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Abstract The phenomenological investigation of parton
distribution functions (PDFs) based on the “valon” model
presented here from the QCD ⊗ QED coupled DGLAP evo-
lution equations in the Mellin space. The PDFs are calculated
at the next to leading order O(α2

s ) in QCD, and we consider
the QED effects atO(α);O(ααs) andO(α2) approximations.
We also investigate in detail the phenomenological implica-
tions of these PDFs on the partonic luminosities. We con-
clude that at the region of the large values for the di-lepton’s
invariant mass, the luminosity combinations, quark–quark,
quark–antiquark and gluon–gluon, get closer to the lumi-
nosity involving photons, suggesting possibly non-negligible
phenomenological implications due to the photon channel.
We Also done a perfect comparison of our results with those
obtained by the NNPDF2.3QED set, NNPDF3.1luxQED set
and APFEL and there are a nice agreement between them. We
demonstrate the necessity of including QED corrections and
photon-induced contributions for a correct determination of
the parton distribution functions and partonic luminosities.

1 Introduction

The particle physics programs at the Large Hadron Collider
(LHC) achieve to observe processes at an unprecedented
level of accuracy, selectivity and experimental sensitivity.
As a part of such efforts, to analyses the LHC experimental
data, one needs to obtained the theoretical cross-sections for
proton–proton interactions and, they are related to the parton
distribution functions (PDFs) inside protons at least at the
next-to-leading-order (NLO) in QCD which involves O(α2

s )

corrections. However, at the level of accuracy of LHC, it can
be expected that the QED corrections, including those with
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photon-initiated (PI) processes, can have observable effects
as O(α) at the high scales of energy. Therefore, this issue
must be included in the theoretical predictions. In particu-
lar, the QED corrections in partonic cross sections should
be obtained with corresponding the parton distribution func-
tions produced at NLO and NNLO QCD approximations and
the relevant order in QED [1–3]. These results are achieved
by modifying the DGLAP [4] factorization scale evolution of
the parton distribution functions to include the QED splitting
functions. The most important outcome of this change is the
necessary incorporation of the photon as a component of the
patron densities in the proton.

Recently, several methods have been proposed to solve
the coupled DGLAP evolution equations analytically based
on the Laplace transform [5,6] and the Mellin transform [7–
10]. The MRST2004QED [11] was the first PDF set with both
QED corrections and the photon PDF, where the photon PDF
was obtained from a model and it tested on HERA data for
direct photon production process. Then, the NNPDF2.3QED
group [12] was the first group to present a model in which
the photon PDF was determined independently based on
the Drell–Yan data from LHC. Due to the limited sensitiv-
ity of the data used as input in this analysis, the photons
PDF affected by large uncertainties. The calculation of the
photon PDF from NNPDF2.3QED set was later combined
with the state of the quark and gluon PDFs from NNPDF3.0
set, together with a modified QED evolution, to build the
NNPDF3.0QED set. The CT group has also released a QED
analysis using a similar way with the MRST2004QED one,
that named the CT14QED set [13]. In recent years, many
efforts have been made to resolve these uncertainties. First,
accurate determinations of the photon distribution function
at the input have been performed and developed by using
experimental data related to the elastic form factors of the
proton. More accurately, the photon PDF corresponds to the
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flux of the emitted photons, and the contribution of the elastic
and inelastic emission of the photon PDF is directly related
to the corresponding structure functions investigated in the
lepton–proton scattering [14,15]. The idea has been modi-
fied in different works [16,17] and has been demonstrated in
a theoretical framework by the LUXqed group [18,19], where
they were the first group to make a publicly available photon
PDF to using this approach. Recently, the PDF set including
the photon PDF which is based on the LUXqed approach has
been generated by the NNPDF group [20].The MMHT group
[21,22] consider the effects of QED in their evolution too.
They obtained the photon PDF, γ (x, Q2), based on the simi-
lar method with those from LUXQED group. They take into
account their lower starting scale of energy for the evolution
than the LUXQED group.

The main purpose of this paper is to calculate the parton
distribution functions and the partonic luminosities in the
valon model. The valon model is a phenomenological model
originally proposed by Hwa [23]. In this model, the recombi-
nation of partons into hadrons occurs in two steps: in the first
step, the quarks emit and then absorb the gluons (photons),
and become a quark–gluon (photon) cloud that becomes
“Valon”, then the “Valon” are recombined to hadrons. This
model could describe the PDFs, PPDFs, TMDs, and so on,
very well [24–28]. In this paper, we analytically investi-
gate the QCD⊗QED coupled DGLAP equations at O(α),
O(ααs), O(α2) QED and at O(α2

s ) QCD approximation and
obtain PDFs with QED corrections in the valon model. Then
we calculate the partonic luminosities and compare them with
other available analyses.

The organization of this paper is as follows: in Sect. 2, we
present the framework employed to perform our calculations.
In this section, we briefly review the valon model for calcu-
lating the parton distribution functions with QED corrections
and related proton structure functions. Section 3 devoted to
the calculation of the parton luminosity distributions which
are import issues for analyzing the Drell–Yan processes at
the LHC. For this analysis, one needs to know the PDFs with
QED corrections. We give our conclusions and outlook in
Sect. 4.

2 Review of the PDFs with QED corrections in the
valon model

In this section, we present simple parametrization that can
be successfully used to determine the PDFs. We consider,
besides the O(α2

s ) QCD corrections, the complete set of
O(ααs) and O(α2) QED corrections to the DGLAP evo-
lution equations. These calculations have been performed in
a completely analytically way where we bring out the solu-
tions of these equations in Mellin space [7]. The QCD ⊗

QED DGLAP evolution equations are given as follows,

∂qi (x, Q2)

∂ ln Q2 =
n f∑

j=1

Pqiq j
(x) ⊗ q j (x, Q

2)

+
n f∑

j=1

Pqi q̄ j
(x) ⊗ q̄ j (x, Q

2)

+Pqi g(x) ⊗ g(x, Q2)

+Pqiγ (x) ⊗ γ (x, Q2)

∂ q̄i (x, Q2)

∂ ln Q2 =
n f∑

j=1

Pq̄i q j
(x) ⊗ q j (x, Q

2)

+
n f∑

j=1

Pq̄i q̄ j
(x) ⊗ q̄ j (x, Q

2)

+Pq̄i g(x) ⊗ g(x, Q2)

+Pq̄iγ (x) ⊗ γ (x, Q2)

∂g(x, Q2)

∂ ln Q2 =
n f∑

j=1

Pgq j
(x) ⊗ q j (x, Q

2)

+
n f∑

j=1

Pgq̄ j
(x) ⊗ q̄ j (x, Q

2)

+Pgg(x) ⊗ g(x, Q2)

∂γ (x, Q2)

∂ ln Q2 =
n f∑

j=1

Pγ q j
(x) ⊗ q j (x, Q

2)

+
n f∑

j=1

Pγ q̄ j
(x) ⊗ q̄ j (x, Q

2)

+Pγ γ (x) ⊗ γ (x, Q2) (1)

where n f is the number of active flavors. The Pi, j is the
mixed QED and QCD splitting functions in DGLAP evolu-
tion equations. It is defined as

Pi j = αs P
(1,0)
i j + α2

s P
(2,0)
i j + αP(0,1)

i j

+ααs P
(1,1)
i j + α2P(0,2)

i j

i, j ≡ q, q̄, g, γ (2)

where the first two terms are related to the pure QCD splitting
kernels that write via the usual perturbation expansion and the
rest of the terms correspond to the QED, that extracted from
theoretical work [29,30]. It is worth to notice that, we don’t
ignore photon density at high scales of energy, therefore, the
momentum sum rule constraint for the partons, modified to
include the photon PDF, γ (x, Q2):
∫ 1

0
dxx(

∑

i

qi (x, Q
2) + q̄i (x, Q

2)

+g(x, Q2) + γ (x, Q2)) = 1 (3)
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we have used the new basis of distribution functions and
write the coupled and uncoupled evolution equations in Ref.
[7]. We analytical solve these evolution equations up to
O(α2

s ) in QCD and O(ααs) and O(α2) in QED in Mellin
space.

The valon model was first proposed by Hwa to investigate
the parton distribution functions inside the proton. In this
model, proton is a bound state of three “valons”. Each valon
is a valence quark with its associated sea quarks and glouns.
The quantum number of valon is the quantum number of its
valence quark and the valons carry all the momentum of pro-
ton . In this model, the recombination of parton into hadrons
occur in two stage processes: at first, the partons emit and
absorb glouns(and here, photon) to evolved the quark–gloun
(photon) cloud and became valons. These valons then recom-
bine into hadron. The Fig. 1 shows the schematic picture of
the valon model. Therefore, for calculating the parton distri-
bution functions inside proton, we first calculate these PDFs
“inside each valon” with initial PDFs at Q2

0 and using the
DGLAP evolution equations. Then, by using the valon dis-
tributions inside proton and convolution of these valon distri-
butions with those obtained for PDFs inside valons, we lead
to the PDFs in the proton. The motivation for the low value
of Q2

0 is the phenomenological consideration to requires us
to choose the initial input densities as δ(z−1) at Q2

0 (where,
z = x

y ). This means that at such low initial scale of Q2
0, the

nucleon can be considered as a bound state of three valence
quarks which carry all of the nucleon momentum. Therefore,
at this scale of Q2

0, there is one valence quark in each valon
and this valence quark carry all of the valon momentum. It
is interesting to note that our choice for initial value of Q2

0 is
very close to the transition region reported by the CLAS Col-
laboration. The first moment of the proton structure function
has been measured at CLAS and the results show that there is
a transition region around Q2 = 0.3 GeV2 [31]. This choice
for Q2

0 is also close to the initial scale selected by GRSV
group which is Q2 = 0.4 GeV2 [32])

In this model, The internal structure of valons at low Q2

can not be resolved and the valons behave as constituent
quarks. The internal structure of valons and the Q2 depen-
dence of parton distribution functions in the hadron comes
from the solutions of the DGLAP evolution equations in each
valon with appropriate initial input densities. The valon dis-
tribution functions are Q2 independent. However, they can
be denoted as the wave-function square of the constituent
quarks in hadron. It also interprets the probability of finding
a valon carrying momentum fraction y of hadron momen-
tum. To generate PDFs from the DGLAP evolution equations
with QED corrections, one requires these PDFs at some start-
ing scale, Q2

0 = 0.283 GeV2, from which the PDFs may be
evolved to higher scales. Now we can calculate the parton
distribution functions with QED corrections in the proton:

Fig. 1 The schematic picture of the valon model

q p(x, Q2) =
∑

valon

1∫

x

dyG p
valon(y)q

valon
(
x

y
, Q2

)
(4)

where Gp
valon(y) is the distribution of the valon with momen-

tum fraction y in the proton. The valon distribution functions
given by the following expressions [23,33–35],

GU/p(y) = B(α + 1, β + 1)yα(1 − y)α+β+1

B(α + 1, β + 1)B(α + 1, α + β + 2)
(5)

GD/p(y) = B(α + 1, α + 1)yβ(1 − y)2α+1

B(α + 1, β + 1)B(α + 1, α + β + 2)
(6)

where B(m, n) is the Beta function and α = 1.545 and β =
0.89 [23,33–35].

The determination of parton content of proton requires
the knowledge of the valon distribution inside proton. Let us
denote the probability of finding a valon carrying momen-
tum fraction y of the proton by Gvalon/p(y), which describes
the wave function of proton in the valon representation, con-
taining all the complications due to confinement. With the
requirements that the these equations form satisfies the num-
ber and momentum sum rules:
∫ 1

0
Gvalon/p(y)dy = 1

∑

valon

∫ 1

0
yGvalon/p(y)dy = 1 (7)

An essential property of the valon model is that the structure
of proton in the valon representation is independent of the
probe. This means that the parton distribution in a proton can
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be written as the convolution of “the partons in the valon”
and the “valon distribution in the proton” which are indepen-
dent of probe or Q2. The PDFs in the valon, qvalon( xy , Q

2),
conclude from solutions of the DGLAP evolution equations
with QED corrections in each valon. The PDFs in a hadron
can be written as the convolution of the partons in the valon
and the valon distribution function in the hadron. Finally, the
PDFs in the proton have the following form

uvalance(x, Q
2) = 2

1∫

x

q valance
valon

(
z = x

y
, Q2

)
GU/p(y)dy

dvalance(x, Q
2) =

1∫

x

q valance
valon

(
z = x

y
, Q2

)
GD/p(y)dy

q̄Sea(x, Q
2) = 2

1∫

x

q Sea
valon

(
z = x

y
, Q2

)
GU/p(y)dy

+
1∫

x

q Sea
valon

(
z = x

y
, Q2

)
GD/p(y)dy

g(x, Q2) = 2

1∫

x

q g
valon

(
z = x

y
, Q2

)
GU/p(y)dy

+
1∫

x

q g
valon

(
z = x

y
, Q2

)
GD/p(y)dy

γ (x, Q2) = 2

1∫

x

q γ
valon

(
z = x

y
, Q2

)
GU/p(y)dy

+
1∫

x

q γ
valon

(
z = x

y
, Q2

)
GD/p(y)dy (8)

where q̄Sea(x, Q2) is the total distribution of all sea quarks.
In this analysis, we consider five active flavors, and also
�QCD = 0.22 GeV. In this model, we can calculate the
total distribution of all sea quarks. Here, we know how can
separate the different kind of sea quarks distributions when
we have the total distribution of all sea quarks. In this paper,
we consider ū = d̄ , s = s̄, c = c̄ and b = b̄. We have studied
the symmetry breaking of sea quarks distribution functions,
and we have used the fact that probability of finding heavier
partons inside proton are smaller than those of light partons.
We have mentioned this in detail in Ref. [9].

The parton distribution functions at different values of Q2

are shown in Fig. 1. It is clear that increasing Q2 leads to a
decrease in the valance quark distributions (Fig. 2). Further-
more, the contribution of the photon distribution function are
increased with increasing the value of Q2. It means that the

photon distribution function is significant at high scales of
Q2.

In order to validate the efficiency and emphasize the phe-
nomenological impact of this method, the reduced cross-
section are presented and discussed. In the following, we
present a detailed comparison of the theoretical predictions
based on the valon model for reduced cross-section in terms
of DIS structure functions. The common variables in any
DIS process are as follows: the photon virtuality Q2 = −q2,
where q is the difference of the four-momenta; the longi-
tudinal momentum fraction x = Q2/2qP , where P is the
four-momentum of the incoming proton; and the inelasticity
y = Q2/sx , where s is the center of mass energy squared
determined from the electron and proton beam energies. The
reduced cross-section is given by

σr = F2(x, Q
2) − y2

1 + (1 − y)2 FL(x, Q2) , (9)

Then, σr is determined by two structure functions, F2(x, Q2)

and FL(x, Q2). These DIS structure functions are propor-
tional with PDFs. In Fig. 3, we present the theory predictions
based on the valon model for the reduced cross-section, σr , as
a function of x , Q2 at center of mass energy of

√
318 GeV for

different values of Q2. The model predictions for σr are then
compared with experimental data from HERA (H1 experi-
ment). The results show a nice agreement between them.

3 The partonic luminosities

In this section, we discuss the effect of higher and mixed
orders of O(ααs), and O(α2) QED corrections on the evolu-
tion of PDFs and its impact on the luminosity at the present
center of mass energies available at the LHC. To calculate the
cross-sections in hadron collision processes, the PDF contri-
butions factorize in the form of the parton luminosities. In
a similar way to the DIS structure functions for electron–
proton collisions, the production cross sections in proton–
proton collisions can be factorized in terms of the convolu-
tion between two universal PDFs and a process-dependent
partonic cross section. In full generality, for the case of the
total inclusive cross section for a narrow resonance produc-
tion with mass M, the cross section can be factorized as

σ =
∑

i, j=q,q̄,g

∫ s

M2

ds

s
Li j (s, μ

2)sσ̂i j (s, M
2, μ2) (10)

where s is the squared centre of mass energy of the two incom-
ing partons. The usefulness of this factorized form above
equation is that the complete PDF dependence of the hadronic
cross section is now encoded in the partonic luminositiesLi j .
Therefore, at a hadron collider, all factorizable observable
for the production of a final state with invariant mass of M
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Fig. 2 The parton distribution
functions as a function of x at
two values of Q2 = 104 GeV2

and Q2 = 108 GeV2
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Fig. 3 The comparison of
reduced cross-sections as a
function of x and Q2 at center
of mass energy of

√
318 GeV

for different values of Q2 with
those from experimental data
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depend on the parton distribution functions through a parton
luminosity. Then, before looking at specific processes, it is
a good idea to study the behavior of the parton luminosi-
ties of the different initial state. In the following, we explain
how we can obtain the partonic luminosity distribution for
proton–proton collisions at the different center of mass ener-
gies. The results obtaied for PDFs with QED corrections in
previous section help us to calculate these luminosities at the
LHC energies. The luminosity distribution dLi j/dlnM2 for
partons i and j in proton–proton collisions is defined by [18],

dLi j

dlnM2 = M2

s

∫
dz

z
fi (z, M

2) f j

(
M2

zs
, M2

)

(11)

where s is the squared center of mass energy of the hadronic
collision, and M is the invariant mass. In Eq. (11), fi (x; M2)

is the PDF of the i th parton evaluated at the factorization scale
Q = M . To improve predictions from a particular process,
this distribution can be adopted different choices for Q. At the
level of pure luminosities, without the convolution with any
specific matrix element, the factorization scale can be natu-
rally set to Q = M . We used the PDFs obtained in the previ-
ous section to calculate the luminosity distributions. In Fig. 4,
we show the gluon–gluon luminosity as a function of invari-
ant mass M for four center of mass energies 8, 13, 33, and 100
TeV, with the factorization scale Q set equal to M . We also
compare them with those from APFEL, NNPDF3.1luxQED,
and NNPDF2.3QED global analysis [12,18–20]. This fig-
ure shows that for the entire range in M considered at the
four different proton–proton collision energies, gluon–gluon
luminosities are compatible with these analyses.
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Fig. 4 The gg luminosity
distributions in pp collisions, as
a function of the partonic
invariant mass M, at center of
mass energies of 8 TeV, 13 TeV,
33 TeV and 100 TeV
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Fig. 5 The
∑

i qi q̄i luminosity distributions in pp collisions, as a func-
tion of the partonic invariant mass M, at center of mass energies of 13
TeV, 33 TeV and 100 TeV

For the
∑

i qi q̄i luminosity distribution, we have included
a factor of two in the sum, since either quarks or antiquarks
can come from each beam. In Fig. 5, we show quark–
antiquark luminosity distribution for our model at

√
s =13,

33 and 100 TeV. We compare them with the results extracted
from APFEL. The plot shows there is a good agreement
between them.

In Fig. 6, we depicted the quark–quark luminosity distri-
butions, dLuu/dlnM2 and dLdd/dlnM2 and compare them
with those from APFEL at

√
s =13, 33 and 100 TeV. The

γ γ partonic luminosity is shown in Fig. 7, as a function
of the γ γ invariant mass of M , for several center of mass

energies. The γ γ luminosity is about three orders of magni-
tude smaller than the gluon–gluon, quark–quark, and quark–
antiquark luminosities over a wide range of invariant masses.

The Fig. 7 shows differences between the results predicted
by the valon model and those obtained by APFEL for γ γ par-
tonic luminosities. These differences mainly concern the ini-
tial scale of energy, Q0. As we mentioned in Sect. 2 the initial
photon PDF, γ (x, Q2), is equal to zero at Q2

0 = 0.283 GeV2.
The practical implementation of the DGLAP evolution equa-
tions from the initial scale Q0 to the scale Q would also lead
to the additional differences.

Therefore, the PDF sets are based on a completely differ-
ent assumption for γ (x, Q2) at the initial scale of Q0. The
MRST2004QED and CT14QED sets, the functional form
define for the photon PDF at the initial scale of Q0, is assumed
to be completely determined by the valence quark distribu-
tions. The photon parametrization at the initial scale of Q0

is defined by

fγ /p(x, Q0) = α

2π

(Aue
2
u P̃γ q ⊗ u0(x) + Ade

2
d P̃γ q ⊗ d0(x)) (12)

In the NNPDF2.3QED, NNPDF3.0QED, and NNPDF3.1lux
QED sets no functional form is specified for the photon dis-
tribution function at the initial scale. The photon distribution
function is only constrained to be positive. In the first step, the
PDF replicas for all the partons are fit together from DIS data
only. Afterwards, they are further constrained by Drell-Yan
data form the LHC Run-I at 7 TeV [13].

It is important to note that the behavior of the photon
PDF at small x and large Q, the region where the differ-
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Fig. 6 The uu and dd
luminosity distributions in pp
collisions as a function of the
γ γ invariant mass M, for
collider center of mass energies
of 13 TeV, 33 TeV and 100 TeV
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Fig. 7 γ γ partonic luminosity distributions as a function of γ γ invari-
ant mass at center of mass energies of 8, 13, 33 and 100 TeV

ences among the PDF sets are large and are determined by
the QCD ⊗ QED DGLAP evolution equations. Moreover, at
small values of M , where small values of x can be probed,
the quarks and gluons PDFs are much larger than the pho-
ton PDF, leading to a relative suppression of photon-initiated
contributions. As previously observed in Fig. 7, the inclusion
of these higher-order splitting functions in the evolution of
xγ (x, Q2) tend to reduce its magnitude, particularly at the
higher range in x. It is noted that near TeV scales, the impor-
tance of these higher orders becomes significant, concluding
a O(5%) reduction in the total γ γ luminosity.

These figures show that for the high invariant mass of M
region that this value related to the value of the center of mass
energy, the luminosity combinations, quark–quark, quark–
antiquark, and gluon–gluon, get closer to the luminosities
involving photons that suggesting possibly non-negligible
phenomenological implications due to photon channel. The
major part of this effect is caused by the relative behavior
of the strong coupling αs with respect to the QED coupling
α as functions of the scale M. As is well known, DGLAP
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Fig. 8 The comparison of partonic luminosities as a function of γ γ

invariant mass at center of mass energy of 100 TeV

evolution leads to an increase of PDFs in the small-x region
and to a decrease in the large-x region as the evolution scale
increases. The magnitude of such a behavior is driven by the
rate of change of the coupling, no matter whether it is nega-
tive, as for αs , or positive, as for α. Given that the absolute
value of the QCD β-function is larger than the QED one up
to very large scales, αs-driven PDFs, like quark and gluon
PDFs, are relatively more suppressed at larger values of x as
compared to α-driven PDFs, like photon PDFs. To show this,
we compare the gluon–gluon,

∑
i qi q̄i and γ γ luminosities

at center of mass energy
√
s = 100 T eV in Fig. 8. It is obvi-

ous from Eq. (11) that the behavior of the M-differential
luminosities at large values of invariant mass M reflects the
behavior of PDFs at large values of x and thus, according to
the argument above, QCD luminosities are more repressed
than QED luminosities in this region and finally they get
overtaken.
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4 Conclusions and outlook

In this paper, we have presented the updated parton distri-
bution functions, modified to include the effects of QED
in their evolution. The procedure developed to provide an
approximate QED at O(α), O(ααs), O(α2) corrections to
the DGLAP evolution equations, is the valon model. We
have done all steps in the Mellin space. Finally, we have
obtained the photon–photon, gluon–gluon, quark–quark and
quark–antiquark luminosities at the various colliders cen-
ter of mass energies and compared them with the results
from NNPDF2.3QED set, LUXqed set, and APFEL. We
have arrived at a good agreement between them. We found
that the QCD luminosity combinations, quark–quark, quark–
antiquark and gluon–gluon, get closer to the luminosities
involving photons for the region of high invariant mass M .
The behavior of the M-differential luminosities at the large
values of invariant mass M reflects the behavior of parton
distribution functions at large values of x and thus, the QCD
luminosities are more suppressed than QED luminosities in
this region and finally they get overcome. High-precision
experimental measurements of W and Z production at the
LHC on the percent level, as well as future measurements
at the high-luminosity LHC or future high-energy colliders
such as FCC (Future Circular Collider), will demand equally
precise resumed predictions in QCD⊗QED evolution.
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