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Abstract The effective action of string theory has both bulk
and boundary terms if the spacetime is an open manifold.
Recently, the known classical effective action of string the-
ory at the leading order of α′ and its corresponding boundary
action have been reproduced by constraining the effective
actions to be invariant under gauge transformations and under
string duality transformations. In this paper, we use this idea
to find the classical effective action of the O-plane and its
corresponding boundary terms in type II superstring theories
at order α′2 and for NS–NS couplings. We find that these
constraints fix the bulk action and its corresponding bound-
ary terms up to one overall factor. They also produce three
multiplets in the boundary action that their coefficients are
independent of the bulk couplings under the string dualities.

1 Introduction

Perturbative string theory is a quantum theory of gravity with
a finite number of massless fields and a tower of infinite
number of massive fields reflecting the stringy nature of the
gravity at the weak coupling. String theory on the space-
time manifolds with boundary is conjectured to be dual to a
gauge theory on the boundary [1,2]. The string theory and
its non-perturbative objects are usually explored by studying
their low-energy effective actions which include the massless
fields and their covariant derivatives. For the open spacetime
manifolds, the effective actions have both bulk and boundary
terms, i.e., Seff + ∂Seff . They should be produced by specific
techniques in string theory.

There are various approaches for calculating the bulk
effective action Seff , e.g., the S-matrix approach [3,4],
the sigma-model approach [5,6], the Double Field Theory
approach [7,8] and the duality approach [9–14]. In the dual-
ity approach, the consistency of the effective actions with
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gauge transformations and with T- and S-duality transforma-
tions are imposed to find the higher derivative couplings. The
Double Field Theory and T-duality approaches are based on
the observation made by Sen in the context of closed string
field theory [15] that the classical effective action of bosonic
string theory should be invariant under T-duality to all orders
in α′. Similar observation has been made for the hetrotic
string theory in [16].

In the T-duality approach, by removing total derivative
terms, using field redefinitions and using Bianchi identities,
one first find the minimum number of independent and gauge
invariant couplings in the string frame action Seff at each
order of α′. Then one reduces the spacetime on a circle, i.e.,
M (D) = S(1) × M (D−1). The T-duality [17,18] is imposed
as a constraint on the reduction of the effective action on the
circle to find the coefficients of the independent couplings,
i.e., the effective action satisfies the following constraint:

Seff(ψ) − Seff(ψ
′) = TD (1)

where Seff is the reduction of the effective action on the cir-
cle, ψ represents all massless fields in the base space M (D−1)

and ψ ′ represents their transformations under the T-duality
transformations which are the Buscher rules [19,20] and their
higher derivative corrections. They form a Z2-subgroup of
O(1, 1; R). On the right-hand side, TD represents some total
derivative terms in the base space which may not be invariant
under the T-duality. They become zero for the closed space-
time manifolds using the Stokes’s theorem. This approach
has been used in [21,22] to find effective action of the bosonic
string theory at orders α′, α′2. This approach has been also
used in [23,24] to construct NS–NS couplings in type II
superstring effective action at order α′3

The constraint (1) for the effective action of the non-
perturbative Dp-brane/Op-plane objects is such that Seff(ψ)

represents the reduction of (p − 1)-brane action along the
circle transverse to the brane, i.e., M (D) = M (p) × M (D−p)

where (p− 1)-brane is in the subspace M (p) and M (D−p) =
S(1) ×M (D−p−1), and Seff(ψ

′) represents T-duality transfor-
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mation of the reduction of p-brane action along the circle tan-
gent to the brane, i.e., M (D) = M (p+1)×M (D−p−1) where p-
brane is in the subspace M (p+1) and M (p+1) = S(1) × M (p).
This approach has been used to construct the Op-plane effec-
tive action at order α′2 in type II superstring theory for zero
R–R field in [25,26], and for linear R–R field in [27]. The
latter couplings include the well-known anomalous coupling
C ∧ Tr(R ∧ R), as well as some non-anomalous couplings
involving the R–R field strengths.

The type IIB superstring theory has S-duality, hence, its
effective action should be invariant under the S-duality as
well. To have an S-duality invariant effective action one
should include to the tree-level effective action the non-
perturbative and string loop effects [11,12]. They are required
to make the tree-level effective action to be invariant under the
S-duality group SL(2, Z). Even the tree-level effective action
at a given order of α′ should be also consistent with S-duality
in the sense that up to an overall dilaton factor, the action
should be invariant under the S-duality group SL(2, R). To
study the S-duality, one first should change the string-frame
metric to the Einstein-frame metric, i.e., Gμν = eφ/2G(E)

μν .
Then up to some total derivative terms the effective action
should be written as an S-duality invariant form, i.e.,

Seff(G, φ, B,C (0),C (2),C (4))

= Seff(G
E , τ, τ̄ ,H,C (4)) + TD (2)

where the Einstein-frame metric and R–R four-form are
invariant under the S-duality, H which includes the B-field
and the R–R two-form, transforms as doublet and τ which
includes the dilaton and the R–R scalar, transforms as mod-
ular transformation. On the right-hand side of above equa-
tion, TD again represents some total derivative terms which
may not be invariant under the S-duality. They however
become zero for the closed spacetime manifolds using the
Stokes’s theorem. Since the R–R four-form couples to the
non-perturbative D3-brane and O3-plane objects, up to some
total derivative terms, the effective action of these objects
should be also invariant under the S-duality [28].

When the spacetime manifold has boundary ∂M (D), the
total derivative terms on the right-hand sides of (1) and (2) can
not be ignored. If one ignores them then the effective action
would not be invariant under the T-duality and S-duality.
In fact, for the open spacetime manifold, the total deriva-
tive terms in the original spacetime and in the base space
have physical effects and, hence, should not be ignored. On
the other hand, there might be some couplings ∂Seff at the
boundary of the spacetime that one should take into account
to have a fully duality invariant effective action. At the lead-
ing order of α′, requiring the effective action to be invariant
under the gauge transformations and under the T- and S-
duality transformations, one can fix the couplings up to an
overall normalisation factor [29]. In fact, the total derivative

terms on the right-hand sides of the duality constraints (1)
and (2) at the leading order of α′ are cancelled if one includes
the Gibbons–Hawking–York boundary term [30,31] in the
boundary action. At the higher orders of α′, the gauge and
duality constraints may also fix both the bulk and the bound-
ary actions.

Using the Stokes’s theorem, the total derivative terms in
the bulk action Seff can be transferred to the boundary action
∂Seff to produce couplings that are proportional to the unit
vector of the boundary. As a result, one can write the bulk
action without total derivative terms even for the spacetime
manifolds which have boundary. Hence the extension of the
T-duality constraint (1) to the spacetime with boundary has
two parts. One part is exactly as in (1) in which the bulk action
Seff has no total derivative term, however, the total derivative
terms in the base space M (D−1) which appear on the right-
hand side of (1), are transferred to the boundary ∂M (D−1)

in the base space using the Stokes’s theorem. We call them
∂TD. In the second part one first write all independent gauge
invariant couplings in the boundary action ∂Seff including the
couplings which are proportional to the unit vector. Then one
should add ∂TD to the T-duality constraint on the boundary
action, i.e.,

∂TD + ∂Seff(ψ) − ∂Seff(ψ
′) = T D (3)

where T D represents some boundary total derivative terms.
Since the boundary of boundary, i.e., ∂∂M (D−1), is zero T D
becomes zero after using the Stokes’s theorem. The sum of
the bulk constraint (1) and the boundary constraint (3) means
the total bulk and boundary actions are invariant under the
T-duality, i.e.,

Seff(ψ) + ∂Seff(ψ) = Seff(ψ
′) + ∂Seff(ψ

′) (4)

up to some total derivative terms in the boundary of base
space ∂M (D−1) which are zero by the Stokes’s theorem. The
above T-duality constraint has been used in [29] to reproduce
the bulk and boundary couplings at the leading order of α′.
It reproduces the known bulk couplings and its correspond-
ing the Gibbons–Hawking–York boundary term. However, it
produces an extra T-dual multiplet in the boundary as well.

The T-duality constraint (4) for Dp-brane/Op-plane is
such that when spacetime has boundary ∂M (D), the p-
branes may end on the boundary, i.e., ∂M (D) = ∂M (p+1) ×
M (D−p−1). Hence their corresponding low-energy effective
action should have boundary terms as well. In this case,
∂Seff(ψ) represents the reduction of the (p−1)-brane bound-
ary action along the circle transverse to the brane, i.e.,
∂M (D) = ∂M (p) ×M (D−p) where the (p−1)-brane bound-
ary action is in the subspace ∂M (p) and M (D−p) = S(1) ×
M (D−p−1), and ∂Seff(ψ

′) represents T-duality transforma-
tion of the reduction of the p-brane boundary action along
the circle tangent to the brane, i.e., ∂M (D) = ∂M (p+1) ×
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M (D−p−1) where the p-brane boundary action is in the sub-
space ∂M (p+1) and ∂M (p+1) = S(1) × ∂M (p).

Similarly, the extension of the S-duality constraint (2)
to the spacetime with boundary has two parts. One part is
exactly as in (2) in which the bulk action Seff in the string
frame has no total derivative term, however, the total deriva-
tive terms TD resulting from transforming the string frame
action to the Einstein frame are transferred to the boundary
using the Stokes’s theorem. We call them ∂TD. In the second
part, one should combine them with the boundary action to
be written in the S-duality invariant form, i.e.,

∂TD(n,G, φ, B,C (0),C (2),C (4))

+∂Seff(n,G, φ, B,C (0),C (2),C (4))

= ∂Seff(G
E , τ, τ̄ ,H,C (4)) + td

where td represents some total derivative terms, however,
since the boundary of boundary is zero, they are zero by
using the Stokes’s theorem. The sum of the bulk constraint
(2) and the above boundary constraint means the total bulk
and boundary actions are invariant under the S-duality, i.e.,

Seff + ∂Seff = Seff(G
E , τ, τ̄ ,H,C (4))

+∂Seff(G
E , τ, τ̄ ,H,C (4)) (5)

up to some total derivative terms in the boundary ∂M (D)

which are zero by the Stokes’s theorem. The above S-duality
constraint has been used in [29] on the couplings that the
T-duality produces at the leading order of α′. This constraint
removes the extra couplings in the boundary that the T-duality
produces.

The S-duality constraint (5) for D3-brane/O3-plane is such
that the combination of world-volume action and its bound-
ary terms should be written in an S-duality invariant form up
to some total derivative terms in the world-volume boundary
∂M (4) which are zero by the Stokes’s theorem..

In this paper, we are going to apply the T-duality constraint
(4) and the S-duality constraint (5) on the effective actions
of O-plane when spacetime has boundary. We are interested
in NS–NS couplings of O-planes of type II superstring the-
ory. At the leading order of α′ there is no boundary term
and the bulk action which is given by DBI action is invariant
under T-duality and S-duality (see e.g., [13]). The first cor-
rections to the DBI action is at order α′2. At this order, the
T-duality transformations are given only by the Buscher rules
because the first corrections to the effective action of type II
superstring theory are at order α′3. To study the S-duality
at order α′2, one needs to take into account R–R fields as
well in which we are not interested in this paper. However,
it has been observed in [32] that it is impossible to combine
couplings in the Einstein frame involving odd number of dila-
tons and zero B-field with corresponding R–R couplings to
be written in an S-duality invariant form. Hence the S-duality
constraint on the NS–NS couplings is such that the O3-plane

couplings with zero B-field which involve odd number of
dilatons must be zero. The T-duality constraint as well as
this S-duality constraint may fix the NS–NS couplings in the
bulk and boundary actions of O-planes.

The outline of the paper is as follows: In Sect. 2.1, we
first impose gauge symmetry to show that there are 48 inde-
pendent bulk couplings. In Sect. 2.2, we impose T-duality to
fix the 48 couplings up to an overall factor, and up to some
total derivative terms in the base space which are transferred
to the boundary by using the Stokes’s theorem. In Sect. 2.3,
we show that the bulk couplings that are fixed by the gauge
symmetry and the T-duality, are consistent with S-duality up
to some total derivative terms which are transferred to the
boundary by using the Stokes’s theorem. In Sect. 3.1, we
first impose gauge symmetry to show that there are 78 inde-
pendent boundary couplings. In Sect. 3.2, we show that the
T-duality can not fix all parameters. In fact we find, apart
from the boundary couplings that are needed to make the
total derivative terms in the bulk to be invariant under the
T-duality, there are 17 boundary multiplets that are T-duality
invariant. In Sect. 3.3, we impose the S-duality constraint
on the T-duality invariant couplings. We find, apart from the
boundary couplings that are needed to make the total deriva-
tive terms in the bulk to be invariant under the T-duality and
S-duality, there are also three other boundary multiplets that
are invariant under the T-duality and S-duality. In Sect. 4, we
briefly discuss our results.

2 Bulk couplings

The NS–NS couplings in the Op-plane bulk action at order
α′2 have been found in [25,26] by the T-duality method. The
total derivative terms in the base space, i.e., the TD on the
right-hand side of (1), are needed for the calculations of the
boundary action in (3). So we reproduce the bulk couplings
here again to find the corresponding total derivative terms in
the base space. To this end, we need first to find minimum
number of independent and gauge invariant terms at order
α′2 and then reduce them on a circle to apply the T-duality
constraint (1). So let us find how many independent gauge
invariant couplings are in the bulk.

2.1 Minimal gauge invariant couplings in the bulk

In this subsection we would like to find all independent and
gauge invariant couplings on the Op-plane bulk action involv-
ing the NS–NS fields at order α′2 in the string frame, i.e.,

Sp = −Tpπ
2α′2

48

∫
M(p+1)

d p+1σ e−φ
√−g̃Lp (6)
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where the 10-dimensional spacetime is written as M (10) =
M (p+1) × M (9−p) and the Op-plane is along the subspace
M (p+1). In above equation, g̃ is determinant of the pull-back
metric

g̃ab = ∂Xμ

∂σ a

∂Xν

∂σ b
Gμν. (7)

The Op-plane is specified in the spacetime by vectors
Xμ(σ a), Tp is tension of Op-plane and Lp is the Lagrangian
we are after which includes all independent couplings.

As it has been argued in [25], since we are interested in
Op-plane as a probe, it does not have back reaction on the
spacetime. As a result, the massless closed string fields must
satisfy the bulk equations of motion at order α′0, i.e.,

0 = R + 4∇μ∇μφ − 4∇μφ∇μφ − 1

12
HμνρHμνρ + · · ·

0 = Rμν + 2∇μ∇νφ − 1

4
Hρσ

μ Hνρσ + · · ·

0 = ∇μ∇μφ − 2∇μφ∇μφ + 1

12
HμνρHμνρ + · · ·

0 = ∇ρHμνρ − 2∇ρφHμνρ (8)

where dots represent terms involving the R–R fields in which
we are not interested in this paper. In the third line we use
subtraction of the first equation and the contraction of sec-
ond equation with metricGμν . To impose these equations, we
remove R, Rμν , ∇μ∇μφ and ∇μHμνρ and their derivatives
from the LagrangianLp . As a result, one can rewrite the terms
in the world-volume theory which have contraction of two
transverse indices, e.g., ∇i∇ i�, Riμ

i
ν , or ∇ i Hiμν in terms

of contraction of two world-volume indices, e.g., ∇a∇a�,
Raμ

a
ν , or ∇aHaμν . This indicates that the former couplings

are not independent. Moreover, the Op-plane effective action
has no open string couplings, no couplings that have odd
number of transverse indices on metric and dilaton and their
corresponding derivatives, and no couplings that have even
number of transverse indices on B-field and its correspond-
ing derivatives [33]. This orientifold projection makes the
construction of the O-plane effective action to be much more
easier than the construction of the D-brane action at a given
order of α′.

The couplings involving the Riemann curvature and its
derivatives and the couplings involving derivatives of H =
dB satisfy the following Bianchi identities

Rμ[ναβ] = 0

∇[μRνα]βγ = 0

dH = 0. (9)

Moreover, the couplings involving the commutator of two
covariant derivatives of a tensor are not independent of the
couplings involving the contraction of this tensor with the
Riemann curvature, i.e.,

[∇,∇]O = RO. (10)

This indicates that if one considers all couplings involving
the Riemann curvature, then only one ordering of covariant
derivatives is needed to be considered as independent cou-
pling.1

To find all independent and gauge invariant couplings at
order α′2, we first consider all even-parity contractions of
G̃,⊥, H , ∇H , ∇∇H , ∇�, ∇∇�, ∇∇∇�, ∇∇∇∇�, R,
∇R, ∇∇R at four-derivative order, where the first fundamen-
tal form G̃μν and the tensor ⊥μν project the spacetime tensors
along the O-plane and orthogonal to the O-plane, respec-
tively. We then remove the terms which are projected out
by the orientifold projection and by the equations of motion.
We call the remaining terms, with coefficients a′

1, a
′
2, · · · , the

Lagrangian L p. Not all terms in this Lagrangian, however,
are independent. Some of them are related by total derivative
terms and by Bianchi identities (9) and (10). To remove the
redundancy corresponding to the total derivative terms, we
add to L p all total derivative terms at order α′2 with arbi-
trary coefficients. To this end we first write all even-parity
contractions of G̃,⊥, H , ∇H , ∇�, ∇∇�, ∇∇∇�, R, ∇R
at three-derivative order with one free world-volume index.
Then we remove the terms which are projected out by the
orientifold projection and by the equations of motion as we
have done for L p. We call the remaining terms, with arbitrary
coefficients, the vector Ia . The total derivative terms are then

α′2
∫

d p+1σ
√−g̃ J = α′2

∫
d p+1σ

√−g̃ g̃ab∇a(e
−φ Ib)

(11)

where g̃ab is inverse of the pull-back metric.
Adding the total derivative terms with arbitrary coeffi-

cients to L p, one finds the same Lagrangian but with differ-
ent parameters a1, a2, . . .. We call the new Lagrangian Lp.
Hence

� − J = 0 (12)

where � = Lp − L p is the same as L p but with coef-
ficients δa1, δa2, . . . where δai = ai − a′

i . Solving the
above equation, one finds some linear relations between only
δa1, δa2, . . . which indicate how the couplings are related
among themselves by the total derivative terms. The above
equation also gives some relation between the coefficients of
the total derivative terms and δa1, δa2, . . . in which we are
not interested.

However, to accurately solve the equation (12) one should
write it in terms of independent couplings, i.e., one has to
consider the terms in � and in total derivatives which are
not related to each other by the Bianchi identities (9). To

1 We have used the package “xAct” [34] for performing the calculations
in this paper.
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impose the Bianchi identities in gauge invariant form, one
may contract the left-hand side of each Bianchi identity
with field strengths of dilaton, B-field and metric to produce
terms at order α′2. The coefficients of these terms are arbi-
trary. Adding these terms to the equation (12), then one can
solve the equation to find the linear relations between only
δa1, δa2, . . .. Alternatively, to impose the Bianchi identities
in non-gauge invariant form, one may rewrite the terms in
(12) in the local frame in which the first derivative of metric
is zero, and rewrite the terms in (12) which have derivatives
of H in terms of B-field, i.e., H = dB. In this way, the
Bianchi identities satisfy automatically [35]. In fact, writing
the couplings in terms of potential rather than field strength,
there would be no Bianchi identity at all. We find that this
latter approach is easier to impose the Bianchi identities by
computer. Moreover, in this approach one does not need to
introduce a large number of arbitrary parameters to include
the Bianchi identities to the equation (12).

Using the above steps, one can rewrite the different terms
on the left-hand side of (12) in terms of independent but
non-gauge invariant couplings. Some combinations of the
parameters appear as coefficients of the independent cou-
plings. The solution to the equation (12) which corresponds
to setting all these coefficients to zero, then has two parts.
One part is 48 relations between only δai ’s, and the other
part is some relations between the coefficients of the total
derivative terms and δai ’s in which we are not interested.
The number of relations in the first part gives the number
of independent couplings in Lp. In a particular scheme, one
may set some of the coefficients in L p to zero, however, after
replacing the non-zero terms in (12), the number of relations
between only δai ’s should not be changed, i.e., there must
be always 48 relations. We set the coefficients of the cou-
plings in which each term has more than two derivatives,
to zero. After setting this coefficients to zero, there are still
48 relations between δai ’s. This means we are allowed to
remove these terms. We choose some other coefficients to
zero such that the remaining coefficients satisfy the 48 rela-
tions δai = 0. In this way one can find the minimum number
of gauge invariant couplings. One particular choice for the
48 gauge invariant couplings is the following:

Lp = a1 Ha
cj Habi Hb

d
j Hcdi + a2 Ha

c
i H

abi Hb
d j Hcd j

+ a3 Hab
j Habi Hcd j H

cd
i

+ a4 Habi H
abi Hcd j H

cd j + a5 Ha
cj Habi Hbc

k Hi jk

+ a6 Hab
j Habi Hi

kl Hjkl

+ a7 Habi H
abi Hjkl H

jkl + a8 Hi
lmHi jk Hjl

n Hkmn

+ a9 Hi j
l Hi jk Hk

mnHlmn

+ a10 Hi jk H
i jk HlmnH

lmn + a11 Habi Hcd
i Rabcd

+ a12 Habi Hi
jk Rabjk

+ a13 Hi jk H
i jk Rab

ab + a14 Rabcd R
abcd

+ a15 Rabi j R
abi j + a16 Raibj R

aibj

+ a17 Hi j
l Hi jk Ra

kal + a18 Ha
c
i H

abi Rb
d
cd

+ a19 Rab
a
cRb

d
cd + a20 Ha

cj Habi Rbicj

+ a21 Rai
a
j Rb

ibj + a22 Habi H
abi Rcd

cd

+ a23 Rab
abR

cd
cd + a24 Hab

j Habi Rc
icj

+ a25 Ri jkl R
i jkl + a26 Hi

lmHi jk R jklm

+ a27 ∇aHbci∇aHbci + a28 ∇aHi jk∇aHi jk

+ a29 Hbci H
bci∇aφ∇aφ

+ a30 Hi jk H
i jk∇aφ∇aφ + a31 Hbci H

bci∇a∇aφ

+ a32 Hi jk H
i jk∇a∇aφ

+ a33 Rbc
bc∇a∇aφ + a34 Ha

ci Hbci∇a∇bφ

+ a35 Ra
c
bc∇a∇bφ + a36 ∇a∇bφ∇b∇aφ

+ a37 Hbci∇aφ∇bHa
ci + a38 Ha

ci Hbci∇aφ∇bφ

+ a39 Ra
c
bc∇aφ∇bφ

+ a40 ∇aφ∇b∇aφ∇bφ + a41 ∇a∇aφ∇b∇bφ

+ a42 ∇aHa
bi∇cHbci + a43 ∇i Habc∇ i Habc

+ a44 Habj H
ab

i∇ i∇ jφ

+ a45 Hi
kl Hjkl∇ i∇ jφ + a46 Ra

iaj∇ i∇ jφ

+ a47 ∇ i Hajk∇ j Haik + a48 ∇ i∇ jφ∇ j∇iφ (13)

where a1, . . . , a48 are 48 arbitrary p-independent coeffi-
cients that should be fixed by the duality constraint. In writing
the above couplings we have used the fact that the first fun-
damental form G̃μν for O-plane has non-zero components
only for world-volume indices, and tensor ⊥μν has non-zero
components only for transverse indices. For example, the last
term above in terms of 10-dimensional indices is

∇ i∇ jφ∇ j∇iφ = ⊥μν⊥ρσ ∇μ∇ρφ∇σ ∇νφ. (14)

Similarly for all other terms in (13).
Since the above string-frame couplings involve NS–NS

fields which transform into each others under T-duality, the
T-duality constraint should produce relations between all the
48 coefficients in (13). On the other hand, the S-duality relates
the above couplings to the couplings involving R–R fields
in which we are not interested in this paper. As we argued
in the Sect. 1, the S-duality on the NS–NS couplings con-
strains the Einstein frame couplings involving zero B-field
and odd number of dilaton to be zero. In the next subsection,
we impose the T-duality constraint to the above couplings to
find relations between the coefficients. In fact, as we will see,
this constraint fixes all coefficients up to an overall factor. It
also produces some total derivative terms in the base space
which are needed for studying the T-duality of the boundary
action. In the subsequent subsection we impose the S-duality
constraint on the resulting coefficients. Since all parameters
are already fixed by the T-duality constraint, the S-duality
satisfies automatically up to some total derivative terms that
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should be included in the study of S-duality of the boundary
action.

2.2 T-duality constraint in the bulk

In this subsection we are going to impose the T-duality con-
straint (1) on the gauge invariant couplings (13) to fix their
parameters. To find the reduction Seff(ψ) we need to dimen-
sionally reduce O(p−1)-plane bulk action along the circle
orthogonal to the O-plane (transverse reduction), and to find
Seff(ψ

′) we need to dimensionally reduce Op-plane action
along the circle tangent to the O-plane (world-volume reduc-
tion) and then transform it under the T-duality. The reduc-
tion of the spacetime fields Gμν, Bμν, φ and their derivatives
which appear in (13), are independent of orientation of the O-
plane. However, the reduction of the first fundamental form
G̃μν and the tensor ⊥μν which also appear in the couplings
(13), do depend on the orientation of the O-plane.

When one of the spatial dimensions is circle with coor-
dinate y, i.e., M (10) = S(1) × M (9), the reduction of metric
Gμν and Bμν are [36]

Gμν =
(
gαβ + eϕgαgβ eϕgα

eϕgβ eϕ

)
;

Bμν =
(
b̄αβ − 1

2gαbβ + 1
2gβbα bα

−bβ 0

)
. (15)

Inverse of this metric is

Gμν =
(
gαβ −gα

−gβ e−ϕ + gσ gσ

)
. (16)

Using these reductions, it is straightforward to calculate the
reduction of the spacetime tensors Rμνρσ , ∇μHνρσ , Hμνρ ,
∇μφ, and ∇μ∇νφ which appear in the couplings (13). For
example the reduction of ∇μ∇νφ when both indices are in
the 9-dimensional base space is

∇μ∇νφ = 1

2
eϕgβαgν∇αφ∇βgμ + 1

2
eϕgβαgμ∇αφ∇βgν

+1

2
eϕgβαgμgν∇αφ∇βϕ

−1

2
eϕgαβgν∇αφ∇μgβ − 1

2
eϕgαβgμ∇αφ∇νgβ

+∇ν∇μφ. (17)

One can find the expression for the reduction of all other
tensors in [25].

When Op-plane is along the y-direction, i.e., M (10) =
M (p+1) × M (9−p) and M (p+1) = S(1) × M (p), the reduction
of pull-back metric g̃ab and its inverse are

g̃ab =
(
gãb̃ + eϕgãgb̃ eϕgã

eϕgb̃ eϕ

)
;

g̃ab =
(
gãb̃ −gã

−gb̃ e−ϕ + gc̃gc̃

)
(18)

where the indices ã, b̃ are world-volume indices that do not
include the world-volume index y, i.e., they are belong to
M (p). In above equation we have used the static gauge and
assumed the O-plane is at the origin, i.e.,

Xa = σ a; Xi = 0 (19)

where the world-volume index a belong to M (p+1) and the
transverse index i belong to M (9−p). The reduction of the first
fundamental form G̃μν = ∂Xμ

∂σ a
∂Xν

∂σ b g̃
ab and ⊥μν= Gμν −

G̃μν in this case have the following non-zero components:

G̃ab =
(
gãb̃ −gã

−gb̃ e−ϕ + gc̃gc̃

)
; ⊥i j= gi j (20)

where we have used the fact that gãi and vector gi are pro-
jected out by the orientifold projection.

When O(p−1)-plane is orthogonal to the y-direction, i.e.,
M (10) = M (p) × M (10−p) and M (10−p) = S(1) × M (9−p),
gãi and the vector gã are projected out by the orientifold pro-
jection. Then the reduction of the pull-back metric becomes
g̃ab = gãb̃, and the non-zero components of the first funda-
mental form and ⊥μν are

G̃ãb̃ = gãb̃; ⊥ĩ j̃=
(
gi j −gi

−g j e−ϕ + gkgk

)
(21)

where the indices ĩ, j̃ are transverse indices that include the
transverse index y, i.e., they are belong to M (10−p). Note that
the determinate of the pull-back metric is gauge invariant in
both cases, i.e., when Op-plane is along the y-direction it is√−g̃ = eϕ/2√−g, and when O(p−1)-plane is orthogonal to
the y-direction it is

√−g̃ = √−g.
Using the above reductions, one can calculate reduction

of each gauge invariant coupling in (13) when O-plane is
along or orthogonal to the circle. Since the 10-dimensional
couplings are gauge invariant, one expects the dimensional
reduction of the couplings to be gauge invariant under vari-
ous 9-dimensional gauge transformations. In particular they
should be invariant under theU (1)×U (1) gauge transforma-
tions corresponding to the two vectors gμ, bμ. This observa-
tion has been used in [22] to simplify greatly the complexity
of the calculations at six derivatives order. Using this trick,
one should keep the terms in the reductions of various tensors
which are invariant under the U (1) × U (1) gauge transfor-
mations. The gauge invariant terms in the reduction of the
spacetime tensors Rμνρσ , ∇μHνρσ , Hμνρ , ∇μφ, and ∇μ∇νφ

are
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∇μ∇νφ = ∇μ∇νφ

∇μ∇yφ = 1

2
eϕV α

μ∇αφ

∇y∇yφ = 1

2
eϕ∇αφ∇αϕ

∇μφ = ∇μφ

∇yφ = 0

∇y Hνρy = −1

2
eϕVρ

αWνα + 1

2
eϕVν

αWρα + 1

2
eϕ H̄νρα∇αϕ

∇y Hνρσ = 1

2

(
eϕVρ

α H̄νσα − eϕVσ
α H̄νρα − eϕVν

α H̄ρσα

−Wρσ ∇νϕ + Wνσ ∇ρϕ − Wνρ∇σ ϕ
)

∇μHνρy = −1

2
eϕVμ

α H̄νρα + ∇μWνρ − 1

2
Wνρ∇μϕ

∇μHνρσ = 1

2
VμσWνρ − 1

2
VμρWνσ + 1

2
VμνWρσ + ∇μ H̄νρσ

Hνρσ = H̄νρσ

Hμνy = Wμν

Rμνρσ = R̂μνρσ + 1

4
eϕVμσ Vνρ − 1

4
eϕVμρVνσ

−1

2
eϕVμνVρσ

Rμνρy = 1

4
eϕVνρ∇μϕ − 1

4
eϕVμρ∇νϕ

−1

2
eϕ∇ρVμν − 1

2
eϕVμν∇ρϕ

Rμyνy = 1

4
e2ϕVμ

ρVνρ − 1

4
eϕ∇μϕ∇νϕ − 1

2
eϕ∇ν∇μϕ (22)

where H̄μνρ ≡ 3∂[μb̄νρ] − 3
2g[μWνρ] − 3

2b[μVνρ], Vμν =
∂μgν − ∂νgμ and Wμν = ∂μbν − ∂νbμ are 9-dimensional
field strengths. The base space field strengths H̄ , V and W
satisfy the following Bianchi identities:

d H̄ = −3

2
V ∧ W

dV = 0

dW = 0. (23)

Note that the field strengths H̄ ,W have odd parity. Similarly,
the gauge invariant components of the tensors in (20) are

G̃ab =
(
gãb̃ 0
0 e−ϕ

)
; ⊥i j= gi j (24)

and the gauge invariant components of the tensors in (21) are

G̃ãb̃ = gãb̃; ⊥ĩ j̃=
(
gi j 0
0 e−ϕ

)
. (25)

Note that the yy component of the metric needed for produc-
ing scalars from the tensors on the right-hand side of reduc-
tions (22) is e−ϕ . Then one can easily observe that in the
couplings in the base space the tensors V,W always appear
as eϕ/2V, e−ϕ/2W .

Using the above gauge invariant parts of the reductions,
one can calculate reduction of various terms in (13) along or

orthogonal to the circle. For example, the reduction of last
term in (13) when Op-plane is along the circle is

⊥μν⊥ρσ ∇μ∇ρφ∇σ ∇νφ = ∇ i∇ jφ∇ j∇iφ. (26)

The reduction of this term when O(p−1)-plane is orthogonal
to the circle is

⊥μν⊥ρσ ∇μ∇ρφ∇σ ∇νφ

= ∇ i∇ jφ∇ j∇iφ + 1

4
(∇αφ∇αϕ)2. (27)

Similarly one can calculate reduction of all other 10-
dimensional covariant terms in (13). It is important to note
that if one keeps all gauge invariant and non-gauge invariant
terms in the reduction of tensors, one would find the same
result for the reduction of 10-dimension covariant couplings.

After reduction, one has to impose the orientifold projec-
tion which means the O-plane couplings in the base space do
not have couplings with odd number of transverse indices on
metric, ∇φ, ∇ϕ, and their corresponding derivatives, and do
not have couplings with even number of transverse indices
on H̄ and its derivatives. When O-plane is along (orthogonal)
the circle, the reduction of O-plane couplings do not have odd
number of transverse indices on V (W ) and its derivatives,
and do not have couplings with even number of transverse
indices on W (V ) and its derivatives.

After applying the above O-plane conditions, one has to
also impose T-duality transformations which are the Buscher
rules [19,20]. The base space metric and H̄ are invariant
under T-duality and the other fields transform as

φ → φ − 1

2
ϕ, ϕ → −ϕ, Vμν ←→ Wμν. (28)

Using the above transformations, then one can calculate the
left-hand side of T-duality constraint (1). Note that the overall
factor of e−φ

√−g̃ in Op-plane action (6) transforms under
the T-duality in the world-volume reduction, to e−φ√−g
which is the same as the transverse reduction of the corre-
sponding term in O(p−1)-plane. So the T-duality constraint
(1) is only on the couplings in the Lagrangian (13).

To construct the total derivative terms in the constraint
(1), we use the observation made in [22] that the T-duality
constraint (1) for flat base space and for curved base space
produces identical constraint on the coefficients of the gauge
invariant couplings in the bosonic effective action at orders
α′, α′2. This is as expected because the effective action should
be independent of the details of the geometry of the base
space. Hence, we continue our calculations on the T-duality
constraint (1) for flat base space. To construct the most gen-
eral total derivative terms for the right-hand side of (1), we
consider all even-parity contractions of the base space ten-
sors G̃,⊥, ∂φ, ∂∂φ, ∂∂∂φ, ∂ϕ, ∂∂ϕ, ∂∂∂ϕ, H̄ , ∂ H̄ , eϕ/2V ,
eϕ/2∂V , e−ϕ/2W and e−ϕ/2∂W at three derivatives with one
free world-volume index. Then we remove the terms which
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are projected out by the orientifold projection. We call the
remaining terms, with arbitrary coefficients, the vector Iã .
The most general gauge invariant even-parity total derivative
terms in the base space is then

T D = −Tp−1π
2α′2

48

∫
d pσ

√−g gãb̃∂ã(e
−φIb̃) (29)

where Iã is

Id̃ = u4 V ãi H̄d̃b̃iWã
b̃ + u1 Vd̃

i H̄ãb̃iW
ãb̃ + u2 V ãi H̄ãb̃iWd̃

b̃

+u3 V ãi H̄dajWi
j + u5 Vd̃

i H̄i jkW
jk

+u6 eϕVd̃
i∂ã V

ã
i + u7 eϕV ãi∂ã Vdi + u8 ∂ã∂

ã∂d̃ϕ

+u9 ∂ã∂
ã∂d̃φ + u10 eϕVãi Vd̃

i∂ ãϕ

+u12 H̄ãb̃i H̄d̃
bi∂ ãϕ + u11 e−ϕWãb̃Wd̃

b̃∂ ãϕ

+u13 eϕVãi Vd̃
i∂ ãφ + u15 H̄ãb̃i H̄d̃

bi∂ ãφ

+u14 e−ϕWãb̃Wd̃
b̃∂ ãφ + u18 H̄d̃

ãi∂b̃ H̄ã
b̃
i

+u19 H̄ ãb̃i∂b̃ H̄dai + u16 e−ϕWd̃
ã∂b̃Wã

b̃

+u17 e−ϕWãb̃∂b̃Wd̃ã + u20 eϕV ãi∂d̃ Vãi

+u23 H̄ ãb̃i∂d̃ H̄ãb̃i + u24 H̄ i jk∂d̃ H̄i jk

+u21 e−ϕWãb̃∂d̃Wãb̃ + u22 e−ϕWi j∂d̃Wi j

+u25 eϕVãi V
ãi∂d̃ϕ + u28 H̄ãb̃i H̄

ãb̃i∂d̃ϕ

+u29 H̄i jk H̄
i jk∂d̃ϕ + u26 e−ϕWãb̃W

ãb̃∂d̃ϕ

+u27 e−ϕWi jW
i j∂d̃ϕ + u30 ∂ã∂

ãϕ∂d̃ϕ

+u31 ∂ã∂
ãφ∂d̃ϕ + u32 ∂ãϕ∂ ãϕ∂d̃ϕ

+u33 ∂ãφ∂ ãϕ∂d̃ϕ + u34 ∂ãφ∂ ãφ∂d̃ϕ

+u35 eϕVãi V
ãi∂d̃φ + u38 H̄ãb̃i H̄

ãb̃i∂d̃φ

+u39 H̄i jk H̄
i jk∂d̃φ + u36 e−ϕWãb̃W

ãb̃∂d̃φ

+u37 e−ϕWi jW
i j∂d̃φ + u40 ∂ã∂

ãϕ∂d̃φ

+u41 ∂ã∂
ãφ∂d̃φ + u42 ∂ãϕ∂ ãϕ∂d̃φ + u43 ∂ãφ∂ ãϕ∂d̃φ

+u44 ∂ãφ∂ ãφ∂d̃φ + u45 ∂ ãϕ∂d̃∂ãϕ

+u46 ∂ ãφ∂d̃∂ãϕ + u47 ∂ ãϕ∂d̃∂ãφ + u48 ∂ ãφ∂d̃∂ãφ

+u49 ∂d̃∂ã∂
ãϕ + u50 ∂d̃∂ã∂

ãφ + u51 eϕV ãi∂i Vd̃ã

+u53 H̄ ãb̃i∂i H̄d̃ãb̃ + u52 e−ϕWd̃
ã∂iWã

i

+u54 ∂d̃ϕ∂i∂
iϕ + u55 ∂d̃φ∂i∂

iϕ + u56 ∂d̃ϕ∂i∂
iφ

+u57 ∂d̃φ∂i∂
iφ + u58 ∂i∂

i∂d̃ϕ

+u59 ∂i∂
i∂d̃φ + u60 eϕVd̃

i∂ j Vi
j

+u62 H̄d̃
ãi∂ j H̄ãi

j + u61 e−ϕWi j∂ jWd̃i

+u63 H̄ i jk∂k H̄d̃i j .

The parameters u1, . . . , u63 are yet some arbitrary coeffi-
cients. Note that the base space is M (9) = M (p) × M (9−p),
the indices ã, b̃ belong to M (p) and the indices i, j belong
to M (9−p). Replacing the above total derivative terms to the
right-hand side of the T-duality constraint (1), one should

then write the couplings in the form of independent struc-
tures by imposing the Bianchi identities (23) in the base
space. Here again we write the field strengths H̄ , V,W in
terms of potentials b̄μν, gμ, bμ to satisfy the Bianchi identi-
ties automatically.

Writing the couplings in the T-duality constraint (1) in
terms of independent and non-gauge invariant structures,
then one makes the coefficients of the independent struc-
tures which include the parameters of the gauge invariant
Lagrangian (13) and the above total derivative terms, to be
zero. These linear equations produce the following 47 rela-
tions between the 48 parameters of the Lagrangian (13):

a23 → 0, a22 → 0, a19 → 12a28, a18

→ −6a28, a14 → −6a28, a11 → 6a28,

a44 → 9a28, a4 → 0, a3 → −3

2
a28, a2 → 0, a1

→ −3

4
a28, a24 → 9a28, a20 → 0,

a5 → a28, a21 → −12a28, a16 → 0, a12

→ −6a28, a15 → 6a28, a13 → 0, a7 → 0,

a6 → 3

2
a28, a17 → −3a28, a26 → 0, a25

→ 0, a10 → 0, a9 → 0, a8 → −1

4
a28,

a42 → 0, a27 → −3a28, a37 → 0, a47

→ 0, a46 → −24a28, a40 → 0, a41 → 0,

a36 → 12a28, a35 → 24a28, a34 → −6a28, a43

→ 2a28, a48 → −12a28, a45 → −3a28,

a29 → 0, a39 → 0, a38 → 0, a30

→ 0, a33 → 0, a31 → 0, a32 → 0. (30)

Which fix the bulk effective action up to one overall factor
a28, i.e.,

Lp = a28

[
− 3

4
Ha

cj Habi Hb
d
j Hcdi

−3

2
Hab

j Habi Hcd j H
cd

i + Ha
cj Habi Hbc

k Hi jk

+3

2
Hab

j Habi Hi
kl Hjkl

−1

4
Hi

lm Hi jk Hjl
n Hkmn + 6Habi Hcd

i Rabcd

−6Habi Hi
jk Rabjk

−6Rabcd R
abcd + 6Rabi j R

abi j − 6Ha
ci HbciRab

+12RabRab

+9Habj H
ab

iRi j − 3Hi
kl HjklRi j − 12Ri jRi j

+∇a Hi jk∇a Hi jk − 3∇cHabi∇cHabi + 2∇i Habc∇ i Habc
]

(31)

where Rμν = G̃ρσ Rρμσν + ∇μ∇νφ. This is exactly the
action that has been found in [26]. For a28 = − 1

6 , it is con-

123



Eur. Phys. J. C           (2021) 81:201 Page 9 of 22   201 

sistent with S-matrix element of two vertex operators [28].
In finding the above action we have imposed the equations of
motion in finding the independent gauge invariant couplings
in (13). If one does not impose the equations of motion to
find the independent couplings, then the T-duality would pro-
duce the above T-duality invariant multiple with coefficient
a28 and 10 other T-duality invariant multiples which includes
terms like ∇i∇ i�, or Riμ

i
ν .

The linear equations also fix the following relations
between the parameters of the total derivative terms and a28:

u10 → 6a28, u13 → 0, u14 → −u11, u16

→ 6a28, u17 → 0, u18 → −u12, u2 → 0,

u20 → 6a28, u21 → 0, u22 → 18a28 + 2u1, u24

→ 6a28, u27 → 9a28 + u1, u29 → 1

2
u23,

u3 → −12a28 − 2u1, u32 → 3a28 + 1

2
u25, u34

→ 6a28, u35 → 0, u36 → 0, u37 → 0,

u38 → 0, u39 → 0, u4 → 0, u40 → −15

2
a28, u41

→ 3

2
a28, u42 → −6a28, u44 → −3a28,

u45 → 6a28, u46 → −u43, u47 → 0, u48

→ 0, u49 → 0, u5 → 3a28 + 3u28, u50 → 0,

u51 → 0, u52 → 0, u53 → 0, u54 → 0, u55

→ −u43, u56 → 0, u57 → 0, u58 → u43,

u59 → 0, u6 → −6a28, u60 → 6a28, u61

→ u43, u62 → −u43, u63 → 0, u64 → −u11,

u65 → −u12, u66 → u15, u67

→ u19, u68 → u26, u69

→ −9a28 − u1, u7 → 6a28 − u26,

u70 → u30, u71 → 0, u72 → 0, u73 → 0, u74

→ 0, u75 → 0, u76 → 0, u77 → 0,

u78 → 2u31, u79 → 2u33, u8

→ −u30, u80 → −u15, u81 → −u19, u82 → −3u28,

u9 → −12a28. (32)

The parameters which are not fix in terms of a28 are cancelled
when one replaces the above relations on the right-hand side
of (29) and imposed the Bianchi identities. So the unfixed
parameters represent the redundancy of the couplings in (29).
Hence one can set them to zero. The fixed parameters then
produce the following vector

Id̃ = a28

[
2V ãiWd̃

b̃ H̄ãb̃i − 1

2
Vd̃

iW jk H̄i jk + eϕVd̃
i∂ã V

ã
i

−eϕV ãi∂ã Vd̃i + 2eϕVãi Vd̃
i∂ ãϕ

−e−ϕWãb̃Wd̃
b̃∂ ãϕ − eϕVãi Vd̃

i∂ ãφ − e−ϕWãb̃Wd̃
b̃∂ ãφ

−e−ϕWd̃
ã∂b̃Wã

b̃ − 3H̄ ãb̃i∂b̃ H̄d̃ãi

−1

2
e−ϕWãb̃∂d̃Wãb̃ − 3

2
H̄ ãb̃i∂d̃ H̄ãb̃i

−eϕVãi V
ãi∂d̃ϕ + 5

4
e−ϕWãb̃W

ãb̃∂d̃ϕ − 1

4
e−ϕWi jW

i j∂d̃ϕ

+∂ã∂
ãϕ∂d̃ϕ + 1

2
∂ãϕ∂ ãϕ∂d̃ϕ − ∂ãφ∂ ãϕ∂d̃ϕ

−∂ ãϕ∂d̃∂ãϕ + 3

2
H̄ ãb̃i∂i H̄d̃ãb̃

]
. (33)

Note that only for simplicity we have assumed the base space
is flat. If it is not flat, then the partial derivatives in above
equation would be covariant derivative. In fact we have per-
formed the calculations for curved base space and find the
same Lagrangian (31) and the same total derivative as above
in which the partial derivatives are replaced by covariant
derivatives.

Now we assume the subspace M (p) in the base space
M (9) = M (p) ×M (9−p) has boundary ∂M (p), i.e., ∂M (10) =
S(1) × ∂M (9) and ∂M (9) = ∂M (p) × M (9−p). The Stokes’s
theorem in this subspace is (see Appendix)
∫
M(p)

d pσ
√−ggãb̃∂ã(e

−φIb̃)

=
∫

∂M(p)
d p−1τ e−φ

√|ḡ| gãb̃nãIb̃ (34)

where nã is the normal vector to the boundary ∂M (p) which is
outward-pointing (inward-pointing) if the boundary is space-
like (timelike), and the boundary in the static gauge is speci-
fied by the functions σ ã = σ ã(τ ā). In the square root on the
right-hand side ḡ is determinant of the induced metric, i.e.,

ḡāb̄ = ∂σ ã

∂τ ā

∂σ b̃

∂τ b̄
gãb̃. (35)

The coordinates of the boundary ∂M (p) are τ 0, τ 1, . . . , τ p−2.
Using the above Stokes’s theorem, one finds that the contri-
bution of the total derivative terms in the boundary is

∂T D = −Tp−1π
2α′2a28

48

∫
∂M(p)

d p−1τ e−φ
√|ḡ| nd̃

[
2V ãiWd̃

b̃ H̄ãb̃i

−1

2
Vd̃

iW jk H̄i jk + eϕVd̃
i∂ã V

ã
i

−eϕV ãi∂ã Vd̃i + 2eϕVãi Vd̃
i∂ ãϕ − e−ϕWãb̃Wd̃

b̃∂ ãϕ

−eϕVãi Vd̃
i∂ ãφe−ϕWãb̃Wd̃

b̃∂ ãφ

−e−ϕWd̃
ã∂b̃Wã

b̃ − 3H̄ ãb̃i∂b̃ H̄d̃ãi − 1

2
e−ϕWãb̃∂d̃Wãb̃

−3

2
H̄ ãb̃i∂d̃ H̄ãb̃i − eϕVãi V

ãi∂d̃ϕ

+5

4
e−ϕWãb̃W

ãb̃∂d̃ϕ − 1

4
e−ϕWi jW

i j∂d̃ϕ + ∂ã∂
ãϕ∂d̃ϕ

+1

2
∂ãϕ∂ ãϕ∂d̃ϕ − ∂ãφ∂ ãϕ∂d̃ϕ

−∂ ãϕ∂d̃∂ãϕ + 3

2
H̄ ãb̃i∂i H̄d̃ãb̃

]
. (36)
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In each term the tensors nα, Vαβ,Wαβ, · · · in the base space

M (9) are contracted with projections G̃αβ = ∂Xα

∂σ ã
∂Xβ

∂σ b̃
gãb̃ and

⊥αβ = Gαβ − G̃αβ at the boundary. Note that in the static
gauge Xã = σ ã and Xi = 0. The above boundary terms are
zero if the subspace M (p) has no boundary. However, if it has
boundary ∂M (p), then the above terms should be included in
the T-duality constraint of the boundary action to have full T-
duality in the bulk and boundary. We will consider the above
terms in the T-duality of the boundary action in Sect. 3.

2.3 S-duality constraint in the bulk

We have seen that the coefficients of the gauge invariant cou-
plings in (13) are all fixed up to an overall factor by impos-
ing the T-duality constraint. Hence the resulting couplings
should be consistent with S-duality for the case of O3-plane
up to some total derivative terms. To fully have an S-duality
invariant action for O3-plane one should include appropriate
R–R couplings in which we are not interested in this paper.
However, the S-duality has also constraint on the couplings
involving only metric and dilaton. In the Einstein frame, i.e.,
Gμν = eφ/2G(E)

μν , there must be no such couplings involving
odd number of dilatons because they can not be combined
with appropriate R–R scalar couplings to make S-duality
invariant [32]. Note that the couplings involving B-field and
odd number of dilaton can be combined with appropriate R–
R couplings to be written in S-duality invariant form. Hence,
we are going to check that, up to some total derivative terms,
in the Einstein frame there should be no couplings involving
metric and odd number of dilaton. The total derivative terms
should be transferred to the boundary using the Stokes’s the-
orem.

The overall factor e−φ
√−g̃ in the string frame action (6)

transforms to the following factor in the Einstein frame:

e
p−3

4 φ
√

−g̃E (37)

which is invariant under the S-duality for p = 3. Hence
the Lagrangian (31) should be consistent with the S-duality
separately. The string-frame Lagrangian (31) transforms to
the following Lagrangian in the Einstein frame:

LE
p = a28e

−φ

[
− 6Rabcd R

abcd + 6Rabi j R
abi j

+12Rab
a
cRb

d
cd − 12Rai

a
j Rb

ibj − 6Rbc
bc∇a∇aφ

+6Rbi
bi∇a∇aφ +

(
9 − 3

2
p

)
Rbc

bc∇aφ∇aφ

+3

2
(−4 + p)Rbi

bi∇aφ∇aφ

+3(−5 + p)∇a∇aφ∇b∇bφ + 3

8
(67

−30p + 3p2)∇aφ∇aφ∇b∇bφ

+3

2
(−11 + p)Ra

c
bc∇aφ∇bφ + 3

32
(−64 + 57p

−14p2 + p3)∇aφ∇aφ∇bφ∇bφ

−3

8
(47 − 16p + p2)∇aφ∇b∇aφ∇bφ

−6(p − 7)Ra
c
bc∇b∇aφ

+3

4
(27 − 12p + p2)∇b∇aφ∇b∇aφ

−3

2
(p − 3)∇a∇aφ∇i∇ iφ + 6(p − 3)Ra

iaj∇ j∇ iφ

−3

8
(12 − 7p + p2)∇aφ∇aφ∇i∇ iφ

−3

4
(p − 3)2∇ j∇iφ∇ j∇ iφ + · · ·

]
(38)

where we have imposed the O-plane condition that ∇iφ = 0.
In above Lagrangian dots represent the couplings including
H and its derivatives. For p = 3, it becomes

LE
3 = a28e

−φ

[
− 6Rabcd R

abcd + 6Rabi j R
abi j

+12Rab
a
cRb

d
cd − 12Rai

a
j Rb

ibj − 6Rbc
bc∇a∇aφ

+6Rbi
bi∇a∇aφ + 9

2
Rbc

bc∇aφ∇aφ

−3

2
Rbi

bi∇aφ∇aφ − 6∇a∇aφ∇b∇bφ

+3

2
∇aφ∇aφ∇b∇bφ − 12Ra

c
bc∇aφ∇bφ

+3

4
∇aφ∇aφ∇bφ∇bφ

−3∇aφ∇b∇aφ∇bφ + 24Ra
c
bc∇b∇aφ + · · ·

]
. (39)

To study the S-duality of these terms, one should include
the R–R couplings in which we are not interested in this
paper. To make the overall factor e−φ to be invariant under
the S-duality, one should include loop and non-perturbative
effects [28]. The terms in the bracket which have odd number
of dilaton must be zero up to some total derivative terms.
Since we have already imposed the equations of motion in
the string frame, we have to impose the equations of motion
in the Einstein frame as well. The equations of motion are

Rμν − 1

2
∂μφ∂νφ + · · · = 0, and ∇μ∂μφ = 0 (40)

where dots represent terms that involve H . Using the above
Einstein frame equations of motion, one can rewrite the
Lagrangian (39) as

LE
3 = a28e

−φ

[
− 6Rabcd R

abcd + 6Rabi j R
abi j

+12Rab
a
cRb

d
cd − 12Rai

a
j Rb

ibj + 6Rbc
bc∇aφ∇aφ

−6∇a∇aφ∇b∇bφ − 12Ra
c
bc∇aφ∇bφ
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−12Rbd
bd∇aφ∇aφ − α∇a∇b∇bφ∇aφ

−α∇a∇aφ∇b∇bφ − 2(6 + α)∇aφ∇b∇b∇aφ

+24Ra
d
bd∇aφ∇bφ

+
(

9

2
+ α

)
∇aφ∇aφ∇bφ∇bφ

−2(6 + α)∇b∇aφ∇b∇aφ + . . .
]

+a28∇d
[
e−φ

(
24Rd

b
ab∇aφ

−12Rab
ab∇dφ + α∇a∇aφ∇dφ

+
(

9

2
+ α

)
∇aφ∇aφ∇dφ + 2(6 + α)∇aφ∇d∇aφ

)]

(41)

where α is an arbitrary parameter. The terms in the first
bracket are consistent with the S-duality for any value for
the parameter α. The terms in the second bracket are not
consistent with the S-duality because they have couplings
with odd number of dilaton. However, using the Stokes’s
theorem they becomes zero if spacetime has no boundary
and they are transferred to the boundary if the spacetime has
boundary.

Now we assume the subspace M (4) in the spacetime
M (10) = M (4) × M (6) has boundary ∂M (4), i.e., ∂M (10) =
∂M (4) ×M (6). The Stokes’s theorem in the world-volume of
O3-plane in the Einstein frame is (see Appendix)
∫
M(4)

d4σ

√
−g̃E ∇aV

a =
∫

∂M(4)

d3τ

√
|ĝE | nEa V a (42)

where nEa is the normal vector to the boundary ∂M (4) in
the Einstein frame and the boundary is specified by the
functions σ a = σ a(τ â). The coordinates of the bound-
ary are τ 0, τ 1, τ 2, τ 3. In the square root on the right-hand
side ĝE

âb̂
is the induced metric in the coordinates τ â , i.e.,

ĝE
âb̂

= ∂σ a

∂τ â
∂σ b

∂τ b̂
g̃Eab. Then the total derivative terms in the last

line of (41) produce the following boundary terms:

∂TD = −T3π
2α′2a28

48

∫
∂M(4)

d3τ e−φ
√

|ĝE | nEc
[
2(6

+α)∇aφ∇c∇aφ + α∇a∇aφ∇cφ

+24Rcb
ab∇aφ − 12Rab

ab∇cφ

+
(9

2
+ α

)
∇aφ∇aφ∇cφ

]
. (43)

They involve the projection tensor G̃μν evaluated at the
boundary of O3-plane. Here again the overall dilaton factor
can be extended to an S-duality invariant form by including
the loop and non-perturbative effects [28]. While the terms in
the first line can be extended to an S-duality invariant form
by including the R–R couplings, the terms in the last line
have odd number of dilaton which can not be extended to
the S-duality invariant form. They should be cancelled with

the appropriate terms in the boundary action to be consistent
with the S-duality. The consistency of the boundary action
with the S-duality may then fix the parameter α. We are going
to consider the boundary action in the next section.

3 Boundary couplings

When spacetime has boundary, the Op-planes in this mani-
fold may end on the boundary. For example, if one writes the
spacetime as M (10) = M (p+1)×M (9−p) where the Op-plane
is along the subspace M (p+1) and this subspace has bound-
ary ∂M (p+1), then the effective action of Op-plane at specific
order of α′ has world-volume couplings on the bulk of the Op-
plane, i.e., in M (p+1) , as well as boundary couplings on the
boundary of the Op-plane, i.e., in ∂M (p+1). We have seen in
the previous section that the invariance under gauge transfor-
mations and under T-duality transformations constructs the
bulk action at order α′2. The T-duality constraint however
is not fully satisfied. It produces some total derivative terms
in the 9-dimensional base space M (9) = M (p) × M (9−p)

which is not zero. When base space has boundary, i.e.,
∂M (9) = ∂M (p) × M (9−p), they produce some couplings
in the boundary ∂M (p) which are proportional to the unit
vector nã orthogonal to the boundary, i.e., (36). They should
be included in the T-duality of the boundary action. Similarly,
writing the spacetime as M (10) = M (4) × M (6) with bound-
ary ∂M (10) = ∂M (4) × M (6), we have seen that the bulk
O3-plane couplings that the T-duality produces are consis-
tent with the S-duality provided that the boundary terms (43)
are included in the S-duality of the boundary action. In this
section we are going to study string duality of the boundary
action.

To impose the T-duality constraint (3) on the boundary
action, we need first to find minimum number of independent
and gauge invariant couplings at three derivative order on the
boundary and then reduce them on the circle to apply the T-
duality constraint (1). So let us find how many independent
gauge invariant couplings are in the boundary.

3.1 Minimal gauge invariant couplings in the boundary

In this subsection we would like to find all independent
and gauge invariant couplings on the boundary of Op-plane
involving NS–NS fields at order α′2 in the string frame.
Inspired by the boundary couplings (43) in the Einstein frame
for p = 3 case, one realizes that the effective boundary action
in the string frame should be as

∂Sp = −Tpπ
2α′2

48

∫
∂M(p+1)

d pτ e−φ
√

|ĝ| ∂Lp (44)
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where ĝ is the determinant of the induced metric on the
boundary of Op-plane, i.e.,

ĝâb̂ = ∂σ a

∂τ â

∂σ b

∂τ b̂
g̃ab. (45)

The boundary of Op-plane is specified by the vectors σ a(τ â)

where τ 0, τ 1, . . . τ p−1 are coordinates of the boundary, and
∂Lp in (44) is the boundary Lagrangian at three-derivative
order which includes all couplings involving the projection
tensors G̃μν and ⊥μν evaluated at the boundary of Op-plane.

Since the boundary of spacetime has a unite normal vector
nμ, the boundary Lagrangian ∂Lp should include this vec-
tor as well as the tensors Kμν , Hμνρ , Rμνρσ , ∇μφ and their
derivatives. They should be contracted with the projection
tensors G̃μν and ⊥μν . The extrinsic curvature of boundary,
i.e., Kμν , is defined as Kμν = Pα

μP
β
ν∇(αnβ) where the pro-

jection tensor Pμν is Pμν = Gμν − nμnν . Using the fact
that nμ is unit vector orthogonal to the boundary, i.e.,

nμ = (∇α f ∇α f )−1/2∇μ f (46)

where boundary is specified by the function f to be a constant
f ∗, one can rewrite Kμν as

Kμν = ∇μnν − nμaμ (47)

where aν = nρ∇ρnν is acceleration. It satisfies the relation
nμaμ = 0. Note that the extrinsic curvature is symmetric and
satisfies nμKμν = 0 which can easily be seen by writing it in
terms of function f . Using this symmetry and nμnμ = 1, one
finds the most general couplings have the structures K H2,

nH∇H, K R, n∇R, n(∇φ)3, K (∇φ)2, n∇∇∇φ, K∇∇φ,

nH2∇φ, n∇φ∇∇φ, ∇K∇φ, ∇∇K , K 3, K∇Kn,

n2∇K∇φ, n2∇∇K , nK 2∇φ, n2K H2, n2K R, n2K (∇φ)2,

n2K∇∇φ, n3∇R, n3H∇H, n3R∇φ, n3H2∇φ, n3∇∇∇φ,

n3∇∇φ∇φ, n3(∇φ)3, n4kH2, n5H∇H, n4K R, n5∇R,

n5(∇φ)3, n4K (∇φ)2, n5∇∇∇φ, n4K∇∇φ, n5H2∇φ,

n5∇φ∇∇φ, n4∇K∇φ, n4∇∇K , n2K 3, K∇Kn3,n3K 2∇φ.
One should impose the equations of motion (8) and the ori-
entifold projections for the bulk fields as in the bulk action.
The orientifold projection for the boundary fields requires to
remove the following boundary terms:

Kbi = 0, ∇bKai = 0, ∇i Kab = 0,

∇ j Kik = 0, ∇a∇bKci = 0

∇a∇ j Kik = 0, ∇ j∇l Kai = 0, ni = 0. (48)

After imposing the equations of motion and the orientifold
projection, one finds that the corresponding Lagrangian has
108 couplings. We call this Lagrangian, with coefficients
b′

1, b
′
2, · · · , b′

108, the boundary Lagrangian ∂L p. Not all
terms in this Lagrangian, however, are independent. Some of
them are related by total derivative terms and by the Bianchi
identities (9) and (10). The unit vector also satisfies the rela-

tion

n[μ∇νnρ] = 0 (49)

which can easily be seen by writing it in terms of function f
using (46).

To remove the redundancy corresponding to the total
derivative terms, we add to ∂L p all total derivative terms at
order α′2 with arbitrary coefficients. In this case, however, the
total derivative terms in the boundary have different structure
than the total derivative terms in the bulk. According to the
Stokes’s theorem, the total derivative terms in the boundary
which have the following structure are zero (see Appendix):

α′2
∫

∂M(p+1)

d pτ
√

|ĝ|J

= α′2
∫

∂M(p+1)

d pτ
√

|ĝ|na∇b(e
−φFab) = 0 (50)

where Fab is an arbitrary antisymmetric tensor constructed
from n, K ,∇K , H2,∇φ,∇∇φ at two-derivative order, i.e.,

Fde = z1

(
Habi He

bi nand − Habi Hd
bi nane

)

+z2

(
Kb

bKean
and − Kb

bKdan
ane

)

+z3

(
KabKe

bnand − KabKd
bnane

)

+z4

(
KeaK

i
i n

and − KdaK
i
i n

ane
)

+z5

(
KbcKean

anbncnd − KbcKdan
anbncne

)

+z6

(
naneRd

b
ab − nand Re

b
ab

)

+z7

(
ne∇aKd

a − nd∇aKe
a
)

+z8

(
Kebn

anbnd∇aφ − Kdbn
anbne∇aφ

)

+z9

(
Keand∇aφ − Kdane∇aφ

)

+z10

(
nanbne∇bKda − nanbnd∇bKea

)

+z11

(
nanbne∇d Kab − nanbnd∇eKab

)

+z12

(
ne∇d K

a
a − nd∇eK

a
a

)

+z13

(
na∇d Kea − na∇eKda

)

+z14

(
ne∇d K

i
i − nd∇eK

i
i

)

+z15

(
Kean

a∇dφ − Kdan
a∇eφ

)

+z16

(
Ka

ane∇dφ − Ka
and∇eφ

)

+z17

(
Ki

i ne∇dφ − Ki
i nd∇eφ

)

+z18

(
Kabn

anbne∇dφ − Kabn
anbnd∇eφ

)

+z19

(
nane∇aφ∇dφ − nand∇aφ∇eφ

)
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+z20

(
nane∇d∇aφ − nand∇e∇aφ

)

+z21

(
ne∇i Kd

i − nd∇i Ke
i
)

(51)

where z1, . . . , z21 are arbitrary parameters. It is important to
note that these total derivative terms connect the boundary
terms which have different number of the unit vector. For
example, consider Fde = ne∇i Kd

i − nd∇i Ke
i . Then the

boundary integral of the following term is zero

ne∇d
(
e−φ

(
ne∇i Kd

i − nd∇i Ke
i
)

= e−φ
[

− ndne∇e∇i Kd
i + ∇e∇i K

ei − nd∇en
e∇i Kd

i

+ndne∇dφ∇i Ke
i − ∇eφ∇i Ke

i
]

(52)

where we have used the fact that nμ is unite vector orthogonal
to the boundary and nμKμν = 0. The right-hand side then
gives a relation between one n and three n’s.

Adding the total derivative terms with arbitrary coeffi-
cients to ∂L p, one finds the same Lagrangian but with differ-
ent parameters b1, b2, · · · . We call the new Lagrangian ∂Lp.
Hence

� − J = 0 (53)

where � = ∂Lp − ∂L p is the same as ∂L p but with coef-
ficients δb1, δb2, . . . where δbi = bi − b′

i . Solving the
above equation, one finds some linear relations between only
δb1, δb2, . . . which indicate how the couplings are related
among themselves by the total derivative terms. The above
equation also gives some relation between the coefficients of
the total derivative terms and δb1, δb2, . . . in which we are
not interested.

To impose in (53) the Bianchi identities (9), (10) we go to
the local frame, and to impose the identities corresponding
to the unit vector we write nμ in terms of function f using
(46). Then one finds 78 independent couplings. In this case,
there is no scheme in which the couplings involve only terms
with one and two derivatives, e.g., there is no scheme which
has no ∇R. One particular choice for the 78 gauge invariant
boundary couplings is the following:

∂Lp = b1 Hbci H
bci K a

a + b2 Hi jk H
i jk K a

a

+b3 Ha
ci Hbci K

ab + b4 Ka
cKabKbc

+b5 Ka
aKbcK

bc

+b6 Ka
aK

b
bK

c
c + b7 Habj H

abj K i
i

+b8 Hjkl H
jkl K i

i + b9 Ka
aK

b
bK

i
i

+b10 Habj H
ab

i K
i j

+b11 Hi
kl Hjkl K

i j + b12 Ki
k K i j K jk

+b13 Ka
aK

i
i K

j
j

+b15 K i
i K

j
j K

k
k + b16 Ha

di Hbdi K
c
cn

anb

+b17 Hac
i Hbdi K

cdnanb + b18 Ha
cj Hbcj K

i
i n

anb

+b19 Ha
c
i Hbcj K

i j nanb + b20 KcdnanbRacbd

+b21 KabRa
c
bc + b22 K i

i n
anbRa

c
bc

+b23 Kc
cn

anbRa
d
bd + b24 K i j nanbRaibj

+b25 K i
i R

ab
ab + b26 K i j Ra

iaj + b27 Ka
a R

bc
bc

+b29 ∇a∇aK i
i + b28 nanb∇b∇aK

i
i

+b30 Hbci na∇a Hbci + b31 K i
i n

a∇aK
b
b

+b34 K i j na∇aKi j + b32 Kb
bn

a∇aK
i
i

+b33 K i
i n

a∇aK
j
j + b35 na∇a R

bc
bc

+b37 Hbci H
bci na∇aφ + b38 Hi jk H

i jkna∇aφ

+b39 Kb
bK

c
cn

a∇aφ + b40 Kb
bK

i
i n

a∇aφ

+b41 K i
i K

j
j n

a∇aφ + b42 na Rbc
bc∇aφ

+b43 na∇a∇b∇bφ + b71 ∇a∇i K
ai

+b45 ∇aK
b
b∇aφ + b46 ∇aK

i
i∇aφ

+b47 Kb
b∇aφ∇aφ + b48 K i

i∇aφ∇aφ

+b51 K i
i n

a∇bKa
b + b52 Kc

cn
anb∇aφ∇bφ

+b53 K i
i n

anb∇aφ∇bφ

+b54 ∇b∇aK
ab + b55 nanb∇b∇aK

c
c + b56 Kab∇b∇aφ

+b57 Kc
cn

anb∇b∇aφ

+b58 K i
i n

anb∇b∇aφ + b59 ∇b∇bK a
a

+b60 nanb∇b∇cKa
c + b44 nanb∇b∇i Ka

i

+b61 Ha
ci Hbci n

a∇bφ + b62 na Ra
c
bc∇bφ

+b63 na∇aφ∇bφ∇bφ + b64 na∇b∇aφ∇bφ

−b49 Hbci na∇cHabi + b68 Ha
bi na∇cHb

c
i

+b50 Ha
di nanbnc∇cHbdi + b65 nanb∇aφ∇cKb

c

+b36 nanbnc∇c Ra
d
bd + b66 nanbnc∇aφ∇bφ∇cφ

+b67 nanbnc∇aφ∇c∇bφ

+b69 nanb∇bKac∇cφ + b70 nanbncnd∇d∇cKab

+b73 Kb
bn

a∇i Ka
i

+b74 nanb∇aφ∇i Kb
i + b78 ∇i∇ i K a

a

+b75 ∇ j∇i K
i j + b76 K i j∇ j∇iφ

+b77 ∇ j∇ j K i
i + b72 Hi jkna∇k Hai j + b14 K i

i K jk K
jk

(54)

where b1, . . . , b78 are 78 arbitrary p-independent coeffi-
cients that may be fixed by the duality constraints.

3.2 T-duality constraint in the boundary

In this subsection we are going to impose the T-duality
constraint (3) on the gauge invariant couplings (54) to fix
their parameters. To find ∂Seff(ψ) we need to dimensionally
reduce O(p−1)-plane boundary action along the circle orthog-
onal to the O-plane (transverse reduction), i.e., ∂M (10) =
∂M (p) ×M (10−p) and M (10−p) = S(1) ×M (9−p), and to find
∂Seff(ψ

′) we need to dimensionally reduce Op-plane bound-
ary action along the circle tangent to the O-plane (world-
volume reduction), i.e., ∂M (10) = ∂M (p+1) × M (9−p) and
∂M (p+1) = S(1) × ∂M (p).

To find the T-duality of the pull-back metric (45) in the
boundary, we assume the killing direction in the bound-

123



  201 Page 14 of 22 Eur. Phys. J. C           (2021) 81:201 

ary space to be y. It is implicitly assumed in the T-duality
prescription that everything should be independent of the
killing coordinate y, hence, the boundary should be spec-
ified as σ a(τ â) = (y, σ ã(τ ā)). Then one can show that
when Op-plane is along the y-direction the reduction of
e−φ

√|ĝ| = e−φ+ϕ/2√|ḡ| where ḡ is determinant of the
induced metric (35), and when O(p−1)-plane is orthogonal
to the y-direction the reduction of e−φ

√|ĝ| = e−φ
√|ḡ|. The

former transforms under the T-duality transformation (28)
to the latter. Hence, to find the T-duality constraints on the
boundary action (44), one should consider only the T-duality
constraint on ∂Lp in (54).

The reductions of projection tensors G̃, ⊥ and the space-
time tensors ∇φ, H, R and their covariant derivative are
exactly as we have found in the Sect. 2.2, so we need to
find reduction of the boundary tensor Kμν and its covariant
derivatives, and the reduction of the unite vector nμ which
appear in (54). Using the fact that everything should be inde-
pendent of the killing coordinate y, one finds ny ∼ ∂ y f = 0
and nμ when μ is not the y-index, is the unite vector orthog-
onal to the boundary in the base space. The reduction of
the extrinsic curvature and its derivatives again have both
U (1) × U (1) gauge invariant part and non-gauge invariant
part. The non-gauge invariant part will be cancelled in any
covariant couplings. Hence, we need to keep only the gauge
invariant part of the reduction of the extrinsic curvature and
its covariant derivatives. Writing each tensor in terms of met-
ric and nμ, and using the reductions (15) and (16), one finds
the gauge invariant part of the reductions when the base space
is flat, are

Kμν = K̂μν

Kμy = 1

2
eϕnαVαμ ≡ 1

2
eϕVμ

Kyy = 1

2
eϕnα∂αϕ ≡ 1

2
eϕ�

∇ρKμν = eϕ
(

− 1

4
VνρVμ − 1

4
VμρVν + e−ϕ∂ρ K̂μν

)

∇̂ρKνy = eϕ
(

− 1

2
Vρα K̂

α
ν − 1

4
Vνρ� + 1

2
∂ρVν + 1

4
Vν∂ρϕ

)

∇y Kμν = eϕ
(

− 1

2
Vνα K̂

α
μ − 1

2
Vμα K̂

α
ν − 1

4
Vν∂μϕ

− 1

4
Vμ∂νϕ

)

∇y Kμy = 1

2
eϕ

(
− 1

2
eϕVμαVα + K̂ α

μ ∂αϕ − 1

2
�∂μϕ

)

∇ρKyy = 1

2
eϕ

(
− eϕVρβVβ + ∂ρ�

)

∇y Kyy = 1

2
eϕ

(
eϕVβ∂βϕ

)

∇σ ∇ρKμν = eϕ
( 1

4
Vμσ Vρα K̂

α
ν + 1

4
VμαVρσ K̂

α
ν

+ 1

4
Vνσ Vρα K̂μ

α + 1

4
VναVρσ K̂μ

α

+ 1

8
Vμσ Vνρ� + 1

8
VμρVνσ � + 1

8
VρσVν∂μϕ

+ 1

8
VρσVμ∂νϕ − 1

4
Vνσ ∂ρVμ

− 1

4
Vμσ ∂ρVν − 1

8
VνσVμ∂ρϕ − 1

8
VμσVν∂ρϕ

− 1

4
Vν∂σ Vμρ − 1

4
Vμ∂σ Vνρ

− 1

4
Vνρ∂σVμ − 1

4
Vμρ∂σVν − 1

4
VνρVμ∂σ ϕ

− 1

4
VμρVν∂σ ϕ + e−ϕ∂σ ∂ρ K̂μν

)

∇y∇ρKμν = eϕ
( 1

8
eϕVμρVν

αVα + 1

8
eϕVμ

αVνρVα − 1

2
Vρ

α∂α K̂μν

+ 1

4
Vρα K̂

α
ν∂μϕ

+ 1

8
Vνρ�∂μϕ + 1

4
Vρα K̂μ

α∂νϕ + 1

8
Vμρ�∂νϕ − 1

2
Vμ

α∂ρ K̂αν

− 1

2
Vν

α∂ρ K̂μα − 1

4
∂νϕ∂ρVμ − 1

4
∂μϕ∂ρVν + 1

4
Vμα K̂

α
ν∂ρϕ

+ 1

4
Vνα K̂μ

α∂ρϕ
)

∇σ ∇y Kμν = eϕ
( 1

8
eϕVμσ Vν

αVα + 1

8
eϕVμ

αVνσVα

+ 1

8
eϕVν

αVσαVμ + 1

8
eϕVμ

αVσαVν

− 1

2
Vσ

α∂α K̂μν − 1

4
Vμσ K̂αν∂

αϕ − 1

4
Vνσ K̂μα∂αϕ + 1

8
Vνσ �∂μϕ

+ 1

8
Vμσ �∂νϕ − 1

2
K̂ α

ν∂σ Vμα − 1

2
K̂μ

α∂σ Vνα − 1

2
Vμ

α∂σ K̂αν

− 1

2
Vν

α∂σ K̂μα − 1

4
∂νϕ∂σVμ − 1

4
∂μϕ∂σVν − 1

4
Vμα K̂

α
ν∂σ ϕ

− 1

4
Vνα K̂μ

α∂σ ϕ − 1

8
Vν∂μϕ∂σ ϕ − 1

8
Vμ∂νϕ∂σ ϕ − 1

4
Vν∂σ ∂μϕ

− 1

4
Vμ∂σ ∂νϕ

)

∇σ ∇ρKμy = eϕ
( 1

4
eϕVμσ Vρ

αVα + 1

8
eϕVμ

αVρσVα

+ 1

8
eϕVμρVσ

αVα

− 1

8
eϕVρ

αVσαVμ − 1

4
Vρσ K̂μα∂αϕ + 1

8
Vρσ θ∂μϕ − 1

2
Vσ

α∂ρ K̂μα

− 1

4
Vμσ ∂ρθ + 1

2
∂ρ∂σVμ − 1

4
θ∂σ Vμρ

− 1

2
K̂μ

α∂σ Vρα − 1

2
Vρ

α∂σ K̂μα

− 1

4
Vμρ∂σ θ + 1

4
∂ρϕ∂σVμ − 1

4
Vρα K̂μ

α∂σ ϕ − 1

8
Vμρθ∂σ ϕ

+ 1

4
∂ρVμ∂σ ϕ + 1

8
Vμ∂ρϕ∂σ ϕ + 1

4
Vμ∂σ ∂ρϕ

)

∇μ∇νKyy = eϕ
( 1

4
eϕVμβVνα K̂

αβ + 1

4
eϕVμαVνβ K̂

αβ

− 1

4
eϕVμ

αVνα� + 1

4
eϕVμνVα∂αϕ

− 1

2
eϕVβ∂μVνβ − 1

2
eϕVν

β∂μVβ − 1

2
eϕVν

αVα∂μϕ

− 1

2
eϕVμ

β∂νVβ

− 1

4
eϕVμ

αVα∂νϕ + 1

2
∂ν∂μ�

)

∇μ∇y Kνy = eϕ
( 1

4
eϕVμβVνα K̂

αβ − 1

2
eϕVαβVμ

β K̂ν
α

+ 1

8
eϕVμ

αVνα�

+ 1

4
eϕVμνVα∂αϕ − 1

4
eϕVμ

β∂βVν
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− 1

4
eϕVβ∂μVνβ + 1

2
∂αϕ∂μ K̂να

− 1

4
eϕVν

β∂μVβ − 1

4
eϕVν

αVα∂μϕ + 1

2
K̂ν

α∂μ∂αϕ

+ 1

8
eϕVμ

αVα∂νϕ − 1

4
∂μ�∂νϕ − 1

4
�∂ν∂μϕ

)

∇y∇μKνy = eϕ
( 1

4
eϕVμβVνα K̂

αβ − 1

4
eϕVαβVμ

β K̂ν
α

+ 1

8
eϕVμνVα∂αϕ

− 1

4
eϕVμ

β∂βVν + 1

2
∂αϕ∂μ K̂να − 1

4
eϕVν

β∂μVβ

− 1

4
K̂να∂αϕ∂μϕ

+ 1

4
eϕVμ

αVα∂νϕ − 1

4
∂μ�∂νϕ + 1

8
�∂μϕ∂νϕ

)

∇y∇y Kμν = eϕ
( 1

2
eϕVμαVνβ K̂

αβ − 1

4
eϕVαβVμ

β K̂ α
ν

− 1

4
eϕVαβVν

β K̂μ
α

+ 1

2
∂α K̂μν∂

αϕ + 1

4
eϕVν

αVα∂μϕ − 1

4
K̂αν∂

αϕ∂μϕ

+ 1

4
eϕVμ

αVα∂νϕ − 1

4
K̂μα∂αϕ∂νϕ + 1

4
�∂μϕ∂νϕ

)

∇μ∇y Kyy = e2ϕ
( 1

2
eϕVαβVμ

αVβ − 1

4
Vμβ K̂α

β∂αϕ

− 1

4
Vμβ K̂

β
α∂αϕ + 1

4
Vμα�∂αϕ

− 1

4
Vμ

β∂β� + 1

2
∂βϕ∂μVβ + 1

4
Vα∂αϕ∂μϕ + 1

2
Vα∂μ∂αϕ

)

∇y∇μKyy = e2ϕ
( 1

4
eϕVαβVμ

αVβ − 1

4
Vμβ K̂α

β∂αϕ

− 1

4
Vμβ K̂

β
α∂αϕ + 1

4
Vμα�∂αϕ

− 1

4
Vμ

β∂β� + 1

2
∂βϕ∂μVβ

)

∇y∇y Kμy = e2ϕ
( 1

8
eϕVαβVμ

αVβ − 1

2
Vμβ K̂α

β∂αϕ

− 1

2
Vαβ K̂

β
μ∂αϕ + 1

4
∂βVμ∂βϕ

− 3

8
Vα∂αϕ∂μϕ

)

∇y∇y Kyy = e2ϕ
(

− 1

2
eϕVαβVβ∂αϕ − 1

4
�∂αϕ∂αϕ

+ 1

2
K̂αβ∂αϕ∂βϕ + 1

4
∂β�∂βϕ

)
(55)

where K̂μν = ∂μnν −nμnα∂αnν is the 9-dimensional extrin-
sic curvature of the boundary in the base space. The indices
on the right-hand side are contracted with base space metric
gαβ . Using the above gauge invariant parts of the reductions
and reductions (22), (24), (25), one can calculate reduction
of various terms in (54) along or orthogonal to the circle. For
example, the reduction of Ka

a and Ki
i when Op-plane is

along the circle are

G̃μνKμν = K̂ ã
ã + 1

2
nα∇αϕ; ⊥μνKμν = K̂ i

i . (56)

The reduction of these terms when O(p−1)-plane is orthogo-
nal to the circle are

G̃μνKμν = K̂ ã
ã; ⊥μνKμν = K̂ i

i + 1

2
nα∇αϕ. (57)

Similarly one can calculate reduction of all 10-dimensional
covariant terms in (54). It is important to note that if one
keeps all gauge invariant and non-gauge invariant terms in
the reduction of tensors (55), one would find the same result
for the reduction of 10-dimension covariant couplings.

Using the above reductions, then one can calculate
∂Seff(ψ) which represents the reduction of the O(p−1)-plane
boundary action along the circle transverse to the O-plane,
and ∂Seff(ψ

′) which represents the T-duality transformation
of the reduction of the Op-plane boundary action along the
circle tangent to the O-plane. The boundary term ∂TD in (3)
is also given in (36).

We are free to add to the right-hand side of the constraint
(3) the following total derivative terms in the boundary in the
base space which are zero according to the Stokes’s theorem
(see Appendix):
∫

∂M(p)
d p−1τ

√|ḡ|nã∂b̃(e−φF ãb̃) = 0 (58)

where F ãb̃ is an arbitrary antisymmetric tensor constructed
from the base space fields n, ∂n, ∂∂n, W 2, V 2, R, ∂φ, ∂∂φ

and H̄2 at two-derivative order,2 i.e.,

Fd̃ ẽ = y5

(
eϕVãi Vẽ

i nãnd̃ − eϕVãi Vd̃
i nãnẽ

)

+y16

(
e−ϕnãnẽWãb̃Wd̃

b̃ − e−ϕnãnd̃Wãb̃Wẽ
b̃
)

+y15

(
nãnẽ H̄abi H̄d̃

bi − nãnd̃ H̄ãb̃i H̄ẽ
b̃i

)

+y3

(
nẽ∂ã∂

ãnd̃ − nd̃∂ã∂
ãnẽ

)

+y2

(
nẽ∂ã∂d̃ n

ã − nd̃∂ã∂ẽn
ã
)

+y1

(
nã∂ã∂d̃ nẽ − nã∂ã∂ẽnd̃

)

+y45

(
nẽ∂ãϕ∂ ãnd̃ − nd̃∂ãϕ∂ ãnẽ

)

+y44

(
nẽ∂ãφ∂ ãnd̃ − nd̃∂ãφ∂ ãnẽ

)

+y14

(
nãnẽ∂ãnd̃∂b̃n

b̃ − nãnd̃∂ãnẽ∂b̃n
b̃
)

+y13

(
nãnb̃nẽ∂ãnd̃∂b̃ϕ − nãnb̃nd̃∂ãnẽ∂b̃ϕ

)

+y12

(
nãnb̃nẽ∂ãnd̃∂b̃φ − nãnb̃nd̃∂ãnẽ∂b̃φ

)

+y11

(
nãnb̃nẽ∂b̃∂ãnd̃ − nãnb̃nd̃∂b̃∂ãnẽ

)

+y10

(
nãnb̃nẽ∂b̃∂d̃ nã − nãnb̃nd̃∂b̃∂ẽnã

)

+y9

(
nãnẽ∂ãnb̃∂

b̃nd̃ − nãnd̃∂ãnb̃∂
b̃nẽ

)

+y42

(
∂ ãnẽ∂d̃ nã − ∂ ãnd̃∂ẽnã

)

2 Note that the antisymmetric tensor Fãb̃ should be constructed from

the base space fields n, V, ∂V,�, ∂�, K̂ , ∂ K̂ , . . . . However, since ∂V
and ∂� include ∂n, one can consider only n, ∂n, ∂∂n, . . . .
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+y41

(
nẽ∂ãϕ∂d̃ n

ã − nd̃∂ãϕ∂ẽn
ã
)

+y40

(
nẽ∂ãφ∂d̃ n

ã − nd̃∂ãφ∂ẽn
ã
)

+y8

(
nãnẽ∂ãnb̃∂d̃ n

b̃ − nãnd̃∂ãnb̃∂ẽn
b̃
)

+y39

(
∂ãn

ã∂d̃ nẽ − ∂ãn
ã∂ẽnd̃

)

+y38

(
nã∂ãϕ∂d̃ nẽ − nã∂ãϕ∂ẽnd̃

)

+y37

(
nã∂ãφ∂d̃ nẽ − nã∂ãφ∂ẽnd̃

)

+y36

(
nẽ∂ãn

ã∂d̃ϕ − nd̃∂ãn
ã∂ẽϕ

)

+y35

(
nã∂ãnẽ∂d̃ϕ − nã∂ãnd̃∂ẽϕ

)

+y34

(
nãnẽ∂ãϕ∂d̃ϕ − nãnd̃∂ãϕ∂ẽϕ

)

+y33

(
nãnẽ∂ãφ∂d̃ϕ − nãnd̃∂ãφ∂ẽϕ

)

+y31

(
nẽ∂ãn

ã∂d̃φ − nd̃∂ãn
ã∂ẽφ

)

+y30

(
nã∂ãnẽ∂d̃φ − nã∂ãnd̃∂ẽφ

)

+y29

(
nãnẽ∂ãϕ∂d̃φ − nãnd̃∂ãϕ∂ẽφ

)

+y28

(
nãnẽ∂ãφ∂d̃φ − nãnd̃∂ãφ∂ẽφ

)

+y32

(
∂d̃φ∂ẽϕ − ∂d̃ϕ∂ẽφ

)

+y26

(
nẽ∂d̃∂ãn

ã − nd̃∂ẽ∂ãn
ã
)

+y25

(
nã∂d̃∂ãnẽ − nã∂ẽ∂ãnd̃

)

+y24

(
nãnẽ∂d̃∂ãϕ − nãnd̃∂ẽ∂ãϕ

)

+y23

(
nãnẽ∂d̃∂ãφ − nãnd̃∂ẽ∂ãφ

)

+y6

(
nãnb̃nẽ∂d̃∂b̃nã − nãnb̃nd̃∂ẽ∂b̃nã

)

+y22

(
nã∂d̃∂ẽnã − nã∂ẽ∂d̃ nã

)

+y27

(
nẽ∂d̃∂i n

i − nd̃∂ẽ∂ j n
j
)

+y43

(
nãnẽ∂ãnd̃∂i n

i − nãnd̃∂ãnẽ∂i n
i
)

+y19

(
∂d̃ nẽ∂i n

i − ∂ẽnd̃∂i n
i
)

+y18

(
nẽ∂d̃ϕ∂i n

i − nd̃∂ẽϕ∂i n
i
)

+y7

(
nẽ∂d̃φ∂i n

i − nd̃∂ẽφ∂i n
i
)

+y21

(
nẽ∂i∂

i nd̃ − nd̃∂i∂
i nẽ

)

+y20

(
nẽ∂i∂d̃ n

i − nd̃∂ j∂ẽn
j
)

(59)

where y1, y2, . . . are arbitrary parameters. After imposing
the orientifold projection on (58), we add it to the right-
hand side of (3). Finally, one should write the couplings in

the form of independent structures by imposing the Bianchi
identities (23) in the base space. Here again we write the
field strengths H̄ , V,W in terms of potentials b̄μν, gμ, bμ to
satisfy the Bianchi identities automatically. Using the relation
(46), we also write the base space unit vector nμ in terms of
function f to impose its corresponding identities.

Writing all terms in the T-duality constraint (3) in terms
of independent and non-gauge invariant structures, then one
makes the coefficients of the independent structures which
include the parameters of the gauge invariant Lagrangian
(54), a28 and the arbitrary parameters in total derivative terms
(58), to be zero. Unlike the bulk case, not all parameters are
fixed in terms of an overall factor. The linear equations in
this case produce the following boundary Lagrangian which
has a28 and 17 other parameters:

∂Lp = b50

[
Ha

di nanbnc∇cHbdi − 2Ka
cKabKbc − 2Ki

k K i j K jk

−2KcdnanbRacbd − 2K i j nanbRaibj

]

+b6

[
Ka

aK
b
bK

c
c − 3Ka

aK
b
bK

i
i + 3Ka

aK
i
i K

j
j

−K i
i K

j
j K

k
k

]

+b19

[
− 4

3
Ka

cKabKbc + 4

3
Ki

k K i j K jk

−Hac
i Hbdi K

cdnanb + Ha
c
i Hbcj K

i j nanb
]

+b39

[
− Ka

aK
b
bK

i
i + 2Ka

aK
i
i K

j
j − K i

i K
j
j K

k
k

+Kb
bK

c
cn

a∇aφ − 2Kb
bK

i
i n

a∇aφ + K i
i K

j
j n

a∇aφ
]

+b23

[
Ka

aKbcK
bc + Kc

cn
anbRab − K i

i n
anbRab

+K i
i n

a∇bKa
b
]

+b55

[
nanb∇b∇aK

c
c − nanb∇b∇aK

i
i

]

+b46

[
− ∇a∇aK i

i − ∇aK
b
b∇aφ + ∇aK

i
i∇aφ + ∇b∇bK a

a

]

+b52

[
Ka

aK
i
i K

j
j − 2

3
K i

i K
j
j K

k
k − 2Kb

bK
i
i n

a∇aφ

+K i
i K

j
j n

a∇aφ + Kc
cn

anb∇aφ∇bφ

−1

3
nanbnc∇aφ∇bφ∇cφ

]

+b53

[1

3
K i

i K
j
j K

k
k − K i

i K
j
j n

a∇aφ + K i
i n

anb∇aφ∇bφ

−1

3
nanbnc∇aφ∇bφ∇cφ

]

+b34

[
− Ki

k K i j K jk − K i j nanbRaibj + K i j na∇aKi j

+nanb∇b∇i Ka
i − nanb∇bKac∇cφ

]

+b32

[
− KabRab + K i

i n
anbRab

+K i
i n

a∇aK
b
b + Kb

bn
a∇aK

i
i − K i

i n
a∇aK

j
j

−1

2
na∇aRb

b + 1

2
na∇a∇b∇bφ − K i

i n
a∇bKa

b

+∇b∇aK
ab + nanb∇b∇aK

i
i
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+Kab∇b∇aφ − Kc
cn

anb∇b∇aφ

−∇b∇bK a
a − nanb∇b∇cKa

c

+nanbnc∇cRab − nanbnc∇c∇b∇aφ − nanb∇bKac∇cφ
]

+b70

[
nanbncnd∇d∇cKab

]

+b16

[
2Ka

aKbcK
bc − 2K i

i K jk K
jk + Ha

di Hbdi K
c
cn

anb

−Ha
cj Hbcj K

i
i n

anb + 2K i
i n

a∇bKa
b − 2Kb

bn
a∇i Ka

i
]

+b61

[
2KabRab + 2K i jRi j + 1

2
Hbci na∇a Hbci

+1

2
∇a∇aK i

i − 1

2
∇b∇bK a

a

+Ha
ci Hbci n

a∇bφ + Hbci na∇cHabi + Ha
bi na∇cHb

c
i

+1

2
∇i∇ i K a

a − 1

2
∇ j∇ j K i

i

−Ha
ci Hbci K

ab − 1

2
Hi jkna∇k Hai j

]

+b64

[
− 2Ki

k K i j K jk − 2K i j nanbRaibj + K i jRi j

+1

4
Hbci na∇a Hbci − 1

2
na∇aRb

b

+1

4
∇a∇aK i

i − 1

2
na∇a∇b∇bφ − 1

4
∇b∇bK a

a

+na∇b∇aφ∇bφ − Kb
bn

a∇i Ka
i

+nanb∇aφ∇i Kb
i + 1

4
∇i∇ i K a

a − 1

4
∇ j∇ j K i

i

−1

4
Hi jkna∇k Hai j

]

+b65

[
Ka

aKbcK
bc − 2Ka

cKabKbc − 2Ki
k K i j K jk

−2KcdnanbRacbd − 2K i j nanbRaibj

+KabRab + K i jRi j + 1

4
Hbci na∇a Hbci

+1

4
∇a∇a(K i

i − Kb
b) + nanb∇aφ∇cKb

c

−Kb
bn

a∇i Ka
i + nanb∇aφ∇i Kb

i

+1

4
∇i∇ i K a

a − 1

4
∇ j∇ j K i

i − 1

4
Hi jkna∇k Hai j

]

+b67

[
− 2Ka

cKabKbc − 2Ki
k K i j K jk − 2KcdnanbRacbd

−2K i j nanb Raibj + K i jRi j

+1

4
Hbci na∇a Hbci − 1

2
na∇aRb

b + 1

4
∇a∇aK i

i

+1

2
na∇a∇b∇bφ + Kab∇b∇aφ

−Kc
cn

anb∇b∇aφ − 1

4
∇b∇bK a

a + naRab∇bφ

−na∇b∇aφ∇bφ + nanbnc∇cRab

+nanbnc∇aφ∇c∇bφ − nanbnc∇c∇b∇aφ

−Kb
bn

a∇i Ka
i + nanb∇aφ∇i Kb

i

+1

4
∇i∇ i K a

a − 1

4
∇ j∇ j K i

i − 1

4
Hi jkna∇k Hai j

]

+a28

[
9Habj H

ab
i K

i j − 6Ha
ci Hbci K

ab

−3Hi
kl Hjkl K

i j + 48Ki
k K i j K jk + 48K i j nanb Raibj

+12KabRab − 36K i jRi j − 3Hbci na∇a Hbci

−3∇a∇aK i
i + 3∇b∇bK a

a

+24Kb
bn

a∇i Ka
i − 24nanb∇aφ∇i Kb

i

−3∇i∇ i K a
a + 3∇ j∇ j K i

i + 3Hi jkna∇k Hai j

]
(60)

where Rμν = G̃ρσ Rρμσν + ∇μ∇νφ. The above boundary
Lagrangian is invariant under the T-duality for the above 18
parameters, i.e., it satisfies the T-duality constraint (3) for the
following base space boundary total derivative terms:

Fd̃ ẽ = b65

(1

2
eϕVãi Vẽ

i nãnd̃ − 1

2
eϕVãi Vd̃

i nãnẽ

+1

2
e−ϕnãnẽWãb̃Wd̃

b̃ − 1

2
e−ϕnãnd̃Wãb̃Wẽ

b̃
)

+a28

(
− 12eϕVãi Vẽ

i nãnd̃ + 12eϕVãi Vd̃
i nãnẽ

+6nãnẽ∂ãϕ∂d̃ϕ − 6nãnd̃∂ãϕ∂ẽϕ
)

+b64

(1

2
eϕVãi Vẽ

i nãnd̃ − 1

2
eϕVãi Vd̃

i nãnẽ

−1

4
nãnẽ∂ãϕ∂d̃ϕ + 1

4
nãnd̃∂ãϕ∂ẽϕ

)

+b67

(1

2
eϕVãi Vẽ

i nãnd̃ − 1

2
eϕVãi Vd̃

i nãnẽ

−1

4
nãnẽ∂ãϕ∂d̃ϕ + 1

2
nãnẽ∂d̃∂ãϕ

+1

4
nãnd̃∂ãϕ∂ẽϕ − 1

2
nãnd̃∂ẽ∂ãϕ

)
. (61)

The other multiplets in (60) are invariant under the T-duality
without the total derivative terms in the boundary of base
space.

The Lagrangian (60) is not consistent with the S-duality
for all 18 parameters. To have boundary couplings that their
combinations with the bulk couplings (31) satisfy both the
T-duality constraint (4) and the S-duality constraint (5), one
has to consider a particular relations for the parameters. In
the next subsection we are going to find these relations.

3.3 S-duality constraint in the boundary

As we mentioned before, the S-duality has a non-trivial con-
straint on the NS–NS couplings. In the Einstein frame, apart
from the overall dilaton factor, there must be only even num-
ber of dilaton when B-field is zero. This constraint reduces
the number of parameters in the T-duality invariant boundary
Lagrangian (60).

The overall factor e−φ
√|ĝ| in the string frame action

(44) transforms to the following factor in the Einstein frame
Gμν = eφ/2GE

μν for the O3-plane:

e− 1
4 φ

√
|ĝE |. (62)

On the other hand, transformation of the string frame
LagrangianLp to the Einstein frame Lagrangian has an over-

all dilaton factor e− 3
4 φ for the gravity and dilaton couplings,
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i.e., Lp(G, φ) = e− 3
4 φLE

p (GE , φ). The couplings involving
B-field, however, has another dilaton factor which is needed
for making them to be invariant under the S-duality. Hence,
the string frame boundary action (44) transforms to the fol-
lowing Einstein frame Lagrangian for O3-plane:

∂S3 = −T3π
2α′2

48

∫
∂M(4)

d3τ e−φ
√

|ĝE | ∂LE
3 . (63)

To make the overall dilaton factor e−φ to be invariant under
the S-duality, one should include loop and non-perturbative
effects [28]. It is straightforward to find the Lagrangian LE

3
in the Einstein frame. One write each string frame term in
(60) in terms of metric and its derivatives, and then replaces
Gμν = eφ/2GE

μν . We then add to (63) the residual boundary
terms in the bulk action, i.e., the couplings (43). We are also
free to add the following total derivative terms in the Einstein
frame (see Appendix):∫

∂M(4)

d3τ

√
|ĝE |nEa ∂b[e−φ(F E )ab] = 0 (64)

where Fab is an arbitrary antisymmetric tensor constructed
from the boundary fieldsnE ,∇nE ,∇∇nE , R,∇R,∇φ,∇∇φ

at two-derivative order, i.e.,

F E
de = x2

(
naneRd

b
ab − nand Re

b
ab

)

+x3

(
ne∇a∇and − nd∇a∇ane

)

+x4

(
ne∇aφ∇and − nd∇aφ∇ane

)

+x5

(
nane∇and∇bn

b − nand∇ane∇bn
b
)

+x6

(
nanbne∇and∇bφ − nanbnd∇ane∇bφ

)

+x7

(
nanbne∇b∇and − nanbnd∇b∇ane

)

+x8

(
nane∇anb∇bnd − nand∇anb∇bne

)

+x9

(
nane∇bna∇bnd − nand∇bna∇bne

)

+x10

(
nanbncne∇and∇cnb − nanbncnd∇ane∇cnb

)

+x11

(
∇ane∇dna − ∇and∇ena

)

+x12

(
nane∇bn

b∇dna − nand∇bn
b∇ena

)

+x13

(
nanbne∇bφ∇dna − nanbnd∇bφ∇ena

)

+x14

(
nanbncne∇cnb∇dna − nanbncnd∇cnb∇ena

)

+x15

(
ne∇aφ∇dn

a − nd∇aφ∇en
a
)

+x16

(
nanb∇ane∇dnb − nanb∇and∇enb

)

+x17

(
nane∇anb∇dn

b − nand∇anb∇en
b
)

+x18

(
nane∇bna∇dn

b − nand∇bna∇en
b
)

+x19

(
∇an

a∇dne − ∇an
a∇end

)

+x20

(
na∇aφ∇dne − na∇aφ∇end

)

+x21

(
nanb∇bna∇dne − nanb∇bna∇end

)

+x22

(
ne∇an

a∇dφ − nd∇an
a∇eφ

)

+x23

(
na∇ane∇dφ − na∇and∇eφ

)

+x24

(
nane∇aφ∇dφ − nand∇aφ∇eφ

)

+x25

(
nanbne∇bna∇dφ − nanbnd∇bna∇eφ

)

+x26

(
na∇dφ∇ena − na∇dna∇eφ

)

+x27

(
ne∇d∇an

a − nd∇e∇an
a
)

+x28

(
na∇d∇ane − na∇e∇and

)

+x29

(
nane∇d∇aφ − nand∇e∇aφ

)

+x30

(
nanbne∇d∇bna − nanbnd∇e∇bna

)

+x31

(
ne∇d∇i n

i − nd∇e∇i n
i
)

+x32

(
ne∇d∇i n

i − nd∇e∇i n
i
)

+x33

(
nane∇and∇i n

i − nand∇ane∇i n
i
)

+x34

(
nane∇dna∇i n

i − nand∇ena∇i n
i
)

+x35

(
∇dne∇i n

i − ∇end∇i n
i
)

+x36

(
ne∇dφ∇i n

i − nd∇eφ∇i n
i
)

(65)

where x2, x2, . . . are arbitrary parameters. In the above rela-
tions nμ is the Einstein frame unite vector. After using the
Einstein frame equations of motion (40), imposing orien-
tifold projection, various Bianchi identities, and identities
corresponding to the unit vector nμ, we impose the condi-
tion that there must no odd number of dilation when B-field
is zero. This fixes the parameter in the bulk total derivative
(43) to be

α = −4. (66)

The S-duality constraint also produces the following 4 mul-
tiplets in the string frame which are T-dual and S-dual invari-
ant:

∂Lp = a28

[
− 6Ha

ci Hbci K
ab − 32Ka

cKabKbc

+40

3
Ka

aKbcK
bc − 136

27
Ka

aK
b
bK

c
c

+52

9
Ka

aK
b
bK

i
i + 9Habj H

ab
i K

i j − 3Hi
kl Hjkl K

i j

−16Ki
k K i j K jk + 32

9
Ka

aK
i
i K

j
j
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+12K i
i K jk K

jk − 116

27
K i

i K
j
j K

k
k − 6Ha

di Hbdi K
c
cn

anb

+12Hac
i Hbdi K

cdnanb

+6Ha
cj Hbcj K

i
i n

anb − 12Ha
c
i Hbcj K

i j nanb

−48KcdnanbRacbd + 56

3
KabRab

+40

3
Kc

cn
anbRab − 8K i

i n
anbRab − 24K i jRi j

+16

3
K i

i n
a∇aK

b
b + 16

3
Kb

bn
a∇aK

i
i

−16

3
K i

i n
a∇aK

j
j − 8

3
na∇aRb

b + 28

3
Kb

bK
c
cn

a∇aφ

−56

3
Kb

bK
i
i n

a∇aφ + 28

3
K i

i K
j
j n

a∇aφ

−16∇a∇aK i
i + 8

3
na∇a∇b∇bφ

−16∇aK
b
b∇aφ + 16∇aK

i
i∇aφ

−4K i
i n

a∇bKa
b + 16

3
∇b∇aK

ab

−32

3
nanb∇b∇aK

c
c + 16nanb∇b∇aK

i
i

−16

3
Kc

cn
anb∇b∇aφ + 32

3
∇b∇bK a

a

−16

3
nanb∇b∇cKa

c + 12Ha
di nanbnc∇cHbdi

+12nanb∇aφ∇cKb
c + 16

3
nanbnc∇cRab

−16

3
nanbnc∇c∇b∇aφ − 16

3
nanb∇bKac∇cφ

+24Kb
bn

a∇i Ka
i − 12nanb∇aφ∇i Kb

i

+16

3
Kab∇b∇aφ

]

+b53

[
− 1

4
Ha

ci Hbci K
ab − 1

3
Ka

aKbcK
bc

−13

81
Ka

aK
b
bK

c
c + 5

54
Ka

aK
b
bK

i
i

+ 8

27
Ka

aK
i
i K

j
j − 1

6
K i

i K jk K
jk

+ 17

162
K i

i K
j
j K

k
k + 1

12
Ha

di Hbdi K
c
cn

anb

− 1

12
Ha

cj Hbcj K
i
i n

anb + 7

18
Kb

bK
c
cn

a∇aφ

−7

9
Kb

bK
i
i n

a∇aφ − 11

18
K i

i K
j
j n

a∇aφ

+1

6
K i

i n
a∇bKa

b + K i
i n

anb∇aφ∇bφ

+1

4
Ha

ci Hbci n
a∇bφ + 1

4
Hbci na∇cHabi

+1

4
Ha

bi na∇cHb
c
i + 1

2
Ha

di nanbnc∇cHbdi

−1

2
nanb∇aφ∇cKb

c

−1

3
nanbnc∇aφ∇bφ∇cφ + 1

3
Kb

bn
a∇i Ka

i

−1

2
nanb∇aφ∇i Kb

i
]

+b52

[1

8
Ha

ci Hbci K
ab + 1

6
Ka

aKbcK
bc

+ 37

162
Ka

aK
b
bK

c
c + 19

108
Ka

aK
b
bK

i
i

− 1

27
Ka

aK
i
i K

j
j + 1

12
K i

i K jk K
jk

− 11

324
K i

i K
j
j K

k
k − 1

24
Ha

di Hbdi K
c
cn

anb

+ 1

24
Ha

cj Hbcj K
i
i n

anb − 31

36
Kb

bK
c
cn

a∇aφ

− 5

18
Kb

bK
i
i n

a∇aφ + 5

36
K i

i K
j
j n

a∇aφ

− 1

12
K i

i n
a∇bKa

b + Kc
cn

anb∇aφ∇bφ

−1

8
Ha

ci Hbci n
a∇bφ − 1

8
Hbci na∇cHabi

−1

8
Ha

bi na∇cHb
c
i − 1

4
Ha

di nanbnc∇cHbdi

+1

4
nanb∇aφ∇cKb

c

−1

3
nanbnc∇aφ∇bφ∇cφ − 1

6
Kb

bn
a∇i Ka

i

+1

4
nanb∇aφ∇i Kb

i
]

+b67

[
− 11

18
Ka

aKbcK
bc − 1

54
Ka

aK
b
bK

c
c

+ 1

36
Ka

aK
b
bK

i
i + 1

12
K i

i K jk K
jk

− 1

108
K i

i K
j
j K

k
k − 1

24
Ha

di Hbdi K
c
cn

anb

+ 1

24
Ha

cj Hbcj K
i
i n

anb − 8

9
KabRab

+2

9
Kc

cn
anbRab − 1

3
K i

i n
anbRab − 1

9
K i

i n
a∇aK

b
b

−1

9
Kb

bn
a∇aK

i
i

+1

9
K i

i n
a∇aK

j
j − 4

9
na∇aRb

b + 1

36
Kb

bK
c
cn

a∇aφ

− 1

18
Kb

bK
i
i n

a∇aφ

+ 1

36
K i

i K
j
j n

a∇aφ + 1

3
∇a∇aK i

i + 4

9
na∇a∇b∇bφ

+1

3
∇aK

b
b∇aφ

−1

3
∇aK

i
i∇aφ + 1

4
K i

i n
a∇bKa

b − 1

9
∇b∇aK

ab

+2

9
nanb∇b∇aK

c
c

+8

9
Kab∇b∇aφ − 8

9
Kc

cn
anb∇b∇aφ − 2

9
∇b∇bK a

a

+1

9
nanb∇b∇cKa

c

−1

8
Ha

ci Hbci n
a∇bφ + naRab∇bφ − na∇b∇aφ∇bφ

−1

8
Hbci na∇cHabi

−1

8
Ha

bi na∇cHb
c
i − 1

4
Ha

di nanbnc∇cHbdi

−3

4
nanb∇aφ∇cKb

c + 8

9
nanbnc∇cRab

+nanbnc∇aφ∇c∇bφ − 8

9
nanbnc∇c∇b∇aφ
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+1

9
nanb∇bKac∇cφ − 1

6
Kb

bn
a∇i Ka

i

+1

4
nanb∇aφ∇i Kb

i + 1

8
Ha

ci Hbci K
ab

−1

3
nanb∇b∇aK

i
i

]
. (67)

The form of the couplings are not unique. If one chooses
another scheme for the independent couplings in (54), then
the form of the above four multiplets would be changed. In
other words, by using the total derivative terms and vari-
ous Bianchi identities and the identities corresponding to the
unite vector nμ, one can rewrite the above couplings in var-
ious other forms. However, there is always four multiplets.

4 Discussion

In this paper we have shown that imposing the gauge sym-
metry on the world-volume couplings of Op-plane in type II
superstring theories, one finds at least 48 independent NS–
NS couplings with arbitrary coefficients. We then reduce the
theory on a circle to impose the T-duality on these couplings.
We find that the T-duality constraint fixes all 48 parameters
in terms of one overall factor. The T-duality, however, is not
fully satisfied because one finds some total derivative terms
in the base space if the Op-plane is extended to the boundary.
We have also shown that the bulk couplings that the gauge
symmetry and the T-duality fix are consistent with the S-
duality, again, up to some total derivative terms. Using the
Stokes’s theorem, one realizes that the presence of the resid-
ual total derivative terms dictates that there must be some
couplings on the boundary of Op-plane as well.

We have shown that imposing the gauge symmetry on the
couplings in the boundary of Op-plane, one finds at least 78
independent NS–NS couplings with arbitrary coefficients.
We then impose the T-duality on these couplings and add the
residual total derivative terms from the T-duality of bulk cou-
plings. The T-duality then fixes the 78 parameters in terms of
the overall factor of the bulk couplings and 17 other parame-
ters. We then impose the S-duality constraint on the remain-
ing couplings and add the residual total derivative terms from
the S-duality of the bulk couplings. The S-duality finally fixes
the boundary couplings up to 3 parameters and up to the over-
all factor of the bulk couplings. The final result for the bulk
and boundary couplings in the string frame are

Sp + ∂Sp = −Tpπ
2α′2

48

[∫
M(p+1)

d p+1σ e−φ
√−g̃Lp

+
∫

∂M(p+1)

d pτ e−φ
√

|ĝ| ∂Lp

]
(68)

where Lp is

Lp = a28

[
− 3

4
Ha

cj Habi Hb
d
j Hcdi

−3

2
Hab

j Habi Hcd j H
cd

i + Ha
cj Habi Hbc

k Hi jk

+3

2
Hab

j Habi Hi
kl Hjkl − 1

4
Hi

lmHi jk Hjl
n Hkmn

+6Habi Hcd
i Rabcd

−6Habi Hi
jk Rabjk − 6Rabcd R

abcd + 6Rabi j R
abi j

−6Ha
ci HbciRab + 12RabRab + 9Habj H

ab
iRi j

−3Hi
kl HjklRi j − 12Ri jRi j

+∇aHi jk∇aHi jk − 3∇cHabi∇cHabi

+2∇i Habc∇ i Habc
]
. (69)

The boundary Lagrangian ∂Lp is given in (67). The bulk
Lagrangian Lp is consistent with linear T-duality with-
out using total derivative terms, however, the boundary
Lagrangian is not. Since one is free to add total derivative
terms to the boundary, one can write (67) in other forms as
well. The form of the boundary Lagrangian which is consis-
tent with the linear T-duality is

∂Lp = a28

[
16Da∇a K̄ − 136

27
K̄ 3 − 28

3
K̄ 2K

−6Ha
ci Hbci K

ab + 8K̄ KabK
ab + 12KKabK

ab

−32Ka
cKabKbc + 9Habj H

ab
i K

i j − 3Hi
kl Hjkl K

i j

−24K̄ Ki j K
i j − 12KKi j K

i j

−16Ki
kK i j K jk − 6Ha

ci Hbci K̄ nanb

+12Hac
i Hbdi K

cdnanb

−12Ha
c
i Hbcj K

i j nanb

−48KcdnanbRacbd + 24KabRab + 8K̄ nanbRab

−24Ki jRi j − 16

3
K̄ na∇a K̄

−16nanb∇b∇a K̄ + 12Ha
dinanbnc∇cHbdi

]

+b52

[ 37

162
K̄ 3 + 31

36
K̄ 2K + K̄K2 + 1

3
K3

+1

8
Ha

ci Hbci K
ab + 1

6
K̄ KabK

ab + 1

4
KKabK

ab

+1

6
K̄ Ki j K

i j + 1

4
KKi j K

i j − 1

24
Ha

ci Hbci K̄ nanb

−1

8
Hbcina∇cHabi − 1

8
Ha

binaDcHb
c
i

−1

4
Ha

dinanbnc∇cHbdi

]

+b53

[
− 13

81
K̄ 3 − 7

18
K̄ 2K + 1

3
K3 − 1

4
Ha

ci Hbci K
ab

−1

3
K̄ KabK

ab − 1

2
KKabK

ab

−1

3
K̄ Ki j K

i j − 1

2
KKi j K

i j + 1

12
Ha

ci Hbci K̄ nanb

+1

4
Hbcina∇cHabi
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+1

4
Ha

binaDcHb
c
i + 1

2
Ha

dinanbnc∇cHbdi

]

+b67

[
− 1

54
K̄ 3 − 1

36
K̄ 2K − 1

2
K̄ KabK

ab

−3

4
KKabK

ab + 1

6
K̄ Ki j K

i j + 1

4
KKi j K

i j

−2

3
K̄ nanbRab − KnanbRab − 2

9
K̄ na∇a K̄

−1

3
Kna∇a K̄ + 1

8
Ha

ci Hbci K
ab

− 1

24
Ha

ci Hbci K̄ nanb − 1

8
Hbcina∇cHabi

−1

8
Ha

binaDcHb
c
i − 1

4
Ha

dinanbnc∇cHbdi

]
(70)

where Da ≡ ∇a − ∇a� is dilaton-derivative and Rμν ≡
G̃ρσ Rρμσν + ∇μ∇νφ is dilaton-Riemann which are con-
sistent with the linear T-duality [27]. We have also defined
K̄ ≡ Ka

a − Ki
i and K ≡ Ki

i − na∇aφ which are also
invariant under the linear T-duality. Note that while there is
derivative of Riemann curvature in (67), this term has been
cancelled in the above form of the boundary couplings by
using the boundary total derivative terms. The gauge invari-
ant action (68) is fully invariant under T-duality and is con-
sistent with S-duality up to some terms in the boundary of
boundary which are zero. There are four parameters in the
above action, i.e., a28, b52, b53, b67. For a28 = − 1

6 , the bulk
couplings are consistent with the PR2-level or disk-level S-
matrix element of two NS–NS vertex operator [28,37].

At the leading order of α′, the bulk action is given by the
DBI action and there is no boundary couplings. However, the
action (68) indicates that at order α′2, there are more cou-
plings in the boundary than in the bulk. One may expect that
this is a general feature of boundary couplings at the higher
orders of derivative. Moreover, a general feature of higher
derivative couplings is that they are depend on the scheme
[38]. The metric couplings in the bosonic string theory in a
particular scheme at order α′ is given by the Gauss-Bonnet
couplings. The corresponding boundary couplings have been
found in [39]. It is known how to include the B-field and dila-
ton to the bulk couplings [21,38], however, it is not known
how to include these fields in the boundary. It would be inter-
esting to use the gauge symmetry and T-duality constraint to
find the boundary action in the bosonic string theory at order
α′ which includes the metric, B-field and dilaton, as in (68).
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Appendix: Stokes’s theorem

In this appendix we use the Stokes’s theorem to find the for-
mulas (34) and (50) that we have used in this paper (see
Appendix E in [40] for more details). For an D-dimensional
spacetime manifold M with boundary ∂M , the Stokes’s the-
orem is the following:∫
M
dω(D−1) =

∫
∂M

ω(D−1) (71)

where ω(D−1) is an arbitrary (D − 1)-form. If one chooses
it as ω(D−1) = ∗A(1) where A(1) is a one-form, and uses
x0, . . . , xD−1 as the spacetime coordinates, then in terms of
x-components, one has

ωμ1···μD−1 = Aνεμ1···μD−1ν

(dω)λμ1···μD−1 = ∇[λAνεμ1···μD−1]ν (72)

where ε(D) is the volume-form of the spacetime manifold
M . On the other hand, since dω(D−1) is an D-form, it can
be written as dω(D−1) = hε(D) = ∗h where h is a 0-form.
Using the fact that ∗∗ = 1, one finds the function h is h =
∗ ∗ h = ∗dω(D−1) = ελμ1···μD−1∇[λAνεμ1···μD−1]ν . Using
the contraction of two volume-forms, one finds h = ∇ν Aν .
Using the fact that the volume-form in terms of x-coordinates
is ε(D) = √|G|dDx , one can write the integrand on the left-
hand side of (71) as

dω(D−1) = ∇ν A
ν
√|G|dDx . (73)

On the right-hand side of (71), one can write ω(D−1)

in terms of the volume-form of the boundary space, i.e.,
ω(D−1) = gε̂(D−1) = ∗̂g. Using the fact that ∗̂∗̂ = 1, one
can write g = ∗̂∗̂g = ∗̂ω(D−1). Then using the relation
between x-components of volume-forms ε(D) and ε̂(D−1),
i.e., ε̂μ1···μD−1 = nλε

λμ1···μD−1 where nμ is unite vector
orthogonal to the boundary, one finds the 0-form g to be
g = nλAλ. On the other hand, using the fact that the bound-
ary volume-form is ε̂(D−1) = √|γ |dD−1y where γ is deter-
minate of induced metric on the boundary and the boundary
with coordinates y0, . . . , yD−2 is specified by the functions
xμ = xμ(y), one can write the integrand on the right-hand
side of (71) as
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ω(D−1) = nν A
ν
√|γ |dD−1y. (74)

Replacing (73) and (74) in (71), one finds the Stokes’s theo-
rem in terms of x-components is∫
M

∇ν A
ν
√|G|dDx =

∫
∂M

nν A
ν
√|γ |dD−1y. (75)

This is the formula that we have used in (34).
For the boundary ∂M , the Stokes’s theorem is the follow-

ing:∫
∂M

d�(D−2) =
∫

∂∂M
�(D−2) (76)

where �(D−2) is an arbitrary (D − 2)-form. Since boundary
of boundary is zero, i.e., ∂∂M = 0, the right-hand side this
time is zero.

If one chooses �(D−2) = ∗F (2) where F (2) is a two-form,
then in terms of x-components, one has

�μ1···μD−2 = Fαβεμ1···μD−2αβ

(d�)λμ1···μD−2 = ∇[λFαβεμ1···μD−2]αβ. (77)

Since d�(D−2) is an (D − 1)-form, it can be written as
d�(D−2) = kε̂(D−1) = ∗̂k where k is a 0-form. Using the
fact that ∗̂∗̂ = 1, one finds the function k is k = ∗̂∗̂k =
∗̂d�(D−2) = ε̂λμ1···μD−2∇[λFαβεμ1···μD−1]αβ . Then using
the relation between x-components of volume-forms ε(D)

and ε̂(D−1), i.e., ε̂μ1···μD−1 = nλε
λμ1···μD−1 , and using the

contraction of two volume-forms, one finds k = nα∇βFαβ .
On the other hand, using the relation for the boundary
volume-form ε̂(D−1) = √|γ |dD−1y, one can write the
Stokes’s theorem in the boundary as∫

∂M
nα∇βF

αβ
√|γ |dD−1y = 0 (78)

where Fαβ is an arbitrary antisymmetric tensor. This is the
formula that we have used in (50).
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