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Given a positive integer q, in this paper, we investigate some more properties of the q-
capability of groups. For instance, the relationship between q-capability and the varietal
capability is determined. Moreover, we introduce the notion of q-epicenter for a group
and then we obtain some criteria for the q-capability of groups. Finally, as an application,
we characterize all q-capable extra-special p-groups when q is a power of p.
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1. Introduction

First, Baer in [2] has presented conditions for a group G to be the inner automor-
phism group of another group H (G ∼= H/Z(H)). In the same paper, all capable
groups which are the direct sums of cyclic groups are classified. Later, Hall and
Senior in [11] used the word “capable” to call such a group G. Ellis in [9] found
a new characterization of capable groups and then defined the notion of q-capable
groups for q ≥ 0. Recall that the q-center of a group G is the subgroup Zq(G) of the
center Z(G) consisting of those elements of order dividing q. A group G is said to

†Corresponding author.
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be q-capable if there exists a group E such that G ∼= E/Zq(E) and Z(E) = Zq(E).
Note that q-capability implies capability (that is, 0-capability). Moghaddam and
Kayvanfar in [13] have generalized the concept of capability to any variety ν of
groups which is called ν-capability. For the variety Nc of nilpotent groups of class
c or less, Nc-capability is called c-capability for c ≥ 1. The notion of c-capability of
groups is studied in [7, 13]. Following the terminology of [7, 13] a group G is called
c-capable if G ∼= H/Zc(H) for some group H, where Zc(H) is the cth term of the
upper central series of H. Therefore, there are differences between the c-capability
and the q-capability of groups. Ellis in [9] have defined the q-exterior center of
G, Z∧

q (G), to be the set of all elements g of G for which g ∧ h = 1G∧qG for all
h ∈ G and ∧q denotes the operator of the non-abelian q-exterior square. (See [8]
for more details.) The 0-exterior center of G, Z∧

0 (G), is called the exterior center
of G, Z∧(G). Ellis has also proved that a group G is q-capable if and only if its
q-exterior center is trivial. Then, Beyl et al. in [3] have defined the epicenter Z∗(G)
for a group G. It gives a necessary and sufficient condition for the capability of
groups. In fact, a group G is capable if and only if Z∗(G) = 1. It is shown that
Z∧(G) = Z∗(G).

The non-abelian q-tensor product plays a fundamental role to determine the q-
capability of groups and so we need to know the structure of it. Several authors have
introduced a construction related to q-tensor product in [6, 14, 16]. They have used
a slightly different approach which is particularly useful for computer computations
of the non-abelian tensor square of polycyclic groups. (See for instance references
[6, 16].) We will determine the q-capability of extra-special p-groups by Rocco’s
results. The purpose of this paper is further investigations into the q-capability of
groups. We will also be able to find a relation between q-capability and varietal
capability via the variety ν and then state some more results of q-capability. In
this paper, we have found criteria for recognizing q-capable group by introducing
the notion of q-epicenter Z∗

q(G) for a group G. Finally, we classify the q-capable
extra-special p-groups.

2. Preliminaries

In this section, we introduce some notations and present some known results without
proofs which are useful in the next sections.

Recall that, given a group G, a G-crossed module is a group homomorphism
μ : M → G with an operation of G on M such that, for g ∈ G and for m,m′ ∈ M

one has

(i) μ(gm) = gμ(m)g−1,

(ii) μ(m)m′ = mm′m−1.
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Let μ : M → G and ν : N → G be two G-crossed modules and consider the pullback

Let K = M ×G N = {(m,n) |m ∈ M,n ∈ N,μ(m) = ν(n)}. In this diagram,
each group acts on any other group via its image in the group G. Now we continue
with the following definition.

Definition 2.1 ([8]). Let q ≥ 0. The tensor product module q, M ⊗q N , of the
G-crossed modules μ and ν is a group generated by the symbols m ⊗ n and {k}
such that m ∈ M , n ∈ N , k ∈ K. In this group, the following relations hold. For
m,m′ ∈M,n, n′ ∈ N and k, k′ ∈ K,

m⊗ (nn′) = (m⊗ n)(nm⊗ nn′), (2.1)

mm′ ⊗ (n) = (mm′ ⊗ mn)(m⊗ n), (2.2)

{k}(m⊗ n){k}−1 = (kq

m⊗ kq

n), (2.3)

[{k}, {k′}] = π1k
q ⊗ π2k

′q, (2.4)

{(mnm−1, nmm−1)} = (m⊗ n)q, (2.5)

and

{kk′} = {k}
(

q−1∏
i=1

(π1k
−1 ⊗ (k1−q+i

π2k
′)i)

)
{k′}. (2.6)

The group M ∧q N is the quotient of the q-tensor product M ⊗q N by the relation

π1k ⊗ π2k = 1 for all k ∈ K. (2.7)

In other words, the group M ∧q N is the quotient of the group M ⊗q N by the
subgroup generated by the set {m⊗ n | (m,n) ∈ K}. Consider m ∧ n as the image
of m⊗ n in M ∧q N.

For q = 0, the tensor product M ⊗0 N is the group generated by the symbols
m ⊗ n for m ∈ M , n ∈ N subject to the relations (2.1) and (2.2). In fact the
tensor product M ⊗0 N is the non-abelian tensor product M ⊗ N defined in [5].
The following corollary is useful in the next results.
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Corollary 2.1 ([8, Proposition 1.6]). Let [M,N ] be a normal subgroup of K =
M ×G N generated by the elements (mnm−1,mnn−1),m ∈ M,n ∈ N. Then there
exists a commutative diagram with exact rows.

We assume that the reader is familiar with the notion of the verbal subgroup
V (G) and the marginal subgroup V ∗(G), associated with a variety of group ν and
a given group G. See [15] for more information on variety of groups.

Definition 2.2 ([13, Definition 2.1]). Let ν be a variety of groups by the set
of laws V. A group G is said to be ν-capable if there exists a group E such that
G ∼= E/V ∗(E).

Recall that the subgroup of G is defined in [13, Definition 2.1] as follows:

(V ∗)∗(G) =
⋂

{ψ(V ∗(E)) |ψ : E → G is a surjective homomorphism with

kerψ ⊆ V ∗(E)}.
The following theorem gives a necessary and sufficient condition for the ν-

capability of groups.

Theorem 2.1 ([13, Corollary 2.4])). A group G is ν-capable if and only if
(V ∗)∗(G) = 1.

For a given group G, the q-exterior center of G for q ≥ 0, which is useful in
deciding whether a group G is q-capable (see [9]), is defined by Ellis as follows:

Z∧
q (G) = {g ∈ G | g ∧ x = 1G∧qG for all x ∈ G}.

3. The Concept of q-Capability

Throughout this section, we find some structural properties of q-capability that
relates to varietal capability.

For a given group G, Gq and G′ denote the subgroup 〈gq|g ∈ G〉 and the
derived subgroup of G, respectively. Now, suppose that q ≥ 0 and q �= 1. Let
Vq = {xq

1, [x, y]} be the set of laws. Clearly, the verbal and marginal subgroups of
a group G are Vq(G) = G′Gq and V ∗

q (G) = Zq(G), respectively. Recall that ϕ is a
νq-extension of the group G if ϕ : E → G is a surjective homomorphism such that
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kerϕ ⊆ V ∗
q (E) = Zq(E). The intersection of all subgroups of the form ϕ(V ∗

q (E))
is denoted by (V ∗

q )∗(G) ([3]). A νq-capable group is the varietal capable group via
the variety νq of groups defined by the set of laws Vq.

Lemma 3.1. Let G be a q-capable group for q ≥ 0 and q �= 1. Then G is νq-capable.

Proof. It is straightforward.

Now, we provide an example of a q-capable group. For this, let Cn denote the
cyclic group of order n.

Example 3.1. Consider G to be the dihedral group of order 8. Clearly, Zq(G) =
Z(G) if q = 2t and t ≥ 1. Since G/Zq(G) ∼= C2 × C2, the group Klein four-group,
V4, is q-capable.

Note that we can similarly state all concepts and conclusions in [13] for the
q-capability of groups.

Recall that from [4] a q-central extension of a group G is an exact sequence
1 → ker

ϕ→ E → G → 1 such that kerϕ ⊆ Zq(E) and then we define the following
central subgroup as follows:

(Z∗
q )∗(G) =

⋂
{kerϕ(Zq(E))|ϕ : E → G is a q-central extension}.

Corollary 3.1. Let G be a group. Then (Z∗
q )∗(G) ⊆ Z∧

q (G) for all q ≥ 0 and q �= 1.

Proof. It is easily obtained from [13, Corollary 2.4; 9, Proposition 16(vii)].

Therefore, we can find a criterion for detecting νq-capable groups by the q-
epicenter subgroup of group G, which is defined in next chapter. We now present
some properties of νq-capability and q-capability.

Lemma 3.2. Let G be a group. Then for any integer n, q ≥ 1 holds

G ⊇ Z∧
q (G) ⊇ Z∧

q2(G) ⊇ · · · ⊇ Z∧
qn−1(G) ⊇ Z∧

qn(G) ⊇ · · · .

Proof. By [8, Theorem 1.22(2)], we have the following homomorphism

φ : G ∧qn

G → G ∧qn−1
G

g ∧ g1 → g ∧ g1
{k} → {kq}

for all g1, g, k ∈ G. Therefore, Z∧
qi+1(G) ⊆ Z∧

qi(G) for all i ≥ 1. The result
holds.

Obviously, the qn-capability of groups implies the (qn+1)-capability for all n,
q ≥ 1. The following result will help us to determine the q-capability of some
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interesting groups. Notice that finite p-groups are some interesting examples of
finite nilpotent groups. What can we say about q-capable p-groups? The following
proposition provides a condition under which we can identify a q-capable p-group,
where p is prime and q ≥ 0.

Proposition 3.1. Let G be a non-trivial q-capable finite p-group such that p is
prime and q ≥ 0. Then p divides q.

Proof. According to the definition of q-capability, there exists a group E such that
G ∼= E/Z(E) and Z(E) = Zq(E). By [12, Lemma 2.1], we can choose E as a finite
nilpotent group. Thus E ∼= Sp1 × · · · × Spr where Spi is a pi-Sylow subgroup of G
for all 1 ≤ i ≤ r. Set p1 = p. Then,

E/Z(E) ∼= (Sp1/Z(Sp1)) × · · · × (Spr/Z(Spr)).

Since E/Z(E) is a p1-group and Zq(E) = Z(E), we have Zq(E) = Z(E) =
Z(Sp1)× Sp2 × · · · × Spr . As a result, the order of x divides q for all x ∈ Z(Sp1), as
required.

Remark 3.1. Let G be a q-capable finite nilpotent group of order n = pα1
1 · · · pαs

s

such that pi is prime and pi �= pj for i �= j. Then pi divides q for all 1 ≤ i ≤ s.

Now, we discuss the structure of all νq-capable groups. Here, we use o(x) and
exp(G) to denote the order of x in a group G and the exponent of G, respectively.

Lemma 3.3. Let q ≥ 0 and q �= 1. If G is a νq-capable group and (E,ϕ) is a q-
central extension of G with kerϕ = V ∗

q (E) = Zq(E), then we can define a bilinear
homomorphism (bihomomorphism) α : Zq(G)×G→ Zq(E) such that the left kernel
of α is trivial and right kernel of α contains G′Gq.

Proof. Let

A = {txZq(E) ∈ E/Zq(E) | ϕ(tx) = x for all x ∈ G}.
One can easily check that ϕ([tx, ty]) = 1 for every x ∈ Zq(G) and y ∈ G, so

[tx, ty] ∈ Zq(E) for every x ∈ Zq(G) and y ∈ G. We can also conclude that for every
x1, x2 ∈ G

tx1x2 = tx1tx2z (3.1)

for some z ∈ Zq(E), since ϕ is a homomorphism. Now we can define the map

α : Zq(G) ×G → Zq(E),

(x, y) → [tx, ty].

It is obvious that the commutators [tx, ty] are independent of the chosen transversal
for every x ∈ Zq(G) and y ∈ G. Now let (x1, y1) = (x2, y2) such that x1, x2 ∈ Zq(G)
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and y1, y2 ∈ G. Then tx1 = tx2z1 and ty1 = ty2z2 for some z1, z2 ∈ Zq(E), so we can
easily verify that [tx1 , ty1 ] = [tx2 , ty2 ]. Therefore α is well-defined. We claim that α
is bilinear homomorphism. We have

α(x1x2, y) = [tx1x2 , ty] = [tx1tx2z1, ty]

= [tx1 , ty][tx2 , ty]

= α(x1, y)α(x2, y)

for every x1, x2 ∈ Zq(G), z1 ∈ Zq(E) and y ∈ G, by relation (3.1). We can similary
prove that α(x, y1y2) = α(x, y1)α(x, y2) for every x1 ∈ Zq(G) and y1, y2 ∈ G. Thus
α is a bilinear homomorphism.

We claim that the left kernel of α is trivial. Let x be an arbitrary element of
the left kernel of α. If u is an arbitrary element of E, then there exists an element
of G like g such that u = tgz(z ∈ Zq(E)). Therefore, tx ∈ Z(E). We also know that
txq ∈ kerϕ = Zq(E), since x is an element of left kernel of α, which is a subset of
Zq(G). Now we verify that txt−1

xq−1 ∈ Zq(E). Since tx is a central element of E, o(tx)
divides o(txt−1

xq−1). On the other hand, o(txt−1
xq−1) divides q. Therefore, tx ∈ Zq(E)

and so the left kernel of α is trivial.
We claim that the right kernel of α must contain G′Gq. Assume that [g1, g2]gq

is an element of G′Gq such that g, g1, g2 ∈ G. Clearly, t[g1,g2]gq = t[g1,g2]tgqz, by
relation (3.1) for some z ∈ Zq(E). We also have t[g1,g2] = [tg1 , tg2 ]z1 such that
z1 ∈ Zq(E), since ϕ is a homomorphism. Thus

[ty, t[g1,g2]gq ] = [ty, t[g1,g2]tgqz]

= [ty, t[g1,g2]][ty, tgq ]

= [ty, [tg1 , tg2 ]z1][ty, tgq ]

= [ty, [tg1 , tg2 ]][ty, tgq ]

= [tg1 , tg2 , ty]−1[ty, tqg]

for all y ∈ Zq(G). By the Hall–Witt identity, we have

[tg1 , tg2 , ty]t
−1
g2 [t−1

g2
, t−1

y , tg1 ]
ty [ty, t−1

g1
, t−1

g2
]tg1 = 1

and so [tg1 , tg2 , ty] = 1. We can conclude that [ty, tqg] = [ty, tgq ] by relation (3.1).
Therefore,

[ty, t[g1,g2]gq ] = [ty, tqg].

Now we can easily conclude that

[ty, t[g1,g2]gq ] = [ty, tg]q = 1,

since [ty, tx] ∈ Zq(E) for every x ∈ G. As a result, G′Gq is a subset of the right
kernel of α. The proof is completed.
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The following theorem is a necessary condition for the νq-capability of groups.

Theorem 3.1. Let q ≥ 0 and q �= 1. If G is a νq-capable group and G/Vq(G) is of
finite exponent, then the exponent of V ∗

q (G) divides the exponent of G/Vq(G).

Proof. By Lemma 3.3, we have the following bilinear homomorphism

α : Zq(G) ×G → Zq(E)

(x, y) → [tx, ty].

Also the left kernel of α is trivial and the right kernel of it contains G′Gq. Assume
exp(G/G′Gq) = e and yG′Gq is an arbitrary element of G/G′Gq. Then, ye is an
element of the right kernel of α. Hence, 1 = α(x, ye) = α(xe, y) for all x ∈ Zq(G)
and y ∈ G. As a consequence, xe is trivial. The result follows.

Now we express another proposition about νq-capable groups.

Proposition 3.2. Let G be a νq-capable group for q ≥ 0. Then, the order of z
divides exp(G/G′Gq〈z〉) for all z ∈ Zq(G).

Proof. For q = 1, the statement of this proposition is trivial. By using Lemma 3.3
for q ≥ 0 and q �= 1, we know that there is a bilinear homomorphism

α : Zq(G) ×G → Zq(E)

(x, y) → [tx, ty].

Also the left kernel of α is trivial and the right kernel of it contains G′Gq. Hence,

α(x, yn) = α(x, y)n = α(xn, y)

for all x ∈ Zq(G), y ∈ G, and n ∈ Z. Clearly, the exponent of G/(G′Gq〈z〉)
divides q. Let exp(G/G′Gq〈z〉) = e. Since 1 = α(z, ye) = α(ze, y) for all y ∈ G, we
conclude that ze is an element of the left kernel of α. Consequently, ze is trivial, as
required.

Finally let us mention a necessary condition for the p-capability of p-groups.

Corollary 3.2. Let G be a p-capable finite p-group. Then Zp(G) is an elementary
abelian group.

Proof. From Proposition 3.2 and the fact that the exponent of the group
G/(G′Gp〈z〉) is p, the result follows.

4. A New Criterion for q-Capable Groups

In this section, we obtain a new criterion for q-capable groups which is more prac-
tical by its construction. Given two normal subgroups G and H of some group L,
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the subgroup of L generated by the commutators [g, h] and the qth powers kq for
g ∈ G, h ∈ H and k ∈ G ∩ H is denoted by G�qH. The following computations
play an important role in the main results. Clearly, Z(G)∧q G is abelian. We define
μ : Z(G) → G/G′ by μ(x) = xG′ ∈ G/G′ for all x ∈ Z(G). Let

KG/G′ = Z(G) ×G/G′ G/G′ = {(x, xG′) |x ∈ Z(G)}
and

KG = Z(G) ×G G = {(x, x) |x ∈ Z(G)}.
Now, we can consider the following pullbacks

and

Lemma 4.1. Let G be a group and q ≥ 0. Then, Z(G) ⊗q G is an abelian group
and

Z(G) ⊗q G ∼= Z(G) ⊗q (G/G′).

Proof. [9, Theorem 6(iv)] implies

Z(G) ⊗q G ∼= (Z(G)/Z(G)�qZ(G)) ⊗Z (G/G�qG)

∼= (Z(G)/Z(G)q) ⊗Z (G/G′Gq) ∼= Z(G) ⊗q (G/G′),

where ⊗Z denotes the usual tensor product of abelian groups. Therefore, Z(G)⊗qG

is abelian, as required.

We are ready to present the following result.
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Lemma 4.2. Let G be a group. Then Z(G) ∧q G ∼= Z(G) ∧q (G/G′).

Proof. We define

f : Z(G) ∧q (G/G′) → Z(G) ∧q G

x ∧ yG′ → x ∧ y
{(x, xG′)} → {(x, x)},

where x ∈ Z(G), y ∈ G and xG′, yG′ ∈ G/G′. Let y = y1g1 and g1 =
∏t

i=1[xi, di]
for all y1, y, xi, di ∈ G and x ∈ Z(G). Then x ∧ y = x ∧ y1g1 = (x ∧ y1)y1(x ∧ g1).
It is sufficient to show that x ∧ g1 is trivial.

x ∧ g1 = x ∧
t∏

i=1

[xi, di] = (x ∧ [x1, d1])[x1,d1]

(
x ∧

t∏
i=2

[xi, di]

)
.

By Lemma 4.1, we can easily verify that

x ∧ [x1, d1] = (x ∧ x1d1)(x ∧ d−1
1 )

= (x ∧ x1d1)(x ∧ d1)−1 = 1.

By the same process, we conclude that x∧g1 = 1 and so x∧y = x∧y1g1 = x∧y1.
Therefore, f is well-defined. It is enough to show that f commutes with relations
(2.1)–(2.7). In effect

f(xx′ ∧ yG′) = xx′ ∧ y = (xx′ ∧ xy)(x ∧ y) = f(x(x′ ∧ yG′))f(x ∧ yG′)

and

f(x ∧ yy′G′) = x ∧ yy′ = (x ∧ y)(yx ∧ yy′) = f(x ∧ yG′)f(yG′
(x ∧ y′G′)).

We define the actions ofKq
G/G′ andKq

G onG by (x,xG′)q

m = mxq

and (x,x)q

m = mxq

for all x ∈ Z(G) and m ∈ G. Let x denote the image of x ∈ G in G/G′. Now we
state the following relations.

f((x,x)q

g ∧ (x,x)q

h) = f((x,xq)g ∧ (x,xq)h)

= xq

g ∧ xq

h

= f({(x, x)})f(g ∧ h)f({(x, x)})−1,

f({(x, x)(x′, x′)}) = {(x, x)(x′, x′)}

= {(x, x)}
q−1∏
i=1

(x−1 ∧ (x1−q+i

x′)i){(x′, x′)}

= f({(x, x)})
q−1∏
i=1

f(x−1 ∧ (x1−q+ix′)i)f({x′, x′}),
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f(xq ∧ x′q) = xq ∧ x′q

= [{(x, x)}, {(x′, x′)}]
= [f({(x, x)}), f({(x′, x′)})],

f({mnm−1, nmm−1}) = {mnm−1, nmm−1}
= (m⊗ n)q

= f(m ∧ n)q

and

f(x ∧ x) = (x ∧ x) = 1

for all x, x′, g,m, n ∈ Z(G) and y, y′, h ∈ G. We claim that f is an isomorphism.
Define the following map

f1 : Z(G) ∧q G → Z(G) ∧q (G/G′)

x ∧ y → x ∧ y,
{(x, x)} → {(x, x)}.

Clearly, f1 is a homomorphism. Since ff1 = idZ(G)∧qG and f1f = idZ(G)∧q(G/G′),

we obtain

Z(G) ∧q G ∼= Z(G) ∧q (G/G′),

which completes the proof.

The following corollary is an immediate result from Lemma 4.2 and [9, Propo-
sition 7].

Corollary 4.1. Let G be a group and q ≥ 0. Then the canonical sequence of
homomorphisms

Z(G) ∧q (G/G′)
ρ→ G ∧q G→ G/Z(G) ∧q G/Z(G) → 1

is exact.

Now we are ready to define the q-epicenter of groups by the homomorphism ρ,

which is introduced in Corollary 4.1.

Definition 4.1. Let G be a group and q ≥ 0. The q-epicenter of G is denoted by
Z∗

q(G) and is defined as

{z ∈ Z(G)|z ∧ a ∈ ker ρ for all a ∈ G/G′}.
In the following theorem, we provide a certain characterization for the q-

capability of groups.

Theorem 4.1. Let G be a group and q ≥ 0. Then (Z∗
q )∗(G) ⊆ Z∧

q (G) = Z∗
q(G).

2150071-11
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Proof. If q = 1, then G is ν1-capable, since Z1(G) = 1. Hence (Z∗
q )∗(G) is trivial,

by Theorem 2.1. We also have (Z∗
q )∗(G) ⊆ Z∧

q (G), such that q ≥ 0 and q �= 1, by
Corollary 3.1. Now let z ∈ Z∗

q(G). Then ρ(z ∧ yG′) = z ∧ y = 1G∧qG for all y ∈ G.

Therefore, z ∈ Z∧
q (G).

Conversely, let z ∈ Z∧
q (G). This means that z ∧x is trivial, for all x ∈ G. If xG′

is an arbitrary element of G/G′, then ρ(z ∧ xG′) = 1G∧qG and so z is an element
of Z∗

q(G). As a result, Z∗
q(G) = Z∧

q (G), as desired.

The following criterion is an important result of Theorem 4.1 which gives a
necessary and sufficient condition for q-capable groups. This result can also be
useful to study νq-capable groups.

Theorem 4.2. A group G is q-capable if and only if its q-epicenter Z∗
q(G) is trivial

for q ≥ 0.

Proof. This is an immediate consequence of Theorem 4.1.

5. The Application of the Criterion

In this section, we obtain some necessary conditions for the q-capability of groups.
Our method involves the kernel of the homomorphism ρ in Corollary 4.1. In fact, we
will use the concept of q-epicenter which is defined by ker ρ. Finally, we determine
all q-capable extra-special p-groups when q is a power of p.

For a given finitely generated group A, we set exp(A) = 0 when A contains an
element of infinite order. Note that in this case exp(A) is divisible by all integers.
We know that a q-capable group is capable. Hence, by [10, Proposition 2], we have
the following lemma. We denote the image of x ∈ G in (G/G′〈z〉) by x.

Lemma 5.1. Let q ≥ 0. Consider G to be a q-capable group with a generating set
J(G). Let z be a non-trivial q-central element in G and let z′ �= 1 be a power of z
(it can be equal to z). Then there exists a generator x ∈ J(G) such that

(i) z′ �= yo(x) for all y ∈ Zq(G).
(ii) z′ �= xn such that n is a natural number.
(iii) If G/Z(G) is abelian and no element in J(G) has even order, then z′ �= wo(x)

for all w ∈ G.
(iv) x(G′Gq〈z〉) �= ao(z′) for all a ∈ G/(G′Gq〈z〉).

Proof. We know that a q-capable group is capable. Hence, by [10, Proposition 2],
there exists a generator x ∈ J(G) such that

(1) z′ �= yo(x) for all y ∈ Z(G).
(2) z′ �= xn such that n is a natural number.
(3) If G/Z(G) is abelian and no element in J(G) has even order, then z′ �= wo(x)

for all w ∈ G.
(4) x(G′〈z〉) �= ao(z′) for all a ∈ G/(G′〈z〉).
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Now, we want to show that x satisfies in the conditions (i)–(iv). Since Zq(G) ⊆
Z(G), part (1) implies z′ �= yo(x) for all y ∈ Zq(G). So part (1) implies that
part (i). If at least one of conditions (i)–(iii) fails, one of the conditions (1)–(3)
fails. It is a contradiction. It is sufficient to show that x(G′Gq〈z〉) �= ao(z′) for all
a ∈ G/(G′Gq〈z〉). We denote the image of x ∈ G in (G/G′Gq〈z〉) by x̂. Suppose on
the contrary that there exists an element a of G/(GqG′〈z〉) such that x(G′Gq〈z〉) =
ao(z′). As a result, x = ao(z′)mnqzl(m ∈ G′, n ∈ G, l ≥ 0) and so by Lemma 4.1

z′ ∧ x̂ = z′ ∧ ̂ao(z′)mnqzl

= (z′ ∧ âo(z′))(z′ ∧ n̂q)(z′ ∧ ẑl)

= z′ ∧ ẑl.

As a result, ρ(z′ ∧ x̂) = z′ ∧ zl = 1. Thus, z′ ∧ x̂ ∈ ker ρ and consequently,
z′ ∈ Z∗

q(G) �= 1. As a result, G is not q-capable, by the criterion for q-capability.
It is a contradiction. Therefore, x(G′q〈z〉) �= ao(z′) for all a ∈ G/(G′Gq〈z〉), as
required.

The following result is taken immediately from Lemma 5.1.

Corollary 5.1. Let q ≥ 0. If G is a group such that G
G′Gq is a divisible group and

Zq(G) contains a non-trivial element of finite order, then G is not q-capable.

For a given subgroup A of an abelian group B, we denote the quotient A ⊗Z

B/〈a⊗ a|a ∈ A〉 of the usual tensor product A ⊗Z B by A ∧Z B. Let us first look
for a condition for q-capability of some certain groups.

Lemma 5.2. Let H and K be two normal subgroups of the group G such that K
is a subgroup of H and [H,K] is trivial. Then

H ∧q K ∼= H/HqH ′ ∧Z K/K
qK ′.

Proof. By [9, Theorem 6(iv)], we have the epimorphism

η : H ⊗q K → H/HqH ′ ⊗Z K/K
qK ′

h⊗ k → hHqH ′ ⊗ kK ′Kq,

{(x1, x1)} → x1H
′Hq ⊗ x1K

′Kq,

for all h ∈ H, k ∈ K and x1 ∈ K. The restriction of η to 〈x⊗ x|x ∈ K〉 induces the
following isomorphism

H ⊗q K/〈x⊗ x |x ∈ K〉(H/HqH ′ ⊗Z K/K
qK ′)/〈xHqH ′ ⊗ xK ′Kq|x ∈ K〉,

(h⊗ k)〈x⊗ x |x ∈ K〉 → (hHqH ′ ⊗ kK ′Kq)(〈xHqH ′ ⊗ xK ′Kq|x ∈ K〉),
{(x1, x1)}〈x⊗ x |x ∈ K〉 → (x1H

qH ′ ⊗ x1K
′Kq)(〈xHqH ′ ⊗ xK ′Kq|x ∈ K〉),
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for all h ∈ H, k ∈ K and x1 ∈ K. This means that

H ∧q K ∼= H/HqH ′ ∧Z K/K
qK ′,

as desired.

Lemma 5.3. Let G be a group whose derived factor G/G′ ∼= B ⊕ C. Then

Z(G) ∧q G/G′ ∼= (Z(G) ∧q B) ⊕ (Z(G) ∧q C).

Proof. Clearly, Z(G) ∧Z (G/G′) ∼= (Z(G) ∧Z B) ⊕ (Z(G) ∧Z C). By Lemmas 5.2
and 4.2, we have

Z(G) ∧q (G/G′) ∼= Z(G) ∧q G

∼= (Z(G)/Z(G)q) ∧Z (G/G′Gq)

∼= ((Z(G)/Z(G)q) ∧Z (B/Bq)) ⊕ ((Z(G)/Z(G)q) ∧Z (C/Cq))

∼= (Z(G) ∧q B) ⊕ (Z(G) ∧q C),

the result follows.

Theorem 5.1. Let G be a group whose center Z is a direct sum of cyclic groups.
Suppose that Z has finite exponent exp(Z) and ker ρ is trivial. If G/G′ ∼= B ⊕ C

such that the summand C of G/G′ is a cyclic group, the summand B of G/G′ is
the image of Z and exp(Z) divides exp(C), then G is q-capable for q ≥ 0.

Proof. By Lemma 5.3, we have

Z ∧q (G/G′) ∼= (Z ∧q B) ⊕ (Z ∧q C).

Now suppose that Z =
⊕

i〈xi〉 where o(xi) = ni. Fix a generator xi of Z and
assume that c is a generator of C of order n. Clearly, 〈xi〉 ∧q C is isomorphic to
Cni ∧q Cn and also Cni ∧q Cn = Cni ⊗q Cn. Now we can describe the structure of
Cni ⊗q Cn by [9, Theorem 6(iv)],

Cni ⊗q Cn
∼= Cni

Cq
ni

⊗Z

Cn

Cq
n
.

Consequently, Cni ∧q Cn is isomorphic to Zni or Zgcd(ni,q). Thus, if λ is a positive
integer not divisible by gcd(o(xi), q) or o(xi), then

1 �= λxi ∧ c ∈ Cni ∧q Cn ⊆ Z ∧q (G/G′).

As a result, Z∗
q(G) is trivial and so G is q-capable, as required.

The following lemma is useful in the next results.

Lemma 5.4. Let G ∼= ⊕t
i=1 Ci such that ni divides ni+1 and Ci = 〈xi〉 is a

cyclic summand of G of order ni for all 1 ≤ i ≤ t and t ≥ 1. Then the order of
xi ∧ xj ∈ G ∧q G is ni or gcd(ni, q) for all 1 ≤ i < j ≤ t.
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A
si

an
-E

ur
op

ea
n 

J.
 M

at
h.

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 W
SP

C
 o

n 
07

/2
0/

20
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



2nd Reading

June 24, 2020 12:13 WSPC/246-AEJM 2150071

On the q-capability

Proof. For t = 1, by using Lemma 5.2, we have

Cn1 ∧q Cn1
∼= Cn1/C

q
n1

∧Z Cn1/C
q
n1

= (〈x1〉/〈xq
1〉) ∧Z (〈x1〉/〈xq

1〉) =
(〈x1〉/〈xq

1〉) ⊗Z (〈x1〉/〈xq
1〉)

〈x1〈xq
1〉 ⊗ x1〈xq

1〉〉

=
(〈x1〈xq

1〉 ⊗ x1〈xq
1〉)

〈x1〈xq
1〉 ⊗ x1〈xq

1〉〉
= 1.

Now, let t = 2. By induction on t and Lemma 5.2, we obtain that

G ∧q G ∼= G/Gq ∧Z G/G
q

∼=
(

t⊕
i=1

Ci/C
q
i ∧Z Ci/C

q
i

)
⊕
⎛⎝ ⊕

1≤j<i≤t

(Ci/C
q
i ∧Z Cj/C

q
j )

⎞⎠
∼=
(

t⊕
i=1

Ci ∧q Ci

)
⊕
⎛⎝ ⊕

1≤j<i≤t

(Ci ∧q Cj)

⎞⎠.
We also know that Ci�Cj is trivial, since the intersection of Ci and Cj is trivial.
Thus xi ∧xj ∈ Ci∧qCj

∼= Ci∧ZCj , for all 1 ≤ i < j ≤ t. By similar procedure as in
the proof of Theorem 5.1, the order of xi∧xj is ni or gcd(ni, q) for all 1 ≤ i < j ≤ t.

The proof is complete.

Now we can detect the q-capable groups with some weaker assumptions than
what has been declared in [10, Theorem 5].

Theorem 5.2. Let q ≥ 0. Consider G to be a group whose q-center Zq is a direct
sum of cyclic groups. Suppose that Zq has finite exponent exp(Zq) and kerρ is
trivial. Assume that the canonical homomorphism Zq → G/G′ maps Zq isomorphi-
cally on to a direct summand of G/G′. If at least two cyclic summands of Zq have
exponent equal to the exponent of Zq, then G is q-capable.

Proof. We can choose cyclic subgroups Ci = 〈xi〉 of order ni from Z such that
Zq =

⊕
i Ci, ni+1 divides ni, and n1 divides q. Since at least two cyclic summands

of Zq have exponent equal to the exponent of Zq, we can suppose n1 = n2. We claim
that Z∗

q(Zq) is trivial. By [9, Theorem 6(iv)], Zq ⊗q Zq is abelian and so Zq ∧q Zq

is also abelian. Let z ∈ Z∗
q(Zq) and z =

∑
λixi such that λis are integer numbers.

Then z ∧ x is trivial for all x ∈ Zq. Therefore,

1 = z ∧ x2 =

(∑
i

λixi

)
∧ x2 =

∑
i

(λixi ∧ x2) =
∑

i

λi(xi ∧ x2)
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and

1 = z ∧ x1 =

(∑
i

λixi

)
∧ x1 =

∑
i

(λixi ∧ x1) =
∑

i

λi(xi ∧ x1).

From the construction of the direct product similar to the proof of Lemma 5.4,

1 = λ1(x1 ∧ x2) = λ3(x3 ∧ x2) = · · ·
and

1 = λ2(x2 ∧ x1) = λ3(x3 ∧ x1) = · · · .
Now, since ni divides q, Lemma 5.4 implies that ni divides λi. Thus z =

∑n
i=1 λixi

is trivial and hence Z∗
q(Zq) is trivial. But in this case, G/G′ ∼= Zq ⊕ A for some

abelian group A. By Lemma 5.3, we can obtain

Z ∧q G/G′ ∼= (Zq ∧q Z) ⊕ (Zq ∧q A) ∼= (Zq ∧q Zq) ⊕ (Zq ⊗q A).

In particular, Zq∧qZq is a subgroup of Zq∧qG/G′. Now by considering the definition
of Z∗

q(G),

Z∗
q(G) = {z ∈ Z(G) | z ∧ a = 1Z(G)∧qG/G′ for alla ∈ G/G′},

Z∗
q(G) is a subgroup of Z∗

q(Zq). If z ∈ Z∗
q(G), then z∧a is trivial for all a ∈ Zq. Since

z ∈ Z∗
q(Zq) = 1, we conclude that z is trivial and so G is q-capable, by Theorem 4.2.

The proof is complete.

Corollary 5.2. Let G be an elementary abelian p-group of order pk and assume
that p divides q (q ≥ 0). Then G is q-capable for all k ≥ 2.

Proof. For k = 1, we have G is a cyclic p-group of order p. We know that G is not
capable and so G is not q-capable. Now, let k ≥ 2. Clearly, ker(ρ : G∧qG→ G∧qG)
is trivial. Theorem 5.2 implies that G is q-capable and the proof is complete.

Assume p is an odd prime number. One of the most interesting groups are
extra-special p-groups which have different properties and plays great roles in group
theory. A natural question that arises here is what can one say about q-capability
of extra-special p-groups? Let E1 be the extra special p-group of order p3 and
exponent p (p > 2). Using the results of this section, we can also state that E1 is
q-capable.

Lemma 5.5. Let E1 = 〈x, y|xp = yp = [x, y]p = [y, x, x] = [y, x, y] = 1〉. Then
E1 ∧q E1 is the group generated by x ∧ y, x ∧ [x, y], y ∧ [x, y], {x}, {y} with the
following relation.

(x ∧ y)p = (x ∧ [x, y])p = (y ∧ [x, y])p = ({x})p = ({y})p = 1.
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On the q-capability

Proof. According to [16, Lemma 2.7], E1 ∧p E1 is generated by the following set

{x ∧ y, [x, y] ∧ x, [x, y] ∧ y, {x}, {y}}.
Therefore, {xp} = ({x})∏q−1

i=1 (x ∧ xi)q−1({xp−1}) and so {x}p = {xp} = 1. By
[1, Lemma 3.4] we conclude that (x∧ y)p = xp ∧ y = 1. Using the same method, we
obtain (x ∧ [x, y])p = (y ∧ [x, y])p = ({y})p = 1. The proof is complete.

Theorem 5.3. Let G be an extra-special p-group (p > 2) and q be a power of p.
Then, G is q-capable if and only if G ∼= E1.

Proof. Let G be q-capable. Then G is capable. So G ∼= E1, by [3, Corollary 8.2].
Conversely, we claim that G ∼= E1 is q-capable. By Lemma 5.2, we get

Z(G) ∧p G = 〈[x, y] ∧ x, [x, y] ∧ y|([x, y] ∧ x)p = ([x, y] ∧ y)p = 1〉 ∼= Cp × Cp.

By Corollary 4.1, we have the following homomorphism ρ,

ρ : Z(G) ∧p G/G′ → G ∧p G

[x, y] ∧ xG′ → [x, y] ∧ x,
[x, y] ∧ yG′ → [x, y] ∧ y.

If [x, y]l ∈ Z∗
p(G) for some l ≥ 0, then [x, y]l ∧ a ∈ ker ρ for all a ∈ G/G′. Therefore,

[x, y]l ∧xG′ is an element of kerρ. Thus, [x, y]l ∧x = 1. On the other hand, ([x, y]∧
x)l = 1 and so p divides l. As a result, [x, y]l = 1. Now, we can easily verify
that Z∗

p(G) is trivial and consequently, G is p-capable. The rest of the proof is
straightforward from Lemma 3.2 and Theorem 4.2. The result follows.
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