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Abstract

In this paper we consider conditions under which the property of being phase retriev-
able is invariant among a frame and its dual frames. We also investigate perturbation
of phase retrievable frames. Finally, we obtain an explicit expression of tensor prod-
uct dual frames which leads to reconstruction of a signal from magnitudes of frame
coefficients.
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1 Introduction and preliminaries

The topic of reconstructing a signal without using phase is known as phase retrieval
and has become a very active area of research [3,4,8]. It has a wide range of applications
in Physics and engineering such as X-ray tomography [9], electron microscopy [10],
coherence theory and a number of other areas. Phase retrieval using frames was first
introduced in 2006 by Balan, Casazza and Edidin [4], they gave a unique mathematical
approach for phase retrieval, which quickly turned into an industry. Phase retrievable
frames has been developed very fast over the last years [2,8,13].

Phase retrievable frames consider recovering a signal from the magnitudes of frame
coefficients. Often times in engineering problems, the phase of a signal is lost and
only magnitudes of frame coefficients are known. Therefore, it is necessary to provide
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methods for signal reconstruction with this lack of information, i.e. without using
phase. Let f = {fi}ie; be a frame for a Hilbert space H. Any signal x € H is
uniquely defined by magnitudes of its frame coefficients up to a unimodular scalar, if
and only if f is phase retrievable [2]. Phase retrieval aims to recover signal x from
magnitudes of frame coefficients {|(x, fi)|}ics. In this paper, we study the property
of phase retrievability for dual frames of a phase retrievable frame. Sometimes it
is easier to check phase retrievability of a dual frame than a frame. We investigate
conditions under which a frame is phase retrievable if and only if its dual frames are
phase retrievable. We also consider stability of phase retrievable frames under small
perturbations of the frame in a Hilbert space H. For x, y € H, x ® y on ‘H is defined
by (x ® ¥) (z) = (z,y) x. Thenx ® x = y ® y if and only if x = oy, where || = 1.
Thus recovering x up to a unimodular constant is the same as recovering the rank
one operator x ® x from the given magnitudes of frame coefficients {|(x, fi)|}ics by
using dual frames. An explicit expression for one of the choices of a dual is obtained
in [3,5]. Using dual frames, one can recover a signal x from the given magnitudes of
frame coefficients.

The main result of this paper gives an explicit expression of all dual frames of
tensor product frames. This leads to reconstruction of a signal from magnitudes of
frame coefficients.

The organization of the paper is as follows. Sect. 1 contains basic notation and
definitions related to frame theory and tensor product frames. In Sect. 2, we give
conditions under which the property of being phase retrievable is invariant among a
frame and its dual frames. We also propose a way of constructing a phase retrievable
dual frame from a frame. Sect. 3 investigates methods to obtain tensor product dual
frames which yield recovering a signal after loss of phase.

Throughout this paper, H is a Hilbert space, I and J are countable index sets and
I is the identity operator on . We denote the set of all bounded linear operators
between Hilbert spaces H; and H» by B (H, Hz) and for H; = Hy = 'H, it is
represented by B (). Before discussing phase retrievable results, we briefly recall
the definitions and basic properties of frame theory and tensor product of frames.

A sequence f = {f;}ics in a Hilbert space H is a frame if there are constants
0 < A < B < oo so that for all x € H,

Allxl? <) e, )PP < Blx)?, (1.1)

iel

where A and B are the lower and upper frame bounds, respectively. If we can choose
A = B = 1 then the frame is called a Parseval frame. If f = {f;}ics is only assumed
to satisfy the right hand of (1.1), then it is called a Bessel sequence. For a Bessel
sequence f = {f}ier, the synthesis operator T : 02(I) — 'H is defined by

Ty (cidien) = ) cifr.
iel

Its adjoint operator T}" is called the analysis operator and the operator Sy : H — H,
which is defined by Syx = TfT]i‘x = Zie] (x, fi) fi, for all x € 'H, is called the
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frame operator. The frame operator is positive, self-adjoint and invertible [6, Lemma
5.1.6]. A dual for a Bessel sequence f = { fi}ic; in H is a Bessel sequence g = {gi}iers
such that 7, TJ’? = Ip4. Let f be aframe for H with frame operator S y. Then {S]?] fitier
is called the canonical dual frame for f. A Riesz basis for H is a family of the form
{Ue;}icr, where {e;};¢; is an orthonormal basis for H and U : H — H is a bounded
bijective operator.

Now we briefly recall some basic facts about tensor products of Hilbert spaces which
are required in the sequel. Let H| and H> be two Hilbert spaces. The tensor product
H1 ® Hy of Hy and H; is defined as the space of all antilinear maps 7 : Hy — H;
such that Zjej ||Tuj||2 < o0, for some orthonormal basis {u;};ecs for H,. For
T € Hi @ Ha, we set |||T||*> = e | Tu ;|| In [11, Theorem 7.12] it is shown
that H; ® H» is a Hilbert space with the norm |||.||| and the associated inner product

(Q,T):Z(Quj,Tuj)

jeJ
for Q, T € H1 ® Ha. Let x € Hy, y € H>. We define their tensor product x ® y by

x®y)(2) =({z,y)x,

forz € Hy. If Q € B(Hy)and T € B (H») the tensor product 0 ® T € B (H; ® H»)
is defined to be the bounded linear operator on H; ® H»> such that (Q ® T) (A) =
QAT* for every A € H| ® Hj. For further information on tensor products of Hilbert
spaces see [11]. It is easy to see that for any x1, xo € Hj and y1, y» € Ha,

(x1 ® x2, y1 ® y2) = (x1, y1) (¥2, X2),

and (x; ® y1)* = y1 ® x1. Moreover, if T and Q are invertible operators, then T ® Q
is an invertible operator and (7 ® o) '=11'g0 N
Let H be a Hilbert space, f = {fi}ies and g = {g;}jes be frames for . We write

f®g= {fl ®gAI'}(i,j)eIxJ :

The synthesis (analysis) operator associated with the tensor product of two Bessel
sequences is exactly the tensor product of their respective synthesis (analysis) operators
[14, Lemma 2.1]. Furthermore, Syge = Tf®gT]’f®g and S_ég = S}?l ® Sg_l.

In particular, the canonical dual frame of f ® g is the tensor product of the canonical
duals of f and g respectively [14, Corollary 2.1].

2 Phase retrievable frames

In [2-4], the authors highlighted some properties in phase retrievable frames. While
in [2] it is shown that the canonical dual frame of a phase retrievable frame is also
phase retrievable, but the property of phase retrievability has not been investigated
for alternate duals. In this section, we consider the property of phase retrievability
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for alternate dual frames. we give several conditions under which a frame is phase
retrievable if and only if its dual frames are phase retrievable. Moreover, we consider
perturbations of phase retrievable frames.

Definition 2.1 Let H be a Hilbert space. A frame {f;};c; for H is called a phase
retrievable frame if for all x, y € H, satisfying |(x, f;)| = [{y, fi)| for every i, then
x = ay, for some scaler o with |a| = 1.

Let f = {fi}ier be a frame for H. In [2, Lemma 3.4] it is shown that if f is phase
retrievable, then {U f;};cs is phase retrievable for any invertible operator U on H. In
the following proposition we prove {U fi}ic; is phase retrievable, for an invertible
operator U if and only if {Uf;};cs is phase retrievable, for every invertible operator
U.

Proposition 2.2 Let f = {fi}ic1 be aframe for H. Then the following are equivalent.

(1) The frame f is phase retrievable.

(2) There exists an invertible operator U € B(H), such that {U f;}icy is phase retriev-
able.

(3) For every invertible operator U € B(H), {U fi}ic1 is phase retrievable.

Proof PutU = S;l ,in which Sy is the frame operator of f. Then (1)=(2) is obvious.
The only implication which needs proof is (2)=>(1). For this, let |(x, f;)| = |{y, fi)l,
for x, y € H, and every i. Then

o) son) =) )
o
- () won)

Since {U f;}ies is phase retrievable, (U_l)* X =« (U_l)* y, where |«| = 1. There-
fore, x = ay with |a| = 1. O

As a consequence of Proposition 2.2 we have the following corollary .

Corollary 2.3 Let f = {fi}ic1 be a frame for H with the frame operator Sy. Then

(1) {Sy filiel is phase retrievable if and only if f is phase retrievable.

(2) {SJ?1 fitiel is phase retrievable if and only if f is phase retrievable.

(3) If f is phase retrievable then {U* f;};c; is phase retrievable, for every left invert-
ible operator U € B(H).

The following corollary considers conditions under which the property of being
phase retrievable is invariant among a frame and its dual frames.

Corollary 2.4 Let f = {fi}ier be a frame for H and f: {]7,-},-61 be a dual frame of
f. Under any of the following assumptions f is phase retrievable if and only if f is
phase retrievable.
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(1) f is a Riesz basis.
(2) Fori, jel,

(F5. fi)={f3, Fi)- .1
(3) There is no Bessel sequence k in 'H such that Ty Tk* =0.

Proof Assume (1). Since the dual of a Riesz basis is its canonical dual frame [6,
Theorem 5.2.1], by Corollary 2.3, f is phase retrievable if and only if the canonical
dual f of f is phase retrievable. ~
Assume (2). By [12, Proposition 3.3.5], f is the canonical dual frame of f if and
only if (2.1) holds. This gives the result when combined with Corollary 2.3. Assume
3). If f is not the canonical dual frame of f, then there exists Bessel sequence
k={ f, ST 7 f,}le 1 such that Ty T = 0. This contradicts our assumption, so f is
the canonical dual frame of f. Usmg Corollary 2.3, the result follows immediately.
O

Stability and perturbation of phase retrievable frames have been investigated in the
case of H = C" in [2].

In the sequel, we investigate perturbation of phase retrievable frames for an arbitrary
Hilbert space H. Assume that f is a phase retrievable frame and f is a frame in some
sense close to f. In the following proposition we show that f is also phase retrievable.

Proposition 2.5 Ler f = {fi}icr be a phase retrievable frame for H and f = {ﬁ},-eI
be a frame for 'H such that for every x € 'H,

’(x,ﬁ—f,-)’<e, iel.

Then f is phase retrievable.

Proof For every x € H, we have

- 2) =[x 5= 5+ )
< (. £ = )|+ 10, g
< e+ 1tx, fill.

By a similar argument,

(il < e+ |(x 7))
e £ =1 £)
s

. Then

= (. fill

s £l = |{x. 1)
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Since f is phase retrievable, it follows that f is also phase retrievable. O

Let f = {fi}ies be a frame for H and {8;};<; be the canonical basis for £2 (1) . By [,
Theorem 2.1], dual frames are precisely the families of the form {S;l fi + W*§; } -

h le
where W € B (H, Ez) such that 7y W = 0. In the following proposition we establish
conditions under which the property of being phase retrievable is invariant among a
frame and its dual frames.

Proposition2.6 Letr f = {filici be a frame for H. Suppose that f =
{S;lﬁ n W*(Si}' , is a dual frame of f where W € B (H, ¢2) such that T W = 0.

4SS

We denote the i-th component of Wx by (Wx); for every x € 'H.

(1) If}(Wx)i| < €, foreveryx € Handi € I, then f is phase retrievable if and

only if f is phase retrievable.
(2) f(Wf); = (ij)i ,foreveryx € Handi, j € I, then f is phase retrievable

if and only if f is phase retrievable.

Proof Let f be phase retrievable. By Corollary 2.3, {SJT1 filier is also phase retriev-
able. For every x € H we have

(. 77 = 57 £1)| = Lo, wesi)| = W] <ce.

By Proposition 2.5, f is phase retrievable. Analysis similar to that in the above shows
that f is phase retrievable if f is phase retrievable. For (2) by [12, Proposition 3.3.5],

f is the canonical dual frame of f if and only if
(fio iy ={f. fi), ijel
Now observe that
(75 £) = (87" 05+ W, i)
= (5715 fi) + Wi
= (1525714 + (W),
(

Therefor f is the canonical dual frame of f'. Corollary 2.3 gives the desired conclusion.
O

The next proposition, gives a perturbation of phase retrievable dual frames.

Proposition 2.7 Assume that f = {f;}ic1 is a frame for H and f: {]A”;-},-el is a dual
frame of f. Let & = {6;}ic1 be a phase retrievable frame such that

IT7—Toll < 17717
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-1
Then Ty T;ﬁ is invertible and (Tg T}") 0 is a phase retrievable dual frame of f.
Proof Since f is a dual frame of f, so Tf ;= = Iy and

Iy — Ty T} = | T7TF — Ty T}
< IT7— Tl T} < 1.

-1
Hence, Ty T;f is invertible and (Tg T}’f) 0 is a dual frame of f [7]. Since 6 is a phase
—1 —

retrievable frame and (Tg T]ik) is invertible, by Proposition 2.2, (T@ T]’f) 0 is phase
retrievable. O

3 Duality of tensor product frames

Let f = {fi}ic; be a frame for H and x € H. Clearly the magnitudes of frame
coefficients |(x, f;)| for i € I are the same for both x and ax for every unimodular
scalar «. The phase retrievable problem asks to recover a signal x up to a unimodular
scalar from its magnitudes of frame coefficients. While some papers [3,4,10] present
conditions for reconstruction of a signal, the general problem of finding efficient
algorithms is still open. Notice that if {R; ;} i)erxs is a dual frame of f ® f, then
for every x € H we have

x®x:z<x®x’fi®fi>Ri,i=Z|(X,fz‘)|2Ri,i- 3.1
(@,i) (i,i)

So a signal x can be recovered up to a unimodular scalar, by factorizing dual frames
of f® f.

Using Grammian matrix, an explicit formula for one of the choices of a dual
{Ri.i},iyerx1 is obtained in [3,5]. In this section we discuss another algorithms that
characterize alternate dual frames of f ® f which lead to reconstruction of a signal
up to a unimodular scalar, by (3.1). A tr1v1a1 dual frame of f ® f that makes (3.1)
allowable, is the canonical dual frame {S f, ® S f,}(l HelxI-

In the sequel we mention methods to obtaln alternate dual frames of f ® f such
that (3.1) is satisfied.

Proposition 3.1 Let f = {fi}ic1 be a frame for H and K = {k;;}i iyerx1 be a
Bessel sequence in H ® H. Then R = {R, iYi.helx1 is a dual frame of f @ f =

{fi ® fi}d.herxt ifand only if R; ; = S;@f (fi ® fi) + kii, where Tk Tfg , = 0.
Proof 1t is easy to see that Tg Tf® r= I g This completes the proof. O

The following proposition which is [14, Theorem 2.1] derives a necessary and suffi-
cient condition for two tensor product Bessel sequences to be a pair of dual frames.
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Proposition 3.2 Assume that [ = {fi}ic; and f = {ﬁ}ig are Bessel sequences in
Hilbert space H1, g =~{gi Vier and g = {g;}ie1 are Bessel sequences in Hilbert space
Hy. Then f ® g and f ® g form a pair of dual frames in H| ® Hy if and only if there

exist constants a, b with ab = 1 such that TfT}’i =aly, and T, Tg}" =bly,.

Let f = {fi}ics be a frame for H. In the following theorem, using an idea of the
preceding proposition, we characterize dual frames of f® f that makes (3.1) allowable.

Theorem 3.3 Assume that f = {fi}ic; and g = {gi}ics are frames for H and {5;};ct
is the canonical orthonormal basis for €%(I).

(1) The dual frames of f ® g are precisely f@ g=1{Vs ® Udi}i.iyerx1, where
U,V € B (62, H) and there exist constants a and b with ab = 1 such that
VT]}k = ahiand UT; =bly.

(2) The frame f ® ¢ is a dual frame of f ® g if and only if

Fov = ISl @S o 4 W @ WrS:
Fez={s;'fies; gl+W18,®W28,}(i,i)elxl (3.2)

for some operators Wi, Wo € B (H, Ez) such that TyWy; ® T, W, = 0.

Proof (1) By [6, Lemma 5.7.2], the dual frames of f ® g are precisely the fam-
ilies of the form {(V ® U) (8 ® 8))}¢.iyerxi» where U,V € B (¢*,H) and
the tensor product V ® U is the left inverse of T;f® . It is obvious that
{(VRU) (i ®8)}ineixi = {V8 ® Udi}i,ierxi- On the other hand by [14,
Proposition 1.1] (V ® U) T;‘® g = I g1 if and only if there exist constants a and
b with ab = 1 such that VT}}k = aly and UT," = bl . This completes the proof.

(2) By [1, Theorem 2.1], the dual frames of f ® g are precisely the families of the
form

oy =1¢1 : . * (. .
Tei={si,Giss+maw  Gen|

for some operators Wi, W, € B (H, %) such that Trge (W) @ Wo) = 0. As
S;qlgg (fi ® gi) = S;lfi ® Sg_lg,' and

Trgs (W1 ® Wa) = (Ty @ Ty) (W1 ® Wa)
=TiW T, Ws,

we have (3.2). O

As tensor product of dual frames f = {f;}ic; and g = {gi}ies is a dual frame of
f ® g [14], we immediately have the following proposition.

Proposition 3.4 Assume that f = {fi}ic; and g = {gi}ier are frames for H and
{8i}ier is the canonical orthonormal basis for 22D,
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(1) The frame {S;lﬁ ® v(si}
is a left inverse of Ty

(2) The frame EVS,' ® S;]g,-}
is a left inverse of T}k.

(3) The frame {VSk ® (Sg’lg,' + W*8i> }(i,i)elxl is a dual frame of f ® g, in which
VeB (52, H) is a left inverse ofT* and W € B (H, 52) such that TeW = 0.

(4) The frame {S;lfi ® (S gi + W*§; )} is a dual frame of f ® g, in which

(i,iyelxI
W € B (H, €%) such that T,W = 0.

is a dual frame of f ® g, where V € B (62, H)
(i,iyelxI

is adual frame of f @ g, where V € B (Ez, H)
(i,i)elxI

In the next proposition, we give dual frames for tensor product of two frames. Its proof
is straightforward and so is omitted.

Proposition 3.5 Assume that f = {fi}ic1 and g = {gi}ier are frames for H and

{8i}ier is the canonical orthonormal basis for 22D,

(1) If 11y — T, T} < Land Sy f = (TgT}“) then {Sg. 1 gi ® Sq. s ilict is a dual
frame of f ® f

(2) IfllIn — T, T*|| <land S, r:= (Tng)_1 then {S, rgi ® Sglg,-}iel is a dual
frame of f ® g.

The next proposition, gives a perturbation of tensor product dual frames.

Proposition 3.6 Assume that [ = {fi}ier is a frame for H such that f® f: {]?,- ®
fitier is a dual frame of f @ f. Let ® = {0; ® O;}ic; be a Bessel sequence such
that

ITe = Trp7ll < I Tre sl ™"

Then Te Tf®f is invertible and (T@ f®f) ® is a dual frame of f @ f.

Proof 1t is easy to see that H Iner — To T;ﬁ® 7 H < 1. This completes the proof. O

In the following proposition we give necessary and sufficient conditions under
which a dual of a tensor product is canonical.

Proposition 3.7 Let f = {fi}ie; and f = {f,},el be two frames for H such that
f ® f {f, ® f,}(l DelxI is a dual frame of f @ f. Then f ® f is the canonical
dual frame of f ® f if and only if

(£, Fi) = (s £3)|, fori,jel. (3.3)
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Proof If f ® fis the canonical dual, obviously (3.3) holds. Conversely, if (3.3) holds,
then

(fi®fi. fi® i) =|

*3 =

TP
f£)|2
® 7. f;® fi).

(/i
\(fi
=(fi®
For x € 'H we have

x@x. fi® fi) = (x®x. f;® fi){fi ® [ir i ® fi)
.
=Y x@x fi®f)fi®f. fi e fi)
.
= (Srerx ®x, fi ® fi).

Hence f; ® fi = S;é,f (fr ® fo). o

One can easily generalize Proposition 3.7, for the tensor product dual of two different
frames.

Proposition 3.8 Ler f = {fi}ics be a frame for a Hilbert space H; and g = {Zi}ier
and k = {k Yier be frames for a Hilbert space Hy such that § ® kisa dual frame of
f® f.Theng ® k is the canonical dual frame of f ® f if and only if

(2 ®ki. fi ® i) =(f; ® £;. % ® k).

The next proposition gives another characterization of the canonical dual frames for
tensor product of two frames.

Proposition 3.9 Suppose f = {fi}ici and g = {gi}ics are frames for H and g ® g is
a dual frame of f Q@ f. The following are equivalent.

(1) g ® g is the canonical dual frame of f ® f.
(2) Seog = S;é)f‘
(3) Sgog = Tews T4, for every dual frame © = {©; ;}i.iyer of f ® f.

Proof (1) = (2). Let g ® g be the canonical dual frame of f ® f. Then g ® g =
Sterf ® f.So
Sg@g - Tg@ng@g
-1
= Sf®fo®fT;®fo®f
_ Sfl
AT
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(2) = (1). Assume that g ® g is a dual frame of f ® f. Using Theorem 3.3 there
exist operators Wy, W, € B (H, €%) such that Tyg s (W) ® W2) = 0 and

g@g={S;h e +Wmew Gon) . G

Put W = W; ® W,. Since Trg W =0, forany x € H

<Sg®g x®x),x ®x)

:<Z<x®x Siay (i ® fi) + W* (5 @)
(0,0

(S;éf (fi ® fi) + W5 (8 ®36i), x ®x>>
=<S}é,f (x ®x),x®x)+ W (x ®x) |2

Therefore, if Sy, = S;é Iz then g ® g is the canonical dual frame of f ® f.
(2) = (3). We observe that

-1
Sewg = Sy
—1
= Sf@fo®fT(3
57 -f®fT(:§
fef
= Tooe T3

(3)= (2).Put® = Sy . f ® f. Then

S = TooTF
8®g 8®g Sféff@f
—1
= g®gT;®fo®f
ol
= Srer

Let f;, gi € C" be such that
m m
Nl il fi®fi = lx gl e ®s
Jj=1 i=1

for every x € C". In [8, Corollary 4.6] it is shown that { f; }m | is phase retrievable if
and only if {g;}?" | is phase retrievable.
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If there exist parseval frames { f j};”:l and {g;}?*, for C" then

x@x =3 |l )P fi® =Y Ix, e g ® gi-
j=1

i=1

Hence by [8, Corollary 4.6], { f; ;?:1 is phase retrievable if and only if {g;}/" | is phase
retrievable. So, the following proposition can be concluded.

Proposition 3.10 Let H = C". The following are equivalent.

(1) There exists a Parseval phase retrievable frame for 'H.
(2) Every Parseval frame is phase retrievable for H.

References

10.

11.
12.

13.

14.

. Arefijamaal, A.A., Zekaee, E.: Signal processing by alternate dual Gabor frames. Appl. Comput.

Harmon. Anal. 35, 535-540 (2013)

. Balan, R.: Stability of phase retrievable frames, Proc. SPIE, Wavelets and Sparsity XV, 88580H, 2013
. Balan, R., Bodmann, B.G., Casazza, P.G., Edidin, D.: Painless reconstruction from magnitudes of

frame vectors. J. Fourier Anal. Appl. 15, 488-501 (2009)

. Balan, R., Casazza, P.G., Edidin, D.: On signal reconstruction without noisy phase. Appl. Comput.

Harmon. Anal. 20, 345-356 (2006)

. Bodmann, B.G., Casazza, P.G., Edidin, D., Balan, R.: Frames for linear reconstruction without phase.

CISS Meeting, Princeton, NJ (2008)

. Christensen, O.: Frames and Bases: An Introductory Course. Birkhduser, Boston (2008)
. Christensen, O., Laugesen, R.S.: Approximately dual frames in Hilbert spaces and applications to

Gabor frames. Sampl. Theory Signal Image Process. 9(3), 77-89 (2010)

. Deguang, H., Juste, T.: Phase-retrievable operator-valued frames and representations of quantum chan-

nels. Lin. Alg. Appl. 579, 148-168 (2019)

. Dierolf, M., et al.: Ptychographic x-ray computed tomography at the nanoscale. Nature 467, 436440

(2010)

Fienup, J.R.: Reconstruction of an object from the modulus of its Fourier transform. Optics Lett. 3,
27-29 (1978)

Folland, G.B.: A course in abstract harmonic analysis. CRC Press, Boca Raton (1995)

Lemvig, J.: Wavelet frames and their duals. Technical University of Denmark, Denmark (2008) (Phd
Thesis)

Li, L., Juste, T., et al.: Phase retrievable projective representation frames for finite abelian groups. J.
Fourir Anal. Appl. 25, 86-100 (2019)

Wang, Y.H., Li, Y.Z.: Tensor product dual frames. J. Inequal. Appl. 1, 1-17 (2019)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.



	Using tensor product dual frames for phase retrieval problems
	Abstract
	1 Introduction and preliminaries
	2 Phase retrievable frames
	3 Duality of tensor product frames
	References




