
Available online at www.sciencedirect.com
ScienceDirect

Nuclear Physics B 971 (2021) 115510
www.elsevier.com/locate/nuclphysb

On NS-NS couplings at order α′3

Mohammad R. Garousi

Department of Physics, Faculty of Science, Ferdowsi University of Mashhad, P.O. Box 1436, Mashhad, Iran

Received 2 March 2021; accepted 28 July 2021
Available online 30 July 2021

Editor: Stephan Stieberger

Abstract

Recently, imposing the gauge-symmetry and the T-duality constraints on the string frame effective ac-
tions of type II superstring theories at order α′3, the NS-NS couplings have been found in a particular 
scheme which has 445 couplings in 15 different structures. In this paper, using a field redefinition, we write 
them in terms of 251 couplings which appear in 9 different structures. The 9 structures involve only Rie-
mann curvature, Hαβμ and ∇αHβμν . The number of couplings in the structures R4, H 8, H 6R, H 4R2, 
H 2R3 are 2, 2, 1, 7, 22, respectively, and the number of couplings in the structures (∇H)4, (∇H)2R2, 
(∇H)2H 4, (∇H)2H 2R are 12, 22, 77, 106, respectively. The new couplings are also fully consistent with 
the sphere-level S-matrix element of four NS-NS vertex operators.
© 2021 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

String theory is a candidate quantum theory for gravity which includes a finite number of 
massless fields and a tower of infinite number of massive fields reflecting the stringy nature of 
the gravity. An efficient way to study different phenomena in this theory is to use an effective 
action which includes only the massless fields [1–5]. The effective action has double expansions. 
The genus-expansion which includes the classical tree-level and a tower of quantum loop-level 
corrections, and the stringy-expansion which is an expansion in terms of higher derivative cou-
plings at each loop level. It is shown in [6–10] that the tree-level effective action of bosonic string 
theory at two and four derivatives is invariant under T-duality [11,12]. Using string field theory, it 
is proved in [13] that the full tree-level effective action of string theory should be invariant under 
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T-duality. Imposing this symmetry, the effective action at six-derivative level has been found in 
[14].

The massless fields in type II superstring theories are bosons and fermions. Using supersym-
metry, their tree-level effective actions at two-derivative level have been found long ago [1–4]. 
The bosonic couplings in democratic form [15] in the string frame are

S0 = − 2

κ2

∫
d10x

√−g
[
e−2�

(
R + 4∇a�∇a� − 1

12
H 2

)
+

9∑
n=1

1

n!F
(n) · F (n)

]
(1)

where H is field strength of the B-field and F (n) is the R-R field strength. This action is invariant 
under the T-duality [8,15,16]. The first stringy-correction to this action is at eight derivative 
order. It has been shown in [17] that the gauge symmetry alone requires to have at least 872 
independent NS-NS couplings. All other couplings can be converted to these couplings by the 
total derivative terms, by field redefinitions and by the Bianchi identities. Imposing the T-duality 
constraint on these 872 couplings, the NS-NS couplings in type II superstring theories have been 
found in the string frame to be [18]

S3 = −2α′3c

κ2

∫
d10x

√−g
[
e−2�L3(g,B,�) + · · ·

]
(2)

where dots represent the R-R and fermion fields in which we are not interested, and c is an 
overall factor which can not be fixed by the T-duality constraint. There are 445 non-zero NS-NS 
couplings in L3(g, B, �) which appear in 15 different structures. There are only two couplings 
when there is no B-field, i.e.,

L3(g,�) = 2Rα
ε
γ

εRαβγ δRβ
μ

ε
ζ Rδζεμ + Rαβ

εεRαβγ δRγ
μ

ε
ζ Rδζεμ (3)

The couplings in this structure are exactly the couplings that have been found by the S-matrix 
and sigma-model calculations [19–25] provided that one chooses the overall parameter to be 
c = −ζ(3)/26. All other 443 couplings appear in 14 different structures which involve H . We 
refer the interested reader to [18] for the explicit form of these couplings.

The number of structures and the number of couplings in each structure, in general, are 
not unique. They are changed under higher-derivative field redefinitions and under adding to-
tal derivative terms, i.e., they are scheme dependent [26]. Except the couplings in (3), all other 
couplings in L3(g, B, �) are changed under adding total derivative terms and under using the 
field redefinition. Hence, it raises question about the number of structures and the number of 
couplings in a specific scheme. In this paper, we are going to show that the couplings found in 
[18] can be written in another scheme in which there are only 9 structures. The dilaton appears 
in this scheme only as the overall factor e−2�. Moreover, the number of couplings in this scheme 
is 251 which is much less than the number of couplings found in [18].

To add arbitrary total derivative terms to L3(g, B, �), we consider the most general total 
derivative terms at order α′3 in the string frame which have the following structure:

α′3

κ2

∫
d10x

√−ge−2�J3 = α′3

κ2

∫
d10x

√−g∇α(e−2�Iα
3 ) (4)

where the vector Iα
3 is all possible covariant and gauge invariant terms at seven-derivative level 

with even parity. Using the package “xAct” [27], one finds 11941 covariant terms, i.e.,

Iα = J1H
γδεRαβRβεεθ∇δHγ

εθ + · · · (5)
3
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where the coefficients J1, · · · , J11941 are 11941 arbitrary parameters.
The couplings in L3(G, B, �) are also in a fixed field variables. One can change the field 

variables as

gμν → gμν + α′3δg(3)
μν

Bμν → Bμν + α′3δB(3)
μν

� → � + α′3δ�(3) (6)

where the tensors δg(3)
μν , δB(3)

μν and δ�(3) are all possible covariant and gauge invariant terms at 
6-derivative level. δg(3)

μν , δ�(3) contain even-parity terms and δB(3)
μν contains odd-parity terms 

i.e.,

δg
(3)
αβ = g1H{αγ δHβ}γ εHδ

εθHεε
ηHθ

μνHημν + · · ·
δB

(3)
αβ = e1R

γδRδεε[α∇β]Hγ
εε + · · ·

δ�(3) = f1Hα
δεRβγ ∇α�∇γ Hβδε + · · · (7)

The coefficients g1, · · · , g3440, e1, · · · , e2843 and f1, · · · , f705 are arbitrary parameters. When the 
field variables in S3 are changed according to the above field redefinitions, they produce some 
couplings at orders α′6 and higher in which we are not interested in this paper. However, when 
the NS-NS field variables in S0 are changed, up to some total derivative terms, the following 
couplings at order α′3 are produced:

δS0 = δS0

δgαβ

δg
(3)
αβ + δS0

δBαβ

δB
(3)
αβ + δS0

δ�
δ�(3) = −2α′3

κ2

∫
d10x

√−ge−2�
[

(
1

2
∇γ Hαβγ − Hαβ

γ ∇γ �)δB
(3)
αβ − (Rαβ − 1

4
HαγδHβ

γ δ + 2∇β∇α�)δg
(3)
αβ

− 2(R − 1

12
Hαβγ Hαβγ + 4∇α∇α� − 4∇α�∇α�)(δ�(3) − 1

4
δg(3)μ

μ)
]

≡ α′3

κ2

∫
d10x

√−ge−2�K3 (8)

Adding the total derivative terms and the field redefinition terms to the action (2), one finds new 
action S3, i.e.,

S3 = −2α′3c

κ2

∫
d10x

√−g
[
e−2�L3(g,B,�) + · · ·

]
(9)

where the Lagrangian L3(G, B, �) is related to the Lagrangian L3(G, B, �) as

L3 = L3 +J3 +K3 (10)

The action S3 and S3 are physically equivalent. There is no free parameter in L3(G, B, �). 
Choosing different values for the arbitrary parameters in J3, K3, one would find different forms 
of couplings for the Lagrangian L3. Alternatively, if one chooses a specific form for the La-
grangian L3 and the above equation has a solution for the arbitrary parameters in J3, K3, then 
that Lagrangian would be physically the same as L3. Otherwise that Lagrangian would not cor-
respond to an effective action of the superstring theory.

To check that the above equation has solution, however, one should write (10) in terms of 
independent couplings, i.e., one has to impose the following Bianchi identities:
3
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Rα[βγ δ] = 0

∇[μRαβ]γ δ = 0 (11)

∇[μHαβγ ] = 0

[∇,∇]O − RO = 0

To impose these Bianchi identities in gauge invariant form, one may contract the left-hand side 
of each Bianchi identity with the NS-NS field strengths and their derivatives to produce terms at 
order α′3. The coefficients of these terms are arbitrary. Adding these terms to the equation (10), 
then one can check whether or not it has solution. Alternatively, to impose the Bianchi identities 
in non-gauge invariant form, one may rewrite the terms in (10) in the local frame in which the first 
derivative of metric is zero, and rewrite the terms in (10) which have derivatives of H in terms 
of B-field, i.e., H = dB . In this way, the Bianchi identities satisfy automatically [28]. This latter 
approach is easier to impose the Bianchi identities by computer. Moreover, in this approach one 
does not need to introduce another large number of arbitrary parameters to include the Bianchi 
identities to the equation (10).

We are looking for a Lagrangian which has minimum number of structures. The Lagrangian 
L3 has 15 structures. Each structure has no term with more than two derivatives, e.g., there is no 
coupling which has ∇∇H . In some of the structures the dilaton appears non-trivially, e.g., there 
are couplings which has ∇∇� (see [18] for the explicit form of the couplings). To reduce the 
number of structures, we guess that there might be scheme in which there is no term with more 
than two derivatives as in L3, and the dilaton appears in them trivially as the overall factor e−2�. 
To check this proposal, we write all contractions of Riemann curvature, H and ∇H , in which 
derivative is not contracted with H , i.e., no coupling has term ∇μHμνα . Using the package 
“xAct” [27], one finds there are 1141 such couplings in 9 different structures, i.e.,

L3 = c1Hα
δεHαβγ Hβ

εμHγ
ζηH δε

θHεζ
ι Hμι

κHηθκ + · · · (12)

where c1, · · · , c1141 are some parameters. When we have replaced this Lagrangian on the right-
hand side of (10) and rewrite all terms in (10) in terms of independent non-gauge invariant form, 
we find that there is solution for the parameters. It means it is possible to rewrite the couplings in 
L3 in the above 9 structures in L3. However, not all 1141 parameters are fixed in solving (10). It 
means we are still free to choose some of the parameters in L3 to be zero. We have checked that 
it is impossible to remove any more any of the 9 structures in L3.

To find the minimum number of couplings in these 9 structures, we choose each term in any 
structure, say R4, and check if it is zero, does the equation (10) have solution or not? We keep 
only the coefficients that the equation (10) has no solution if they are zero, and set all other 
coefficients in that structure to be zero. Then we solve the equation (10) to find the non-zero 
coefficients. In this way we have found that, as expected, the couplings in structure R4 are those 
in (3), i.e., LR4

3 = L3(g, �).
To find the minimum number of couplings with structure H 8, we again keep only the terms 

that if one sets any of them to zero, the equation (10) has no solution. In this case there are 
two terms. Setting all parameters in the structure H 8 to zero, except those two parameters, and 
solving (10), one finds the following couplings in the structure H 8:

LH 8

3 = 1

48
Hα

δεHαβγ Hβ
εμHγ

ζηHδε
θHεζ

ιHθικHμη
κ

− 9
Hα

δεHαβγ Hβ
εμHγ

ζηHδε
θHεζ

ιHηθκHμι
κ (13)
128
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In fact, it has been observed in [17] that the coefficients of five terms in structure H 8 are invariant 
under field redefinition. The T-duality fix three of them to be zero and the other two are as above. 
However, in other schemes, there are the above two couplings as well as some other couplings, 
e.g., there are five couplings in the scheme used in [18].

Having set all parameters in the structure H 8 to zero, except the above two terms, we now 
find the minimum number of couplings with structure RH 6. To this end, we again keep only the 
terms that if one sets to zero any of them, the equation (10) has no solution. In this case there 
is only one term. Setting all parameters in the structure RH 6 to zero, except that parameter, and 
solving (10), one finds the following coupling in the structure RH 6:

LRH 6

3 = 9

8
Hα

δεHαβγ Hβ
εμHγ

ζηHδε
θHεζ

ιRμιηθ (14)

It is interesting to note there are 25 couplings in the structure RH 6 in the scheme used in [18], 
whereas in the present scheme there is only one term.

Having set all parameters in the structures H 8 and RH 6 to zero, except the couplings in (13)
and (14), we now find the minimum number of couplings with structure R2H 4. To this end, we 
again keep only the terms that if one sets to zero any of them, the equation (10) has no solution. 
In this case there are 7 terms. Setting all parameters in the structure R2H 4 to zero, except those 
7 parameters, and solving (10), one finds the following couplings in the structure R2H 4:

LR2H 4

3 = 7

2
Hα

δεHαβγ Hβ
εμHδ

ζηRγ
θ
εζ Rεθμη − 11

4
Hα

δεHαβγ Hβ
εμHζηθRγ ζδεRεημθ

−5

2
Hα

δεHαβγ Hβδ
εHγ

μζ Rε
η
ε
θRμηζθ − 1

2
Hα

δεHαβγ Hβδ
εHγε

μRε
ζηθRμηζθ

−2Hα
δεHαβγ Hβ

εμHδ
ζηRγεε

θRμθζη + 5

4
Hα

δεHαβγ Hβ
εμHδε

ζ Rγ
η
ε
θRμθζη

− 5

32
Hαβ

δHαβγ Hγ
εεHδεεRμηζθR

μζηθ (15)

In this case there are 17 terms in the structure R2H 4 in the scheme used in [18], whereas in the 
present scheme there are only 7 terms.

Having set all parameters in the structures H 8, RH 6 and R2H 4 to zero, except the couplings 
in (13), (14) and (15), we now find the minimum number of couplings with structure R3H 2. To 
this end, we again keep only the terms that if one sets to zero any of them, the equation (10) has 
no solution. In this case there are 22 terms. Setting all parameters in the structure R3H 2 to zero, 
except those 22 parameters, and solving (10), one finds the following couplings in the structure 
R3H 2:

LR3H 2

3 = −15

2
Hαβγ Hδε εRαδ

μζ Rβμε
ηRγηεζ + 17

6
Hαβγ HδεεRα

μ
δ
ζ Rβζε

ηRγηεμ

−15

2
Hαβγ HδεεRα

μ
β

ζ Rγ
η
δμRεζεη + 53

2
Hαβγ HδεεRα

μ
β

ζ Rγμδ
ηRεζεη

−14Hα
δεHαβγ Rβδ

εμ Rγ
ζ
ε
ηRεζμη + 30Hα

δεHαβγ Rβ
ε
δ
μRγ

ζ
ε
ηRεζμη

+2Hα
δεHαβγ Rβ

ε
γ

μRδ
ζ
ε
ηRεζμη + 2Hα

δεHαβγ Rβδ
εμRγ

ζ
ε
ηRεημζ

−18Hα
δεHαβγ Rβ

ε
δ
μRγ

ζ
ε
ηRεημζ + 14Hα

δεHαβγ Rβ
ε
γ

μRδ
ζ
ε
ηRεημζ

+5
Hαβ

δHαβγ Rγ
εεμRδ

ζ
ε
ηRεημζ − 165

Hαβγ HδεεRαδβ
μRγ

ζ
ε
ηRεζμη
2 2

5
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+5Hα
δεHαβγ Rβ

ε
δ
μRγ

ζ
ε
ηRεζμη + 17Hαβγ HδεεRαδβεRγ

μζηRεζμη

−5

4
Hαβ

δHαβγ Rγ
εεμRδε

ζηRεζμη − 9Hα
δεHαβγ Rβ

ε
γ

μRδ
ζ
ε
ηRεζμη

+8Hα
δεHαβγ Rβδγ

εRε
μζηRεζμη + 5

2
Hαβ

δHαβγ Rγ
ε
δ
εRε

μζηRεζμη

−7Hαβγ HδεεRαβ
μζ Rγ δε

ηRεημζ + 40Hαβγ HδεεRαδβ
μRγ

ζ
ε
ηRεημζ

−14Hα
δεHαβγ Rβ

ε
δ
μRγ

ζ
ε
ηRεημζ + 5

4
Hα

δεHαβγ Rβδγ εRεζμηR
εμζη (16)

Note that there are 13 couplings in the structure R3H 2 in the scheme used in [18], whereas in the 
present scheme there are more couplings, i.e., 22 couplings. Using the above couplings and the 
couplings in the structure R2(∇H)2 that we will find in a moment, one can calculate the three-
graviton-two-B-field S-matrix element. The result should be reproduced by the corresponding 
terms in the low energy expansion, i.e., eight-momentum level, of the string theory S-matrix ele-
ment of five NS-NS vertex operators. On the other hand, using the couplings in [18], one should 
also reproduce exactly the same eight-momentum terms of the string theory S-matrix element. 
It means if one calculates, in field theory, the three-graviton-two-B-field S-matrix element using 
the above couplings and the couplings in the structure R2(∇H)2, then the resulting S-matrix 
element should be the same as the S-matrix element corresponding to the couplings in [18]. Such 
identity of S-matrix elements should exist for all couplings in the present scheme and the cou-
plings in the scheme used in [18]. We will check this identity for four-point functions which have 
only contact terms at eight-momentum level. All higher-point functions have both contact terms 
and massless poles.

Having set all parameters in the structures H 8, RH 6, R2H 4 and R3H 2 to zero, except the 
couplings in (13), (14), (15) and (16), we now find the minimum number of couplings with 
structure (∇H)2H 4. To this end, we again keep only the terms that if one sets to zero any of 
them, the equation (10) has no solution. In this case there are 77 terms. Setting all parameters 
in the structure (∇H)2H 4 to zero, except those 77 parameters, and solving (10), one finds the 
following couplings in the structure (∇H)2H 4:

L
(∂H)2H 4

3 =
5

8
Hα

δεHαβγ Hβ
εμHδε

ζ ∇εHγ
ηθ∇ζ Hμηθ − 1

12
Hαβ

δHαβγ Hε
ζηHεεμ∇ζ Hγε

θ∇ηHδμθ

− 7

8
Hα

δεHαβγ Hβ
εμHδ

ζη∇εHγ ζ
θ∇ηHεμθ + 3

2
Hα

δεHαβγ Hβ
εμHδ

ζη∇ζ Hγε
θ∇ηHεμθ

+ 31

96
Hαβ

δHαβγ Hε
ζηHεεμ∇δHγε

θ∇ηHμζθ + 7

12
Hα

δεHαβγ Hβ
εμHδ

ζη∇εHγε
θ∇ηHμζθ

− 23

12
Hα

δεHαβγ Hβ
εμHδ

ζη∇εHγ ε
θ∇ηHμζθ + 1

6
Hα

δεHαβγ Hβ
εμHγ

ζη∇εHδε
θ∇ηHμζθ

− 3

8
Hα

δεHαβγ Hε
ηθHεμζ ∇ηHβδμ∇θHγ εζ + 43

96
Hα

δεHαβγ Hε
ηθHεμζ ∇ζ Hβδμ∇θHγ εη

+ 47

192
Hα

δεHαβγ Hε
ηθHεμζ ∇ηHβγμ∇θHδεζ − 9

64
Hα

δεHαβγ Hε
ηθHεμζ ∇ζ Hβγμ∇θHδεη

+ 91

96
Hαβ

δHαβγ HεεμHζηθ∇εHγ εζ ∇θHδμη + 3

64
Hαβ

δHαβγ HεεμHζηθ∇ζ Hγ εε∇θHδμη

+ 61
Hα

δεHαβγ Hβ
εμHζηθ∇δHγ ζη∇θHεεμ + 173

Hα
δεHαβγ Hβ

εμHζηθ∇ηHγδζ ∇θHεεμ

96 96

6
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+ 1

6
Hα

δεHαβγ Hε
ηθHεμζ ∇δHβγμ∇θHεζη − 1

12
Hα

δεHαβγ Hβ
εμHζηθ∇εHγ δζ ∇θHεμη

− 91

192
Hαβ

δHαβγ HεεμHζηθ∇δHγ εζ ∇θHεμη + 121

48
Hα

δεHαβγ Hβ
εμHζηθ∇εHγ δζ ∇θHεμη

− 107

96
Hα

δεHαβγ Hβ
εμHζηθ∇ζ Hγ δε∇θHεμη − 35

192
Hαβ

δHαβγ Hε
ζηHεεμ∇δHγε

θ∇θHμζη

+ 31

96
Hα

δεHαβγ Hβ
εμHζηθ∇εHγ δε∇θHμζη − 37

48
Hα

δεHαβγ Hβ
εμHδ

ζη∇εHγε
θ∇θHμζη

− 35

192
Hα

δεHαβγ Hβ
εμHζηθ∇εHγ δε∇θHμζη + 23

16
Hα

δεHαβγ Hβ
εμHδ

ζη∇εHγ ε
θ∇θHμζη

− 5

24
Hαβ

δHαβγ Hγ
εεHμζη∇εHδε

θ∇θHμζη − 7

6
Hαβ

δHαβγ Hγ
εεHε

μζ ∇εHδ
ηθ∇θHμζη

+ 2Hα
δεHαβγ Hβ

εμHδ
ζη∇ηHμζθ∇θHγ εε − 19

16
Hα

δεHαβγ Hβ
εμHδ

ζη∇θHμζη∇θHγ εε

+ 3

8
Hα

δεHαβγ Hβ
εμHδε

ζ ∇ηHμζθ∇θHγ ε
η − 3

8
Hα

δεHαβγ Hβ
εμHδε

ζ ∇θHμζη∇θHγ ε
η

− 5

8
Hα

δεHαβγ Hβδ
εHμζη∇ηHεζθ∇θHγ εμ + 1

8
Hα

δεHαβγ Hβδ
εHμζη∇θHεζη∇θHγ εμ

+ 7

12
Hαβ

δHαβγ Hε
ζηHεεμ∇ηHδμθ∇θHγεζ − 3

2
Hα

δεHαβγ Hβ
εμHδ

ζη∇ηHεμθ∇θHγεζ

− 3

16
Hαβ

δHαβγ Hε
ζηHεεμ∇θHδμη∇θHγεζ + 131

192
Hαβ

δHαβγ Hε
ζηHεεμ∇ηHδζθ∇θHγεμ

+ 57

16
Hα

δεHαβγ Hβ
εμHδ

ζη∇ηHεζθ∇θHγεμ − 143

192
Hα

δεHαβγ Hβ
εμHδ

ζη∇θHεζη∇θHγεμ

+ 13

24
Hα

δεHαβγ Hβ
εμHδ

ζη∇θHεεμ∇θHγ ζη − 2

3
Hα

δεHαβγ Hβδ
εHμζη∇εHεηθ∇θHγμζ

− 3

128
Hαβ

δHαβγ Hεε
ζ Hεεμ∇ηHδζθ∇θHγμ

η + 3

128
Hαβ

δHαβγ Hεε
ζ Hεεμ∇θHδζη∇θHγμ

η

− 43

96
Hα

δεHαβγ Hβ
εμHγ

ζη∇ηHμζθ∇θHδεε + 13

192
Hα

δεHαβγ Hβ
εμHγ

ζη∇θHμζη∇θHδεε

− 13

16
Hαβ

δHαβγ Hγ
εεHε

μζ ∇ηHμζθ∇θHδε
η + 15

16
Hαβ

δHαβγ Hγ
εεHε

μζ ∇θHμζη∇θHδε
η

+ 11

16
Hαβ

δHαβγ Hγ
εεHεε

μ∇ηHμζθ∇θHδ
ζη − 11

32
Hαβ

δHαβγ Hγ
εεHμζη∇ηHεεθ∇θHδμζ

+ 31

96
Hαβ

δHαβγ Hγ
εεHμζη∇θHεεη∇θHδμζ − 313

96
Hαβ

δHαβγ Hγ
εεHε

μζ ∇ζ Hεηθ∇θHδμ
η

− 13

12
Hαβ

δHαβγ Hγ
εεHε

μζ ∇ηHεζθ∇θHδμ
η + 13

12
Hαβ

δHαβγ Hγ
εεHε

μζ ∇θHεζη∇θHδμ
η

− 13

48
Hα

δεHαβγ Hβδ
εHγ

μζ ∇ηHμζθ∇θHεε
η + 7

48
Hα

δεHαβγ Hβδ
εHγ

μζ ∇θHμζη∇θHεε
η

− 5

32
Hαβ

δHαβγ Hγ
εεHδ

μζ ∇θHμζη∇θHεε
η + 17

96
Hαβ

δHαβγ Hγ
εεHμζη∇δHζηθ∇θHεεμ

+ 5
Hαβ

δHαβγ Hγ
εεHμζη∇δHεηθ∇θHεμζ + 27

Hαβ
δHαβγ Hγ

εεHδ
μζ ∇ηHεζθ∇θHεμ

η

4 32

7
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192
Hαβ

δHαβγ Hγ
εεHδ

μζ ∇θHεζη∇θHεμ
η − 3

8
Hα

δεHαβγ Hβδ
εHγε

μ∇ηHμζθ∇θHε
ζη

+ 383

96
Hαβ

δHαβγ Hγ
εεHδε

μ∇ηHμζθ∇θHε
ζη + 3

16
Hα

δεHαβγ Hβδ
εHγε

μ∇θHμζη∇θHε
ζη

− 9

16
Hαβ

δHαβγ Hγ
εεHδε

μ∇θHμζη∇θHε
ζη + 5

12
Hαβ

δHαβγ Hγ
εεHε

μζ ∇δHζηθ∇θHεμ
η

− 11

48
Hα

δεHαβγ Hε
ηθHεμζ ∇ζ Hεηθ∇μHβγ δ + 1

8
Hα

δεHαβγ Hβδ
εHμζη∇ηHεζθ∇μHγε

θ

− 61

96
Hαβ

δHαβγ Hε
ζηHεεμ∇ηHδζθ∇μHγε

θ − 199

48
Hα

δεHαβγ Hβ
εμHδ

ζη∇ηHεζθ∇μHγε
θ

− 91

192
Hα

δεHαβγ Hβ
εμHζηθ∇θHγ ζη∇μHδεε − 5

16
Hαβ

δHαβγ Hε
ζηHεεμ∇ζ Hγε

θ∇μHδηθ

− 53

24
Hα

δεHαβγ Hβ
εμHζηθ∇ηHγδζ ∇μHεεθ − 1

16
Hα

δεHαβγ Hβ
εμHδ

ζη∇ηHγζ
θ∇μHεεθ

− 77

96
Hα

δεHαβγ Hβ
εμHδ

ζη∇θHγ ζη∇μHεεθ − 5

16
Hα

δεHαβγ Hβ
εμHδε

ζ ∇ζ Hγ
ηθ∇μHεηθ

− 1

2
Hα

δεHαβγ Hβ
εμHγ

ζη∇ζ Hδε
θ∇μHεηθ (17)

The corresponding Lagrangian in the scheme used in [18] has 78 couplings.
Having set all parameters in the structures H 8, RH 6, R2H 4, R3H 2, and (∇H)2H 4 to zero, 

except the couplings in (13), (14), (15), (16) and (17), we now find the minimum number of 
couplings with structure R(∇H)2H 2. To this end, we again keep only the terms that if one sets 
to zero any of them, the equation (10) has no solution. In this case there are 106 terms. Setting all 
parameters in the structure R(∇H)2H 2 to zero, except those 106 parameters, and solving (10), 
one finds the following couplings in the structure R(∇H)2H 2:

L
R(∂H)2H 2

3 = 457

48
Hα

δεHαβγ Rεζμη∇δHβ
εμ∇εHγ

ζη − 503

24
Hα

δεHαβγ Rγ ζμη∇δHβ
εμ∇εHε

ζη

+121

24
Hαβγ HδεεRβεγ η∇δHα

μζ ∇ζ Hεμ
η + 121

48
Hαβγ HδεεRεμεη∇δHγ ζ

η∇ζ Hαβ
μ

−25

24
Hαβγ HδεεRεζεη∇δHγμ

η∇ζ Hαβ
μ + 169

48
Hαβγ HδεεRεμεη∇ζ Hγ δ

η∇ζ Hαβ
μ

−73

48
Hαβγ HδεεRγηεμ∇ζ Hδε

η∇ζ Hαβ
μ + 67

48
Hαβγ HδεεRγμεη∇ζ Hδε

η∇ζ Hαβ
μ

+127

8
Hαβγ HδεεRγηεε∇ζ Hδμ

η∇ζ Hαβ
μ + 143

12
Hαβγ HδεεRεμεη∇γ Hβζ

η∇ζ Hαδ
μ

+11

12
Hαβγ HδεεRγηεμ∇εHβζ

η∇ζ Hαδ
μ + 179

6
Hαβγ HδεεRγηεζ ∇εHβμ

η∇ζ Hαδ
μ

−181

24
Hαβγ HδεεRγμεη∇ζ Hβε

η∇ζ Hαδ
μ − 49

6
Hαβγ HδεεRγηεε∇ζ Hβμ

η∇ζ Hαδ
μ

−143

8
Hα

δεHαβγ Rδμεη∇εHγ ζ
η∇ζ Hβ

εμ − 193

24
Hα

δεHαβγ Rγηεμ∇εHδζ
η∇ζ Hβ

εμ

+73

8
Hα

δεHαβγ Rγμεη∇εHδζ
η∇ζ Hβ

εμ + 139

8
Hα

δεHαβγ Rδμεη∇ζ Hγε
η∇ζ Hβ

εμ

−61
Hα

δεHαβγ Rγηεμ∇ζ Hδε
η∇ζ Hβ

εμ − 23
Hα

δεHαβγ Rγμεη∇ζ Hδε
η∇ζ Hβ

εμ
24 8

8
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48
Hα

δεHαβγ Rγηδε∇ζ Hεμ
η∇ζ Hβ

εμ + 5

4
Hαβ

δHαβγ Rγμδη∇ζ Hεε
η∇ζ Hεεμ

−121

48
Hαβγ HδεεRβεγ ε∇ζ Hδμη∇ηHα

μζ − 143

32
Hαβγ HδεεRβεγ ε∇ηHδμζ ∇ηHα

μζ

−131

8
Hαβγ HδεεRγμεη∇ζ Hαδ

μ∇ηHβεζ + 275

24
Hαβγ HδεεRγ ζεη∇ζ Hαδ

μ∇ηHβεμ

+20

3
Hαβγ HδεεRγηεε∇ζ Hαδ

μ∇ηHβμζ − 35

48
Hαβγ HδεεRεμεη∇ζ Hαβ

μ∇ηHγδζ

−67

24
Hαβγ HδεεRεζεη∇ζ Hαβ

μ∇ηHγδμ + 145

12
Hαβγ HδεεRεζμη∇δHαβ

μ∇ηHγε
ζ

−73

12
Hαβγ HδεεRεημζ ∇δHαβ

μ∇ηHγε
ζ − 599

24
Hα

δεHαβγ Rδμεη∇ζ Hβ
εμ∇ηHγεζ

+61

24
Hα

δεHαβγ Rδζεη∇ζ Hβ
εμ∇ηHγεμ − 35

4
Hαβγ HδεεRεζεη∇δHαβ

μ∇ηHγμ
ζ

+73

96
Hαβγ HδεεRγηεμ∇ζ Hαβ

μ∇ηHδεζ − 409

96
Hαβγ HδεεRγμεη∇ζ Hαβ

μ∇ηHδεζ

+215

96
Hαβγ HδεεRγ ζεη∇ζ Hαβ

μ∇ηHδεμ + 13

96
Hαβγ HδεεRγηεζ ∇ζ Hαβ

μ∇ηHδεμ

−23

2
Hα

δεHαβγ Rγηεμ∇ζ Hβ
εμ∇ηHδεζ − 103

12
Hα

δεHαβγ Rγμεη∇ζ Hβ
εμ∇ηHδεζ

+1

4
Hα

δεHαβγ Rγ ζεη∇ζ Hβ
εμ∇ηHδεμ + 31

24
Hα

δεHαβγ Rγηεζ ∇ζ Hβ
εμ∇ηHδεμ

−91

12
Hαβγ HδεεRγηεε∇ζ Hαβ

μ∇ηHδμζ − 5

4
Hαβ

δHαβγ Rγμδη∇ζ Hεεμ∇ηHεεζ

−1

8
Hαβγ HδεεRγ ζμη∇δHαβ

μ∇ηHεε
ζ − 179

96
Hαβγ HδεεRγημζ ∇δHαβ

μ∇ηHεε
ζ

+83

12
Hα

δεHαβγ Rγ ζμη∇δHβ
εμ∇ηHεε

ζ + 157

24
Hα

δεHαβγ Rγημζ ∇δHβ
εμ∇ηHεε

ζ

+317

48
Hαβγ HδεεRβεγ η∇δHα

μζ ∇ηHεμζ − 63

8
Hαβγ HδεεRγ ζεη∇δHαβ

μ∇ηHεμ
ζ

+79

12
Hαβγ HδεεRγηεζ ∇δHαβ

μ∇ηHεμ
ζ + 155

288
Hαβγ HδεεRεημζ ∇δHαβγ ∇ηHε

μζ

−311

96
Hα

δεHαβγ Rεημζ ∇δHβγ
ε∇ηHε

μζ + 35

96
Hαβ

δHαβγ Rεημζ ∇δHγ
εε∇ηHε

μζ

+5

8
Hα

δεHαβγ Rεημζ ∇εHβγ δ∇ηHε
μζ − 15

2
Hα

δεHαβγ Rγηδε∇ζ Hβ
εμ∇ηHεμζ

−73

24
Hα

δεHαβγ Rγηεζ ∇δHβ
εμ∇ηHεμ

ζ + 287

96
Hα

δεHαβγ Rεημζ ∇δHβγ
ε∇ηHε

μζ

−25

48
Hαβγ HδεεRγημζ ∇εHαβδ∇ηHε

μζ + 1

4
Hα

δεHαβγ Rεημζ ∇εHβγ δ∇ηHε
μζ

+247

48
Hαβγ HδεεRγηεε∇ζ Hαδ

μ∇μHβζ
η − 45

4
Hαβγ HδεεRεζεη∇δHαβ

μ∇μHγ
ζη

−461
Hαβγ HδεεRγηεε∇ζ Hαβ

μ∇μHδζ
η + 43

Hαβγ HδεεRγ ζεη∇δHαβ
μ∇μHε

ζη
32 48

9
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24
Hαβγ HδεεRεζμη∇ηHδε

ζ ∇μHαβγ + 5

6
Hαβγ HδεεRεζεη∇ηHδμ

ζ ∇μHαβγ

+5

6
Hαβγ HδεεRεζεη∇μHδ

ζη∇μHαβγ − 167

12
Hαβγ HδεεRεζμη∇εHγ

ζη∇μHαβδ

−257

16
Hαβγ HδεεRεζμη∇ηHγε

ζ ∇μHαβδ + 16

3
Hαβγ HδεεRεημζ ∇ηHγε

ζ ∇μHαβδ

+50

3
Hαβγ HδεεRεζεη∇ηHγμ

ζ ∇μHαβδ + 19

32
Hαβγ HδεεRγ ζμη∇ηHεε

ζ ∇μHαβδ

+37

48
Hαβγ HδεεRγημζ ∇ηHεε

ζ ∇μHαβδ + 85

48
Hαβγ HδεεRγ ζεη∇ηHεμ

ζ ∇μHαβδ

−403

48
Hαβγ HδεεRγηεζ ∇ηHεμ

ζ ∇μHαβδ + 7Hαβγ HδεεRεζεη∇μHγ
ζη∇μHαβδ

+5

3
Hαβγ HδεεRγ ζεη∇μHε

ζη∇μHαβδ + 195

8
Hα

δεHαβγ Rεζμη∇εHδ
ζη∇μHβγ

ε

+75

8
Hα

δεHαβγ Rεζμη∇ηHδε
ζ ∇μHβγ

ε − 65

8
Hα

δεHαβγ Rεημζ ∇ηHδε
ζ ∇μHβγ

ε

+613

48
Hα

δεHαβγ Rεζμη∇ηHδε
ζ ∇μHβγ

ε − 85

24
Hα

δεHαβγ Rεημζ ∇ηHδε
ζ ∇μHβγ

ε

−103

8
Hα

δεHαβγ Rεζεη∇ηHδμ
ζ ∇μHβγ

ε + 101

12
Hα

δεHαβγ Rεηεζ ∇ηHδμ
ζ ∇μHβγ

ε

−451

24
Hα

δεHαβγ Rδζεη∇ηHεμ
ζ ∇μHβγ

ε − 79

4
Hα

δεHαβγ Rεζεη∇μHδ
ζη∇μHβγ

ε

+19

4
Hα

δεHαβγ Rδζεη∇μHε
ζη∇μHβγ

ε − 31Hα
δεHαβγ Rεζμη∇εHγ

ζη∇μHβδ
ε

−445

48
Hα

δεHαβγ Rεζμη∇ηHγε
ζ ∇μHβδ

ε + 469

48
Hα

δεHαβγ Rεημζ ∇ηHγε
ζ ∇μHβδ

ε

−69

2
Hα

δεHαβγ Rεζμη∇ηHγε
ζ ∇μHβδ

ε + 65

2
Hα

δεHαβγ Rεημζ ∇ηHγε
ζ ∇μHβδ

ε

+53

3
Hα

δεHαβγ Rεζεη∇ηHγμ
ζ ∇μHβδ

ε − 47

3
Hα

δεHαβγ Rεηεζ ∇ηHγμ
ζ ∇μHβδ

ε

+545

24
Hα

δεHαβγ Rγ ζεη∇ηHεμ
ζ ∇μHβδ

ε + 85

6
Hα

δεHαβγ Rεζεη∇μHγ
ζη∇μHβδ

ε

+Hα
δεHαβγ Rγ ζεη∇μHε

ζη∇μHβδ
ε − 143

48
Hαβ

δHαβγ Rεζμη∇ηHδε
ζ ∇μHγ

εε

+35

48
Hαβ

δHαβγ Rεημζ ∇ηHδε
ζ ∇μHγ

εε + 275

24
Hαβ

δHαβγ Rεζεη∇ηHδμ
ζ ∇μHγ

εε

+11

4
Hαβ

δHαβγ Rδζμη∇ηHεε
ζ ∇μHγ

εε − 17

8
Hαβ

δHαβγ Rδημζ ∇ηHεε
ζ ∇μHγ

εε

−35

48
Hαβ

δHαβγ Rδζεη∇ηHεμ
ζ ∇μHγ

εε + 3

4
Hαβ

δHαβγ Rδηεζ ∇ηHεμ
ζ ∇μHγ

εε

+209

32
Hαβ

δHαβγ Rεζεη∇μHδ
ζη∇μHγ

εε + 5Hαβ
δHαβγ Rδζεη∇μHε

ζη∇μHγ
εε

(18)

The corresponding Lagrangian in the scheme used in [18] has 91 couplings.
10
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Having set all parameters in the structures H 8, RH 6, R2H 4, R3H 2, (∇H)2H 4 and 
R(∇H)2H 2 to zero, except the couplings in (13), (14), (15), (16), (17) and (18), we now find 
the minimum number of couplings with structure R2(∇H)2. To this end, we again keep only the 
terms that if one sets to zero any of them, the equation (10) has no solution. In this case there are 
22 terms. Setting all parameters in the structure R2(∇H)2 to zero, except those 22 parameters, 
and solving (10), one finds the following couplings in the structure R2(∇H)2:

L
R2(∂H)2

3 = − 5

24
Rεμεζ R

εεμζ ∇δHαβγ ∇δHαβγ − 9

2
Rγ

εμζ Rεμεζ ∇δHαβ
ε∇δHαβγ

−9Rβ
μ

ε
ζ Rγ ζεμ∇δHα

εε∇δHαβγ + 29

4
Rβ

μ
ε
ζ Rγμεζ ∇δHα

εε∇δHαβγ

+7

4
Rβ

μ
γ

ζ Rεμεζ ∇δHα
εε∇δHαβγ + 19

2
Rγ

εμζ Rεμεζ ∇δHαβγ ∇εHαβδ

−5

2
Rγ

μ
ε
ζ Rδζεμ∇δHαβγ ∇εHαβ

ε + 6Rγ
μ

ε
ζ Rδμεζ ∇δHαβγ ∇εHαβ

ε

−5

2
Rγ

μ
δ
ζ Rεζεμ∇δHαβγ ∇εHαβ

ε − 2Rβ
μ

ε
ζ Rγ ζεμ∇δHαβγ ∇εHαδ

ε

+43

2
Rβ

μ
ε
ζ Rγμεζ ∇δHαβγ ∇εHαδ

ε − 29

2
Rβ

μ
γ

ζ Rεμεζ ∇δHαβγ ∇εHαδ
ε

−3

4
RαεβεRγ ζδμ∇δHαβγ ∇ζ Hεεμ − 3

8
RαβδεRγ ζεμ∇δHαβγ ∇ζ Hεεμ

−29

4
RαεβεRγμδζ ∇δHαβγ ∇ζ Hεεμ − 7Rβμε

ζ Rγ ζδε∇δHαβγ ∇μHα
εε

−8Rβγε
ζ Rδζεμ∇δHαβγ ∇μHα

εε + 18Rβεγ
ζ Rδμεζ ∇δHαβγ ∇μHα

εε

−9Rβδγ
ζ Rεμεζ ∇δHαβγ ∇μHα

εε − 21

4
Rαμβ

ζ Rγ ζεε∇δHαβγ ∇μHδ
εε

−25

2
Rαεβ

ζ Rγ ζεμ∇δHαβγ ∇μHδ
εε + 29

2
Rαεβ

ζ Rγμεζ ∇δHαβγ ∇μHδ
εε (19)

The corresponding Lagrangian in the scheme used in [18] has also the same couplings. However, 
the coefficients of the couplings in the two schemes are all different. This is as expected, because 
if their coefficients were the same then the S-matrix of three-graviton-two-B-field dictates that 
the couplings in the structure R3H 2 in the present scheme, i.e., couplings (16), would be the 
same as the corresponding couplings in the scheme used in [18], which is not.

Finally, having set all parameters in the structures H 8, RH 6, R2H 4, R3H 2, (∇H)2H 4, 
R(∇H)2H 2 and R2(∇H)2 to zero, except the couplings in (13), (14), (15), (16), (17), (18)
and (19), we find the minimum number of couplings with structure (∇H)4. To this end, we again 
keep only the terms that if one sets to zero any of them, the equation (10) has no solution. In this 
case there are 12 terms. Setting all parameters in the structure (∇H)4 to zero, except those 12 
parameters, and solving (10), one finds the following couplings in the structure (∇H)4:

L
(∂H)4

3 = 1

8
∇δHαβγ ∇εHγ

μζ ∇εHδμζ ∇εHαβ
ε + 281

48
∇δHα

εε∇δHαβγ ∇ζ Hγεμ∇ζ Hβε
μ

− 275

48
∇δHαβγ ∇εHαβ

ε∇ζ Hεεμ∇ζ Hγ δ
μ − 971

96
∇δHαβγ ∇εHαβ

ε∇ζ Hδεμ∇ζ Hγ ε
μ

+ 397∇δHαβγ ∇εHδμζ ∇εHαβ
ε∇ζ Hγε

μ + 279∇δHαβγ ∇εHαβ
ε∇ζ Hδεμ∇ζ Hγε

μ

48 16

11
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+ 275

96
∇δHαβ

ε∇δHαβγ ∇ζ Hεεμ∇ζ Hγ
εμ − 397

288
∇δHαβγ ∇εHαβγ ∇ζ Hεεμ∇ζ Hδ

εμ

+ 61

48
∇γ Hεμζ ∇δHαβγ ∇εHαβδ∇ζ Hε

εμ − 95

24
∇δHαβγ ∇εHαβ

ε∇ζ Hγε
μ∇μHδεζ

+ 133

96
∇δHαβγ ∇εHαβ

ε∇ζ Hγ ε
μ∇μHδεζ + 69

16
∇δHαβγ ∇εHαβ

ε∇ζ Hγ δ
μ∇μHεεζ

(20)

The corresponding Lagrangian in the scheme used in [18] has 8 couplings.
The couplings in (3), (13), (14), (15), (16), (17), (18), (19) and (20) are all NS-NS couplings 

at order α′3 in one particular scheme which has 251 couplings. We have found this number 
of couplings by first finding the minimum number of couplings with structure H 8, then the 
minimum number of couplings in the structure RH 6 and so on. If one changes the order of 
structures, one would find different number of couplings. For example, if one first finds the
minimal couplings in structure R3H 2, then the minimal couplings in the structures R2H 4, RH 6, 
H 8, R(∇H)2H 2, (∇H)2H 4, R2(∇H)2 and (∇H)4, one would find that the minimal couplings 
in these sort of structures are 19, 7, 1, 4, 96, 95, 22, 13, respectively. Adding these numbers to 
the 2 couplings in structure R4 which is scheme independent, one finds 259 couplings in this 
scheme. The minimal couplings in the structures H 8, (∇H)2H 4, R(∇H)2H 2, R3H 2, RH 6, 
R2H 4, R2(∇H)2, (∇H)4, R4, are 2, 45, 87, 21, 28, 49, 22, 14, 2, respectively, which add up to 
270 couplings. Even though we could not prove that the 251 couplings that we have found in this 
paper are the minimum number of couplings at this order, we have checked many other schemes 
which have only Rμναβ, Hμνα, ∇μHναβ . They all have more couplings than 251.

We have found that there are schemes in which the dilaton appears only as the overall fac-

tor e−2� in the NS-NS couplings in the string frame. In the Einstein frame gμν
E−→ e�/2gμν , 

however, the derivative of dilaton appears through the following replacements:

gμν E−→ e−�/2gμν (21)

Rμναβ
E−→ e�/2Rμναβ + e�/2

16
(gανgβμ − gαμgβν)∇γ �∇γ �

+e�/2

16
(gαμ∇β�∇ν� − gαν∇β�∇μ� + gβν∇α�∇μ� − gβμ∇α�∇ν�)

−e�/2

4
(gαμ∇β∇ν� − gαν∇β∇μ� + gβν∇α∇μ� − gβμ∇α∇ν�)

∇μHναβ
E−→ ∇μHναβ + 1

4
(gαμ∇γ �Hγβν − gβμ∇γ �Hγαν + gμν∇γ �Hγαβ)

−3

4
∇μ�Hναβ + 1

4
(∇α�Hβμν − ∇β�Hαμν − ∇ν�Hαβμ)

The leading order effective action (1) in the Einstein frame becomes

SE
0 = − 2

κ2

∫
d10x

√−g
[
R − 1

2
∇a�∇a� − e−�

12
H 2 +

9∑
n=1

e
5−n

2 �

n! F (n) · F (n)
]

(22)

Similarly one can transform the 251 α′3-order couplings in (9) to the Einstein frame. Then one 
can confirm the resulting couplings for metric, B-field and dilaton with the corresponding sphere-
level S-matrix elements of NS-NS vertex operators in the superstring theory.
12
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The couplings (20), (19) and (3) have at least four fields in the Einstein frame. Hence, it 
is easy to check them with the corresponding string theory S-matrix element of four NS-NS 
vertex operators which has only contact terms at eight-momentum level. This check has been 
done in [18] for the corresponding couplings in the scheme used in [18] in the string frame. The 
S-matrix element of four NS-NS vertex operators in the superstring theory has been calculated 
in [29,30]. The low energy expansion of this S-matrix element produces the following eight-
derivative couplings in the Einstein frame [19,20,23–25]:

SE
3 ⊃ γ3

κ2

∫
d10x

√−ge−3�/2L(R) (23)

where the normalization factor is γ3 = ζ(3)/25, and the Lagrangian density has the following 
eight independent terms:

L(R) = 1

8
Rκγ

δβRκγ ταRμνδτRμν
αβ + 1

32
RαβκγRαβκγRμνδτRμνδτ

+ 1

16
Rαβ

δτRαβκγRμνδτRμν
κγ − 1

4
Rκγ

αβRκγ δ
αRμνδτRμντ

β

+1

4
Rα

βκγRμνδτRμβκγRν
α

δτ + 1

8
Rα

β
δτRμνδτRμβκγRν

ακγ

+1

2
Rα

β
κ
γRμνδτRμβδγRν

α
τ
κ +Rα

β
δ
γRμνδτRμβκγRν

α
τ
κ (24)

where Rμναβ is the linear part of the following tensor in which the flat metric is perturbed as 
gμν = ημν + hμν :

Rμναβ =Rμναβ − 1

4
(gαμ∇β∇ν� − gαν∇β∇μ� + gβν∇α∇μ� − gβμ∇α∇ν�) + e−�/2Hμν[α;β]

Here Hμν[α;β] = 1
2∇βHμνα − 1

2∇αHμνβ . Now, using the perturbation gμν = ημν + hμν for the 
metric in the couplings in (3), (19) and (20), one can find four-field couplings in the Einstein 
frame. Then one should transform them to the momentum space and use the conservation of mo-
mentum, i.e., k1 + k2 + k3 + k4 = 0 where ki for i = 1, 2, 3, 4 is the momentum of the external 
state i. Using the on-shell conditions ki ·ki = 0, ki ·ζi = 0, ki ·θi = 0 where the graviton polariza-
tion is εμν

i = ζ
μ
i ζ ν

i , the B-field polarization is εμν
i = ζ

μ
i θν

i − ζ ν
i θ

μ
i and the dilaton polarization is 

one, one finds that the resulting four-point functions are exactly the same as the four-point func-
tions corresponding to the couplings (24). Hence, the couplings (3), (19) and (20) are consistent 
with the S-matrix element of four NS-NS vertex operators.

One may compare the five-point functions constructed from the couplings in this paper with 
the corresponding sphere-level S-matrix element of five NS-NS vertex operators [31]. A crucial 
property of the sphere-level S-matrix elements in the superstring theory is that the S-matrix ele-
ments should not have terms with zero and one Mandelstam variables [32,33]. If the couplings we 
have found are going to reproduce the low energy expansion of the superstring theory S-matrix 
elements, then the S-matrix elements constructed from the couplings in (22) and the couplings in 
the Einstein frame form of (9) should have no term with zero and one Mandelstam variables. This 
would be a non-trivial check for the couplings (9). This check has been done for five-graviton S-
matrix element in [32]. It would be interesting to check this consistency for five-point and higher 
S-matrix elements involving B-field and dilatons.

When there is no B-field, in the Einstein frame, there are couplings in (9) which involve odd 
number of dilaton. They are not consistent with S-duality of the type IIB superstring theory [34]. 
13
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It means one has to use field redefinition to remove the odd dilaton couplings. In fact the S-
matrix element of one dilaton and three gravitons and the S-matrix element of three dilatons and 
one graviton are zero [32]. This indicates that, by using field redefinitions, the corresponding 
couplings in the field theory (9) in the Einstein frame can be removed. In the new field variables, 
then one may include appropriate R-R couplings in the type IIB theory to make the effective 
action to be invariant under the S-duality. In that way one may include some parts of the R-R 
couplings of type IIB theory in the effective action (9). If one ignores the dilaton and the R-R 
scalar couplings, then the S-duality dictates that the couplings involving the metric and the R-R 
two-form are exactly the same as the couplings in (9) in which one replaces H → F where F is 
the R-R two-form field strength.

Another approach for including the R-R couplings in (9) is to first find all independent gauge 
invariant couplings involving all NS-NS and R-R couplings, as has been done in [17] for the NS-
NS couplings. Then one may use the T-duality constraint on the couplings to find the coefficients
of the gauge invariant couplings, as has been done in [18] for the NS-NS couplings. We leave the 
details of the calculations for including the R-R couplings in (9) to the future works.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal rela-
tionships that could have appeared to influence the work reported in this paper.

References

[1] J.H. Schwarz, Nucl. Phys. B 226 (1983) 269, https://doi .org /10 .1016 /0550 -3213(83 )90192 -X.
[2] J.H. Schwarz, P.C. West, Phys. Lett. B 126 (1983) 301–304, https://doi .org /10 .1016 /0370 -2693(83 )90168 -5.
[3] P.S. Howe, P.C. West, Nucl. Phys. B 238 (1984) 181, https://doi .org /10 .1016 /0550 -3213(84 )90472 -3.
[4] J.L. Carr, S.J. Gates Jr., R.N. Oerter, Phys. Lett. B 189 (1987) 68–74, https://doi .org /10 .1016 /0370 -2693(87 )91271 -

8.
[5] E. Witten, Nucl. Phys. B 443 (1995) 85, https://doi .org /10 .1016 /0550 -3213(95 )00158 -O, arXiv :hep -th /9503124.
[6] G. Veneziano, Phys. Lett. B 265 (1991) 287–294, https://doi .org /10 .1016 /0370 -2693(91 )90055 -U.
[7] K.A. Meissner, G. Veneziano, Phys. Lett. B 267 (1991) 33–36, https://doi .org /10 .1016 /0370 -2693(91 )90520 -Z.
[8] J. Maharana, J.H. Schwarz, Nucl. Phys. B 390 (1993) 3–32, https://doi .org /10 .1016 /0550 -3213(93 )90387 -5, arXiv :

hep -th /9207016 [hep -th].
[9] K.A. Meissner, Phys. Lett. B 392 (1997) 298–304, https://doi .org /10 .1016 /S0370 -2693(96 )01556 -0, arXiv :hep -th /

9610131 [hep -th].
[10] N. Kaloper, K.A. Meissner, Phys. Rev. D 56 (1997) 7940–7953, https://doi .org /10 .1103 /PhysRevD .56 .7940, arXiv :

hep -th /9705193 [hep -th].
[11] A. Giveon, M. Porrati, E. Rabinovici, Phys. Rep. 244 (1994) 77, https://doi .org /10 .1016 /0370 -1573(94 )90070 -1, 

arXiv :hep -th /9401139.
[12] E. Alvarez, L. Alvarez-Gaume, Y. Lozano, Nucl. Phys. B, Proc. Suppl. 41 (1995) 1, https://doi .org /10 .1016 /0920 -

5632(95 )00429 -D, arXiv :hep -th /9410237.
[13] A. Sen, Phys. Lett. B 271 (1991) 295–300, https://doi .org /10 .1016 /0370 -2693(91 )90090 -D.
[14] M.R. Garousi, Eur. Phys. J. C 79 (10) (2019) 827, https://doi .org /10 .1140 /epjc /s10052 -019 -7357 -4, arXiv :1907 .

06500 [hep -th].
[15] M. Fukuma, T. Oota, H. Tanaka, Prog. Theor. Phys. 103 (2000) 425, https://doi .org /10 .1143 /PTP.103 .425, arXiv :

hep -th /9907132.
[16] M.R. Garousi, Phys. Rev. D 102 (8) (2020) 086019, https://doi .org /10 .1103 /PhysRevD .102 .086019, arXiv :1908 .

06627 [hep -th].
[17] M.R. Garousi, Eur. Phys. J. C 80 (11) (2020) 1086, https://doi .org /10 .1140 /epjc /s10052 -020 -08662 -9, arXiv :2006 .

09193 [hep -th].
[18] M.R. Garousi, J. High Energy Phys. 02 (2021) 157, https://doi .org /10 .1007 /JHEP02(2021 )157, arXiv :2011 .02753

[hep -th].
14

https://doi.org/10.1016/0550-3213(83)90192-X
https://doi.org/10.1016/0370-2693(83)90168-5
https://doi.org/10.1016/0550-3213(84)90472-3
https://doi.org/10.1016/0370-2693(87)91271-8
https://doi.org/10.1016/0370-2693(87)91271-8
https://doi.org/10.1016/0550-3213(95)00158-O
https://doi.org/10.1016/0370-2693(91)90055-U
https://doi.org/10.1016/0370-2693(91)90520-Z
https://doi.org/10.1016/0550-3213(93)90387-5
https://doi.org/10.1016/S0370-2693(96)01556-0
https://doi.org/10.1103/PhysRevD.56.7940
https://doi.org/10.1016/0370-1573(94)90070-1
https://doi.org/10.1016/0920-5632(95)00429-D
https://doi.org/10.1016/0920-5632(95)00429-D
https://doi.org/10.1016/0370-2693(91)90090-D
https://doi.org/10.1140/epjc/s10052-019-7357-4
https://doi.org/10.1143/PTP.103.425
https://doi.org/10.1103/PhysRevD.102.086019
https://doi.org/10.1140/epjc/s10052-020-08662-9
https://doi.org/10.1007/JHEP02(2021)157


M.R. Garousi Nuclear Physics B 971 (2021) 115510
[19] D.J. Gross, J.H. Sloan, Nucl. Phys. B 291 (1987) 41.
[20] R.C. Myers, Nucl. Phys. B 289 (1987) 701.
[21] M.T. Grisaru, D. Zanon, Phys. Lett. B 177 (1986) 347.
[22] M.D. Freeman, C.N. Pope, M.F. Sohnius, K.S. Stelle, Phys. Lett. B 178 (1986) 199.
[23] G. Policastro, D. Tsimpis, Class. Quantum Gravity 26 (2009) 125001, arXiv :0812 .3138 [hep -th].
[24] S. Paban, S. Sethi, M. Stern, Nucl. Phys. B 534 (1998) 137, arXiv :hep -th /9805018.
[25] M.R. Garousi, Phys. Rev. D 88 (2) (2013) 024033, https://doi .org /10 .1103 /PhysRevD .88 .024033, arXiv :1303 .4034

[hep -th].
[26] R.R. Metsaev, A.A. Tseytlin, Nucl. Phys. B 293 (1987) 385, https://doi .org /10 .1016 /0550 -3213(87 )90077 -0.
[27] T. Nutma, Comput. Phys. Commun. 185 (2014) 1719, https://doi .org /10 .1016 /j .cpc .2014 .02 .006, arXiv :1308 .3493

[cs .SC].
[28] M.R. Garousi, H. Razaghian, Phys. Rev. D 100 (10) (2019) 106007, https://doi .org /10 .1103 /PhysRevD .100 .106007, 

arXiv :1905 .10800 [hep -th].
[29] J.H. Schwarz, Phys. Rep. 89 (1982) 223.
[30] D.J. Gross, E. Witten, Nucl. Phys. B 277 (1986) 1.
[31] J.T. Liu, R. Minasian, Higher-derivative couplings in string theory: five-point contact terms, arXiv :1912 .10974

[hep -th].
[32] M.R. Garousi, Phys. Lett. B 718 (2013) 1481–1488, https://doi .org /10 .1016 /j .physletb.2012 .12 .012, arXiv :1208 .

4459 [hep -th].
[33] L.A. Barreiro, R. Medina, J. High Energy Phys. 10 (2012) 108, https://doi .org /10 .1007 /JHEP10(2012 )108, arXiv :

1208 .6066 [hep -th].
[34] M.R. Garousi, J. High Energy Phys. 05 (2014) 100, https://doi .org /10 .1007 /JHEP05(2014 )100, arXiv :1310 .7377

[hep -th].
15

http://refhub.elsevier.com/S0550-3213(21)00207-8/bib2082E9F100B16412CD20A1832206E1D5s1
http://refhub.elsevier.com/S0550-3213(21)00207-8/bib925C5F2EB6AEFECED24EBEF759FBC6BDs1
http://refhub.elsevier.com/S0550-3213(21)00207-8/bib92DC872736C6A41A19DCE0FD04213716s1
http://refhub.elsevier.com/S0550-3213(21)00207-8/bib456F4AE3690E8A18E39E060AE0B5A75Cs1
http://refhub.elsevier.com/S0550-3213(21)00207-8/bibFA482198EA399A1965A5C8DF5141C3DFs1
http://refhub.elsevier.com/S0550-3213(21)00207-8/bib0D7A01D5CC35FB19F918132D47055C3Es1
https://doi.org/10.1103/PhysRevD.88.024033
https://doi.org/10.1016/0550-3213(87)90077-0
https://doi.org/10.1016/j.cpc.2014.02.006
https://doi.org/10.1103/PhysRevD.100.106007
http://refhub.elsevier.com/S0550-3213(21)00207-8/bib550CF0A0FDB2703BD7224D6AA594EA1Ds1
http://refhub.elsevier.com/S0550-3213(21)00207-8/bib0ADA077C16260A8389D6792DCF8D19A5s1
http://refhub.elsevier.com/S0550-3213(21)00207-8/bib968B392ED25B158FE319152414C6D8B2s1
http://refhub.elsevier.com/S0550-3213(21)00207-8/bib968B392ED25B158FE319152414C6D8B2s1
https://doi.org/10.1016/j.physletb.2012.12.012
https://doi.org/10.1007/JHEP10(2012)108
https://doi.org/10.1007/JHEP05(2014)100

	On NS-NS couplings at order α′3
	Declaration of competing interest
	References


