε

ζ

+c558Hα
βγ Hβ

δεHδ
εμRγ ζμη∇α�∇ηHεε

ζ

+c559Hα
βγ Hβ

δεHδ
εμRγ ημζ ∇α�∇ηHεε

ζ

+c560Hα
βγ Hβγ

δH εεμRδζμη∇α�∇ηHεε
ζ

+c561Hα
βγ Hβγ

δH εεμRδημζ ∇α�∇ηHεε
ζ

+c562Hα
βγ Hβ

δεHγ δ
εRεημζ ∇α�∇ηHε

μζ

+c563Hα
βγ Hβγ

δHδ
εεRεημζ ∇α�∇ηHε

μζ

+c564Hβγ
εHβγ δH εμζ Rαδεη∇α�∇ηHεμζ

+c565Hα
βγ Hβ

δεH εμζ Rγ ηδε∇α�∇ηHεμζ

+c566Hβγ
εHβγ δHδ

εμRαζεη∇α�∇ηHεμ
ζ

+c567Hβγ
εHβγ δHδ

εμRαηεζ ∇α�∇ηHεμ
ζ

+c568Hα
βγ Hβ

δεHδ
εμRγ ζεη∇α�∇ηHεμ

ζ

+c569Hα
βγ Hβ

δεHδ
εμRγ ηεζ ∇α�∇ηHεμ

ζ

+c570Hα
βγ Hβ

δεHδε
εRγ ημζ ∇α�∇ηHε

μζ

123
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LH3∂H∂�∂∂�
3 = c364Hα

δεHβ
εμHδε

ζ ∇α�∇γ ∇β�∇εHγμζ

+c365Hα
δεHβδ

εHε
μζ ∇α�∇γ ∇β�∇εHγμζ

+c395Hβ
γ δHγ

εεHε
μζ ∇α�∇β∇α�∇εHδμζ

+c396Hαβ
δHγ

εεHε
μζ ∇α�∇γ ∇β�∇εHδμζ

+c401Hα
δεHβδ

εHγ
μζ ∇α�∇γ ∇β�∇εHεμζ

+c443Hβ
δεHγ

εμHδε
ζ ∇α�∇γ ∇β�∇μHαεζ

+c450Hα
δεHβ

εμHδε
ζ ∇α�∇γ ∇β�∇μHγ εζ

+c453Hα
δεHβ

εμHδε
ζ ∇α�∇γ ∇β�∇μHγ εζ

+c679Hβ
δεHδ

εμHεμ
ζ ∇α�∇γ ∇β�∇ζ Hαγ ε

+c680Hβ
δεHδε

εHε
μζ ∇α�∇γ ∇β�∇ζ Hαγμ

+c681Hβ
δεHγ δ

εHε
μζ ∇α�∇γ ∇β�∇ζ Hαεμ

+c682Hγ δ
εHγ δεHε

μζ ∇α�∇β∇α�∇ζ Hβεμ

+c683Hα
δεHβ

εμHεμ
ζ ∇α�∇γ ∇β�∇ζ Hγ δε

+c684Hβ
γ δHεε

ζ H εεμ∇α�∇β∇α�∇ζ Hγ δμ

+c685Hαβ
δHεε

ζ H εεμ∇α�∇γ ∇β�∇ζ Hγ δμ

+c686Hα
δεHβ

εμHδε
ζ ∇α�∇γ ∇β�∇ζ Hγ εμ

+c687Hα
δεHβδ

εHε
μζ ∇α�∇γ ∇β�∇ζ Hγ εμ

+c688Hα
δεHβ

εμHδε
ζ ∇α�∇γ ∇β�∇ζ Hγ εμ

+c689Hα
δεHβδ

εHε
μζ ∇α�∇γ ∇β�∇ζ Hγ εμ

+c690Hαβ
δHδ

εεHε
μζ ∇α�∇γ ∇β�∇ζ Hγ εμ

+c691Hα
δεHβ

εμHγ ε
ζ ∇α�∇γ ∇β�∇ζ Hδεμ

+c692Hβ
γ δHγ

εεHε
μζ ∇α�∇β∇α�∇ζ Hδεμ

+c693Hαβ
δHγ

εεHε
μζ ∇α�∇γ ∇β�∇ζ Hδεμ

+c694Hβ
γ δHγ

εεHδ
μζ ∇α�∇β∇α�∇ζ Hεεμ

+c695Hα
δεHβδ

εHγ
μζ ∇α�∇γ ∇β�∇ζ Hεεμ

+c696Hαβ
δHγ

εεHδ
μζ ∇α�∇γ ∇β�∇ζ Hεεμ

LH∂HR2∂�
3 = c368H

βγ δRδ
εμζ Rεμεζ ∇α�∇εHαβγ

+c370Hα
βγ Rδ

εμζ Rεμεζ ∇α�∇εHβγ
δ

+c404H
βγ δRγ

μ
ε
ζ Rδμεζ ∇α�∇εHαβ

ε

+c405H
βγ δRγ

μ
ε
ζ Rδζεμ∇α�∇εHαβ

ε

+c406H
βγ δRγ

μ
δ
ζ Rεμεζ ∇α�∇εHαβ

ε

+c419H
βγ δRα

μ
ε
ζ Rδμεζ ∇α�∇εHβγ

ε

+c420H
βγ δRα

μ
ε
ζ Rδζεμ∇α�∇εHβγ

ε

+c421H
βγ δRα

μ
ε
ζ Rδζεμ∇α�∇εHβγ

ε

+c422H
βγ δRα

μ
δ
ζ Rεζεμ∇α�∇εHβγ

ε

+c423Hα
βγ Rγ

μ
δ
ζ Rεμεζ ∇α�∇εHβ

δε

+c424Hα
βγ Rγ

μ
δ
ζ Rεζεμ∇α�∇εHβ

δε

+c472H
βγ δRβεγ

ζ Rδμεζ ∇α�∇μHα
εε

+c473H
βγ δRβμγ

ζ Rδζεε∇α�∇μHα
εε

+c474H
βγ δRβεγ

ζ Rδζεμ∇α�∇μHα
εε

+c487H
βγ δRαμε

ζ Rγ εδζ ∇α�∇μHβ
εε

+c488H
βγ δRα

ζ
εεRγμδζ ∇α�∇μHβ

εε

+c489H
βγ δRαεγ

ζ Rδμεζ ∇α�∇μHβ
εε

+c490H
βγ δRα

ζ
γ εRδμεζ ∇α�∇μHβ

εε

+c491H
βγ δRα

ζ
γμRδζεε∇α�∇μHβ

εε

+c492H
βγ δRαεγ

ζ Rδζεμ∇α�∇μHβ
εε

+c493H
βγ δRα

ζ
γ εRδζεμ∇α�∇μHβ

εε

+c494H
βγ δRα

ζ
γ δRεμεζ ∇α�∇μHβ

εε

+c517Hα
βγ Rβμδ

ζ Rγ ζεε∇α�∇μH δεε

+c518Hα
βγ Rβ

ζ
δεRγ ζεμ∇α�∇μH δεε

+c519Hα
βγ Rβδγ

ζ Rεμεζ ∇α�∇μH δεε

+c521H
βγ δRαζβεRγ εδμ∇α�∇ζ H εεμ

+c522H
βγ δRαεβεRγμδζ ∇α�∇ζ H εεμ

+c523H
βγ δRαεβγ Rδζεμ∇α�∇ζ H εεμ (42)

LR(∂�)2(∂∂�)2

3 = c372Rαδβε∇α�∇β�∇δ∇γ �∇ε∇γ �

+c377Rβδγ ε∇α�∇β�∇γ ∇α�∇ε∇δ�

+c381Rβδγ ε∇α�∇α�∇γ ∇β�∇ε∇δ� (43)

LR(∂�)4∂∂�
3 = c374Rβδγ ε∇α�∇α�∇β�∇γ �∇ε∇δ� (44)

LR(∂∂�)3

3 = c379Rβδγ ε∇β∇α�∇γ ∇α�∇ε∇δ� (45)

LH2(∂H)2(∂�)2

3 = c398Hγ δ
εHγ δε∇α�∇βHα

μζ ∇β�∇εHεμζ

+c466Hγ
εμHγ δε∇α�∇βHαδ

ζ ∇β�∇μHεεζ

+c630H
γ δεH εμζ ∇α�∇βHαγ ε∇β�∇ζ Hδεμ

+c631Hγ δ
εHγ δε∇α�∇β�∇εHβμζ ∇ζ Hαε

μ

+c632Hγ δ
εHγ δε∇α�∇β�∇μHβεζ ∇ζ Hαε

μ

+c633Hα
γ δHγ

εε∇α�∇β�∇μHεεζ ∇ζ Hβδ
μ

+c634Hα
γ δHγ

εε∇α�∇β�∇ζ Hεεμ∇ζ Hβδ
μ

+c635Hα
γ δHγ

εε∇α�∇β�∇μHδεζ ∇ζ Hβε
μ

+c636Hα
γ δHγ δ

ε∇α�∇β�∇ζ Hεεμ∇ζ Hβ
εμ

+c637Hα
γ δH εεμ∇α�∇βHεμζ ∇β�∇ζ Hγ δε

+c638Hα
γ δHβ

εε∇α�∇β�∇μHεεζ ∇ζ Hγ δ
μ

+c639Hβ
εεHβγ δ∇α�∇α�∇ζ Hεεμ∇ζ Hγ δ

μ

+c640Hα
γ δHβ

εε∇α�∇β�∇ζ Hεεμ∇ζ Hγ δ
μ

+c641Hα
γ δH εεμ∇α�∇βHδμζ ∇β�∇ζ Hγ εε

+c642Hβ
εεHβγ δ∇α�∇α�∇μHδεζ ∇ζ Hγ ε

μ

+c643Hα
γ δHβ

εε∇α�∇β�∇μHδεζ ∇ζ Hγ ε
μ

+c644Hα
γ δHβ

εε∇α�∇β�∇ζ Hδεμ∇ζ Hγ ε
μ

+c645Hα
γ δHγ

εε∇α�∇βHεμζ ∇β�∇ζ Hδε
μ

+c646Hβγ
εHβγ δ∇α�∇α�∇μHεεζ ∇ζ Hδ

εμ

+c647Hα
γ δHβγ

ε∇α�∇β�∇μHεεζ ∇ζ Hδ
εμ

+c648Hβγ
εHβγ δ∇α�∇α�∇ζ Hεεμ∇ζ Hδ

εμ

+c649Hα
γ δHβγ

ε∇α�∇β�∇ζ Hεεμ∇ζ Hδ
εμ

+c650Hα
γ δHγ δ

ε∇α�∇βHεμζ ∇β�∇ζ Hε
εμ (46)

LH2(∂H)2∂∂�
3 = c400Hγ δ

εHγ δε∇βHα
μζ ∇β∇α�∇εHεμζ

+c467Hγ
εμHγ δε∇βHαδ

ζ ∇β∇α�∇μHεεζ

+c654H
γ δεH εμζ ∇βHαγ ε∇β∇α�∇ζ Hδεμ

+c655H
γ δεH εμζ ∇βHαγ δ∇β∇α�∇ζ Hεεμ

+c656Hγ δ
εHγ δε∇β∇α�∇εHβμζ ∇ζ Hαε

μ

+c657Hγ δ
εHγ δε∇β∇α�∇μHβεζ ∇ζ Hαε

μ

+c658Hα
γ δH εεμ∇β∇α�∇μHδεζ ∇ζ Hβγ ε

+c659Hα
γ δH εεμ∇β∇α�∇ζ Hδεμ∇ζ Hβγ ε

+c660Hα
γ δHγ

εε∇β∇α�∇μHεεζ ∇ζ Hβδ
μ

+c661Hα
γ δHγ

εε∇β∇α�∇ζ Hεεμ∇ζ Hβδ
μ

+c662Hα
γ δH εεμ∇β∇α�∇μHγ δζ ∇ζ Hβεε

123
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+c663Hα
γ δH εεμ∇β∇α�∇ζ Hγ δμ∇ζ Hβεε

+c664Hα
γ δHγ

εε∇β∇α�∇εHδμζ ∇ζ Hβε
μ

+c665Hα
γ δHγ

εε∇β∇α�∇μHδεζ ∇ζ Hβε
μ

+c666Hα
γ δHγ

εε∇β∇α�∇ζ Hδεμ∇ζ Hβε
μ

+c667Hα
γ δHγ δ

ε∇β∇α�∇ζ Hεεμ∇ζ Hβ
εμ

+c668Hα
γ δH εεμ∇βHεμζ ∇β∇α�∇ζ Hγ δε

+c669Hα
γ δHβ

εε∇β∇α�∇μHεεζ ∇ζ Hγ δ
μ

+c670Hα
γ δHβ

εε∇β∇α�∇ζ Hεεμ∇ζ Hγ δ
μ

+c671Hα
γ δH εεμ∇βHδμζ ∇β∇α�∇ζ Hγ εε

+c672Hα
γ δHβ

εε∇β∇α�∇μHδεζ ∇ζ Hγ ε
μ

+c673Hα
γ δHβ

εε∇β∇α�∇ζ Hδεμ∇ζ Hγ ε
μ

+c674Hα
γ δHγ

εε∇βHεμζ ∇β∇α�∇ζ Hδε
μ

+c675Hα
γ δHβγ

ε∇β∇α�∇μHεεζ ∇ζ Hδ
εμ

+c676Hα
γ δHβγ

ε∇β∇α�∇ζ Hεεμ∇ζ Hδ
εμ

+c677Hα
γ δHγ δ

ε∇βHεμζ ∇β∇α�∇ζ Hε
εμ

+c678Hα
γ δHβγ δ∇β∇α�∇ζ Hεεμ∇ζ H εεμ (47)

LH3∂H(∂�)3

3 = c399Hα
δεHβδ

εHγ
μζ ∇α�∇β�∇γ �∇εHεμζ

+c449Hα
δεHβ

εμHδε
ζ ∇α�∇β�∇γ �∇μHγ εζ

+c452Hα
δεHβ

εμHδε
ζ ∇α�∇β�∇γ �∇μHγ εζ

+c651Hβ
γ δHεε

ζ H εεμ∇α�∇α�∇β�∇ζ Hγ δμ

+c652Hα
δεHβδ

εHε
μζ ∇α�∇β�∇γ �∇ζ Hγ εμ

+c653Hβ
γ δHγ

εεHδ
μζ ∇α�∇α�∇β�∇ζ Hεεμ

L(∂H)4

3 = c410∇δHγ
μζ ∇δHαβγ ∇εHεμζ ∇εHαβ

ε

+c615∇δHαβγ ∇εHαβ
ε∇ζ Hεεμ∇ζ Hγ δ

μ

+c616∇δHαβγ ∇εHδμζ ∇εHαβ
ε∇ζ Hγ ε

μ

+c617∇δHαβγ ∇εHαβ
ε∇μHδεζ ∇ζ Hγ ε

μ

+c618∇δHαβγ ∇εHαβ
ε∇ζ Hδεμ∇ζ Hγ ε

μ

+c619∇δHαβ
ε∇δHαβγ ∇ζ Hεεμ∇ζ Hγ

εμ

+c620∇δHαβγ ∇εHαβγ ∇ζ Hεεμ∇ζ Hδ
εμ

+c621∇γ Hεμζ ∇δHαβγ ∇εHαβδ∇ζ Hε
εμ

+c622∇δHαβγ ∇δHαβγ ∇ζ Hεεμ∇ζ H εεμ (48)

LH5∂H∂�
3 = c454Hα

βγ Hβ
δεHγ

εμHζηθ H
ζηθ∇α�∇μHδεε

+c465Hα
βγ Hβ

δεHγ
εμHδ

ζηHζη
θ∇α�∇μHεεθ

+c468Hα
βγ Hβ

δεHγ
εμHδ

ζηHεζ
θ∇α�∇μHεηθ

+c469Hα
βγ Hβ

δεHγ
εμHδε

ζ Hζ
ηθ∇α�∇μHεηθ

+c571Hα
βγ Hβ

δεHδε
εHε

μζ Hμ
ηθ∇α�∇ζ Hγ ηθ

+c572Hα
βγ Hβ

δεHγ δ
εHε

μζ Hμ
ηθ∇α�∇ζ Hεηθ

+c573Hα
βγ Hβγ

δHδ
εεHε

μζ Hμ
ηθ∇α�∇ζ Hεηθ

+c574Hα
βγ Hβ

δεHγ
εμHδε

ζ Hε
ηθ∇α�∇ζ Hμηθ

+c575Hβγ
εHβγ δHδ

εμHε
ζηHεζ

θ∇α�∇ηHαμθ

+c576Hβγ
εHβγ δHδ

εμHε
ζηHεμ

θ∇α�∇ηHαζθ

+c577Hα
βγ Hβ

δεHδ
εμHε

ζηHεμ
θ∇α�∇ηHγ ζθ

+c578Hβγ
εHβγ δHδ

εμHε
ζηHμζ

θ∇α�∇θ Hαεη

+c579Hβ
εεHβγ δHγ ε

μHδ
ζηHεζ

θ∇α�∇θ Hαμη

+c580Hβγ
εHβγ δHδ

εμHε
ζηHεζ

θ∇α�∇θ Hαμη

+c581Hβγ δH
βγ δHε

ζηH εεμHεζ
θ∇α�∇θ Hαμη

+c582Hβ
εεHβγ δHγ ε

μHδε
ζ Hμ

ηθ∇α�∇θ Hαζη

+c583Hβγ
εHβγ δHδ

εμHεε
ζ Hμ

ηθ∇α�∇θ Hαζη

+c584Hβγ δH
βγ δHεε

ζ H εεμHμ
ηθ∇α�∇θ Hαζη

+c585Hβγ
εHβγ δHδ

εμHεεμH
ζηθ∇α�∇θ Hαζη

+c586Hα
βγ Hδε

μH δεεHε
ζηHζη

θ∇α�∇θ Hβγμ

+c587Hα
βγ Hδ

μζ H δεεHεμ
ηHεζ

θ∇α�∇θ Hβγ η

+c588Hα
βγ Hδε

μH δεεHε
ζηHμζ

θ∇α�∇θ Hβγ η

+c589Hα
βγ HδεεH

δεεHμζ
θ Hμζη∇α�∇θ Hβγ η

+c590Hα
βγ Hβ

δεHδ
εμHε

ζηHζη
θ∇α�∇θ Hγ εμ

+c591Hα
βγ Hβ

δεHδ
εμHε

ζηHμζ
θ∇α�∇θ Hγ εη

+c592Hα
βγ Hβ

δεHδ
εμHεμ

ζ Hζ
ηθ∇α�∇θ Hγ εη

+c593Hα
βγ Hβ

δεHδε
εHμζ

θ Hμζη∇α�∇θ Hγ εη

+c594Hα
βγ Hβ

δεHδ
εμHε

ζηHεμ
θ∇α�∇θ Hγ ζη

+c595Hα
βγ Hβ

δεHδ
εμHεε

ζ Hμ
ηθ∇α�∇θ Hγ ζη

+c596Hα
βγ Hβ

δεHδε
εHε

μζ Hμ
ηθ∇α�∇θ Hγ ζη

+c597Hα
βγ Hβγ

δHε
ζηH εεμHεζ

θ∇α�∇θ Hδμη

+c598Hα
βγ Hβγ

δHεε
ζ H εεμHμ

ηθ∇α�∇θ Hδζη

+c599Hα
βγ Hβγ

δHεεμH
εεμH ζηθ∇α�∇θ Hδζη

+c600Hα
βγ Hβ

δεHγ
εμHδ

ζηHζη
θ∇α�∇θ Hεεμ

+c601Hα
βγ Hβ

δεHγ δ
εHμζ

θ Hμζη∇α�∇θ Hεεη

+c602Hα
βγ Hβγ

δHδ
εεHμζ

θ Hμζη∇α�∇θ Hεεη

+c603Hα
βγ Hβ

δεHγ
εμHδ

ζηHεζ
θ∇α�∇θ Hεμη

+c604Hα
βγ Hβ

δεHγ
εμHδ

ζηHεζ
θ∇α�∇θ Hεμη

+c605Hα
βγ Hβ

δεHγ
εμHδε

ζ Hζ
ηθ∇α�∇θ Hεμη

+c606Hα
βγ Hβ

δεHγ δ
εHε

μζ Hμ
ηθ∇α�∇θ Hεζη

+c607Hα
βγ Hβγ

δHδ
εεHε

μζ Hμ
ηθ∇α�∇θ Hεζη

+c608Hα
βγ Hβ

δεHγ
εμHδε

ζ Hε
ηθ∇α�∇θ Hμζη

+c609Hα
βγ Hβ

δεHγ
εμHδε

ζ Hε
ηθ∇α�∇θ Hμζη

+c610Hα
βγ Hβ

δεHγ δ
εHε

μζ Hε
ηθ∇α�∇θ Hμζη

+c611Hα
βγ Hβγ

δHδ
εεHε

μζ Hε
ηθ∇α�∇θ Hμζη

+c612Hα
βγ Hβ

δεHγ
εμHδεεH

ζηθ∇α�∇θ Hμζη

+c613Hα
βγ Hβ

δεHγ δ
εHεε

μH ζηθ∇α�∇θ Hμζη

+c614Hα
βγ Hβγ

δHδ
εεHεε

μH ζηθ∇α�∇θ Hμζη

LR(∂H)2∂∂�
3 = c480Rδμεε∇β∇α�∇εHα

γ δ∇μHβγ
ε

+c486Rγ εδμ∇β∇α�∇εHα
γ δ∇μHβε

ε

+c499Rβεεμ∇β∇α�∇εHα
γ δ∇μHγ δ

ε

+c500Rβμεε∇β∇α�∇εHα
γ δ∇μHγ δ

ε

+c502Rβεδμ∇β∇α�∇εHα
γ δ∇μHγ ε

ε

+c503Rβμδε∇β∇α�∇εHα
γ δ∇μHγ ε

ε

+c506Rδμεε∇βHα
γ δ∇β∇α�∇μHγ

εε (49)

LH2R(∂H)2

3 = c481Hα
δεHαβγ Rδζεη∇μHε

ζη∇μHβγ
ε

+c485Hα
δεHαβγ Rεζμη∇εHγ

ζη∇μHβδ
ε

+c508Hαβ
δHαβγ Rεζεη∇μHδ

ζη∇μHγ
εε

+c509Hαβ
δHαβγ Rδζεη∇μHε

ζη∇μHγ
εε

+c700H
αβγ H δεεRβεγ η∇δHα

μζ ∇ζ Hεμ
η

+c701H
αβγ H δεεRεμεη∇δHγ ζ

η∇ζ Hαβ
μ

+c702H
αβγ H δεεRγ ηεε∇μHδζ

η∇ζ Hαβ
μ

+c703H
αβγ H δεεRεμεη∇ζ Hγ δ

η∇ζ Hαβ
μ

123
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+c704H
αβγ H δεεRγμεη∇ζ Hδε

η∇ζ Hαβ
μ

+c705H
αβγ H δεεRγ ηεμ∇ζ Hδε

η∇ζ Hαβ
μ

+c706H
αβγ H δεεRγ ηεε∇ζ Hδμ

η∇ζ Hαβ
μ

+c707H
αβγ H δεεRεμεη∇γ Hβζ

η∇ζ Hαδ
μ

+c708H
αβγ H δεεRγ ηεζ ∇εHβμ

η∇ζ Hαδ
μ

+c709H
αβγ H δεεRγ ηεμ∇εHβζ

η∇ζ Hαδ
μ

+c710H
αβγ H δεεRγ ηεε∇μHβζ

η∇ζ Hαδ
μ

+c711H
αβγ H δεεRγμεη∇ζ Hβε

η∇ζ Hαδ
μ

+c712H
αβγ H δεεRγ ηεε∇ζ Hβμ

η∇ζ Hαδ
μ

+c713Hα
δεHαβγ Rδμεη∇εHγ ζ

η∇ζ Hβ
εμ

+c714Hα
δεHαβγ Rγμεη∇εHδζ

η∇ζ Hβ
εμ

+c715Hα
δεHαβγ Rγ ηεμ∇εHδζ

η∇ζ Hβ
εμ

+c716Hα
δεHαβγ Rδμεη∇ζ Hγ ε

η∇ζ Hβ
εμ

+c717Hα
δεHαβγ Rγμεη∇ζ Hδε

η∇ζ Hβ
εμ

+c718Hα
δεHαβγ Rγ ηεμ∇ζ Hδε

η∇ζ Hβ
εμ

+c719Hα
δεHαβγ Rγ ηδε∇ζ Hεμ

η∇ζ Hβ
εμ

+c720Hαβ
δHαβγ Rγμδη∇ζ Hεε

η∇ζ H εεμ

+c721H
αβγ H δεεRβεγ ε∇ζ Hδμη∇ηHα

μζ

+c722H
αβγ H δεεRβεγ ε∇ηHδμζ ∇ηHα

μζ

+c723H
αβγ H δεεRγ ζεη∇ζ Hαδ

μ∇ηHβεμ

+c724H
αβγ H δεεRγμεη∇ζ Hαδ

μ∇ηHβεζ

+c725H
αβγ H δεεRγ ηεε∇ζ Hαδ

μ∇ηHβμζ

+c726H
αβγ H δεεRεμεη∇ζ Hαβ

μ∇ηHγ δζ

+c727H
αβγ H δεεRεζμη∇δHαβ

μ∇ηHγ ε
ζ

+c728H
αβγ H δεεRεημζ ∇δHαβ

μ∇ηHγ ε
ζ

+c729H
αβγ H δεεRεημζ ∇μHαβδ∇ηHγ ε

ζ

+c730Hα
δεHαβγ Rεζμη∇μHβδ

ε∇ηHγ ε
ζ

+c731Hα
δεHαβγ Rεημζ ∇μHβδ

ε∇ηHγ ε
ζ

+c732Hα
δεHαβγ Rδζεη∇ζ Hβ

εμ∇ηHγ εμ

+c733Hα
δεHαβγ Rδμεη∇ζ Hβ

εμ∇ηHγ εζ

+c734Hα
δεHαβγ Rεζμη∇μHβδ

ε∇ηHγ ε
ζ

+c735Hα
δεHαβγ Rεημζ ∇μHβδ

ε∇ηHγ ε
ζ

+c736H
αβγ H δεεRεζεη∇δHαβ

μ∇ηHγμ
ζ

+c737H
αβγ H δεεRεζεη∇μHαβδ∇ηHγμ

ζ

+c738Hα
δεHαβγ Rεζεη∇μHβδ

ε∇ηHγμ
ζ

+c739Hα
δεHαβγ Rεηεζ ∇μHβδ

ε∇ηHγμ
ζ

+c740H
αβγ H δεεRγ ζεη∇ζ Hαβ

μ∇ηHδεμ

+c741H
αβγ H δεεRγ ηεζ ∇ζ Hαβ

μ∇ηHδεμ

+c742H
αβγ H δεεRγμεη∇ζ Hαβ

μ∇ηHδεζ

+c743H
αβγ H δεεRγ ηεμ∇ζ Hαβ

μ∇ηHδεζ

+c744Hα
δεHαβγ Rεζμη∇μHβγ

ε∇ηHδε
ζ

+c745Hα
δεHαβγ Rεημζ ∇μHβγ

ε∇ηHδε
ζ

+c746Hαβ
δHαβγ Rεζμη∇μHγ

εε∇ηHδε
ζ

+c747Hαβ
δHαβγ Rεημζ ∇μHγ

εε∇ηHδε
ζ

+c748Hαβγ H
αβγ Rεημζ ∇μH δεε∇ηHδε

ζ

+c749Hα
δεHαβγ Rγ ζεη∇ζ Hβ

εμ∇ηHδεμ

+c750Hα
δεHαβγ Rγ ηεζ ∇ζ Hβ

εμ∇ηHδεμ

+c751Hα
δεHαβγ Rγμεη∇ζ Hβ

εμ∇ηHδεζ

+c752Hα
δεHαβγ Rγ ηεμ∇ζ Hβ

εμ∇ηHδεζ

+c753Hα
δεHαβγ Rεζμη∇μHβγ

ε∇ηHδε
ζ

+c754Hα
δεHαβγ Rεημζ ∇μHβγ

ε∇ηHδε
ζ

+c755H
αβγ H δεεRγ ηεε∇ζ Hαβ

μ∇ηHδμζ

+c756H
αβγ H δεεRεζεη∇μHαβγ ∇ηHδμ

ζ

+c757Hα
δεHαβγ Rεζεη∇μHβγ

ε∇ηHδμ
ζ

+c758Hα
δεHαβγ Rεηεζ ∇μHβγ

ε∇ηHδμ
ζ

+c759Hαβ
δHαβγ Rεζεη∇μHγ

εε∇ηHδμ
ζ

+c760Hαβγ H
αβγ Rεζεη∇μH δεε∇ηHδμ

ζ

+c761Hαβ
δHαβγ Rγμδη∇ζ H εεμ∇ηHεεζ

+c762H
αβγ H δεεRγ ζμη∇δHαβ

μ∇ηHεε
ζ

+c763H
αβγ H δεεRγ ημζ ∇δHαβ

μ∇ηHεε
ζ

+c764Hα
δεHαβγ Rγ ζμη∇δHβ

εμ∇ηHεε
ζ

+c765Hα
δεHαβγ Rγ ημζ ∇δHβ

εμ∇ηHεε
ζ

+c766H
αβγ H δεεRγ ζμη∇μHαβδ∇ηHεε

ζ

+c767H
αβγ H δεεRγ ημζ ∇μHαβδ∇ηHεε

ζ

+c768Hαβ
δHαβγ Rδζμη∇μHγ

εε∇ηHεε
ζ

+c769Hαβ
δHαβγ Rδημζ ∇μHγ

εε∇ηHεε
ζ

+c770H
αβγ H δεεRβεγ η∇δHα

μζ ∇ηHεμζ

+c771H
αβγ H δεεRγ ζεη∇δHαβ

μ∇ηHεμ
ζ

+c772H
αβγ H δεεRγ ηεζ ∇δHαβ

μ∇ηHεμ
ζ

+c773H
αβγ H δεεRγ ζεη∇μHαβδ∇ηHεμ

ζ

+c774H
αβγ H δεεRγ ηεζ ∇μHαβδ∇ηHεμ

ζ

+c775Hαβ
δHαβγ Rδζεη∇μHγ

εε∇ηHεμ
ζ

+c776Hαβ
δHαβγ Rδηεζ ∇μHγ

εε∇ηHεμ
ζ

+c777H
αβγ H δεεRεημζ ∇δHαβγ ∇ηHε

μζ

+c778Hα
δεHαβγ Rεημζ ∇δHβγ

ε∇ηHε
μζ

+c779Hαβ
δHαβγ Rεημζ ∇δHγ

εε∇ηHε
μζ

+c780Hα
δεHαβγ Rεημζ ∇εHβγ δ∇ηHε

μζ

+c781Hα
δεHαβγ Rγ ηδε∇ζ Hβ

εμ∇ηHεμζ

+c782Hα
δεHαβγ Rγ ηεζ ∇δHβ

εμ∇ηHεμ
ζ

+c783Hα
δεHαβγ Rδζεη∇μHβγ

ε∇ηHεμ
ζ

+c784Hα
δεHαβγ Rγ ζεη∇μHβδ

ε∇ηHεμ
ζ

+c785Hα
δεHαβγ Rεημζ ∇δHβγ

ε∇ηHε
μζ

+c786H
αβγ H δεεRγ ημζ ∇εHαβδ∇ηHε

μζ

+c787Hα
δεHαβγ Rεημζ ∇εHβγ δ∇ηHε

μζ

+c788Hα
δεHαβγ Rβδγ ε∇ηHεμζ ∇ηH εμζ (50)

LR(∂H)2(∂�)2

3 = c501Rβμδε∇α�∇β�∇εHα
γ δ∇ε1Hγ ε

ε

+c504Rδμεε∇α�∇βHα
γ δ∇β�∇ε1Hγ

εε

LH4(∂H)2

3 = c789Hαβ
δHαβγ Hγ

εεHδ
μζ ∇μHε

ηθ∇ζ Hεηθ

+c790Hαβ
δHαβγ Hεε

ζ H εεμ∇δHγ
ηθ∇ζ Hμηθ

+c791Hα
δεHαβγ Hβ

εμHδε
ζ ∇εHγ

ηθ∇ζ Hμηθ

+c792Hα
δεHαβγ Hε

ηθ H εμζ ∇ζ Hγ εθ∇ηHβδμ

+c793Hα
δεHαβγ Hβ

εμHδ
ζη∇εHγ ζ

θ∇ηHεμθ

+c794Hα
δεHαβγ Hβδ

εHμζη∇μHγ ε
θ∇ηHεζθ

123
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+c795Hαβ
δHαβγ Hε

ζηH εεμ∇δHγ ε
θ∇ηHμζθ

+c796Hα
δεHαβγ Hβ

εμHδ
ζη∇εHγ ε

θ∇ηHμζθ

+c797Hα
δεHαβγ Hε

ηθ H εμζ ∇ηHβδμ∇θ Hγ εζ

+c798Hα
δεHαβγ Hε

ηθ H εμζ ∇ζ Hβδμ∇θ Hγ εη

+c799Hα
δεHαβγ Hε

ηθ H εμζ ∇ηHβγμ∇θ Hδεζ

+c800Hα
δεHαβγ Hε

ηθ H εμζ ∇ζ Hβγμ∇θ Hδεη

+c801Hαβ
δHαβγ H εεμH ζηθ∇εHγ εζ ∇θ Hδμη

+c802Hαβ
δHαβγ H εεμH ζηθ∇ζ Hγ εε∇θ Hδμη

+c803Hαβ
δHαβγ H εεμH ζηθ∇μHγ εε∇θ Hδζη

+c804Hα
δεHαβγ Hβ

εμH ζηθ∇δHγ ζη∇θ Hεεμ

+c805Hα
δεHαβγ Hβ

εμH ζηθ∇ηHγ δζ ∇θ Hεεμ

+c806Hα
δεHαβγ Hβ

εμH ζηθ∇εHγ δζ ∇θ Hεμη

+c807Hα
δεHαβγ Hε

ηθ H εμζ ∇δHβγμ∇θ Hεζη

+c808Hα
δεHαβγ Hε

ηθ H εμζ ∇μHβγ δ∇θ Hεζη

+c809Hαβ
δHαβγ H εεμH ζηθ∇δHγ εζ ∇θ Hεμη

+c810Hα
δεHαβγ Hβ

εμH ζηθ∇εHγ δζ ∇θ Hεμη

+c811Hα
δεHαβγ Hβ

εμH ζηθ∇ζ Hγ δε∇θ Hεμη

+c812Hαβ
δHαβγ H εεμH ζηθ∇δHγ εε∇θ Hμζη

+c813Hαβ
δHαβγ Hε

ζηH εεμ∇δHγ ε
θ∇θ Hμζη

+c814Hα
δεHαβγ Hβ

εμH ζηθ∇εHγ δε∇θ Hμζη

+c815Hα
δεHαβγ Hβ

εμH ζηθ∇εHγ δε∇θ Hμζη

+c816Hα
δεHαβγ Hβ

εμHδ
ζη∇εHγ ε

θ∇θ Hμζη

+c817Hαβ
δHαβγ Hγ

εεHε
μζ ∇εHδ

ηθ∇θ Hμζη

+c818Hα
δεHαβγ Hβδ

εHμζη∇ηHεζθ∇θ Hγ εμ

+c819Hα
δεHαβγ Hβ

εμHδε
ζ ∇θ Hμζη∇θ Hγ ε

η

+c820Hα
δεHαβγ Hβ

εμHδ
ζη∇ηHεζθ∇θ Hγ εμ

+c821Hαβ
δHαβγ Hε

ζηH εεμ∇θ Hδζη∇θ Hγ εμ

+c822Hα
δεHαβγ Hβ

εμHδ
ζη∇θ Hεζη∇θ Hγ εμ

+c823Hα
δεHαβγ Hβ

εμHδ
ζη∇μHεηθ∇θ Hγ εζ

+c824Hαβ
δHαβγ Hε

ζηH εεμ∇ηHδμθ∇θ Hγ εζ

+c825Hα
δεHαβγ Hβ

εμHδ
ζη∇ηHεμθ∇θ Hγ εζ

+c826Hαβ
δHαβγ Hε

ζηH εεμ∇θ Hδμη∇θ Hγ εζ

+c827Hα
δεHαβγ Hβ

εμHδ
ζη∇θ Hεμη∇θ Hγ εζ

+c828Hα
δεHαβγ Hβδ

εHμζη∇εHεηθ∇θ Hγμζ

+c829Hαβ
δHαβγ Hεε

ζ H εεμ∇ηHδζθ∇θ Hγμ
η

+c830Hαβ
δHαβγ Hεε

ζ H εεμ∇θ Hδζη∇θ Hγμ
η

+c831Hα
δεHαβγ Hβ

εμHδ
ζη∇μHεεθ∇θ Hγ ζη

+c832Hα
δεHαβγ Hβ

εμHδ
ζη∇θ Hεεμ∇θ Hγ ζη

+c833Hα
δεHαβγ Hβ

εμHγ
ζη∇ηHμζθ∇θ Hδεε

+c834Hα
δεHαβγ Hβ

εμHγ
ζη∇θ Hμζη∇θ Hδεε

+c835Hαβ
δHαβγ Hγ

εεHμζη∇ηHεζθ∇θ Hδεμ

+c836Hαβγ H
αβγ H δεεHμζη∇ηHεζθ∇θ Hδεμ

+c837Hαβ
δHαβγ Hγ

εεHμζη∇θ Hεζη∇θ Hδεμ

+c838Hαβγ H
αβγ H δεεHμζη∇θ Hεζη∇θ Hδεμ

+c839Hαβ
δHαβγ Hγ

εεHε
μζ ∇ηHμζθ∇θ Hδε

η

+c840Hαβ
δHαβγ Hγ

εεHε
μζ ∇θ Hμζη∇θ Hδε

η

+c841Hαβ
δHαβγ Hγ

εεHμζη∇ηHεεθ∇θ Hδμζ

+c842Hαβ
δHαβγ Hγ

εεHμζη∇θ Hεεη∇θ Hδμζ

+c843Hαβ
δHαβγ Hγ

εεHε
μζ ∇ζ Hεηθ∇θ Hδμ

η

+c844Hαβ
δHαβγ Hγ

εεHε
μζ ∇ηHεζθ∇θ Hδμ

η

+c845Hαβ
δHαβγ Hγ

εεHε
μζ ∇θ Hεζη∇θ Hδμ

η

+c846Hαβ
δHαβγ Hγ

εεHεε
μ∇ηHμζθ∇θ Hδ

ζη

+c847Hαβ
δHαβγ Hγ

εεHεε
μ∇θ Hμζη∇θ Hδ

ζη

+c848Hαβ
δHαβγ Hγ

εεHμζη∇δHζηθ∇θ Hεεμ

+c849Hα
δεHαβγ Hβδ

εHγ
μζ ∇ηHμζθ∇θ Hεε

η

+c850Hαβ
δHαβγ Hγ

εεHδ
μζ ∇ηHμζθ∇θ Hεε

η

+c851Hαβγ H
αβγ Hδ

μζ H δεε∇ηHμζθ∇θ Hεε
η

+c852Hα
δεHαβγ Hβδ

εHγ
μζ ∇θ Hμζη∇θ Hεε

η

+c853Hαβ
δHαβγ Hγ

εεHδ
μζ ∇θ Hμζη∇θ Hεε

η

+c854Hαβγ H
αβγ Hδ

μζ H δεε∇θ Hμζη∇θ Hεε
η

+c855Hαβ
δHαβγ Hγ

εεHμζη∇δHεηθ∇θ Hεμζ

+c856Hα
δεHαβγ Hβδ

εHγ
μζ ∇ζ Hεηθ∇θ Hεμ

η

+c857Hα
δεHαβγ Hβδ

εHγ
μζ ∇ηHεζθ∇θ Hεμ

η

+c858Hαβ
δHαβγ Hγ

εεHδ
μζ ∇ηHεζθ∇θ Hεμ

η

+c859Hαβγ H
αβγ Hδ

μζ H δεε∇ηHεζθ∇θ Hεμ
η

+c860Hα
δεHαβγ Hβδ

εHγ
μζ ∇θ Hεζη∇θ Hεμ

η

+c861Hαβ
δHαβγ Hγ

εεHδ
μζ ∇θ Hεζη∇θ Hεμ

η

+c862Hαβγ H
αβγ Hδ

μζ H δεε∇θ Hεζη∇θ Hεμ
η

+c863Hαβ
δHαβγ Hγ

εεHε
μζ ∇δHζηθ∇θ Hεμ

η

+c864Hα
δεHαβγ Hβδ

εHγ ε
μ∇ηHμζθ∇θ Hε

ζη

+c865Hαβ
δHαβγ Hγ

εεHδε
μ∇ηHμζθ∇θ Hε

ζη

+c866Hαβγ H
αβγ Hδε

μH δεε∇ηHμζθ∇θ Hε
ζη

+c867Hα
δεHαβγ Hβδ

εHγ ε
μ∇θ Hμζη∇θ Hε

ζη

+c868Hαβ
δHαβγ Hγ

εεHδε
μ∇θ Hμζη∇θ Hε

ζη

+c869Hαβγ H
αβγ Hδε

μH δεε∇θ Hμζη∇θ Hε
ζη

+c870Hα
δεHαβγ Hβδ

εHγ εε∇θ Hμζη∇θ Hμζη

+c871Hαβ
δHαβγ Hγ

εεHδεε∇θ Hμζη∇θ Hμζη

+c872Hαβγ H
αβγ HδεεH

δεε∇θ Hμζη∇θ Hμζη

LH(∂H)3∂�
3 = c623Hα

βγ ∇α�∇εHβ
δε∇ζ Hδεμ∇ζ Hγ ε

μ

+c624Hα
βγ ∇α�∇γ Hεμζ ∇εHβ

δε∇ζ Hδε
μ

+c625H
βγ δ∇αHεμζ ∇α�∇εHβγ

ε∇ζ Hδε
μ

+c626Hα
βγ ∇α�∇γ Hεμζ ∇εHβ

δε∇ζ Hδε
μ

+c627Hα
βγ ∇α�∇εHβγ

δ∇ζ Hεεμ∇ζ Hδ
εμ

+c628H
βγ δ∇α�∇γ Hαβ

ε∇δHεμζ ∇ζ Hε
εμ

+c629Hα
βγ ∇α�∇δHεμζ ∇εHβγ

δ∇ζ Hε
εμ (51)

where c1, . . . , c872 are 872 arbitrary parameters that can not
be fixed by the gauge symmetry.

We have found the above minimal couplings in the theory
which has no four-derivative and six-derivative couplings as
in the superstring theory, i.e., we have used the field redefi-
nition (9). It has been shown in [37] that even if the theory
has four-derivative and six-derivative couplings with fixed
parameters, up to some total derivative terms, the field redef-
inition at order α′3 can be written as

123
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δS0 + δS1 + δS2 = δS0

δgαβ

δg(3)
αβ + δS0

δBαβ

δB(3)
αβ + δS0

δ�
δ�(3)

(52)

where the deformations δg(3)
μν , δB(3)

μν , δ�(3) are arbitrary
functions of R, H,∇� and their derivatives at order α′3.
Hence, the minimal gauge invariant couplings that we have
found in this paper are valid couplings in any higher-
derivative theory which has metric, dilaton and B-field.

Even though the total number of minimal gauge invariant
couplings at order α′3 are fixed, i.e., 872, the number of cou-
plings in each structure are not fixed. In different schemes,
one may find different structures and different number of cou-
plings in each structure. The above structures and the number
of terms in each structure are fixed in the scheme that we have
chosen. Note, however, that the couplings with coefficients
c1, c2, c5, c7, c8 in LH8

3 are invariant under field redefini-
tion, Bianchi identities and total derivative terms. They are
scheme independent. All other couplings dependent on the
scheme that one uses for the couplings. The values of the 872
parameters are fixed in a specific theory by impose various
techniques in the theory.

In the superstring theory the above 872 parameters may
be found by calculating various S-matrix elements in the
effective field theory (1) and comparing them with the corre-
sponding S-matrix elements in the string theory which has no
arbitrary parameters. In this method one has to calculate in
the string theory various S-matrix elements which produces
872 independent contact terms. In the next section we illus-
trate this method for four-point functions to fix some of the
parameters.

3 Constraint from 4-point functions

The S-matrix element of four NS–NS vertex operators in
the superstring theory has been calculated in [34,39]. The
low energy expansion of this S-matrix element produces the
following eight-derivative couplings in the string frame [9,
40–42,45]:

S3 ⊃ γ3

κ2

∫
d10x

√−ge−2�L(R) (53)

where the normalization factor is γ3 = ζ(3)/25, and the
Lagrangian density has the following eight independent
terms:

L(R) = 1

8
Rκγ

δβRκγ ταRμνδτRμν
αβ

+ 1

32
RαβκγRαβκγRμνδτRμνδτ

+ 1

16
Rαβ

δτRαβκγRμνδτRμν
κγ

−1

4
Rκγ

αβRκγ δ
αRμνδτRμντ

β

+1

4
Rα

βκγRμνδτRμβκγRν
α

δτ

+1

8
Rα

β
δτRμνδτRμβκγRν

ακγ

+1

2
Rα

β
κ
γRμνδτRμβδγRν

α
τ
κ

+Rα
β

δ
γRμνδτRμβκγRν

α
τ
κ (54)

where Rμναβ is the linear part of the following tensor:

Rμναβ = Rμναβ + Hμν[α;β] (55)

Here Hμν[α;β] = 1
2∇βHμνα − 1

2∇αHμνβ . While the dila-
ton appears non-trivially in the Einstein frame, it appears in
the string frame only as the overall factor of e−2� [43,44].
Note that if one ignores the B-field coupling, then the sym-
metries of the Riemann curvature reduces the eight terms in
(54) to six independent terms [9], however, in the presence
of B-field the string theory S-matrix element of four NS–NS
vertex operators are reproduced by the above Lagrangian
[45]. The heterotic and bosonic string theories have the
above couplings as well as some other couplings at this
order.

Now, requiring the Lagrangian (13), to produce the four
graviton couplings in (54) after using on-shell conditions
ki · ki = 0 and ki · ζi = 0 for i = 1, 2, 3, 4 where the
graviton polarization is ζiζ j and momentum of graviton is
ki , one finds the following relations for the parameters in
(13):

c11 = 2 + 2c10, c12 = 1 + 2c10, c20 = −c10,

c21 = 4c10, c22 = −c10, c33 = −c10/4. (56)

As can be seen not all parameters are fixed by the four-point
function. The above result indicates that there is one com-
bination of the seven couplings in (13) which produces zero
effect on the four-point function. Consistency with five-point
function should fix the overall parameter of this combination,
i.e., c10. Therefore, imposing the four-point function on the
parameters in (13), one finds the following couplings

LR4

3 = 2Rα
ε
γ

εRαβγ δRβ
μ

ε
ζ Rδζεμ + Rαβ

εεRαβγ δRγ
μ

ε
ζ Rδζεμ

(57)

and some other couplings with coefficient c10. The above
couplings are exactly the couplings that have been found
from the sigma-model [46,47]. Hence, the five-point function
must constrain c10 = 0. It is important to note that if one
uses the KLT constraint [48] to write the couplings in terms
of t8t8R4 and ε10·ε10R4, then the four-point function can fix
only the coefficient of t8t8R4 and the five-point function fixes
the coefficient of ε10·ε10R4 to be non-zero. In the scheme that
we have used to write the couplings in the previous section,
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however, the structure ε10 ·ε10R4 which includes the Ricci
and scalar curvatures, does not appear at all.

Requiring the Lagrangian (48) to produce the four B-field
couplings in (54) after using on-shell conditions ki · ki = 0,
ki · ζi = 0 and ki · ζ ′

i = 0 for i = 1, 2, 3, 4 where the B-field
polarization is ζiζ

′
j − ζ ′

i ζ j and momentum of B-field is ki ,
one finds all 9 parameters in (48) are fixed, i.e.,

c410 = 1/8, c615 = −1/8, c616 = −1/4, c617 = 1/4,

c618 = −1/8, c619 = −1/16, c620 = 0,

c621 = −3/16, c622 = 1/144. (58)

Note that in the scheme that we have chosen in this paper,
there are 9 independent couplings with structure (∂H)4

whose coefficients are fixed by the four-point function. We
could chosen a different scheme in which there would be less
couplings with structure (∂H)4. In fact it has been shown in
[49] that the four-point function can be reproduced by three
couplings with structure (∂H)4. If one chooses a scheme in
which there are three couplings with structure (∂H)4, then
the extra six independent couplings would appear in other
structures such that the total number of independent cou-
plings remains fix, i.e., 872.

Similarly, requiring the Lagrangians (12) and (33) to pro-
duce two gravitons and two B-field couplings in (54), one
finds parameter in (12) to be zero and finds 17 relations
between the 22 parameters in (33), i.e.,

c369 = −24c282 − c283, c407 = 1 − 24c282,

c408 = 12c282, c409 = 12c282,

c416 = 2 − 24c282 + 2c284, c417 = −2 − 4c283

+2c285, c418 = 4c283 + 2c286,

c475 = 2 + 2c283, c476 = −4c283, c477 = 1 + 2c283,

c478 = 2c283,

c514 = 4c284 + 2c285 + 2c286,

c515 = 1 − c283 + c285 − c286,

c516 = −2c283 + 2c285 − 2c286, c520 = 0,

c697 = −2c284 − c285 − c286,

c698 = 1 + c284 + c285, c699 = 1/2 + c284/2 + c285/2.

(59)

Hence there are five different combinations of the 22 cou-
plings in (33) that produce zero effect on four-point function.
They can be found by studying five-point functions of two
B-field and three gravitons in which we are not interested in
this paper.

Requiring the Lagrangian (41) to produce no four-point
function of two dilatons and two B-fields as in (53), one finds
the parameter c413 does not appear in the on-shell amplitude,
and the following relations between the other parameters in

(41):

c357 = −c353, c426 = −3c353 + c415,

c430 = 2c353, c435 = −1

6
c353. (60)

This indicates there are two other combinations of terms in
(41) that produce zero four-point functions.

Requiring the Lagrangian (49) to produce no four-point
function of one dilaton, one graviton and two B-fields, one
finds

c480 = 0, c486 = 0, c499 = 0, c500 = 0,

c502 = 0, c503 = 0, c506 = 0. (61)

There are also no four-point functions of four dilatons, three
dilatons and one graviton, two dilatons and two gravitons,
one dilaton and three gravitons in the string frame. Their
corresponding parameters are all zero. This can also be seen
by the T-duality constraint when metric is diagonal that we
are going to discuss in the next section.

4 Constraint from T-duality when B = 0

It is very hard to continue the above S-matrix method to find
all 872 parameters in L3. In particular, to find the parameters
inLH8

3 , one would need to calculate S-matrix element of eight
NS–NS vertex operators which is tremendously difficult. For-
tunately, there is a simple method to find all parameters by
imposing the T-duality constraint. The calculations here also
is very lengthy to perform, however, using the computer one
can perform it, see e.g., [33].

The calculation in the absence of B-field has been already
done in [50]. In that paper, it has been argued that in any
higher-derivative action which contains only metric and dila-
ton, the dilaton couplings can be set to zero by the T-duality
constraint. The argument in that paper, however, can not be
extended to the case that B-field is non-zero. Explicit cal-
culation at order α′3 in the superstring and in the heterotic
string theory has been also done in [50]. That is, assuming
the dilaton couplings are zero, it has been shown in [50]
that the gravity couplings (13) at order α′3 are consistent
with the T-duality constraint when metric is diagonal and
B-field is zero, provided that the parameters in (13) to be
the same as those in (57) in the superstring theory. These
parameters in the heterotic theory, however, are fixed up to
two parameters by the T-duality which is consistent with the
S-matrix calculations in the heterotic theory [9]. This con-
forms that even if one considers all independent gravity and
dilaton couplings that we have considered in (13), (17), (19),
(21), (26), (27), (35)–(37), (39), (40), (43)–(45), then the T-
duality satisfied when all the 36 dilaton couplings are zero,
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i.e.,

c94 = 0, c95 = 0, c148 = 0, c149 = 0, c150 = 0,

c178 = 0, c289 = 0, c181 = 0,

c261 = 0, c277 = 0, c321 = 0, c322 = 0, c326 = 0,

c223 = 0, c224 = 0, c225 = 0,

c254 = 0, c269 = 0, c341 = 0, c342 = 0, c346 = 0,

c293 = 0, c294 = 0, c295 = 0,

c304 = 0, c359 = 0, c305 = 0, c307 = 0, c360 = 0,

c306 = 0, c361 = 0, c372 = 0,

c377 = 0, c381 = 0, c374 = 0, c379 = 0. (62)

The dilaton couplings (26), (27), (40), (45) with the above
coefficients are consistent with the four-point functions in
(54).

The minimal gauge invariant couplings at order α′ and α′2
in the bosonic theory are 8 and 60, respectively, however, in
the absence of B-field, the dilaton couplings constraint to be
zero by explicit T-duality calculations [29]. Note however
that the couplings involving dilaton and B-field may not be
zero by the T-duality constraint, see e.g., [33].

When B-field is not zero, one may use the T-duality con-
straint to fix all 872 couplings. Similar calculations at orders
α′ and α′2 in the bosonic string theory have been done in [33]
to fix all parameters of the minimal couplings. We postpone
this calculation at order α′3 for the future works.

We have found that the minimum number of independent
couplings at order α′3 is 872 in any higher-derivative the-
ory containing the NS–NS fields. In string theory, using the
T-duality constraint one may hopefully find all parameters.
Using different schemes, the T-duality can fix the correspond-
ing non-zero terms. A priori one can not argue which mini-
mal scheme would produce minimum number of couplings in
string theory after imposing the T-duality constraint. To find
the minimum number of couplings in the string theory, one
should first find the 872 parameters in a specific scheme, e.g.,
the one we have used in Sect. 2. Then using once again the
field redefinitions, the total derivative terms and using vari-
ous Bianchi identities, one may rewrite the couplings such
that the number of couplings would be minimum.
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