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Abstract—In this study, a public parking-lot is assumed to
schedule the charging of Electric Vehicles (EVs). Each EV owner
upon arriving gives the energy demand as well as departure
time to the system and immediately receives feedback; ful-
filling or adjusting the request. The system designed in this
study decides based on the previously admitted requests and
the uncertain future demands in both Admission Control (AC)
and Charge Scheduling (CS) mechanisms. We formulate a multi-
stage stochastic programming model to minimize the expected
total energy costs over the finite time horizon. Next, we approxi-
mate the model using a finite scenario tree. However, this model
is computationally intractable, even for a moderate number of
stages. Therefore, we customize a well-known decomposition pro-
cedure, Stochastic Dual Dynamic Programming (SDDP), to be
matched the time-dependent charging conditions. Since the pro-
cedure takes several hours to obtain a high-quality solution, we
run it once in the offline mode and employing the results for the
online mode. The simulation results indicate that the proposed
method outperforms the myopic approach, and obtains a close
solution to the theoretical optimal value in terms of total costs
and rejected demands.

Index Terms—Electric vehicle, admission control, parking lot,
decomposition, stochastic dual dynamic programming, multi-
stage stochastic optimization, demand uncertainty.

NOTATION

T Set of time slots indexed by t = 1, . . . , T
T ′ Set of all time slots except the first
Tu Set of time horizon of user u
S Set of stages indexed by s = 1, . . . , S
T s Set of time slots after sth stage
U Set of users (EVs) indexed by u
U[t] Set of existing users in the system up to t
Us,j Set of users at jth node of stage s
Xt Set of feasible decisions at time t
X s,j Set of feasible decisions at jth node of stage s
Ks Set of generated cuts at stage s indexed by k
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�t Set of random data at time t indexed by ξt

ξ[t] History of random data realization up to t
ξ s,j Random data realization at jth node of stage s
au, du User u’s arrival and departure time
eu User u’s energy demand
Emax Max transformer capacity per time slot
xmax

u Max charging rate of EV u per time slot
ct Predicted grid energy price per unit at time t
cp Penalty rate of rejected demands per unit at time t
ct, c

s Price symbol of total cost at time t, stage s
Ns Number of nodes in the scenario tree at stage s
N Total number of scenarios in the scenario tree
M Number of selected scenarios for the forward pass
z, z̄ Lower and upper bound of objective function
z̄h, z̄avg High and average values of statistical upper

bound
xu,t Charging power allocation for user u at time t
Xu,t Total allocated energy for user u up to time t
Xs

t Total allocated energy at stage s up to time t
πt Dual variable associated with transformer

capacity
ρk Dual variable associated with generated cuts
π t, ρk

Values of dual variables
Qs,j(·) Total cost function at jth node of stage s
Qs,j(·) Value of total cost function
Qs(·) The recourse function at stage s
αs Constant coefficient of cuts at stage s
βs

t Variable coefficient of cuts at stage s at time t
∼ is used above symbols to show the original sym-

bol approximated by the Monte-Carlo sampling.

I. INTRODUCTION

ELECTRIC vehicles play an essential role in reducing car-
bon emissions and preventing air pollution compared to

traditional gasoline vehicles. The statistics show that one mil-
lion plug-in EVs have been sold in the United States since
Oct. 2018. This number has risen from below 5000 per month
until Sep. 2012 to more than 20000 per month since May
2018 [1]. The dramatic growth of EVs in recent years, as well
as the anticipation of the increasing trend in the decade ahead,
is a great challenge for the smart grid. However, this load can
be shifted to an appropriate time to decrease the pressure to
the grid [2]. For example in uncontrolled charging conditions,
almost 30% of network facilities need to be upgraded for an
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EV penetration of 25%, while this can reduces to 5% if the
load can be shifted to the off-peak periods [3].

One of the most appealing ways from views of both EV
owner and the grid is charging the EVs in a parking-lot
equipped with charging stations. This way provides flexibil-
ity to the grid as well as exploiting the EV idle time because
the users usually stay in parking-lot longer than the charging
time. Note that the day-time charging faces dynamic arrival
and departure of the EVs and highly fluctuated electricity
prices. Compared to the night-time parking-lot for residential
buildings, those near commercial places create more attractive
situations during day-time. Therefore, these types of parking
lots have attracted much attention in the literature [3].

The literature related to optimal scheduling of the EVs in
parking-lot is developing rapidly. Tabari and Yazdani [4] offer
two options; fast or optimal charging, upon arriving the EV
owner to parking-lot. Next, the system resolves deterministic
linear programming for the AC or the CS problems whenever
a new request comes. Moreover, Jiang and Zhen [5] integrate
energy storage and photovoltaic systems with parking-lot that
charge the arriving EVs based on a meta-heuristic algorithm.

Furthermore, several studies are devoted to pricing and
charging of the users via the game-theoretical approach. First,
Zhang and Li [6] propose a non-cooperative game in which
each player (user) aims at maximizing the utility based on
his/her demand, electricity price, and the available transformer
capacity. Additionally, in research [7], the system offers menu-
based pricing to a user based on different energy levels and
deadline. Next, the game between the system and the user is
modeled, whether the system knows the users’ utility or not.
More recently, Alinia et al. [8] design a game that the best
strategy for the players (users) is truthfulness regardless of the
others’ behavior. In this case, the user says the true demand,
and the system admits it with offering price according to social
welfare maximization. In a similar study [9], a combinatorial
auction is proposed to offer a pricing mechanism in order to
maximize the social welfare. The future demand is also heuris-
tically considered based on the past requests, not the future
behavior forecast.

However, the above-mentioned studies [4]–[9] do not tackle
the uncertainties that may arise in the future demands. In
return, some studies consider this matter in different forms
as follows. In [10], a two-stage approximate dynamic pro-
gramming is proposed to determine the optimal charging
strategy based on seamless short-term prediction and long-
term estimation from historical data. Nevertheless, there is no
guarantee that the demands will be met on departure time.
Akhavan-Rezai et al. [11] predict near-future arrivals and their
demands based on an artificial neural network and Markov
Chain. Next, this prediction is fed to the optimization module
to schedule the EVs request. Note that this prediction may not
be accurate, and multiple sources of uncertainties may lead to
many different scenarios.

Therefore, several studies model the future demands in the
form of scenarios. Zhang et al. [12] design a novel type of
charging station which allows multiple EVs to be connected
to the same charger, but only one can charge at a time. Next,
a two-stage stochastic optimization is developed to minimize

the expected annual costs for providing charging services in
different scenarios. Similarly, a recent study [13] extends the
previous work [12] in terms of charging station design, i.e.,
multiple chargers can connect to multiple ports. Moreover, the
studies [14]–[17] schedule the arriving EVs to parking-lot con-
sidering a small number (less than 1000) of scenarios as the
future demands. In fact, the previous research [12]–[17] pro-
pose a two-stage stochastic model and limit the number of
scenarios for future demands uncertainty to keep the problem
computationally tractable.

In contrast to the two-stage stochastic model [12]–[17], our
proposed multi-stage model is more consistent with the real
situation of a parking-lot that the requests are realized at dif-
ferent times. In the finite time horizon, we can divide time into
appropriate equal-length time-slots (or stages) that allow for
recourse decisions at multiple stages of the charging schedule.
A key feature of the multi-stage stochastic model is making a
non-anticipative solution, i.e., the system makes decisions in
each stage only regards to the realized information up to that
stage. Moreover, this model is significantly harder to solve for
a large scenario tree, corresponding to the exponential order
of scenarios as the future demands.

Besides, the multi-stage stochastic optimization in the area
of energy management is already addressed but limited to
some topics. For example, hydro valleys management [18],
hydropower scheduling [19], managing energy storage in
micro-grids [20], and the commitment schedule of genera-
tion units [21] are addressed in this context. However, the
problem model and time-independent of the random data
in [18]–[21] make these solutions impractical for EVs time-
dependent charging. For better comparison, let us consider a
multi-stage model [20] in a micro-grid, solved by SDDP. This
model determines electricity procurement and storage decision
in response to the uncertainty of demand, renewable supply,
and pricing information. Constant and already known num-
bers of buses are scheduled to satisfy independent demands
in each stage, while here, inconstant and unknown numbers
of EVs arrival in each stage should be scheduled in which
demands may satisfy in multiple stages (i.e., time-dependency
of each demand). Hence, to the best of our knowledge, the
presented research is the first attempt towards extending this
area to tackle EVs’ time-dependent charging schedule by a
multi-stage stochastic model.

Here, we focus on a public parking-lot that charges its visi-
tors centrally. Each arriving user plugs the EV to the charging
station and enters the departure time and energy demand in
a smart-board. The Parking-lot Energy Management System
(PLEMS) solves the AC problem quickly to admit the pos-
sible request; otherwise, suggests the maximum amount of
energy. Moreover, the PLEMS solves the CS problem to take
the admitted users into account periodically. To summarize,
the key contributions of this study are as follows:
• We formulate a multi-stage linear stochastic program-

ming to minimize the expected cost considering future
demand uncertainty over the finite time horizon. The ran-
dom data process for this problem contains the number
of arrival users, their departing time and energy demand
for each stage (or time slot). Here, our focus is on the
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future demand uncertainty, but a prediction of Real-Time
Pricing (RTP) based on the method [22] is employed to
prevent the data process enlargement.

• To approximate the optimal solution by the so-called
Sample Average Approximation (SAA) [23] problem, we
discretize the random data process, corresponding to a
finite scenario tree. Next, a tractable variant of well-
known L-shaped [24], [25] decomposition for a large
number of stages is employed, called SDDP [26], [27].
However, the SDDP procedure is not applicable due to
time-dependent charging of EVs. To overcome this diffi-
culty, we change and reformulate the model to enhance
the SDDP procedure, named Time-dependent Stochastic
Decomposition (TSD). It is noteworthy to mention
that this multi-stage stochastic decomposition procedure
is basically different from deterministic Dantzig-Wolfe
decomposition applied to charge EVs in [28], [29].

• The PLEMS has multiple recourse opportunities to
improve the solution as the information revealed grad-
ually. The TSD procedure runs iteratively and generates
the piece-wise linear outer approximation for the recourse
function of each stage via the Bender’s cuts. This cycle
improves progressively to obtain a high-quality solution
taking several hours that appears to be unsuitable for
online solving. Consequently, the TSD procedure exe-
cutes only once in the offline mode and collect the
generated cuts to be used in the online mode. Hence,
a linear programming problem is solved for the online
mode to make it fast responsive, whether in the AC or
the CS.

• In addition to the CS mechanism, an AC mechanism is
proposed to guarantee the admitted users fulfilling the
demands. Moreover, similar to the CS, the AC model
considers the current and the future demands that leads
to adjusting the unacceptable requests. That is, the future
demands are modeled in the AC mechanism to prevent
the earlier users do not capture all resources selfishly.
On the other hand, considering the future demand in the
CS mechanism results in saving the total cost as well as
enough resources for the upcoming users.

The remainder of this paper is organized as follows.
Section II presents the system model and describes a mul-
tistage linear stochastic problem. An iterative decomposition
procedure is described in Section III for the offline and the
online modes considering both the AC and the CS mech-
anisms. In Section IV, the simulation results are presented
and compared with two approaches in different test cases.
Section V concludes the paper.

II. MODEL DESCRIPTION

It is assumed a finite time horizon that is divided into equal-
length time slots T = {1, . . . , T}. For notational convenience,
we also define T ′ ≡ T \{1} to represent the time slots in which
a recourse decision is made. The user u ∈ U arrives in the
time interval [t− 1, t), i.e., arrival time au = t ∈ T , plugs the
EV to the charging station and enters the status information,
containing departure time (du) and energy demand (eu), in a

smart-board. Next, the PLEMS solves the AC problem, with
regards to the current and the future demands, in order to
admit the request that can fully supply. Otherwise, it offers
the maximum amount of possible energy. At the end of the
current time slot, the CS problem is solved again to schedule
the admitted users for the next time slot.

Generally, the CS mechanism is designed to be solved in
T different stages, each one corresponding to a time slot. The
AC mechanism is also in a similar form to the CS except to be
solved for each arriving EVs. In stage t ∈ T , only the current
users should be considered due to non-anticipative decision-
making, while the future demands are also considered in the
next stages (t+1, . . . , T). Thus, the problem aims at minimiz-
ing the expected cost of the current users, as well as uncertain
future demands, subject to some operational limits. Therefore,
the PLEMS deals with a multi-stage stochastic optimization as
described in the following. Note that, we assume here the AC
mechanism is not executed, i.e., there is no guarantee that the
admitted users obtain entire demands in their departing time.
However, this assumption in the final solution will be relaxed
in the next section.

The random data process ξt = (|Ut|, du, eu : u ∈ U) ∈ �t

denotes the number of arriving users, their departure time, and
energy demands in stage t ∈ T ′, while the first stage is deter-
ministic. In this definition, �t refers to the entire state space of
the random data in the tth stage. The random data is realized
before starting the tth stage, but for notational convenience,
the same notation is applied; which one of them will be clear
from the context.

In the first stage, a deterministic decision is made, and with
the start of the second stage, a recourse one is fired and con-
tinued to the end of the time horizon. The recourse decision in
stage t ∈ T ′ when ξt is realized, is denoted by xu,t(ξ[t]), where
ξ[t] refers to the history of the random data realizations up to
stage t. For notation simplicity and the fact that the charging
power xu,t always depends on ξ[t], hereafter, we use the simple
notation xu,t.

Now we describe the operational limits in stage t ∈ T . First,
due to the physical limits of the local transformer of parking,
the maximum total charging power is restricted to Emax in any
time slot via

∑

u∈U[t]

xu,t ≤ Emax, t ∈ T , (1)

where the set U[t] = {u ∈ U : t ∈ Tu}, denotes all the existing
users in the system up to stage t. In this regard, the set Tu =
{t ∈ T : au ≤ t ≤ du}, shows the time horizon of the user
u. Let the maximum charging rate per time slot depending on
the EV model of user u be xmax

u , so the second constraint is

0 ≤ xu,t ≤ xmax
u , u ∈ U[t], t ∈ T . (2)

The last constraint should satisfy the admitted energy in the
time horizon of each user. Given that the decision is made in
different stages, we have

xu,t ≤ eu − X̄u,t−1, u ∈ U[t], t ∈ T , (3)
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where X̄u,t−1 is the total allocated energy in the previous
stages, which can be defined in the recursive form

Xu,t = xu,t + X̄u,t−1, u ∈ U[t], t ∈ T .

Note that Xu,t is initiated with Xu,0 = 0 and Xu,τ = 0 for
τ /∈ Tu. Moreover, the definition Xt = (Xu,t : u ∈ U[t]) is used
in the following. Since the constraint (3) is less than or equal,
we penalize the uncharged amount of energies of each user at
the departure time in the objective function later. Thereby, the
set of feasible decisions xt = (xu,t : u ∈ U[t]) in each stage
t ∈ T is denoted by Xt = (X̄t−1, ξ[t]), and this set is defined
by the constraints (1)-(3) for each (ξ, t) ∈ �× T .

Let ct and cp denote per unit predicted price of electricity
procured from the grid in time slot t and the penalty rate
for the uncharged amount of energies, respectively. From the
parking owner’s point of view, the energy procurement cost
and penalty cost should be minimized. Then, the objective
function for the tth stage is reflected in

ctxt =
∑

u∈U[t]

ctxu,t +
∑

u∈U[t],
du=t

cp(eu − X̄u,t−1 − xu,t
)
. (4)

It is noteworthy to mention that the parking owner can
make a particular profit by a mutual agreement with users.
For example, the PLEMS gives users a bill at their departure
time based on the actual charging cost plus a certain share as
a profit. However, it is challenging to determine a fair price
mechanism here, so the seamless integration of the pricing
and charging mechanisms remains open for the future direc-
tion. Therefore, the multistage linear stochastic optimization
can be represented in the nested form

min
x1

c1x1 + Eξ2

[
min

x2
c2x2 + Eξ3|ξ[2]

[
min

x3
c3x3 + · · · + EξT |ξ[T−1]

×
[

min
xT

cTxT

]
. . .

]]
(5a)

s.t. xt ∈ Xt,∀(ξ, t) ∈ �× T , (5b)

where Eξt|ξ[t−1] denotes the conditional expectation taken with
regards to the conditional probability measure Pξt|ξ[t−1] in
stage t. This nested structure indicates that multiple recourse
opportunity is available to the PLEMS as the information
revealed gradually over the planning horizon, consistent with
the non-anticipative feature. Unfortunately, the problem (5)
is computationally intractable, even for a moderate number
of stages [27]. However, in the next section, the struc-
ture is amended and reformulated to a nested decomposition
procedure to obtain high quality, approximate solutions.

III. THE DECOMPOSITION PROCEDURE

To start with, we replace the structure of the problem (5) by
T stage dynamic programming in which the problem in stage
t ∈ T when ξ[t] is realized, defined as

Qt
(
X̄t−1, ξ[t]

) = min
xt∈Xt

ctxt +Qt+1
(
Xt, ξ[t]

)
, (6)

where

Qt+1
(
Xt, ξ[t]

) = Eξt+1|ξ[t]

[
Qt+1

(
Xt, ξ[t+1]

)]
,

is the total expected future cost when the tth stage make a
decision on Xt under realization ξ[t], also called the recourse
function. Without loss of generality, we assume QT+1(·) = 0;
however, any continuous and convex function can be applied.

Since the random data process ξt, t ∈ T ′, having con-
tinuous distributions, the problem cannot be computed in a
closed-form solution [23], so needs to discretized the values.
Therefore, a sample ξ̃t = (|Ũt|, d̃u, ẽu : u ∈ U) ∈ �̃t is gen-
erated by using the well-known Monte-Carlo methods [30] to
replace with the original or true distributions. These samples
take a finite scenario tree into account, in which a node in
stage t = 1, . . . , T − 1 has j = 1, . . . , Nt+1 children,1 touches
each one with equal probability 1

Nt+1
. So the total number of

scenarios, N = ∏T
t=1 Nt (N1 = 1), grows exponentially by

increasing the number of stages.
Consequently, the true problem (6) is approximated by the

so-called SAA [23] problem corresponding to a scenario tree.
This problem in stage t ∈ T , when ξ̃

j
t is realized for j =

1, . . . , Nt, is defined as

Q̃j
t

(
X̄t−1, ξ̃

j
[t]

)
= min

xt∈X̃ j
t

c̃txt + Q̃t+1

(
Xt, ξ̃

j
[t]

)
, (7)

where the recourse function

Q̃t+1

(
Xt, ξ̃

j
[t]

)
= 1

Nt+1

Nt+1∑

j′=1

Q̃j′
t+1

(
Xt, ξ̃

j′
[t+1]

)
,

can be calculated. Similarly, Q̃T+1(·) = 0 is assumed.
L-shaped [24], [25] is a general and well-known nested

decomposition that can be applied to solve the problem (7)
via an iterative procedure. The procedure consists of two
main steps, a forward pass, and a backward pass. The for-
mer originates at the tree root, solves the problem and saves
the decisions to be used for the next stage. This step pro-
gressively solves all of the nodes in the order of stages, and
at the end, a feasible solution obtains to calculate the upper
bound (z̄). In return, the backward pass proceeds from the last
stage to the first stage to generate the piece-wise linear outer
approximation for the recourse function via the Bender’s cuts.
Therefore, Solving the problem in the root yields the lower
bound (z). The procedure terminates whenever z sufficiently
converges to z̄.

As mentioned above, the L-shaped solves N′ =∑T
τ=1(

∏τ
t=1 Nt) problems, i.e., equal to the total number of

tree nodes, in a forward or backward pass which grows expo-
nentially by increasing the number of stages. Therefore, this
procedure is computationally intractable, even for a moderate
number of stages. If the random data process is stage-wise
independent, i.e., the random vector ξ̃t+1 is independent of
ξ̃[t], a tractable variant of this procedure can be applied, called
SDDP [26], [27]. In a public parking lot, the arriving users in
a stage usually have the requests which are independent of the
others in the upcoming stages; hence, we take the stage-wise
independent assumption hereafter.

The SDDP procedure is similar to the L-shaped with some
changes as follows. In the forward step, M 	 N scenarios

1For simplicity, the number of children of all nodes in the same level
assumes equal, but this assumption will be realized in the following.
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Fig. 1. Illustration of two scenario trees with three stages and six scenarios.

are randomly selected to solve MT problems in total. Note
that each node j in stage t ∈ T ′, has the same children in
stage t+1,2 thanks to the stage-wise independent assumption,
so the same recourse function. Therefore, for a scenario in
stage t = T, . . . , 2, in the backward pass, all nodes in t, Nt

problems, are solved to generate a cut for the recourse function
of the stage t − 1 (Q̃t(·)). This cut is valid for all nodes in
stage t − 1. Consequently, M(

∑T
t=2 Nt) + 1 problems solve

in the backward pass, having a linear relationship with the
number of stages. It is noteworthy to mention that the SDDP
procedure yields a statistical upper bound and a deterministic
lower bound in the forward and the backward step, respectively
(more details in [27]). Fig 1 illustrates the L-shaped and the
SDDP procedures in similar scenario trees with three stages
and six scenarios.

To apply the SDDP procedure to the problem (7) in stage
t ∈ T ′ and node j = 1, . . . , Nt, we first take the stage-wise
independent assumption into account. It leads to some changes
in the problem formulation to work the above procedure cor-
rectly. Due to Pξt|ξ[t−1] = Pξt and Eξt+1|ξ[t] = Eξt+1 in the
SDDP-type problems, the objective function Q̃j

t(·) depends on
the realization ξ̃

j
t , not the history, while the recourse func-

tion Q̃t+1(·) is independent of ξ̃
j
t . However, these changes are

not applicable here, because the current users in the stage t
may have arrived in the previous stages. Consequently, the ran-
dom data process depends on the history (according to (1)-(4),
u ∈ U[t]) and does not meet the SDDP requirements.

In other words, these coupling of multiple stages has dif-
ficulty in the backward pass of the SDDP. Suppose the node
j′ = 1, . . . , Nt, in the backward pass that does not touch in the
forward, as a result, a set of new users should be considered
that they depend on the future stages. These dependencies can
be extended to the end of the time horizon. For better illustra-
tion, assume a scenario A-B-E is selected in the forward pass
of the SDDP procedure, as shown in Fig 1(b). Next, in the
second stage of the backward pass, the users of node C and D
are also taken into account that they have different numbers
and requests compared to the users of node B. However, the

2Now, the previous assumption about the same number of children is
realized.

users of node B is also considered in the third stage, but the
users of node C or D only in the second stage. In this case, we
need to set M = N that converts the problem to the intractable
L-shaped procedure.

However, we can remove the dependency of the random
data process to the history by changing the problem and refor-
mulation. The main idea is that the arriving users in each
stage, schedule over the entire time slots, all at once. As a
result, the users of one stage will no longer be in the next
stages to keep the stage-wise independent assumption as well
as non-anticipative feature. Henceforth, we define new symbol
S = {1, . . . , S} denotes the stages, each one corresponding to
a time slot (T = S), also keep the symbol t for time slots.
Note that, all sets, parameters, and variables were dependent
on stages till now, that do not redefine here. Now, we have to
amend the constraints (1)-(4) and reformulate the problem (7)
to construct a time-dependent SDDP procedure, named TSD.

To do so, for stage s ∈ S and node j = 1, . . . , Ns, when ξ̃ s,j

is realized, the following constraints and the objective function
are superseded with their counterparts. First, the inequality (1)
for the physical limits of the local transformer for each time
slot is rewritten to

∑

u∈Ũs,j,

t∈T̃u

xu,t ≤ Emax − X̄s−1
t : (πt), t ∈ T s, (8)

where X̄s−1
t denotes the total amount of assigned energy before

the current stage s for each time slot t ∈ T s. Generally, Xs
t

defines in the recursive form

Xs
t =

∑

u∈Ũs,j,

t∈T̃u

xu,t + X̄s−1
t , s ∈ S, t ∈ T s,

with the initial value X̄0
t = 0. In this definition, the set T s =

{t ∈ T : t ≥ s} represents the time slots after the stage s,
and set Ũs,j denotes the realized users in stage s and node
j = 1, . . . , Ns. In general, the variable defines after the colon
refers to the dual variable corresponding to that constraint.
Furthermore, the maximum charging rate of the EV’s battery
u per time slot (2), the user demand in the time horizon (3)
and the objective function along with the penalty term (4), are
reflected in order in

0 ≤ xu,t ≤ xmax
u , u ∈ Ũs,j, t ∈ T̃u, (9)∑

t∈T̃u

xu,t ≤ ẽu, u ∈ Ũs,j, (10)

c̃sxs =
∑

u∈Ũs,j

∑

t∈T̃u

(
ctxu,t + cp(ẽu − xu,t

))
. (11)

Note that, receiving requests in the AC mechanism, have
to be checked for admission, follow the described model.
However, for each admitted user in the AC or the CS mech-
anism, we convert the inequality (10) to equality in order to
satisfy the user demand, and drop the penalty term from the
objective function (11) as well. Therefore, the AC and the
CS mechanisms are both applicable here with the difference
mentioned in the constraint (10) and the objective (11).
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Now, we define the set of feasible decisions xs = (xu,t : u ∈
Ũs,j, t ∈ T s) in each stage s ∈ S with the symbol
X̃ s,j = (X̄s−1

t , ξ̃ s,j : t ∈ T s). This set consists of the con-
straints (8)-(10) for each (ξ̃ , s) ∈ �̃ × S. Consequently, the
problem (7) can be reformulated as

Q̃s,j
(

X̄s−1
t , ξ̃ s,j

)
= min

xs∈X̃ s,j
c̃sxs + Q̃s+1(Xs

t

)
, (12)

where the recourse function is

Q̃s+1(Xs
t

) = 1

Ns+1

Ns+1∑

j′=1

Q̃s+1,j′
(

Xs
t , ξ̃

s+1,j′
)
.

Our objective is to solve the problem (12) by approxi-
mating the recourse function by the Benders’ cuts. Suppose
the procedure in ith iteration and in stage s ∈ S of the
backward pass; then we replace the current cuts Qs+1

i (·)
with Q̃s+1(·) in this problem. Now, we can solve the prob-
lems Q̃s+1,j(·) for all j = 1, . . . , Ns+1, in the stage s + 1
of the backward pass to create a new cut ls+1(Xs

t ) for the
previous stage s. Next, the current cuts are updated based
on Qs+1

i+1 (Xs
t ) = max(Qs+1

i (Xs
t ), ls+1(Xs

t )). Finally, the general
structure of the cuts that are developed by the Bender’s cut
(the subgradient inequality) is

ls+1(Xs
t

) = αs+1 +
∑

t∈T̃ s

βs+1
t Xs

t

= αs+1 +
∑

t∈T̃ s

∑

u∈Ũs,j,

t∈T̃u

βs+1
t xu,t +

∑

t∈T̃ s

βs+1
t X̄s−1

t ,

(13)

where we will express how to calculate the constant coeffi-
cient, αs+1, and the variable coefficients, βs+1

t , later. In this
equation, the last equality is obtained from the replacement of
Xs

t in the middle equality. Finally, the problem (12) in stage
s ∈ S and the node j = 1, . . . , Ns, considering the generated
cuts in the form of (13), can be converted to

Q̃s,j
(

X̄s−1
t , ξ̃ s,j

)
= min c̃sxs + θ s+1 (14a)

s.t. θ s+1 ≥ αs+1
k +

∑

t∈T̃ s

∑

u∈Ũs,j,

t∈T̃u

βs+1
t,k xu,t +

∑

t∈T̃ s

βs+1
t,k X̄s−1

t :

(ρk), k ∈ Ks+1, (14b)

(8), (9), (10), (14c)

where Ks+1 represents all the cuts have been added to stage
s+ 1 up to the current iteration.

Let the optimal value of the objective function of the
problem (14) in (s + 1)th stage and node j = 1, . . . , Ns+1,

are denoted by Q̃
s+1,j

(·). Furthermore, the optimal values for

the dual variables are denoted by the symbols ρ
s+2,j
k , for

k ∈ Ks+2 and π
s+1,j
t , for t ∈ T̃ s+1, respectively. Accordingly,

the coefficients of the equality (13) can be obtained by

αs+1 = 1

Ns+1

Ns+1∑

j=1

Q̃
s+1,j

(·)−
∑

t∈T̃ s+1

βs+1
t X̄s

t , (15)

Algorithm 1: The TSD Procedure
Initialize: i← 1, z←−∞ , {z̄avg, z̄h} ← +∞

1 while some stopping criterion is not satisfied do

2 Sample M scenarios �̃i =
{
ξ̃1

m, . . . , ξ̃S
m

}

m=1,...,M
3 (Forward step)
4 for m = 1, . . . , M do
5 for s = 1, . . . , S do
6 solve (14): save x̄s

m, X̄s
t,m

7 z̄m ←∑
s∈S c̃sx̄s

m

8 (Upper bound update)
9 z̄avg ← 1

M

∑M
m=1 z̄m

10 σ 2 ← 1
M−1

∑M
m=1

(
z̄m − z̄avg

)2

11 z̄h ← z̄avg + 1.96 σ√
M

12 (Backward step)
13 for m = 1, . . . , M do
14 for s = S, . . . , 2 do
15 for j = 1, . . . , Ns do
16 solve (14) using X̄s−1

t,m : save Qs,j
m

(·), and

(ρs,j
k,m, π

s,j
t,m)

17 update Ks with coefficients (αs
m, βs

t,m)

18 (Lower bound update)
19 z← Q1(·) // solve (14) in stage 1
20 i← i+ 1

βs+1
t = 1

Ns+1

Ns+1∑

j=1

⎛

⎝
∑

k∈Ks+2

ρs+2,j
k

βs+2
t,k − π

s+1,j
t

⎞

⎠. (16)

It is noteworthy to mention that the coefficients βs+1
t are the

gradient of Q̃s+1,j(·) at X̄s
t that can be calculated by the corre-

sponding dual problem. Thus, the steps of the TSD procedure
are summarized in the algorithm (1).

A common stopping criterion of such Benders’ decom-
positions (or SDDP-type algorithms) is the lower bound
sufficiently converges to the upper bound. For example, the
Lines 9 to 11 of the algorithm (1) state that the actual upper
bound is lower than z̄h with the confidence of about 95%
(more details in [23]). However, further precautions need to be
considered for the statistical upper bound. As another crite-
rion, the lower bound starts to be stabilized, and z̄h sufficiently
converges to that. The minimum number of iterations is also
considered [27], [31].

Many heuristics in the literature are proposed to improve the
performance of such SDDP-type decomposition (see [32]), and
here we select one. As the TSD iterations proceed, many cuts
are generated, but all of which are not active at each stage. To
speed up the problem solving, we add the cuts iteratively as
needed instead of keeping all together. This cutting selection
heuristic, called Dynamic Cut Selection (DCS), is employed
here and can be integrated into the TSD procedure (see the
implementation details about the DCS in [32]).

The last obstacle to be removed is how to run the TSD
procedure, i.e., the algorithm (1), as the AC and the CS
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TABLE I
ELECTRIC CHARACTERISTICS OF POPULAR EV MODELS [33], [34]

mechanisms work correctly. An approach for stage s ∈ S is
suggested so that we have a tree with S − s stages in which
all of the current users up to stage s are considered in the
root. Therefore, the TSD procedure is required to be executed
for each run of both mechanisms. Although this approach can
obtain a better solution compared to the upcoming approach,
each run of the TSD takes several hours to reach a high-quality
solution. Consequently, this approach is not applicable in this
manner.

Here, we apply the alternative approach has been used in
the SDDP-type algorithms [20], which solves the TSD proce-
dure only once in the offline mode, and collects the generated
cuts to be used in the online mode. For arriving users in
the sth stage in the online mode, if their requests are per-
fectly matched a node j = 1, . . . , Ns, then it is adequate to
solve the problem (14) along with obtained cuts in the offline
mode, whether in the AC or the CS. Note that, the higher
the node numbers, the more likely this assumption occurs.
Otherwise, we can still solve the problem (14) with the offline
cuts, because the general structure of the cuts, defined in (14b),
only depends on X̄s−1

t that is available in stage s. Furthermore,
there is no difference that we are in the forward pass of the
offline mode or the online mode because we make a decision
based on the current realized random data (non-anticipative
feature), so the generated cuts are valid. Consequently, each
run of the AC or the CS in the online mode is equivalent to
the problem (14) solved once, that is fast responsive.

IV. SIMULATION RESULTS

Here, parking near commercial places is assumed to serve
EVs charging between 8 a.m. and 11 p.m., including 60 time-
slots of 15 minutes for the online mode. On the contrary for
the offline mode, a time slot is added before the time horizon
started, i.e., 61 time-slots or stages, as the root of the scenario
tree, without any EV’s arrival. In Table I, we consider multiple
popular EV models randomly arrived at parking with different
electric characteristics, containing battery capacity, charging
rate of Level 2 charger (L2C) or DC fast charger (DCFC),
and average energy consumption per 100 miles.

Due to the lack of information on real-world users’ behavior
in parking with EV’s charging stations, we use a publicly avail-
able parking dataset from the Melbourne Data Platform [35],
as well as the NHTS survey 2017 of travel behavior [36]
to create simulations that are closer to reality. Therefore,
the data of arrivals and departures are collected from the
West Melbourne area by in-ground parking-lot sensors with

a capacity of 62 cars. The invalid and small parking duration
is also omitted from the dataset. We assume the state of charge
(SoC) of each EV at the start of a day lies in the range of 50%
to 100%, and users make some trips before arriving at parking.
According to NHTS 2017 [36], on average, each car makes 2.7
trips daily, each one 9.55 miles length. Moreover, the hourly
distribution of trips by the time of day allows the entire trips’
length of each EV can be calculated, so the total energy con-
sumption. Consequently, the user demand is set to the empty
amount of battery capacity unless the user’s presence time in
parking limits that.

According to the above procedure, we create three different
scenario trees for the offline mode so that the tree node num-
bers, Ns, hold constant for all s = 2, . . . , S, and is selected
to be 5, 10, or 15. Moreover, 200 different online samples
are generated that are considered the same for different set-
tings. We also consider the parking data on Fridays, Aug 2016,
for the scenario trees, while the online samples are gener-
ated based on Fridays, Sep 2016. For better illustration of the
users’ behavior trend, the arrival rate and the average wait-
ing time on Friday 9th Sep 2016 are shown in Fig. 2(a). Note
that the waiting time reflects how many time slots that the
EVs stay in the system. Finally, the last setting is pricing
and its prediction. The real-time pricing was obtained from
PJM Interconnection [37], and it is predicted according to the
method [22], as shown in Fig. 2(b) on Friday 9th Sep 2016. The
penalty rate is also set to $100/MWh for rejected demands.

All results are obtained from a 14 core processor Intel Xeon
E5-2695, with a 64 GB RAM Windows machine. Moreover,
the problems execute in parallel on the ParFor loop of the
MATLAB 2018a software and solved by Gurobi 8.1 solver.
For Algorithm (1), 13 parallel programs with four samples
are dedicated to the forward and the backward passes, i.e.,
M = 52, and another one for aggregation of the non-duplicate
cuts. The algorithm terminates if either the z stabilizes and
sufficiently converges to z̄h by a factor of 0.01, or 300 iter-
ations complete, whichever occurs first (In Gurobi solver,
we manually set the default gap to zero without manipulat-
ing the other default settings). Note that the execution time
has a linear relationship with the number of CPU cores that
all reported times here are valid for a 14-core processor
computer.

In the following, we assess the impact of different parame-
ters on the quality of solutions in L2C or DCFC categories. In
each test case, the generated cuts in the offline mode are saved
to employ for the online mode. For a complete evaluation,
the online samples are compared with Perfect Foresight (PF)
and myopic approaches. The PF approach is the theoretical
optimal solution that knows all stochastic parameters a priori.
In contrast, the myopic ignores future demands and resched-
ules based on the present requests in each stage. Note that
the AC mechanism is also implemented in both. Furthermore,
we compare these approaches in terms of total cost, includ-
ing the energy cost plus penalty cost of rejected demands,
and rejected demands in the following. In general, the fewer
demands are rejected, the more satisfied users, which in turn
has a significant impact on the profitability of the parking
owner. Therefore, users’ satisfaction is reflected in both total
cost and rejected demand terms.
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Fig. 2. Users’ behavior and electricity price over the time horizon on Friday 9th Sep 2016.

Fig. 3. The Cost of Offline Mode in Level 2 Charging Station when Ns = 5.

A. The Effect of Emax on Level 2 Charging Station

The local transformer capacity (Emax) have a significant
impact on rejected demands and energy procurement cost. The
higher the value, the better the solution quality, but it can
increase the investment cost unreasonably and have a devas-
tating effect on the grid’s stability. Here, we take a wide range
of Emax values varied from 50 kW (i.e., 12.5 kWh/15min) to
175 kW in increments of 25 kW, which is equivalent to a
charge of about 7 to 26 Nissan Leaf in parallel at the maximum
rate.

The total cost, in terms of the lower and the statistical upper
bounds in dollars, is shown in Fig. 3 for the offline mode.
To reduce the high variation of the statistical upper bound,
we average the last 20 iterations and report in all test cases;
however, the different samples can change the gap within two
percent range. Since the PF solution is the theoretical optimal
value, the gap between the other two approaches and the PF
is reported in the online mode in all test cases. Therefore, the
percentage of cost gap and the value of the rejected energy
gap for the online samples are represented in Fig. 4(a) and
Fig. 4(b), respectively. As seen in Fig. 4, box plots of the TSD
are closer to the PF solution, as well as more stable compared
to the myopic approach, especially in the mid-range of Emax

values that makes the charging schedule more challenging.

B. The Effect of Ns on Level 2 Charging Station

In general, the higher the number of nodes in the scenario
tree, the better the output if the samples are well extracted
based on the Monte-Carlo. In this test case, we select the mid-
range of Emax in the previous test case to evaluate the effect
of Ns. Therefore, the offline results over the scenario trees are
shown in Table II, in terms of the lower and the upper bounds
in dollars, the approximate gap percentage between z and z̄h,

TABLE II
THE OFFLINE RESULTS IN LEVEL 2 CHARGING STATION

TABLE III
THE ONLINE RESULTS IN LEVEL 2 CHARGING STATION

the number of non-duplicate cuts, and the average time per
iteration in minutes. The table indicates that the number of
further nodes results in the improvement of the lower bound
and the gap percentage that lies in the appropriate range in
all values. Moreover, a linear relationship between the time
consumption and Ns can be found (as discussed in Section III)
that the number of non-duplicate cuts somewhat affected. For
example, Emax = 75 and 100 create more challenges compared
to the other values, so generate more cuts and consume more
time.

Furthermore, Table III reflects the online results in terms of
total cost and rejected energy. Since the PF cost is the absolute
minimum, the average value is reported directly in dollars,
and the mean and the variance gap percentage between two
other approaches and the PF is calculated. The table shows the
superiority of the TSD over the myopic in terms of a mean
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Fig. 4. Box Plots of the Online Mode in L2Cs when Ns = 5.

TABLE IV
THE OFFLINE RESULTS IN DC FAST-CHARGING STATION WHEN Ns = 10

gap, as well as low variance, which demonstrates the solution
stability. Also, in most values, increasing Ns reduces the gap.
On the other hand, since the PF may accept all requests, the
mean and the variance gap percentage tends to infinity; hence,
the mean rejected energies is only reported. These outputs
confirm the previous achievement, too.

C. The Effect of Charging Station Upgrade to DCFC

Because DCFCs have a much higher charging rate than
L2Cs, they can support more requests in the most cost-
effective and less time-consuming way. It is a notably better
option for parking that users have a shorter presence time than
their charging time. However, this option can impose much
more investment costs on the parking owner, which requires
comprehensive cost-benefit analysis as discussed in the next
subsection. Here, we run two different test cases with DCFCs.
The first one shows the impact of the higher charging rate of
this station compare to the previous test case, and the second
one increases the demands and the local transformer capac-
ity to achieve more realistic situations for two different cases;
price sensitive (PS) and non-PS users. Note that we assume
the maximum rate of DCFCs are limited to 50 kW to get better
matches on most available chargers and EVs. Furthermore, we
select Ns = 10 in the following test cases since it makes better
solutions in a reasonable time, as seen from Section IV-B.

Now we take the first test case into account that has the
same settings as the previous test case in Section IV-B to
evaluate the effect of increasing the charging rate. Tables IV
and V show the results of the offline and online modes, respec-
tively. Comparison of results with Tables II and III indicate
that the TSD outputs are significantly improved in all aspects,
while the myopic is degraded. Due to the fact that the charging
time is shorter than L2Cs and the myopic does not consider
future demands, it waits more time to arrive at the less expen-
sive electricity cost while having to reject more new demands.

Fig. 5. The Cost of DCFC Offline Mode in PS and non-PS when Ns = 10.

However, the TSD makes better use of low-cost charging time
with regards to future demands.

In the second test case here, we increase the users’ demand
because it can be supported by DCFCs in a short time.
Therefore, the SoC of each EV at the start of a day changes to
the range of 10% to 50% without changing the other parame-
ters. For better evaluation, we also take a new case into account
that users are assumed to be price sensitive. However, due to
limited available data of users’ demand in a real parking, sim-
ilar to references [15], [38], we assume that users’ demand
and RTP are related through a linear function. Therefore, user
u requests at least 20% of the battery’s empty capacity (emax

u )
which more than that, depends on the average RTP of the user
presence time in parking (cavg

u ), as defined in

ePS
u = max

(
0.2,

cmax − cavg
u

cmax − cmin

)
× emax

u , (17)

where cmax and cmin denote the maximum and minimum
RTP, respectively. Note that, in another case that users who
are not price sensitive, we set enon-PS

u = emax
u for all users.

Accordingly, we need to generate a new scenario tree for
the offline mode and 200 new online samples following new
demands based on the aforementioned equations. Next, we
take a wide range of Emax values varied from 250 kW to
450 kW. Therefore, Fig. 5 shows the cost of offline results, and
Fig. 6 illustrates the box plots of the online results gap between
the other two approaches and the PF approach. These outputs
indicate the narrow gap between the TSD and the PF approach;
also stability compared to the myopic approach in both PS and
non-PS cases. Comparing the results of the PS case with the
non-PS case reveals that, on average, users’ demand decreases
by only 48% while the total cost improves by 74%, as well
as reasonable decrease of the rejected demands.
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Fig. 6. Box Plots of the DCFC Online Mode in PS and non-PS cases when Ns = 10.

TABLE V
THE ONLINE RESULTS IN DC FAST-CHARGING STATION WHEN Ns = 10

D. Cost-Benefit Analysis

As discussed and demonstrated in the previous subsection,
DCFCs can support more requests and significantly improve
users’ satisfaction compared to L2Cs. However, the cost-
benefit analysis can provide a suitable benchmark for the
parking owner to choose the best solution over an extended
period. Here, without manipulating the other parameters, we
set the EVs’ SoC at the start of a day to the mid-range of 25%
to 75%, and Emax values in range of 100 kW to 350 kW over
5-years online samples.

To calculate the profit of parking owner, we need to con-
sider the investment cost (IC), energy procurement from the
grid, i.e., energy cost (EC), and selling energy to users, i.e.,
energy income (EI). First, the IC includes L2C or DCFC unit
costs, installation costs, maintenance, and networking costs. To
reduce the IC due to the large number of charging stations,
we assume that basic pedestal dual-port DCFC (and dual-
port L2C) units with a hardware cost of 14000$ (3000$) and
an installation cost of 9000$ (1500$) are mounted, each one
requires 200$ (75$) per month networking and maintenance
fee [39]. Second, the EC is calculated based on RTP. Third,
among different business models for calculation of EI, we take
the Tesla kWh pricing into account in the United States that
users pay $0.28/kWh [40]. It is worth mentioning that in the
following, we report the cost/income values separately so that
the readers can replace each with their desired values.

Fig. 7 shows the cost-benefit analysis over a medium-term
period (5-years) to compare the impact of L2Cs and DCFCs
infrastructures among three different approaches for a wide
range of transformer capacity. These outputs indicate that the
IC accounts for a significant part of the costs, particularly in
DCFCs, which would only be offset over a longer period of
time. For example, with this level of infrastructure, the TSD
would not yield positive profit until the second year of L2Cs
operation, while this would occur after 4 years for DCFCs
(Emax ≥ 200kW). However, in case of long-term operation
(over 10 years), the parking owner not only would benefit

Fig. 7. Cost-benefit analysis over 5-years online samples.

more from DCFCs than L2Cs, but also satisfy more users’
demand (Emax ≥ 200kW). Finally, the TSD would make more
profit than the myopic approach, as well as the results close
enough to the PF.

V. CONCLUSION

In this research, we model a multi-stage stochastic linear
programming to minimize the expected total energy costs over
the finite time horizon. The model includes three sources of
uncertainty related to future demands, subject to some oper-
ational limits, including the local transformer capacity limits,
the maximum acceptance rate of the EV’s battery, and user
demands. Next, we approximate the model using the SAA
problem, which is corresponding to a finite scenario tree. Since
the SAA is computationally intractable, even for a moder-
ate number of stages, we propose the TSD procedure to be
consistent with time-dependent allocation; an amendment of
well-known SDDP procedure. The TSD procedure takes sev-
eral hours to obtain a high-quality solution; hence, we run it
in the offline mode and collect the generated cuts to be used
in the online mode. Finally, the simulation results are obtained
for different test cases in both the offline and the online mode.
The results in the offline mode show the narrow gap between
the lower and the upper bound. Moreover, the online mode
indicates that the proposed method is sufficiently close to the
theoretical optimal solution (the PF approach), as well as the
superiority over the myopic approach, in terms of costs and
rejected demands.
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