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1 Introduction

String theory is a candidate quantum theory for gravity which includes a finite number
of massless fields and a tower of infinite number of massive fields reflecting the stringy
nature of the gravity. An efficient way to study different phenomena in this theory is to
use an effective action which includes only the massless fields [1–5]. The effective action
has a double expansions. The genus-expansion which includes the classical tree-level and a
tower of quantum loop-level corrections, and the string-expansion which is an expansion in
terms of higher derivative couplings at each loop level. The effective action may be found
by applying various techniques in string theory. One of them is T-duality which shows up
when one compactifies the D-dimensional theory on d-dimensional tours T d [6, 7].

The massless fields in the 26-dimensional bosonic sting theory and in the 10-dimensional
heterotic string theory after truncating the Yang-Mills gauge fields, are metric, dilaton and
B-field. The corresponding effective actions at the tree-level and at the two-derivative order,
reveal O(d, d,R) symmetry after one dimensionally reduces them on T d [8–10]. The number
and the structure of couplings in the effective action at the higher orders of derivatives are
not unique. They are changed under field redefinitions, i.e., they are scheme dependent [11].
It is shown in [12, 13] that the O(d, d,R) symmetry also appears explicitly at the four-
derivative order when one uses a specific scheme for the D-dimensional effective action.
Using closed string field theory, it is proved in [14] that this symmetry in fact exists in the
full tree-level effective actions including all higher derivative couplings. Similar analysis
has been done in [15] for the heterotic string theory. This global symmetry may then be
used to constrain the possible higher derivative couplings in the classical effective action
of the string theory.

At the most simple case when one dimensionally reduces the effective action on a circle,
it has been shown in [16–21] that invariance of the classical effective actions of string theory
and its non-perturbative objects under the z2-subgroup of O(1, 1, R) can produces many
already known and unknown couplings in the effective actions. In particular, it has been
shown in [19, 20] that this Z2 symmetry as well as various gauge symmetries corresponding
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to the massless fields fix all four- and six-derivative couplings in the bosonic string theory up
to an overall factor. The Z2-transformations are the Buscher rules [22, 23] plus their higher
derivative corrections. The form of these corrections, however, depend on the scheme that
one uses for the D-dimensional couplings [19]. The O(d, d,R) symmetry for d > 1 has been
also used in [24–27] to construct the higher derivative couplings in the D-dimensional effec-
tive action. It has been shown in [26–28] that for d > 1 the Green-Schwarz type mechanism
is required to have O(d, d,R) symmetry at four-derivative order. Another T-duality based
framework for constructing the higher derivative couplings in string theory is the Double
Field Theory [29–38] in which the dimension of spacetime is doubled and the O(D,D,R)
symmetry is imposed on the 2D-dimensional theory before using dimensional reduction.

The massless fields in the effective action of type II superstring theory appear in four
sectors: NS-NS sector which has bosonic fields metric, dilaton and B-field, R-R sector which
has bosonic n-form with n = 0, 1, 2, 3, 4, and fermionic sectors NS-R and R-NS in which
we are not interested. Inspired by the bosonic and heterotic string theories [14, 15], we
speculate that the bosonic part of the classical effective action of type II superstring theories
is also invariant under the Z2 symmetry. At the two-derivative order, the NS-NS couplings
are the same as the couplings in the bosonic string theory, hence they have the expected
symmetry. It has been shown in [39] that the R-R couplings at two-derivative order can be
written in the Z2-invariant form after dimensionally reducing them on a circle. The first
higher derivative corrections in this case are at eight-derivative order. In terms of order of
R-R field strength, these couplings appear in 5 parts, i.e., the couplings with 0, 2, 4, 6 and
8 R-R field strengths. They may be found by imposing the Z2 symmetry. At the leading
order of α′, the order of R-R fields are not changed under the Z2-transformations [40],
however, at the higher orders they may be changed. In this paper, we are going to find
the couplings in the first part, i.e., the NS-NS couplings, by imposing the speculated Z2
symmetry as well as various gauge symmetries, and leave the construction of the couplings
involving the R-R fields to the future works.

The outline of the paper is as follows: in section 2, we write the NS-NS gauge invariant
couplings at order α′3 in a minimal scheme that have been found in [42]. In section 3, we im-
pose the Z2-symmetry on the gauge invariant couplings to find their corresponding param-
eters. We have found both the effective action and the corresponding T-duality transfor-
mations. However, since the expressions for the T-duality transformations are very lengthy
we will write only the effective action. We have found that there are 445 non-zero couplings
in the effective action which appear in 15 different structures. A few of them which have at
lest four NS-NS fields are fully consistent with the S-matrix element of four NS-NS vertex
operators and with non-linear sigma model. In section 4, we briefly discuss our results.

2 Gauge invariance constraint

The classical effective action of type II superstring theories has the following string-
expansion or α′-expansion in the string frame:

Seff =
∞∑
n=0

α′n Sn = S0 + α′3 S3 + α′4 S4 + · · · ; Sn = − 2
κ2

∫
d10x
√
−GLn (2.1)
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The effective action must be invariant under the coordinate transformations, under the
B-field and R-R gauge transformations. L0 is the Lagrangian of type II supergravity. Its
bosonic part in democratic form is given by [41]

L0 = e−2Φ
(
R+ 4∇aΦ∇aΦ−

1
12H

2
)

+
9∑

n=1

1
n!F

(n) · F (n) (2.2)

where H is field strength of the B-field and F (n) is the R-R field strength. The first part
has NS-NS couplings and the second part has metric and two R-R field strengths. The
R-R gauge symmetry dictates that the α′3-corrections has the following five parts:

L3 = L0
3 + L2

3 + L4
3 + L6

3 + L8
3 (2.3)

where L0
3 has only NS-NS couplings, L2

3 has NS-NS and two R-R fields, L4
3 has NS-NS and

four R-R fields, and so on. In this paper we are interested only in the tree-level couplings
in the NS-NS sector.

The NS-NS gauge symmetries dictate that there are 23996 couplings at order α′3 in 202
different structures, i.e., H8-structure, R4-structure, (∇Φ)8-structure, and so on. However,
many of couplings are related to each other by Bianchi identities, total derivative terms
and field redefinitions. It has been shown in [42] that the minimum number of independent
gauge invariant couplings is 872. These couplings in one particular scheme which appear
in 55 different structures, have been found in [42]. They are

L0
3 = c1Hα

δεHαβ γHβ
εµ Hγ

ζηHδε
θH εζ

ιHµι
κHηθκ + · · ·+ c520H

αβγRβµδ
ζRγζεε∇µ∇εHα

δε

+ c521H
βγδRαζβεRγεδµ∇αΦ∇ζHεεµ + · · ·+ c872(H2)2∇θHµζη∇θHµζη (2.4)

where c1, · · · , c872 are parameters that the gauge symmetry can not fix them. Except the
coupling with coefficient c520, all other couplings have no term with three derivatives. We
refer the interested reader to [42] for the explicit form of all couplings. A few of these
couplings have been found in [42] by comparing the above couplings with the α′-expansion
of the S-matrix element of four NS-NS vertex operators [43, 44]. In the next section, we
show that imposition of the Z2-symmetry on the above couplings can fix all 872 parameters
in the type II superstring theory in terms of an overall factor.

3 T-duality invariance constraint

The T-duality constraint on the D-dimensional effective action Seff , in the most simple
form, is first to dimensionally reduce theory on a circle with U(1) isometry to produce its
corresponding (D− 1)-dimensional effective action Seff(ψ) where ψ represents all massless
fields in the (D − 1)-dimensional base space. Then one has to transform it under the
T-duality transformations to produce Seff(ψ′) where ψ′ represents the T-duality transfor-
mations of the massless fields in the base space. The T-duality invariance constraint is then

Seff(ψ)− Seff(ψ′) =
∫
dD−1x

√
−ḡ∇a(e−2φ̄Ja(ψ)) (3.1)
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where ḡab, φ̄ are the metric and dilaton in the base space, and Ja is an arbitrary covariant
vector made of the (D − 1)-dimensional fields and their derivatives. It has the following
α′-expansion:

Ja =
∞∑
n=0

α′nJan (3.2)

where Jan is an arbitrary covariant vector at order α′n made of the (D − 1)-dimensional
fields. The T-duality transformation ψ′ also has α′-expansion, i.e.,

ψ′ =
∞∑
n=0

α′nψ′n (3.3)

where ψ′0 is the Buscher rules, ψ′1 contains corrections to the Buscher rules at order α′ and
so on. The T-duality transformation forms a Z2-group, i.e.,

ψ → ψ′ → ψ (3.4)

This Z2-symmetry alone can not fix completely the corrections to the Buscher rules. How-
ever, this symmetry as well as the T-duality constraint (3.1) may fix the corrections com-
pletely. This indicates that the form of T-duality transformations depended on the scheme
that one uses for the effective action [19].

The α′-expansion of Seff(ψ) is

Seff(ψ) =
∞∑
n=0

α′nSn(ψ) (3.5)

where Sn(ψ) is reduction of Sn in (2.1). However, Seff(ψ′) in (3.1) has two α′-expansions.
One is the same as the above expansion which is inherited from the expansion (2.1), and
the other one is corresponding to the α′-expansion of the T-duality transformations (3.3).
Using the following α′-expansion:

Sn(ψ′) = Sn(ψ′0 + α′ψ′1 + · · · ) =
∞∑
m=0

α′mδ(m)Sn(ψ′0) (3.6)

where δ(0)Sn = Sn, one can write the T-duality constraint (3.1) as
∞∑
n=0

α′nSn(ψ)−
∞∑

n=0,m=0
α′n+mδ(m)Sn(ψ′0) =

∞∑
n=0

α′n
∫
dD−1x

√
−ḡ∇a(e−2φ̄Jan(ψ)) (3.7)

Using the above T-duality constraint at orders α′0, α′, α′2, · · · , one may find the parame-
ters in the D-dimensional effective actions S0, S1, S2, · · · , as well as the corresponding
corrections to the Buscher rules and the boundary terms. We are, however, interested only
on fixing the parameters in the gauge invariant couplings in the D-dimensional effective
action. This constraint in the bosonic string theory fixes the effective actions at orders
α′ and α′2 up to an overall pre-factor [19, 20]. The calculations in [19, 20] reveal that
the constraint relations between the parameters of the D-dimensional effective action are
independent of the geometry of the base space, i.e., they are the same whether or not the
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base space is curved. Hence to simplify the calculations it is convenient to assume the base
space is flat, i.e., ḡab = ηab.

To have a background with U(1) isometry, it is convenient to use the following back-
ground for the metric, B-field and dilaton [10]:

Gµν =
(
ηab+eϕgagb eϕga

eϕgb eϕ

)
, Bµν =

(
b̄ab+ 1

2bagb−
1
2bbga ba

−bb 0

)
, Φ = φ̄+ϕ/4 (3.8)

where b̄ab is the B-field in the base space, and ga, bb are two vectors in this space. Inverse
of the above D-dimensional metric is

Gµν =
(
ηab −ga

−gb e−ϕ+gcgc

)
(3.9)

where ηab is inverse of the base metric which raises the index of the vectors.
The T-duality transformations at the leading order of α′ on the (D − 1)-dimensional

fields are given by the Buscher rules [22, 23]. In the above parametrisation, they become
the following Z2-transformations:

ϕ′ = −ϕ , g′a = ba , b′a = ga , η′ab = ηab , b̄
′
ab = b̄ab , φ̄

′ = φ̄ (3.10)

The reduction of field strength of B-field in the parametrizations (3.8) becomes

Habc = H̄abc + g[aWbc]

Haby = Wab (3.11)

where W is field strength of the U(1) gauge field ba, i.e., W = db, and the three-form H̄

which is torsion in the base space, is defined as

H̄abc ≡ Ĥabc −
1
2g[aWbc] −

1
2b[aVbc] (3.12)

where Ĥ is field strength of the two-form b̄ab and V is field strength of the U(1) gauge field
gµ, i.e., Ĥ = db̄, V = dg. The three-form H̄ is invariant under the T-duality and under
various gauge transformations. Since H̄ is not exterior derivative of a two-form, it satisfies
anomalous Bianchi identity, whereas the W,V satisfy ordinary Bianchi identity, i.e.,

∂[aH̄bcd] = −V[abWcd] (3.13)
∂[aWbc] = 0
∂[aVbc] = 0

Our notation for making antisymmetry is such that e.g., g[aWbc] = gaWbc− gbWac− gcWba.
At the higher orders of α′, the Z2-transformations (3.10) receive higher derivative

corrections. Since the higher derivative corrections to the leading order supergravity start
at order α′3 in type II supersting theory, the higher derivative corrections to the above
Buscher rules also start at order α′3 in this theory, i.e.,

ϕ′ = −ϕ+ α′3∆ϕ(3)(ψ) + · · · , g′a = ba + α′3eϕ/2∆g(3)
a (ψ) + · · · ,

b′a = ga + α′3e−ϕ/2∆b(3)
a (ψ) + · · · , ḡ′ab = ηab + α′3∆ḡ(3)

ab (ψ) + · · · ,

H̄ ′abc = H̄abc + α′3∆H̄(3)
abc(ψ) + · · · , φ̄′ = φ̄+ α′3∆φ̄(3)(ψ) + · · · (3.14)
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The deformations ∆g(3)
a (ψ) and ∆H̄(3)

abc(ψ) are odd under the parity and all other deforma-
tions are even under the parity.1 They must satisfy the Z2-transformation. This produces
the following constraint between the corrections at order α′3:

−∆ϕ(3)(ψ) + ∆ϕ(3)(ψ′0) = 0

∆b(3)
a (ψ) + ∆g(3)

a (ψ′0) = 0

∆g(3)
a (ψ) + ∆b(3)

a (ψ′0) = 0

∆ḡ(3)
ab (ψ) + ∆ḡ(3)

ab (ψ′0) = 0

∆H̄(3)
abc(ψ) + ∆H̄(3)

abc(ψ
′
0) = 0

∆φ̄(3)(ψ) + ∆φ̄(3)(ψ′0) = 0 (3.15)

The deformations ∆b(3)
a , ∆g(3)

a and ∆H̄(3)
abc must also satisfy the Bianchi identity (3.13), i.e.,

d(H̄ + α′3∆H̄(3) + · · · ) = −d
(
b+ α′3eϕ/2∆g(3) + · · ·

)
∧ d

(
g + α′3e−ϕ/2∆b(3) + · · ·

)
(3.16)

This relation at order α′0 gives the Bianchi identity (3.13). At order α′3 it gives the
following relation between the deformations at order α′3:

∆H̄(3)
abc = H̃

(3)
abc − e

−ϕ/2W[ab∆b
(3)
c] − e

ϕ/2V[ab∆g
(3)
c] (3.17)

where H̃(3) is a gauge invariant closed 3-form, i.e., dH̃(3) = 0, at order α′3 which is odd
under parity.

The 3-form H̃(3) and the deformation ∆g(3)
a contain all odd-parity contractions and

the deformations ∆ϕ(3), ∆φ̄(3), ∆b(3)
a , ∆ḡ(3)

ab contain all even-parity contractions of ∂ϕ, ∂φ̄,
eϕ/2V, e−ϕ/2W , H̄ and their derivatives at order α′3 with unknown coefficients. Using the
package “xAct” [45], one finds H̃(3) has 171551 terms, ∆ϕ(3) has 3371 terms, ∆φ̄(3) has
3371 terms, ∆b(3)

a has 9054 terms, ∆g(3)
a has 9054 terms, and ∆ḡ(3)

ab has 17581 terms. The
terms in H̃(3) must satisfy the Z2-constraint H̃(3)(ψ) + H̃(3)(ψ′0) = 0 as well as the closed-
form condition dH̃(3) = 0. The terms in ∆ϕ(3), ∆φ̄(3), ∆b(3)

a , ∆g(3)
a , ∆ḡ(3)

ab must satisfy
the Z2-constraints (3.15). To impose these constraint to find some relations between the
parameters of the deformations, one has to also use the Bianchi identities (3.13). These
constraints produce many relations between the parameters, however as expected, they can
not fix them all, because the corrections to the Buscher rules depend on the scheme that
one uses for the effective action [19]. Imposing these relations into the deformations, one
finds the deformations that are consistent with the Z2-symmetry and satisfy the Bianchi
identity (3.16). They should then be used in the T-duality constraint (3.7) at order α′3.

1Note that in the base space, the field that plays the role of torsion is H̄abc (see (3.20)). So it is
convenient to find T-duality corrections to this field rather than the correction to b̄ab. One can find,
however, the correction to b̄ab from the correction to H̄abc using the equation (3.12).
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3.1 T-duality at order α′0

The T-duality constraint (3.7) at order α′0 when the base space is flat, is

S0(ψ)− S0(ψ′0) =
∫
dD−1x ∂a(e−2φ̄Ja0 (ψ)) (3.18)

The left-hand side is odd under the Buscher rules, hence, the vector Ja0 on the right-hand
side must be also odd under the Buscher rules.

Reduction of the NS-NS couplings at order α′0 are the following:

e−2Φ√−G = e−2φ̄

R = −∂a∂aϕ−
1
2∂aϕ∂

aϕ− 1
4e

ϕV 2 (3.19)

∇µΦ∇µΦ = ∂aφ̄∂
aφ̄+ 1

2∂aφ̄∂
aϕ+ 1

16∂aϕ∂
aϕ

H2 = H̄abcH̄
abc + 3e−ϕW 2

Then the reduction of S0 becomes

S0(ψ) =
∫
dD−1x e−2φ̄

[
− ∂a∂aϕ−

1
4∂aϕ∂

aϕ+ 4∂aφ̄∂aφ̄+ 2∂aφ̄∂aϕ

− 1
4e

ϕV 2 − 1
4e
−ϕW 2 − 1

12H̄abcH̄
abc
]

(3.20)

It is even under the parity. It satisfies the T-duality constraint (3.18) for the total derivative
term with vector Ja0 = −2∂aϕ which is odd under the Buscher rules and even under the
parity, as expected. If spacetime has no boundary the total derivative term becomes zero
using the Stokes’s theorem. On the other hand, if the spaetime has boundary this total
derivative term dictates the Hawking-Gibbons boundary term [46]. In this paper we assume
the spacetime is closed, hence, the total derivative terms can be ignored.

3.2 T-duality at order α′3

The T-duality constraint (3.7) at order α′3 when the base space is flat, is

S3(ψ)− S3(ψ′0)− δ(3)S0(ψ′0) =
∫
dD−1x ∂a(e−2φ̄Ja3 (ψ)) (3.21)

where S3(ψ) is reduction of the gauge invariant couplings (2.4) on a circle, S3(ψ′0) is its
transformation under the Buscher rules (3.10) and δ(3)S0(ψ′0) is transformation of the
perturbation of (3.20) under the Buscher rules (3.10), i.e.,

δ(3)S0(ψ′0) =− 2
κ2

∫
dD−1xe−2φ̄

[
−
(
−2∂a∂bφ̄+ 1

4∂
aϕ∂bϕ+ 1

4H̄
acdH̄b

cd+ 1
2e

ϕV acV b
c

+ 1
2e
−ϕW acW b

c

)
∆ḡ(3)

ab −
(

2∂c∂cφ̄−2∂cφ̄∂cφ̄−
1
8∂cϕ∂

cϕ− 1
24H̄

2− 1
8e

ϕV 2

− 1
8e
−ϕW 2

)(
ηab∆ḡ(3)

ab −4∆φ̄(3)
)

+
(1

2∂a∂
aϕ−∂aφ̄∂aϕ−

1
4e

ϕV 2+ 1
4e
−ϕW 2

)
∆ϕ(3)

−e−ϕ/2
(
−∂bW ab+2∂bφ̄W ab+∂bϕW ab

)
∆g(3)

a

−eϕ/2
(
−∂bV ab+2∂bφ̄V ab−∂bϕV ab

)
∆b(3)

a + 1
6H̄

abc∆H̄(3)
abc

]
(3.22)
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where we have used the relations (3.15) and removed some total derivative terms in which
we are not interested in this paper. In finding the above result for ∆ḡab we assumed the
metric of the base space is not flat. After perturbing the metric, we set it ḡab = ηab. Note
that the extra factors of eϕ/2 and e−ϕ/2 in (3.14) make it possible to have a factor of eϕ/2

in front of each V and a factor of e−ϕ/2 in front of each W . Note that δ(3)S0(ψ′0) is odd
under the Buscher rules and it is even under parity. Hence, the left-hand side of (3.21)
must be odd under the Buscher rules and even under the parity, i.e., the vector Ja3 (ψ) must
be even under parity and satisfies the following relation:

Ja3 (ψ) + Ja3 (ψ′0) = 0 (3.23)

The vector Ja3 (ψ) contains all even-parity contractions of ∂ϕ, ∂φ̄, eϕ/2V, e−ϕ/2W , H̄ and
their derivatives at order α′3 with unknown coefficients. Using the package “xAct”, one
finds it has 71678 terms. They should satisfy the above Z2-constraint.

The dimensional reduction of each gauge invariant term in (2.4) is a very lengthy
calculation. However, the final result for the reduction of each term when it is written in
terms of the physical torsion H̄abc, must be an invariant expression under the U(1)×U(1)
gauge transformations where the first U(1) corresponds to ga gauge transformation and
the second one corresponds to the ba gauge transformation. This fact has been used in [20]
to simplify greatly the calculations of the reduction of the couplings at order α′2. We use
the same simplification for calculating reduction of the couplings at order α′3.

The couplings in (2.4) have only Riemann curvature, H, ∇H, ∇∇H, ∇Φ and ∇∇Φ.
So we need to reduce these terms and then contract them with the metric (3.9). In the
reduction of these terms, there are many terms which contains gauge field ga without its
field strength. These terms must be cancelled at the end of the day for the scalar couplings.
Hence, to simplify the calculation one drops those terms in the reduction of Rµναβ , Hµνα,
∇µHναβ , ∇ρ∇µHναβ , ∇µΦ, ∇µ∇νΦ and Gµν which have the gauge field ga. Using this
simplification, the reduction of ∇ρ∇µHναβ becomes

∇a∇bHcde =−1
4e

ϕH̄defVacVb
f+ 1

4e
ϕH̄cefVadVb

f− 1
4e

ϕH̄cdfVaeVb
f− 1

4e
ϕH̄defVabVc

f

+ 1
4e

ϕH̄cefVabVd
f− 1

4e
ϕH̄cdfVabVe

f+ 1
2Wde∂aVbc−

1
2Wce∂aVbd+ 1

2Wcd∂aVbe

+ 1
2Vbe∂aWcd−

1
2Vbd∂aWce+

1
2Vbc∂aWde+∂a∂bH̄cde+

1
2Vae∂bWcd−

1
2Vad∂bWce

+ 1
2Vac∂bWde−

1
4VaeWcd∂bϕ+ 1

4VadWce∂bϕ−
1
4VacWde∂bϕ−

1
4VabWde∂cϕ

+ 1
4VabWce∂dϕ−

1
4VabWcd∂eϕ

∇a∇bHcdy =−1
4e

ϕVa
eVbeWcd+ 1

4e
ϕVa

eVbdWce−
1
4e

ϕVabVd
eWce−

1
4e

ϕVa
eVbcWde

+ 1
4e

ϕVabVc
eWde−

1
2e

ϕVb
e∂aH̄cde−

1
2e

ϕH̄cd
e∂aVbe−

1
4e

ϕH̄cdeVb
e∂aϕ+∂a∂bWcd

− 1
2Wcd∂a∂bϕ−

1
2e

ϕVa
e∂bH̄cde−

1
2∂aϕ∂bWcd−

1
2∂aWcd∂bϕ+ 1

4Wcd∂aϕ∂bϕ

+ 1
4e

ϕH̄cdeVab∂
eϕ
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∇a∇yHbcd = 1
4e

ϕVa
eVdeWbc−

1
4e

ϕVa
eVceWbd−

1
4e

ϕVadVc
eWbe+

1
4e

ϕVacVd
eWbe

+ 1
4e

ϕVa
eVbeWcd+ 1

4e
ϕVadVb

eWce−
1
4e

ϕVabVd
eWce−

1
4e

ϕVacVb
eWde

+ 1
4e

ϕVabVc
eWde−

1
2e

ϕVd
e∂aH̄bce+

1
2e

ϕVc
e∂aH̄bde−

1
2e

ϕVb
e∂aH̄cde

− 1
2e

ϕH̄cd
e∂aVbe+

1
2e

ϕH̄bd
e∂aVce−

1
2e

ϕH̄bc
e∂aVde−

1
4e

ϕH̄cdeVb
e∂aϕ

+ 1
4e

ϕH̄bdeVc
e∂aϕ−

1
4e

ϕH̄bceVd
e∂aϕ−

1
2Wcd∂a∂bϕ+ 1

2Wbd∂a∂cϕ

− 1
2Wbc∂a∂dϕ−

1
2∂aWcd∂bϕ+ 1

4Wcd∂aϕ∂bϕ+ 1
2∂aWbd∂cϕ

− 1
4Wbd∂aϕ∂cϕ−

1
2∂aWbc∂dϕ+ 1

4Wbc∂aϕ∂dϕ−
1
2e

ϕVa
e∂eH̄bcd

+ 1
4e

ϕH̄cdeVab∂
eϕ− 1

4e
ϕH̄bdeVac∂

eϕ+ 1
4e

ϕH̄bceVad∂
eϕ

∇y∇aHbcd =−1
4e

ϕVadVc
eWbe+

1
4e

ϕVacVd
eWbe+

1
4e

ϕVadVb
eWce−

1
4e

ϕVabVd
eWce

− 1
4e

ϕVacVb
eWde+

1
4e

ϕVabVc
eWde−

1
2e

ϕVd
e∂aH̄bce+

1
2e

ϕVc
e∂aH̄bde

− 1
2e

ϕVb
e∂aH̄cde+

1
4e

ϕH̄cdeVb
e∂aϕ−

1
4e

ϕH̄bdeVc
e∂aϕ+ 1

4e
ϕH̄bceVd

e∂aϕ

+ 1
4e

ϕH̄cdeVa
e∂bϕ−

1
2∂aWcd∂bϕ+ 1

2Wcd∂aϕ∂bϕ−
1
4e

ϕH̄bdeVa
e∂cϕ+ 1

2∂aWbd∂cϕ

− 1
2Wbd∂aϕ∂cϕ+ 1

4e
ϕH̄bceVa

e∂dϕ−
1
2∂aWbc∂dϕ+ 1

2Wbc∂aϕ∂dϕ−
1
2e

ϕVa
e∂eH̄bcd

∇a∇yHbcy = 1
4e

2ϕH̄cdeVa
dVb

e− 1
4e

2ϕH̄bdeVa
dVc

e+ 1
2e

2ϕH̄bceVa
dVd

e+ 1
2e

ϕWc
d∂aVbd

− 1
2e

ϕWb
d∂aVcd−

1
2e

ϕVc
d∂aWbd+ 1

2e
ϕVb

d∂aWcd+ 1
2e

ϕH̄bc
d∂a∂dϕ

+ 1
4e

ϕVa
dWcd∂bϕ−

1
4e

ϕVa
dWbd∂cϕ−

1
2e

ϕVad∂
dWbc+

1
2e

ϕVadWbc∂
dϕ

+ 1
2e

ϕ∂aH̄bcd∂
dϕ

∇y∇aHbcy = 1
4e

2ϕH̄cdeVa
dVb

e− 1
4e

2ϕH̄bdeVa
dVc

e+ 1
4e

2ϕH̄bceVa
dVd

e− 1
2e

ϕVc
d∂aWbd

+ 1
2e

ϕVb
d∂aWcd+ 1

2e
ϕVc

dWbd∂aϕ−
1
2e

ϕVb
dWcd∂aϕ−

1
2e

ϕVad∂
dWbc

+ 1
2e

ϕVadWbc∂
dϕ− 1

4e
ϕVacWbd∂

dϕ+ 1
4e

ϕVabWcd∂
dϕ+ 1

2e
ϕ∂aH̄bcd∂

dϕ

− 1
4e

ϕH̄bcd∂aϕ∂
dϕ

∇y∇yHabc = 1
2e

2ϕH̄cdeVa
dVb

e− 1
2e

2ϕH̄bdeVa
dVc

e+ 1
2e

2ϕH̄adeVb
dVc

e+ 1
4e

2ϕH̄bceVa
dVd

e

− 1
4e

2ϕH̄aceVb
dVd

e+ 1
4e

2ϕH̄abeVc
dVd

e+ 1
2e

ϕVc
dWbd∂aϕ−

1
2e

ϕVb
dWcd∂aϕ

− 1
2e

ϕVc
dWad∂bϕ+ 1

2e
ϕVa

dWcd∂bϕ+ 1
2e

ϕVb
dWad∂cϕ−

1
2e

ϕVa
dWbd∂cϕ

− 1
4e

ϕH̄bcd∂aϕ∂
dϕ+ 1

4e
ϕH̄acd∂bϕ∂

dϕ− 1
4e

ϕH̄abd∂cϕ∂
dϕ+ 1

2e
ϕ∂dH̄abc∂

dϕ
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∇y∇yHaby = 1
4e

2ϕVb
cVc

dWad−
1
4e

2ϕVa
cVc

dWbd+ 1
2e

2ϕVa
cVb

dWcd−
1
2e

2ϕH̄bcdVa
d∂cϕ

+ 1
2e

2ϕH̄acdVb
d∂cϕ− 1

2e
2ϕH̄abdVc

d∂cϕ− 1
4e

ϕWbc∂aϕ∂
cϕ+ 1

4e
ϕWac∂bϕ∂

cϕ

+ 1
2e

ϕ∂cWab∂
cϕ− 1

2e
ϕWab∂cϕ∂

cϕ (3.24)

The indices are raised by ηab. The reduction of Rµναβ , Hµνα, ∇µHναβ , ∇µΦ, and ∇µ∇νΦ
are calculated in [20]. The reduction of inverse of the D-dimensional metric becomes

Gµν =
(
ηab 0
0 e−ϕ

)
(3.25)

Using above reductions, one can calculate the reduction of different gauge invariant terms
in (2.4) to find S3(ψ) and its corresponding S3(ψ′0).

Then using the constraint (3.21), one finds some equations involving the 872 parameters
in (2.4), the arbitrary parameters in Ja3 and in ∆ϕ(3), ∆g(3)

a , ∆b(3)
a , ∆ḡ(3)

ab , ∆φ̄(3), H̃(3). To
solve this constraint, one has to also impose the Bianchi identities (3.13). To impose the
last two Bianchi identities in (3.13), we writeW and V in the derivative terms which appear
in (3.21), i.e., in ∂W , ∂∂W and so on, in terms of potential, i.e., Wab = ∂[abb], Vab = ∂[agb].
To impose the first identity in (3.13), we make all even-parity contraction of ∂[aH̄bcd] +
V[abWcd] and its derivatives with ∂ϕ, ∂φ̄, eϕ/2V, e−ϕ/2W , H̄ and their derivatives to produce
terms at order α′3. We then add them with arbitrary coefficients to the constraint (3.21).

One then finds 143146 linear algebraic equations involving all the parameters. Solving
the resulting equations, one finds many relations between the parameters. Since there are
too many terms in the vector Ja3 and in the T-duality corrections ∆ϕ(3), ∆g(3)

a , ∆b(3)
a , ∆ḡ(3)

ab ,
∆φ̄(3) and H̃(3), we are not interested in their corresponding parameters. Interestingly,
when one solves the linear algebraic equations, one would find there are 871 relations
between only the parameters in the D-dimensional Lagrangian (2.4). It means the T-
duality constraint can fix the parameters in (2.4) up to an overall factor. In the next
subsection we write these relations, and compare some of the non-zero couplings with the
partial couplings that have been found by other methods.

3.3 Results

Our calculation indicates that 427 parameters in (2.4) are zero. All other parameters can be
written in terms of one of them. The 445 non-zero couplings appear in only 15 structures.
We find that when there is no B-field, there are only two non-zero couplings. Writing the
effective action as

S3 = −2c
κ2

∫
d10x

√
−Ge−2ΦL3 (3.26)

where c is the overall parameter, the couplings involving only metric and dilaton are the
following:

L3(G,Φ) = 2RαεγεRαβγδRβµεζRδζεµ +Rαβ
εεRαβγδRγ

µ
ε
ζRδζεµ (3.27)

It is exactly the couplings that have been found by the S-matrix and sigma-model calcu-
lations [44, 47–52] provided that one chooses the overall parameters to be c = −ζ(3)/26.
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The above couplings have been also found in [18] by the T-duality constraint when metric
is diagonal, B-field is zero and the base space metric is curved. In that case, if one assumes
the base space is flat, then the T-duality could not fix the gravity and dilaton couplings.
However, using the assumption that the dilaton appears only as the overall factor e−2Φ,
one can fix the couplings up to two parameters if the base space is curved [18].

All other 443 non-zero couplings involve B-field. We have found 8 couplings with
structure (∇H)4. They are the following:

L(∂H)4

3 = 1
8∇δHγ

µζ∇δHαβγ∇εHεµζ∇εHαβ
ε − 1

8∇
δHαβγ∇εHαβ

ε∇ζHεεµ∇ζHγδ
µ (3.28)

− 1
4 ∇

δHαβγ ∇εHδµζ ∇εHαβ
ε ∇ζHγε

µ − 1
8 ∇

δHαβγ∇εH αβ
ε∇ζHδε µ∇ζHγε

µ

− 1
16∇δHαβ

ε ∇δHαβγ ∇ζHεεµ ∇ζHγ
εµ − 3

16 ∇γHεµζ ∇δHαβγ ∇εHαβδ ∇ζHε
εµ

+ 1
144 ∇δHαβγ ∇δHαβγ ∇ζHεεµ ∇ζHεεµ + 1

4 ∇
δHαβγ∇εH αβ

ε∇ζHγ ε
µ∇µHδεζ

They are exactly the couplings that are produced by the S-matrix element of four NS-NS
vertex operators [44] using the scheme (2.4) for the field theory couplings [42].

We have found 22 couplings with structure R2(∇H)2, i.e.,

LR
2(∂H)2

3 = 10
3 R

αβγδ Rγ
εεµ ∇βHδµζ ∇εHαε

ζ− 8
3R

αβγδRε εγ
µ∇εHα δ

ζ∇εHβµζ

+ 1
3R

αβγδRε εµζ∇γHαβ ε∇εHδµζ−
7
3Rα

ε
γ
ε Rαβγδ ∇εHβ

µζ ∇εHδµζ

+ 5
3 R

αβγδ Rγ
ε
α
ε ∇εHβ

µζ ∇εHδµζ+ 4
3 R

αβγδRε εγ
µ∇βHα δ

ζ∇εHεµζ

+ 5
3R

αβγδ Rγ
ε
α
ε ∇δHβ

µζ∇εH εµζ−
7
3R

αβγ δRγ
εεµ ∇βHεµζ ∇ζHαδε

+4Rαβ γδRεεγ
µ ∇εHβµζ ∇ζHαδε+

16
3 Rα

ε
γ
εRα βγδ∇εHεµ ζ∇ζHβδ

µ

+ 4
3 Rα

ε
γ
εRα βγδ∇ζHεε µ∇ζHβδ

µ+ 2
3R α

ε
γ
εRαβ γδ∇εHδµζ ∇ζHβε

µ

− 22
3 Rαβγδ Rγ

ε
α
ε ∇εHδµζ ∇ζHβε

µ+ Rα
ε
γ
εRα βγδ∇ζHδεµ ∇ζHβε

µ

− 4
3 R

αβγδ Rγ
ε
α
ε ∇ζHδεµ ∇ζHβε

µ−4Rαβ γδRγ
ε
αδ ∇εHεµζ ∇ζHβ

εµ

+ 2
3 R

αβγδ Rγ
ε
αδ ∇ζHεεµ ∇ζHβ

εµ+ 5
36R αγβδR

αβγδ ∇ζHεεµ ∇ζHεεµ

+ 2
3 R

αβγδRεεµ ζ∇εHβδζ ∇µHαγε−2Rαβ γδRεεµζ ∇ζHβδε ∇µHαγε

− 20
3 RαβγδRγ

ε εµ∇ζHαδε ∇µHβεζ+ 7
3R

αβγδRγ
εεµ∇εHαβ

ζ∇µHδεζ (3.29)

They are consistent with the couplings that are produced by the S-matrix element of four
NS-NS vertex operators using the scheme (2.4) for the field theory couplings [42]. However,
the four-point S-matrix calculation can not fix all 22 parameters in (2.4) which involve
R2(∇H)2 couplings [42]. They can be fixed by studying five-point S-matrix elements.
The T-duality constraint, however, fixes all 22 parameters in these couplings. It would be
interesting to study the S-matrix element of five NS-NS vertex operators and check that
its low energy limit reproduces the above couplings. This five-point S-matrix element has
been calculated in [54] from which the couplings with structure H2R3 have been extracted.
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Our calculation produce no couplings involving two dilatons and two B-fields, and no
couplings involving one dilaton, one graviton and two B-fields in the string frame. They
are consistent with four-point S-matrix element which produces no such couplings in the
string frame [42].

All other couplings that the T-duality constraint produces involve more than four fields
which can not be compared with the four-point S-matrix elements. We find there are no
couplings involving more than one dilaton. The couplings involving ∇∇Φ appears in three
structures. We have found 10 couplings with structure H6∇∇Φ, i.e.,

LH6∂∂Φ
3 =

[
− 265

64 Hα
γδ Hβ

εεHγ
µζH δ

ηθHεµζHε ηθ

− 399
32 Hα

γδ Hβ
εεHγε

µ Hδµ
ζHε

ηθ Hζηθ + 5299
384 Hα

γδ Hβ
εεHγδ

µ Hεµ
ζHε

ηθ Hζηθ

− 159
32 Hα

γδHβ γ
εHδ

εµ Hε
ζηHεµ

θ Hζηθ + 1169
3072Hα

γδ Hβ
εεHγδ

µ HεεµHζηθH
ζ ηθ

+ 1169
1152Hα

γδHβ γ
εHδ

εµHε εµHζηθH
ζηθ − 399

64 Hα
γδHβ

εε Hγδ
µHε

ζη Hεζ
θHµηθ

+ 399
32 Hα

γδHβ
εε Hγε

µHδε
ζ HζηθHµ

ηθ + 1097
768 Hα

γδHβ
εε Hγδ

µHεε
ζ HζηθHµ

ηθ

+ 1193
1024 Hα

γδHβγδ Hεε
ζHεεµ HζηθHµ

ηθ
]
∇β∇αΦ (3.30)

They can be reproduced by studying seven-point S-matrix element which is very difficult
to calculate it. We have found 27 couplings with structure H4R2∇∇Φ, i.e.,

LH4R∂∂Φ
3 =

[
− 1169

192 Hγδ
εHγ δεHε

µζHµ ζ
ηRαεβη + 399

16 Hγ
εµHγδ εHδε

ζHεµ
ηRαζβη

− 1061
96 Hγδ

εHγδε Hε
µζHεµ

η Rαζβη + 1169
2304Hγ δεH

γδεHε µ
ηHεµζRαζβ η

+ 1169
192 Hα

γδ Hγ
εεHµζηH

µ ζηRβεδε + 443
24 Hα

γδ Hγ
εεHε

µζ Hµζ
ηRβεδη

+ 1197
8 Hα

γδ Hγ
εεHδ

µζ Hεµ
ηRβεζη + 1463

24 Hα
γδ Hγ

εεHε
µζ Hεµ

ηRβζδη

− 795
16 Hα

γδ Hγ
εεHεε

µHµ
ζηRβζδη −

1169
32 Hα

γδHγ δ
εHεµ

η HεµζRβζεη

+ 266
3 Hα

γδ Hγ
εεHδε

µ Hε
ζηRβζµη −

247
6 Hα

γδHγ δ
εHε

εµ Hε
ζηRβζµη

− 371
16 Hα

γδ Hγ
εεHε

µζ Hµζ
ηRβηδε + 583

32 Hα
γδ Hγ

εεHδ
µζ Hεε

ηRβηµζ

− 1169
576 Hα

γδ Hβ
εεHµζηH

µ ζηRγεδε −
159
8 Hα

γδHβ γ
εHεµ

η HεµζRδζεη

+ 67
2 Hα

γδ Hβ
εεHγ

µζH εµ
ηRδζεη −

399
8 Hα

γδ Hβ
εεHγε

µ Hµ
ζηRδζεη

− 413
32 Hα

γδ Hβ
εεHγ

µζH µζ
ηRδηεε −

629
24 Hα

γδ Hβ
εεHγ

µζH εµ
ηRδηεζ

− 67
4 Hα

γδ Hβ
εεHγ

µζH δµ
ηRεζεη + 1817

48 Hα
γδ Hβ

εεHγδ
µ Hµ

ζηRεζεη

− 629
24 Hα

γδHβ γ
εHδ

εµ Hε
ζηRεζµη −

399
4 Hα

γδ Hβ
εεHγε

µ Hδ
ζηRεζµη

+ 247
6 Hα

γδ Hβ
εεHγδ

µ Hε
ζηRεζµη + 265

8 Hα
γδHβ γ

εHδ
εµ Hε

ζηRεζµη

− 511
48 Hα

γδHβγ δHε
ζηHεε µRεζµη

]
∇β∇αΦ (3.31)
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They can be reproduced by studying six-point S-matrix element. We have found 15 cou-
plings with structure H2R2∇∇Φ, i.e.,

LH2R2∂∂Φ
3 =

[
− 17

6 H
γδεHεµ ζRαγεµRβζ δε −

10
3 Hγ

ε µHγδεRα
ζ
δ εRβζεµ

+ 17
6 Hγ

εµHγδε Rα
ζ
δεRβζ εµ −

17
3 Hγ

ε µHγδεRαδ ε
ζRβµεζ

− 7
6Hγδ

εHγδ εRα
µ
ε
ζRβ µεζ −

29
3 Hα

γ δHεεµ Rβ
ζ
εεRγµ δζ

− 17
3 Hα

γδH εεµRβεγ
ζ Rδζεµ + 4Hα

γ δHεεµ Rβ
ζ
γεRδζ εµ

+ 8Hα
γδ Hγ

εε Rβ
µ
ε
ζRδζ εµ −

7
3Hα

γδ Hβ
εε Rγ

µ
ε
ζRδζ εµ

− 10
3 Hα

γδ Hβ
εε Rγ

µ
ε
ζRδµ εζ + 17

6 Hγ
ε µHγδεRαδ β

ζRεζεµ

− 7
3Hα

γδ Hγ
εε Rβ

µ
δ
ζRεµ εζ + 17

3 Hα
γδ Hβ

εε Rγ
µ
δ
ζRεµ εζ

− 7
3Hα

γδ Hβγ
εRδ

εµ ζRεµεζ

]
∇β∇αΦ (3.32)

They can be reproduced by studying the five-point S-matrix element.
The couplings involving ∇Φ appear in three structures. We have found 30 couplings

with structure H5∇H∇Φ, i.e.,

LH5∂H∂Φ
3 =

[
− 399

32 Hα
βγHβ

δεHγδ
εHε

µζHµ
ηθ∇ζHεηθ−

211
384Hα

βγHβγ
δHδ

εεHε
µζHµ

ηθ∇ζHεηθ

+ 2087
192 Hβγ

εHβγδHδ
εµHε

ζηHεµ
θ∇ηHαζθ−

399
16 Hα

βγHβ
δεHδ

εµHε
ζηHεµ

θ∇ηHγζθ

+ 399
32 Hβγ

εHβγδHδ
εµHε

ζηHµζ
θ∇θHαεη+ 1241

3072Hβγ
εHβγδHδ

εµHεεµH
ζηθ∇θHαζη

+ 399
16 Hβ

εεHβγδHγε
µHδε

ζHµ
ηθ∇θHαζη+ 529

96 Hβγ
εHβγδHδ

εµHεε
ζHµ

ηθ∇θHαζη

+ 1169
2304HβγδH

βγδHεε
ζHεεµHµ

ηθ∇θHαζη+ 399
32 Hβγ

εHβγδHδ
εµHε

ζηHεζ
θ∇θHαµη

− 399
32 Hα

βγHδ
µζHδεεHεµ

ηHεζ
θ∇θHβγη−

529
192Hα

βγHδε
µHδεεHε

ζηHµζ
θ∇θHβγη

+ 1169
4608Hα

βγHδεεH
δεεHµζ

θHµζη∇θHβγη+ 1133
384 Hα

βγHδε
µHδεεHε

ζηHζη
θ∇θHβγµ

+ 265
32 Hα

βγHβ
δεHδε

εHµζ
θHµζη∇θHγεη+ 53

16Hα
βγHβ

δεHδ
εµHε

ζηHεµ
θ∇θHγζη

− 399
32 Hα

βγHβ
δεHδε

εHε
µζHµ

ηθ∇θHγζη+ 1169
3072Hα

βγHβγ
δHεεµH

εεµHζηθ∇θHδζη

− 1973
96 Hα

βγHβγ
δHεε

ζHεεµHµ
ηθ∇θHδζη−

399
64 Hα

βγHβγ
δHε

ζηHεεµHεζ
θ∇θHδµη

+ 5773
768 Hα

βγHβγ
δHδ

εεHµζ
θHµζη∇θHεεη+ 53

16Hα
βγHβ

δεHγ
εµHδ

ζηHζη
θ∇θHεεµ

+ 399
32 Hα

βγHβγ
δHδ

εεHε
µζHµ

ηθ∇θHεζη+ 399
8 Hα

βγHβ
δεHγ

εµHδε
ζHε

ηθ∇θHµζη

− 399
32 Hα

βγHβ
δεHγ

εµHδε
ζHε

ηθ∇θHµζη+ 399
32 Hα

βγHβ
δεHγδ

εHε
µζHε

ηθ∇θHµζη

+ 211
384Hα

βγHβγ
δHδ

εεHε
µζHε

ηθ∇θHµζη+ 421
192Hα

βγHβ
δεHγ

εµHδεεH
ζηθ∇θHµζη

+ 5701
1536Hα

βγHβγ
δHδ

εεHεε
µHζηθ∇θHµζη

+ 399
16 Hα

βγHβ
δεHγ

εµHδε
ζHζ

ηθ∇µHεηθ

]
∇αΦ (3.33)
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They can be reproduced by studying the seven-point S-matrix elements. We have found
79 couplings with structure H3∇HR∇Φ, i.e.,

LH3∂HR∂Φ
3 =

[
− 629

96 Hα
βγ Hδ

µζHδεε Rεηµζ∇εHβ γ
η+ 265

8 Hα
βγ Hβ

δεHδ
εµ Rεζµη∇εHγ

ζη

− 511
48 Hβγ

ε HβγδHεµζRα ηµζ∇εHδ ε
η+ 223

16 Hβ γ
εHβγδ Hδ

εµRεζµη ∇εHα
ζη

− 399
8 Hα

βγHδ
µζHδ εεRγηµζ ∇εHβε

η+ 753
16 Hα

βγHδ ε
µHδεεRγ ζµη∇εHβ

ζη

− 67
2 Hα

βγ Hβ
δεHδ

εµ Rεζµη∇εHγ
ζη− 167

8 Hα
βγ Hβ

δεHεµζ Rγηµζ∇εHδ ε
η

− 131
8 Hα

β γHβ
δεHγ

ε µRεζµη ∇εHδ
ζη− 227

48 Hβγ
εHβγ δHδ

εµRαζµ η∇εHε
ζη

+ 175
24 Hα

βγHβ
δ εHδ

εµRγζµ η∇εHε
ζη+ 1415

48 Hβ
εεHβ γδHµζηRδηε ε∇ζHαγµ

+ 931
48 Hβ

εεHβ γδHµζηRαηε ε∇ζHγδµ−
119
48 Hβ

εεHβ γδHµζηRαηδ ε∇ζHγεµ

− 449
48 Hα

βγHδε εHµζηRβεγ η∇ζHδεµ−
875
192Hβ

εεHβ γδHµζηRγεδ ε∇ηHαµζ

+ 875
96 Hβ

εεHβ γδHµζηRαεδ ε∇ηHγµζ−
1415
96 Hα

βγHδ
µ ζHδεεRεηµ ζ∇ηHβγε

− 1169
48 Hα

βγHδ ε
µHδεε Rεζµη∇ηHβ γ

ζ+ 2923
96 Hα

β γHδ
µζHδε εRγηµζ∇ηHβ εε

− 399
16 Hα

β γHδ
µζHδε εRγηεζ ∇ηHβεµ+ 435

16 Hα
βγHδε

µ HδεεRγζµη ∇ηHβε
ζ

− 117
16 Hα

βγHδε
µ HδεεRγηµζ ∇ηHβε

ζ− 1169
576 Hα

βγHδ εεH
δεεRγ ηµζ∇ηHβ

µζ

+ 265
8 Hα

βγHβ
δ εHεµζRεηµ ζ∇ηHγδε+

399
8 Hα

βγHβ
δ εHδ

εµRεζ µη∇ηHγε
ζ

− 667
8 Hα

βγHβ
δ εHδ

εµRεζµ η∇ηHγε
ζ+ 1465

8 Hα
βγHβ

δ εHδ
εµRεηµ ζ∇ηHγε

ζ

+ 491
24 Hα

βγHβ
δ εHεµζRδζε η∇ηHγεµ−

159
16 Hα

βγHβ
δ εHδε

εRε ηµζ∇ηHγ
µζ

+ 931
96 Hβ

εεHβ γδHγ
µζRαηµ ζ∇ηHδεε+

229
8 Hα

βγHβ
δ εHεµζRγηµζ ∇ηHδεε

− 643
12 Hα

βγHβ
δε Hγ

εµRεζµη ∇ηHδε
ζ− 545

24 Hα
βγHβγ

δ HεεµRεζµη ∇ηHδε
ζ

− 1463
48 Hβ

εεHβγδ Hγε
µRαζµη ∇ηHδε

ζ+ 133
24 Hβ

εεHβγδ Hγε
µRαηµζ ∇ηHδε

ζ

− 399
4 Hα

βγHβ
δε Hγ

εµRεζµη ∇ηHδε
ζ− 3563

192 Hβγ
εHβγ δHεµζRαηε ζ∇ηHδεµ

+ 491
24 Hα

βγHβ
δ εHεµζRγζε η∇ηHδεµ+ 13

16 Hβγ
εHβγδ Hδ

εµRαζµη ∇ηHεε
ζ

+ 983
96 Hβγ

εHβγ δHδ
εµRαηµ ζ∇ηHεε

ζ− 1169
2304HβγδH

βγ δHεεµRαηµ ζ∇ηHεε
ζ

− 511
12 Hα

βγHβ
δ εHδ

εµRγζµ η∇ηHεε
ζ− 175

24 Hα
βγHβ

δ εHδ
εµRγηµ ζ∇ηHεε

ζ

+ 609
16 Hα

βγHβ γ
δHεεµRδ ζµη∇ηHε ε

ζ− 329
24 Hα

β γHβγ
δHεε µRδηµζ∇ηHε ε

ζ

− 1197
32 Hβ

ε εHβγδHγ
µζ Rαηδζ∇ηHε εµ+ 399

16 Hα
βγ Hδ

µζHδεε Rβζγη∇ηHε εµ

− 399
16 Hα

βγ Hβ
δεHγδ

ε Rεηµζ ∇ηHε
µζ+ 159

16 Hα
βγHβγ

δ Hδ
εεRεηµ ζ∇ηHε

µζ

+ 1169
384 Hβγ

εHβγ δHεµζRαδε η∇ηHεµζ−
215
288Hα

βγ Hβ
δεHεµζ Rγηδε∇ηHε µζ

+ 67
16Hβγ

ε HβγδHδ
εµ Rαζεη∇ηHε µ

ζ+ 421
192Hβγ

ε HβγδHδ
εµ Rαηεζ∇ηHε µ

ζ

− 399
16 Hα

βγ Hβ
δεHδ

εµ Rγζεη∇ηHε µ
ζ+ 215

48 Hα
βγ Hβ

δεHδ
εµ Rγηεζ∇ηHε µ

ζ
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+ 265
16 Hα

βγ Hβ
δεHδ ε

εRγηµζ ∇ηHε
µζ+ 227

48 Hβ
εεHβγδ HµζηRεζεη ∇µHαγδ

+ 265
8 Hβ

εεHβγδ HµζηRδζεη∇ µHαγε+166Hβ
ε εHβγδHγ

µζ Rδζεη∇µHα ε
η

− 1765
24 Hβ

ε εHβγδHγ
µζ Rδηεζ∇µHα ε

η− 173
6 Hβ γ

εHβγδHε µζRδζεη ∇µHαε
η

+ 511
24 Hα

βγHδεεH µζηRεζεη ∇µHβγδ+
215
48 Hα

βγHδεεH µζηRγζεη ∇µHβδε

+ 629
24 Hα

βγHδ
µζHδ εεRγζεη ∇µHβε

η+ 175
24 Hα

βγHδ
µζHδ εεRγηεζ ∇µHβε

η

+ 931
48 Hβ

εεHβγδ HµζηRαζεη∇ µHγδε−
399
8 Hα

βγHβ
δεHεµ ζRδζεη∇µHγ ε

η

+ 421
288Hα

β γHδεεHµζηR βζγη∇µHδε ε−
266
3 Hβ

ε εHβγδHγ
µζ Rαζεη∇µHδ ε

η

+ 399
8 Hβ

ε εHβγδHγ
µζ Rαηεζ∇µHδ ε

η+ 173
8 Hβ γ

εHβγδHε µζRαζεη ∇µHδε
η

+ 89
3 H βγ

εHβγδ HεµζRαηεζ ∇µHδε
η− 89

12 Hα
βγHβ

δε HεµζRγζεη ∇µHδε
η

− 1157
24 Hα

βγHβ
δε HεµζRγηεζ ∇µHδε

η− 399
16 Hβ

εεHβγδ Hγ
µζRαζδη ∇µHεε

η

+ 847
16 Hβ

εεHβγδ Hγ
µζRαηδζ ∇µHεε

η− 187
12 Hα

βγHδ
µ ζHδεεRβζγ η∇µHεε

η

+ 265
16 Hα

βγHδ ε
µHδεεRβ ζγη∇µHε

ζη
]
∇αΦ (3.34)

They can be reproduced by studying the six-point S-matrix element. We have found 23
couplings with structure H∇HR2∇Φ, i.e.,

LH∂HR2∂Φ
3 =

[7
6H

βγδRδ
ε µζRεµεζ ∇εHαβγ + 7

3 Hβγδ Rγ
µ
ε
ζRδζ εµ∇εHα β

ε

+ 20
3 H

βγδR γ
µ
ε
ζRδµ εζ∇εHα β

ε − 9Hβγδ Rγ
µ
δ
ζRεµ εζ∇εHα β

ε

− 17
6 H

βγδ Rα
µ
ε
ζRδζ εµ∇εHβ γ

ε + 5
3H

βγδR α
µ
ε
ζRδζ εµ∇εHβ γ

ε

− 7
6H

βγδ Rα
µ
δ
ζRεζ εµ∇εHβ γ

ε + 7
3Hα

βγ Rγ
µ
δ
ζRεζ εµ∇εHβ

δ ε

− 14
3 Hα

βγ Rγ
µ
δ
ζRεµ εζ∇εHβ

δ ε + 34
3 H

βγδRα εβεRγµδζ ∇ζHεεµ

+ 17
6 HβγδRαεβγ Rδζεµ∇ζHε εµ − 7

6H
βγδ Rβµγ

ζRδζε ε∇µHα
εε

+ 9HβγδRβεγ
ζ Rδζεµ ∇µHα

εε − 9Hβ γδRβεγ
ζRδ µεζ∇µHα

ε ε

+ 17
6 H

βγδ Rα
ζ
εεRγµ δζ∇µHβ

εε + 17
3 H

βγδRαε γ
ζRδζεµ ∇µHβ

εε

+ 20
3 HβγδRα

ζ
γ εRδζεµ ∇µHβ

εε + 17
3 HβγδRαεγ

ζ Rδµεζ ∇µHβ
εε

− 20
3 HβγδRα

ζ
γ εRδµεζ ∇µHβ

εε + 17
3 HβγδRα

ζ
γδ Rεµεζ ∇µHβ

εε

+ 7
6 Hα

βγRβµδ
ζR γζεε∇µHδ εε − 9

2Hα
β γRβ

ζ
δεRγ ζεµ∇µHδε ε

− 41
3 Hα

βγ Rβδγ
ζRεµε ζ∇µHδεε

]
∇αΦ (3.35)

They can be reproduced by studying the five-point S-matrix element.
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The other couplings have no dilaton. They appear in six structures. We have found 5
couplings with structure H8, i.e.,

LH8
3 = 1

48Hα
δεHαβ γHβ

εµHγ
ζ ηHδε

θHε ζ
ιHθικHµ η

κ

− 9
128Hα

δεHαβ γHβ
εµHγ

ζ ηHδε
θHε ζ

ιHηθκHµ ι
κ

+ 17
384Hαβ

δ HαβγHγ
εεH δ

µζHεε
η Hζθ

κHηικ Hµ
θι

+ 1
64Hα β

δHαβγ Hγ
εεHδε

µ Hε
ζηHζθ

κ HηικHµ
θι

+ 1
16Hαβ

δHαβ γHγ
εεHδ

µ ζHεµ
ηHε

θ ιHζθ
κHηικ (3.36)

They can be reproduced by studying the eight-point S-matrix element which is extremely
difficult to calculate it. We have found 78 couplings with structure H4(∇H)2, i.e.,

LH
4(∂H)2

3

= 5
16Hα

δεHαβγHβ
εµHδε

ζ∇εHγ
ηθ∇ζHµηθ−

3
8Hα

δεHαβγHβ
εµHδ

ζη∇εHγζ
θ∇ηHεµθ

− 25
8 Hα

δεHαβγHβ
εµHδ

ζη∇εHγε
θ∇ηHµζθ+ 1

8Hα
δεHαβγHε

ηθHεµζ∇ηHβδµ∇θHγεζ

− 11
8 Hα

δεHαβγHε
ηθHεµζ∇ζHβδµ∇θHγεη+ 5

32Hα
δεHαβγHε

ηθHεµζ∇ηHβγµ∇θHδεζ

+ 797
192Hα

δεHαβγHε
ηθHεµζ∇ζHβγµ∇θHδεη+ 83

4 Hαβ
δHαβγHεεµHζηθ∇εHγεζ∇θHδµη

− 161
16 Hαβ

δHαβγHεεµHζηθ∇ζHγεε∇θHδµη+ 281
96 Hα

δεHαβγHβ
εµHζηθ∇δHγζη∇θHεεµ

− 73
6 Hα

δεHαβγHβ
εµHζηθ∇ηHγδζ∇θHεεµ+ 665

96 Hα
δεHαβγHε

ηθHεµζ∇δHβγµ∇θHεζη

+ 5
4Hα

δεHαβγHβ
εµHζηθ∇εHγδζ∇θHεµη−

83
8 Hαβ

δHαβγHεεµHζηθ∇δHγεζ∇θHεµη

+ 3
4Hα

δεHαβγHβ
εµHζηθ∇εHγδζ∇θHεµη+ 731

96 Hα
δεHαβγHβ

εµHζηθ∇ζHγδε∇θHεµη

− 1169
384 Hαβ

δHαβγHεεµHζηθ∇δHγεε∇θHµζη−
291
64 Hαβ

δHαβγHε
ζηHεεµ∇δHγε

θ∇θHµζη

+ 67
16Hα

δεHαβγHβ
εµHζηθ∇εHγδε∇θHµζη−

13
32Hα

δεHαβγHβ
εµHζηθ∇εHγδε∇θHµζη

+ 1
2Hα

δεHαβγHβ
εµHδ

ζη∇εHγε
θ∇θHµζη−

139
12 Hαβ

δHαβγHγ
εεHε

µζ∇εHδ
ηθ∇θHµζη

+ 13
6 Hα

δεHαβγHβδ
εHµζη∇ηHεζθ∇θHγεµ−

23
48Hαβ

δHαβγHε
ζηHεεµ∇ηHδµθ∇θHγεζ

− 1
2Hα

δεHαβγHβ
εµHδ

ζη∇ηHεµθ∇θHγεζ+ 13
48Hαβ

δHαβγHε
ζηHεεµ∇θHδµη∇θHγεζ

− 1
4Hα

δεHαβγHβ
εµHδ

ζη∇θHεµη∇θHγεζ−
515
96 Hα

δεHαβγHβ
εµHδ

ζη∇ηHεζθ∇θHγεµ

+ 665
192Hα

δεHαβγHβ
εµHδ

ζη∇θHεζη∇θHγεµ−
229
24 Hα

δεHαβγHβ
εµHδ

ζη∇θHεεµ∇θHγζη

− 1
8Hα

δεHαβγHβδ
εHµζη∇εHεηθ∇θHγµζ+ 1283

384 Hαβ
δHαβγHεε

ζHεεµ∇ηHδζθ∇θHγµ
η

− 1283
384 Hαβ

δHαβγHεε
ζHεεµ∇θHδζη∇θHγµ

η− 289
24 Hα

δεHαβγHβ
εµHγ

ζη∇ηHµζθ∇θHδεε

+ 283
48 Hα

δεHαβγHβ
εµHγ

ζη∇θHµζη∇θHδεε−
263
12 Hαβ

δHαβγHγ
εεHµζη∇ηHεζθ ∇θHδεµ

+ 2207
576 HαβγH

αβγHδεεHµζη∇ηHεζθ∇θHδεµ+ 95
12Hαβ

δHαβγHγ
εεHµζη∇θHεζη∇θHδεµ

− 1177
1152HαβγH

αβγHδεεHµζη∇θHεζη∇θHδεµ+ 1301
96 Hαβ

δHαβγHγ
εεHε

µζ∇ηHµζθ∇θHδε
η

– 16 –



J
H
E
P
0
2
(
2
0
2
1
)
1
5
7

− 99
8 Hαβ

δHαβγHγ
εεHε

µζ∇θHµζη∇θHδε
η+ 37

48Hαβ
δHαβγHγ

εεHεε
µ∇ηHµζθ∇θHδ

ζη

− 1
32Hαβ

δHαβγHγ
εεHεε

µ∇θHµζη∇θHδ
ζη− 463

192Hαβ
δHαβγHγ

εεHµζη∇ηHεεθ∇θHδµζ

+ 281
384Hαβ

δHαβγHγ
εεHµζη∇θHεεη∇θHδµζ−

5
2Hαβ

δHαβγHγ
εεHε

µζ∇ζHεηθ∇θHδµ
η

+ 5
2Hαβ

δHαβγHγ
εεHε

µζ∇ηHεζθ∇θHδµ
η− 5

2Hαβ
δHαβγHγ

εεHε
µζ∇θHεζη∇θHδµ

η

+ 13
48Hα

δεHαβγHβδ
εHγ

µζ∇ηHµζθ∇θHεε
η− 557

192Hαβ
δHαβγHγ

εεHδ
µζ∇ηHµζθ∇θHεε

η

+ 1571
2304HαβγH

αβγHδ
µζHδεε∇ηHµζθ∇θHεε

η+ 1
12Hα

δεHαβγHβδ
εHγ

µζ∇θHµζη∇θHεε
η

+ 307
384Hαβ

δHαβγHγ
εεHδ

µζ∇θHµζη∇θHεε
η− 1531

2304HαβγH
αβγHδ

µζHδεε∇θHµζη∇θHεε
η

+ 121
32 Hαβ

δHαβγHγ
εεHµζη∇δHζηθ∇θHεεµ+ 16

3 Hαβ
δHαβγHγ

εεHµζη∇δHεηθ∇θHεµζ

+ 31
8 Hα

δεHαβγHβδ
εHγ

µζ∇ζHεηθ∇θHεµ
η− 23

8 Hα
δεHαβγHβδ

εHγ
µζ∇ηHεζθ∇θHεµ

η

+ 125
48 Hαβ

δHαβγHγ
εεHδ

µζ∇ηHεζθ∇θHεµ
η− 133

128HαβγH
αβγHδ

µζHδεε∇ηHεζθ∇θHεµ
η

+ 25
8 Hα

δεHαβγHβδ
εHγ

µζ∇θHεζη∇θHεµ
η− 125

48 Hαβ
δHαβγHγ

εεHδ
µζ∇θHεζη∇θHεµ

η

+ 133
128HαβγH

αβγHδ
µζHδεε∇θHεζη∇θHεµ

η+ 1
4Hα

δεHαβγHβδ
εHγε

µ∇ηHµζθ∇θHε
ζη

− 179
48 Hαβ

δHαβγHγ
εεHδε

µ∇ηHµζθ∇θHε
ζη− 193

576HαβγH
αβγHδε

µHδεε∇ηHµζθ∇θHε
ζη

− 3
32Hα

δεHαβγHβδ
εHγε

µ∇θHµζη∇θHε
ζη+ 11

6 Hαβ
δHαβγHγ

εεHδε
µ∇θHµζη∇θHε

ζη

+ 1181
2304HαβγH

αβγHδε
µHδεε∇θHµζη∇θHε

ζη− 485
24 Hαβ

δHαβγHγ
εεHε

µζ∇δHζηθ∇θHεµ
η

+ 1
192Hαβ

δHαβγHγ
εεHδεε∇θHµζη∇θHµζη− 1169

82944HαβγH
αβγHδεεH

δεε∇θHµζη∇θHµζη

+ 25
16Hα

δεHαβγHε
ηθHεµζ∇θHεζη∇µHβγδ+

1169
384 Hαβ

δHαβγHεεµHζηθ∇θHδζη∇µHγεε

− 4
3Hα

δεHαβγHβδ
εHµζη∇ηHεζθ∇µHγε

θ+ 913
48 Hα

δεHαβγHβ
εµHδ

ζη∇θHγζη∇µHεεθ

− 1
4Hα

δεHαβγHβ
εµHδ

ζη∇θHγεζ∇µHεηθ−
379
192Hαβ

δHαβγHγ
εεHδ

µζ∇ζHεηθ∇µHε
ηθ

(3.37)
They can be reproduced by studying the six-point S-matrix element. We have found 25
couplings with structure H6R, i.e.,

LH6R
3 = 271

96 Hαβ
δHαβγHγ

εεHε
µζHηθ

ιHµ
ηθRδζει+

83
4 Hαβ

δHαβγHγ
εεHε

µζHε
ηθHµη

ιRδζθι

+ 211
12 Hαβ

δHαβγHγ
εεHε

µζHζη
ιHµ

ηθRδθει+
29
48Hαβ

δHαβγHγ
εεHε

µζHεµ
ηHζ

θιRδθηι

− 389
96 Hαβ

δHαβγHγ
εεHε

µζHηθ
ιHµ

ηθRδιεζ−
649
384Hαβ

δHαβγHγ
εεHε

µζHε
ηθHµζ

ιRδιηθ

+ 1
2Hα

δεHαβγHβ
εµHγ

ζηHδε
θHζθ

ιRεηµι+
25
8 Hα

δεHαβγHβδ
εHγ

µζHζη
ιHµ

ηθRεθει

− 17
8 Hα

δεHαβγHβδ
εHγ

µζHε
ηθHµη

ιRεζθι−
1
16Hαβ

δHαβγHγ
εεHδ

µζHεµ
ηHη

θιRεθζι

+ 79
12Hαβ

δHαβγHγ
εεHδ

µζHε
ηθHµη

ιRεθζι−
1
4Hα

δεHαβγHβδ
εHγ

µζHεµ
ηHζ

θιRεθηι

− 715
192Hαβ

δHαβγHγ
εεHδε

µHζη
ιHζηθRεθµι−

41
6 Hαβ

δHαβγHγ
εεHδ

µζHε
ηθHµη

ιRειζθ

− 799
192Hαβ

δHαβγHγ
εεHδ

µζHε
ηθHηθ

ιRειµζ−
5
4Hα

δεHαβγHβδ
εHγ

µζHεµ
ηHε

θιRζθηι

− 1
4Hαβ

δHαβγHγ
εεHδ

µζHεµ
ηHε

θιRζθηι+
5
16Hαβ

δHαβγHγ
εεHδ

µζHεε
ηHµ

θιRζθηι
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− 1
16Hα

δεHαβγHβδ
εHγε

µHε
ζηHµ

θιRζθηι−
5
24Hαβ

δHαβγHγ
εεHδεεHµ

θιHµζηRζθηι

− 293
32 Hαβ

δHαβγHγ
εεHδ

µζHε
ηθHεη

ιRµθζι+
1
12Hαβ

δHαβγHγ
εεHδ

µζHεε
ηHη

θιRµθζι

− 1
8Hα

δεHαβγHβ
εµHγ

ζηHδε
θHεζ

ιRµθηι+
329
48 Hαβ

δHαβγHγ
εεHδε

µHε
ζηHζ

θιRµθηι

+ 5
8Hα

δεHαβγHβ
εµHγ

ζηHδε
θHεζ

ιRµιηθ (3.38)

They can be reproduced by studying the seven-point S-matrix element. We have found 91
couplings with structure H2(∇H)2R, i.e.,

LH
2(∂H)2R

3

= 14HαβγHδεεR βεγη ∇δHα
µζ ∇ζHεµ

η+ 9
2 H

αβγHδεε Rεµεη∇δHγ ζ
η∇ζHαβ

µ

− 59
24H

αβγHδε εRεµεη ∇ζHγδ
η ∇ζHαβ

µ− 29
16 H

αβγHδεε Rγηεµ∇ζHδ ε
η∇ζHαβ

µ

+ 13
16H

αβγHδε εRγµεη∇ζH δε
η∇ζHα β

µ+ 43
8 H

αβγ HδεεRγηε ε∇ζHδµ
η ∇ζHαβ

µ

− 251
12 HαβγHδεε Rεµεη∇γHβ ζ

η∇ζHαδ
µ−H αβγHδεεRγ ηεµ∇εHβ ζ

η∇ζHαδ
µ

− 1
4H

αβγHδε εRγηεζ ∇εHβµ
η ∇ζHαδ

µ− 29
4 HαβγHδεε Rγµεη∇ζHβ ε

η∇ζHαδ
µ

− 17
2 H

αβγHδε εRγηεε ∇ζHβµ
η∇ζHα δ

µ+ 1
2Hα

δε HαβγRδµεη∇ εHγζ
η ∇ζHβ

εµ

+ 5
2 Hα

δεHαβγ Rγηεµ∇εHδ ζ
η∇ζHβ

εµ+ 1
2Hα

δεHαβ γRγµεη ∇εHδζ
η ∇ζHβ

εµ

− Hα
δεHαβγ Rδµεη∇ζHγ ε

η∇ζHβ
ε µ− 19

2 Hα
δεHα βγRγηεµ ∇ζHδε

η ∇ζHβ
εµ

+ 31
2 H α

δεHαβγRγ µεη∇ζHδ ε
η∇ζHβ

ε µ+3Hα
δεHαβ γRγηδε ∇ζHεµ

η ∇ζHβ
εµ

+ 17
24 Hαβ

δHαβγRγ µδη∇ζHε ε
η∇ζHεε µ−7HαβγHδε εRβεγε ∇ζHδµη∇ηHα

µζ

+ 29
8 H

αβγHδ εεRβεγε ∇ηHδµζ∇ηHα
µζ+ 27

4 H
αβγHδ εεRγµεη∇ ζHαδ

µ∇ηHβ εζ

− 1
4H

αβγ HδεεRγζε η∇ζHαδ
µ ∇ηHβεµ+ 265

24 HαβγHδεε Rγηεε∇ζHα δ
µ∇ηHβµζ

+ 59
12H

αβγHδε εRεµεη ∇ζHαβ
µ∇ηHγ δζ+ 15

2 H
αβγ HδεεRεζµη ∇δHαβ

µ ∇ηHγε
ζ

− 131
12 HαβγHδεε Rεηµζ∇δHα β

µ∇ηHγε
ζ− 53

4 Hα
δεHαβ γRδµεη ∇ζHβ

εµ ∇ηHγεζ

+ 25
3 Hα

δεHαβγ Rδζεη ∇ζHβ
εµ ∇ηHγεµ−

61
24 H

αβγHδεε Rεζεη∇δHα β
µ∇ηHγµ

ζ

+ 23
12H

αβγHδε εRγηεµ∇ζH αβ
µ∇ηHδεζ −

7
8H

αβγHδε εRγµεη∇ζH αβ
µ∇ηHδεζ

+ 17
48H

αβγHδε εRγζεη ∇ζHαβ
µ∇ηHδ εµ+ 3

16H
αβγ HδεεRγηε ζ∇ζHαβ

µ ∇ηHδεµ

+Hα
δ εHαβγRγηε µ∇ζHβ

εµ ∇ηHδεζ−
63
4 Hα

δεHαβγ Rγµεη ∇ζHβ
εµ ∇ηHδεζ

+ 179
16 H α

δεHαβγRγ ζεη∇ζHβ
ε µ∇ηHδεµ−

101
16 Hα

δεHαβ γRγηεζ ∇ζHβ
εµ ∇ηHδεµ

+ 89
48 H

αβγHδεε Rγηεε∇ζHα β
µ∇ηHδµζ−

5
6Hαβ

δHαβ γRγµδη∇ζHε εµ∇ηHεεζ

− 37
24H

αβγHδε εRγζµη ∇δHαβ
µ ∇ηHεε

ζ− 13
48H

αβγHδε εRγηµζ ∇δHαβ
µ ∇ηHεε

ζ

− 9
2 Hα

δεHαβγ Rγζµη ∇δHβ
εµ ∇ηHεε

ζ+ 25
4 Hα

δεHαβγ Rγηµζ ∇δHβ
εµ ∇ηHεε

ζ

− 565
24 H

αβγHδε εRβεγη ∇δHα
µζ ∇ηHεµζ−

1
12H

α βγHδεεRγζ εη∇δHαβ
µ ∇ηHεµ

ζ
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− 7
8 H

αβγHδεε Rγηεζ∇δHα β
µ∇ηHεµ

ζ+ 251
288H

αβγHδε εRεηµζ∇δH αβγ∇ηHε
µζ

− 97
96Hα

δεHα βγRεηµζ ∇δHβγ
ε ∇ηHε

µζ+ 331
96 Hαβ

δHαβγ Rεηµζ ∇δHγ
εε ∇ηHε

µζ

− 103
16 Hα

δεHαβγ Rγηδε ∇ζHβ
εµ ∇ηHεµζ−

51
8 Hα

δεHαβγ Rγηεζ ∇δHβ
εµ ∇ηHεµ

ζ

+ 89
32H α

δεHαβγ Rεηµζ∇δHβ γ
ε∇ηHε

µ ζ+ 389
48 H

αβγHδ εεRγηµζ ∇εHαβδ ∇ηHε
µζ

− 23
72 Hα

δεHαβγ Rβδγε∇ηHε µζ∇ηHεµζ+8 HαβγHδεε Rγηεε∇ζHα δ
µ∇µHβζ

η

− 13
2 H

αβγHδε εRγηεε ∇ζHαβ
µ∇µHδ ζ

η+ 5
9H

αβγ HδεεRεζε η∇ηHδµ
ζ ∇µHαβγ

+ 601
48 HαβγHδεε Rεηµζ∇ηHγ ε

ζ∇µHαβδ+
469
48 H

αβγHδε εRεζεη ∇ηHγµ
ζ∇µHα βδ

+ 15
2 H

αβγ HδεεRγζµη ∇ηHεε
ζ ∇µHαβδ+

341
96 HαβγHδεε Rγηµζ∇ηHε ε

ζ∇µHαβδ

− 379
48 H

αβγHδε εRγζεη ∇ηHεµ
ζ∇µHα βδ+

95
16H

αβγ HδεεRγηε ζ∇ηHεµ
ζ ∇µHαβδ

+ 415
48 Hα

δεHαβγ Rεζµη∇ηHδ ε
ζ∇µHβ γ

ε− 17
32Hα

δ εHαβγRεηµ ζ∇ηHδε
ζ ∇µHβγ

ε

+3Hα
δεHαβγRεζ µη∇ηHδε

ζ ∇µHβγ
ε+ 209

48 Hα
δεHαβγ Rεηµζ∇ηHδ ε

ζ∇µHβ γ
ε

+ 155
16 Hα

δ εHαβγRεζ εη∇ηHδµ
ζ ∇µHβγ

ε− 499
48 Hα

δεHαβγ Rεηεζ∇ηHδ µ
ζ∇µHβγ

ε

− 245
48 Hα

δεHαβ γRδζεη ∇ηHεµ
ζ ∇µHβγ

ε+ 7
2H α

δεHαβγRδ ζεη∇µHε
ζ η∇µHβγ

ε

− 1
4Hα

δεHαβ γRεζµη ∇εHγ
ζη ∇µHβδ

ε+ 1
4H α

δεHαβγ Rεζµη∇ηHγ ε
ζ∇µHβ δ

ε

− 23
24Hα

δ εHαβγRεηµ ζ∇ηHγε
ζ ∇µHβδ

ε− 15
4 Hα

δεHαβγ Rεζµη∇ηHγ ε
ζ∇µHβ δ

ε

+ 25
6 Hα

δ εHαβγRεηµζ ∇ηHγε
ζ ∇µHβδ

ε+ 13
12 Hα

δεHαβγ Rεζεη∇ηHγ µ
ζ∇µHβδ

ε

+ 11
12Hα

δεHαβ γRεηεζ ∇ηHγµ
ζ∇µHβ δ

ε+ 13
12Hα

δ εHαβγRγζε η∇ηHεµ
ζ ∇µHβδ

ε

− 241
48 Hαβ

δHαβγ Rεζµη∇ηHδ ε
ζ∇µHγ

ε ε+ 331
48 Hαβ

δ HαβγRεηµζ ∇ηHδε
ζ ∇µHγ

εε

− 11
48Hαβ

δHαβ γRεζεη ∇ηHδµ
ζ ∇µHγ

εε+ 181
24 Hαβ

δHαβ γRδζµη∇ηHε ε
ζ∇µHγ

ε ε

+ 83
96Hαβ

δ HαβγRδηµζ ∇ηHεε
ζ ∇µHγ

εε− 499
48 Hαβ

δHαβ γRδζεη ∇ηHεµ
ζ ∇µHγ

εε

+ 137
16 Hαβ

δHαβ γRδηεζ ∇ηHεµ
ζ ∇µHγ

εε+ 29
24Hαβ

δHαβ γRεζεη ∇µHδ
ζη ∇µHγ

εε

− 2
3 Hαβ

δHαβγRδ ζεη∇µHε
ζ η∇µHγ

εε− 7
144HαβγH

αβγ Rεηµζ∇ηHδ ε
ζ∇µHδε ε

− 3
8HαβγH

α βγRεζεη ∇ηHδµ
ζ∇µHδ εε (3.39)

They can be reproduced by studying the five-point S-matrix element. We have found 17
couplings with structure H4R2, i.e.,

LH4R2
3 = 7

2Hα
δεHαβ γHβ

εµHδ
ζ ηRγ

θ
εζRε θµη−

11
4 Hα

δ εHαβγHβ
ε µHζηθRγζδε Rεηµθ

+ 20
3 Hα β

δHαβγ Hγ
εεHε

µζ Rδ
η
µ
θRεθ ζη+ 95

48Hαβ
δ HαβγHγ

εεH µζηRδ
θ
εµ Rεθζη

+ 29
12 Hα

δεHαβγ Hβδ
εHγ

µζ Rε
η
µ
θRεθ ζη−

53
24Hαβ

δ HαβγHγ
εεH δ

µζRε
η
µ
θ Rεθζη

+ 5
3Hα

δεHαβγ Hε
ηθHεµζ RβδγεRµηζθ+ 171

8 Hα
δεHαβ γHβ

εµHδ ε
ζ Rγ

η
ε
θRµηζ θ

− 859
96 Hαβ

δ HαβγHγ
εεH εε

µRδ
ζηθ Rµηζθ−

101
24 Hα β

δHαβγ Hγ
εεHε

µζ Rδ
η
ε
θRµη ζθ

+ 59
24Hαβ

δ HαβγHγ
εεH δ

µζRε
η
ε
θRµηζθ+ 17

24 Hα
δεHαβγ Hβδ

εHγε
µ Rε

ζηθRµηζ θ
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− 37
24Hαβ

δHα βγHγ
εεHδ ε

µRε
ζηθRµ ηζθ−

55
8 Hα

δ εHαβγHβ
ε µHδ

ζηRγε ε
θRµθζη

−2 Hα
δεHαβγ Hβ

εµHδ
ζη Rγεε

θRµθζ η−
161
8 Hα

δε HαβγHβ
εµ Hδε

ζ Rγ
η
ε
θRµθ ζη

+ 5
48Hαβ

δ HαβγHγ
εεH δεεRµηζθR

µ ζηθ (3.40)

They can be reproduced by studying the six-point S-matrix element. We have finally found
13 couplings with structure H2R3, i.e.,

LH2R3
3 = 20

3 Hα
δεHαβ γRβδ

εµ Rγ
ζ
ε
ηRεζ µη −

34
3 Hα

δε Hαβγ Rβ
ε
δ
µ Rγ

ζ
ε
ηRεζ µη

+ 2Hα
δεHαβ γRβ

ε
γ
µ Rδ

ζ
ε
ηRεζ µη + 8

3Hα
δε Hαβγ Rβ

ε
δ
µ Rγ

ζ
ε
ηRεη µζ

− 20
3 Hα

δε Hαβγ Rβ
ε
γ
µ Rδ

ζ
ε
ηRεη µζ −

5
3Hαβ

δ HαβγRγ
εε µRδ

ζ
ε
ηRε ηµζ

− 10
3 Hα

δ εHαβγRβ
ε
δ
µRγ

ζ
ε
η Rεζµη + 5

6Hα β
δHαβγ Rγ

εεµRδε
ζηRεζµη

+ 4
3 Hα

δεHαβγ Rβ
ε
γ
µ Rδ

ζ
ε
ηRεζ µη + 4Hα

δεHαβ γRβδγ
ε Rε

µζηRεζµ η

− 5
3Hαβ

δHα βγ Rγ
ε
δ
ε Rε

µζηRεζµ η + 14
3 Hα

δεHα βγRβ
ε
δ
µ Rγ

ζ
ε
ηRεη µζ

− 5
6Hα

δε HαβγRβδγε RεζµηR
εµζη (3.41)

They can be reproduced by studying the five-point S-matrix element. Such couplings in
fact have been found in [54] using a scheme for the couplings which is different from the
scheme (2.4) that we use in this paper for finding the above couplings.

4 Discussion

In this paper, we speculate that the bosonic part of the classical effective action of type
II superstring theories is invariant under the Z2-subgroup of O(1, 1, R) after dimensionally
reducing the theory on a circle. We have shown that imposition of the gauge symmetries
and this Z2-symmetry on the effective action for NS-NS fields at order α′3, can fix the
effective action, i.e., (3.26), up to an overall factor. In fact, the gauge symmetries require
to have 872 couplings at order α′3 with unfixed coefficients [42], and the T-duality symmetry
fixes these 872 parameters in terms of only one parameter.

Most of the couplings in (3.26) are new couplings which have not been found in the
literature by other methods in string theory. When B-field is zero, the couplings (3.26)
reduce to two Riemann quartet terms that their coefficients, after using the cyclic symmetry
of the Riemann curvature, become exactly the same as the coefficients that have been found
in [44, 47, 48] by the S-matrix and the sigma-model methods. These couplings are invariant
under the field redefinitions. However, the couplings which have B-field are not invariant
under the field redefinitions, except the parameters c1, c2, c5, c7, c8 in the couplings with
structure H8 [42]. The couplings (3.26) that we have found are in one particular scheme.
To compare these couplings with the couplings in the literature that are found by the S-
matrix elements, one has to first reproduce the field theory S-matrix elements using the
couplings in the scheme (2.4) and compare them with the corresponding string theory
S-matrix elements to fix the parameters in (2.4). Then the fixed couplings should be
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compared with the couplings (3.26) that the T-duality produces. Using the scheme (2.4),
some of the parameters in (2.4) have been found in [42] by S-matrix element of four NS-NS
vertex operators. Those couplings are exactly the same as the couplings that the T-duality
constraint produces. It would be interesting to fix some of other parameters in (2.4) by
comparing them with the string theory S-matrix element of five NS-NS vertex operators
calculated in [54] and compare the resulting couplings with the couplings in (3.26).

The number of gauge invariant couplings in the minimal scheme (2.4) is 872. How-
ever, it is not guaranteed that the number of couplings in the string theory, i.e., the
couplings (3.26), is minimum. One can use field redefinitions, total derivative terms and
Bianchi identities to rewrite the couplings (3.26) in other schemes that may have less cou-
plings than in (3.26). In fact the two gravity couplings in (3.27) and the first two couplings
in (3.36) are invariant under the field redefinitions and total derivative terms. All other
terms are scheme dependent. One way to find a scheme with less number of couplings
than 445 couplings in the present scheme, is to use a minimal scheme in which there are
maximum number of couplings involving gravity and dilaton. In the scheme (2.4) there
are 36 such couplings. On the other hand, it has been argued in [18] that the T-duality
constraint makes the coefficients of these terms in the minimal schemes to be zero. In fact
the couplings (3.26) and the couplings in the bosonic string theory at order α′, α′2 [19, 20]
have no such couplings. In that scheme the number of T-duality invariant couplings may
be less than 445 that we have found in the scheme (2.4). It would interesting to write the
couplings (3.26) in a scheme which has minimum number of couplings.

The gravity couplings (3.27) can be written in another scheme as

S3(G,Φ) = −2a
κ2

∫
d10x

√
−Ge−2Φ

(
t8t8 + 1

4ε8ε8
)
R4 (4.1)

where now the constant factor is a=−ζ(3)/(3×213) and the tensors ε8ε8 and t8 are defined as

ε8
µ1···µ8ε8

ν1···ν8 = 1
2ε10

µ1···µ8αβε10
ν1···ν8

αβ (4.2)

tµ1···µ8
8 M1

µ1µ2M
2
µ3µ4M

3
µ5µ6M

4
µ7µ8 = 8Tr(M1M2M3M4) + 8Tr(M1M3M4M2)

+ 8Tr(M1M3M2M4)− 2Tr(M1M2)Tr(M3M4)
− 2Tr(M1M3)Tr(M2M4)− 2Tr(M1M4)Tr(M2M3)

where M1, · · · ,M4 are four arbitrary antisymmetric matrices. It has been speculated
in [53–55] that the B-field couplings may be included in above action by extending the
curvature tensor to include the torsion, i.e.,

S3(G,Φ, B) = −2a
κ2

∫
d10x

√
−Ge−2Φ

(
t8t8 + 1

4ε8ε8
)
R4 (4.3)

where the generalized curvature R is

Rµναβ = Rµν
αβ +∇[µHν]

αβ + 1
2H[µ

αγHν]γ
β (4.4)

We have checked explicitly that the four-field couplings in (3.27), (3.28) and (3.29) are
fully consistent with (4.3) after using on-shell relations. The presence of the last terms
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in (4.4) has been supported by studying couplings with structure H2R3 in [54]. Having
all couplings in scheme (2.4), i.e., (3.26), one may use appropriate field redefinitions, total
derivative terms and Bianchi identities to check if the couplings (3.26) can be written in
another scheme as (4.3). It has been observed in [42] that the couplings with coefficients
c1, c2, c5, c7, c8 in (2.4) do not change under the field redefinitions. The T-duality con-
straint produces c2 = c5 = c7 = 0 and c1 = −9/128, c8 = 1/48. In fact the first and the
second terms in (3.36) do not change under field redefinitions. Hence one can check the
proposal (4.3) with these coefficients. If one replaces Rµναβ in (4.3) with 1

2H[µ
αγHν]γ

β , one
would find c2 6= 0 and c8 = 0 which are different from what the T-duality constraint pro-
duces. Hence, our calculations indicate that the effective action (3.26) can not be written
in any other scheme as (4.3).

Our calculations fix all parameters in the gauge invariant Lagrangian (2.4) up to an
overall factor and fix many parameters in the T-duality transformation (3.14). The pa-
rameters in the T-duality transformation dependent on the scheme that we use in (2.4).
One may consider the corrections to the Buscher rules as field redefinitions in the base
space. Then one may ask if there is a scheme in which the T-duality transformation is
only the standard Buscher rules (3.10)? In other words, is there a scheme in which the
T-duality requires no field redefinition in the base space? The answer is no because the
field redefinitions in the base space involve much more parameters than the parameters in
the field redefinition in the original space, and this in turn is a result of the fact that the
number of fields in the base space is more than the number fields in the original space. The
explicit calculation to answer this question has been also done in [19] for the couplings at
order α′ in the bosonic string theory. If one uses the field redefinition, then there would
be 8 independent couplings in the original space. However, if one does not use the field
redefinition, then there would be 20 independent couplings. The corresponding T-duality
transformations have been found in [19] which has 11 arbitrary parameters. For no choice
of these parameters, the T-duality transformation is the standard Buscher rules.

Assuming the reduction of the type II effective action at order α′3 on a circle has the
Z2 symmetry, we have fixed all 872 parameters in (2.4) up to one overall factor. One may
ask if there is such symmetry in the effective action in the first place? One can verify the
presence of this symmetry for the case that there is no B-field. In this case the effective
action is given by (3.27). To simplify the calculation we assume the only non-zero field
in the base space is ϕ. Then one finds the reduction of (3.27) is not invariant under the
Buscher rules. Its transformation produces the following anomalous terms:

S3(ϕ)− S3(−ϕ) = α

∫
d9x

[1
2∂a∂bϕ∂

aϕ∂bϕ∂c∂dϕ∂
c∂dϕ− 1

2∂a∂
cϕ∂aϕ∂b∂

dϕ∂bϕ∂c∂dϕ

]
(4.5)

where α is an overall factor. If one considers the following corrections to the Buscher rules:

ϕ→ −ϕ

φ̄→ α′3
(1

2∂a∂b∂
c∂cϕ∂

aϕ∂bϕ+ 1
4∂a∂

c∂cϕ∂
aϕ∂b∂bϕ−

1
16∂aϕ∂

aϕ∂b∂b∂
c∂cϕ

+ 2∂a∂b∂cϕ∂aϕ∂b∂cϕ+ 3
4∂

a∂aϕ∂b∂cϕ∂
b∂cϕ

)
(4.6)
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Then one finds the T-duality of the leading order effective action produces also the following
anomalous couplings at order α′3:

δ3S0(−ϕ) =α

∫
d9x

[
− 1

2∂
dϕ∂dϕ

(1
2∂a∂b∂

c∂cϕ∂
aϕ∂bϕ+ 1

4∂a∂
c∂cϕ∂

aϕ∂b∂bϕ (4.7)

− 1
16∂aϕ∂

aϕ∂b∂b∂
c∂cϕ+2∂a∂b∂cϕ∂aϕ∂b∂cϕ+ 3

4∂
a∂aϕ∂b∂cϕ∂

b∂cϕ

)]
These two anomalous couplings (4.5) and (4.7) cancel each other up to some total derivative
terms, i.e.,

S3(ϕ)− S3(−ϕ)− δ3S0(−ϕ) = α

∫
d9x∂aJ

a
3 (4.8)

where the vector Ja3 is the following:

Ja3 = − 1
32∂

a∂d∂dϕ∂bϕ∂
bϕ∂cϕ∂

cϕ− 1
4∂

aϕ∂b∂
dϕ∂bϕ∂c∂dϕ∂

cϕ

+ 1
4∂

aϕ∂bϕ∂
bϕ∂c∂dϕ∂

c∂dϕ+ 1
4∂

a∂c∂dϕ∂bϕ∂
bϕ∂cϕ∂dϕ

+ 1
8∂

a∂cϕ∂bϕ∂
bϕ∂cϕ∂d∂dϕ (4.9)

Using the Stokes’s theorem, the total derivative terms become zero for the closed spacetime
manifold. Hence, assuming there are higher derivative corrections to the Buscher rules, one
finds the Z2 symmetry for the effective action of type II superstring theories at order α′3.
If the spacetime manifold has boundary, the total derivative terms can not be ignored. In
that case the Z2 symmetry restores if one include some couplings in the boundary [46]. It
would be interesting to find the boundary terms in the effective action (3.26).
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