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Abstract

In this paper, the block generalized product-type bi-conjugate gradient (GPBi-CG)
method for solving large, sparse nonsymmetric linear systems of equations with mul-
tiple right-hand sides is proposed. The new algorithm is based on the block BiCG
process. We analyze the convergence behavior of this method and present a bound for
the residual norm of block GPBi-CG according to the residual norm of BI-GMRES
method. In addition, we prove that convergence is guaranteed when A is positive real.
The numerical experiments show the efficiency of the new method and confirm the
theoretical results.
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1 Introduction

We consider the solution of large linear systems with multiple right-hand sides of the
form
AX =B, 1.1)
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Numerical Algorithms

where A is an n X n nonsingular matrix, and B = [b(l), e, b(s)], X =
[x(l), R x(s)] are rectangular n x s matrices. In practice, s is of moderate size with
s < n. Many applications such as electromagnetic scattering problem and structural
mechanics problems require the solution of linear systems with multiple right-hand
sides (1.1).

To solve (1.1), the block Krylov subspace methods often show better convergence
behavior than the corresponding Krylov subspace methods for systems with a single
right-hand side. For symmetric and positive definite problems, the block conjugate
gradient (BI-CG) algorithm [15] and its variants [14] are useful for solving the linear
system (1.1). For nonsymmetric problems, the block BCG method [15] and a stabi-
lized version of BiCG [17], the block GMRES [16], the block BICGSTAB algorithm
[9], the block Lanczos method [8], the block quasi minimum residual (BI-QMR)
algorithm [5], the block LSQR method [11], the block LSMR method [22], and the
block CMRH method [1, 2] have been developed. Frommer et al. [6, 7] have con-
tributed several results to the theory of block Krylov subspace methods for linear
systems and for matrix functions. These results hold for general block inner products,
and thus in particular for the classical block methods and the so-called global meth-
ods. In [13], the authors extended well-known GMRES/Arnoldi convergence results
to the block case using the framework of [6, 7].

Considering the structure of residual polynomials in the CGS [19] and BICGSTAB
[23] methods, Zhang [24] derived generalized product-type method based on BiCG
(GPBi-CG) without enlarging both computation and storage cost. In this paper, we
present a block GPBi-CG (BI-GPBiCG) algorithm for solving non-symmetric linear
systems with multiple right-hand sides. As the block BiCGSTAB algorithm [9], the
use of matrix-valued orthogonal polynomials will allow us to derive the BI-GPBiCG
algorithm. In addition, we derive the bounds for the residual norm of Bl-GPBiCG
iterations.

The paper is organized as follows. In Section 2, we shortly review the BI-BiCG
method and show the connection between this method and the matrix-valued poly-
nomials. In Section 3, we first briefly review the GPBiCG method. Then, we present
the BI-GPBiCG algorithm and compare the memory requirements and computational
costs of BI-GPBiCG with those of BI-BiCGSTAB and BI-BiCG. In Section 4, an
upper bound for residual norm of BI-GPBiCG algorithm according to the residual
norm of BI-GMRES is presented. Also, we obtained some results about convergence
behavior of BI-GPBiCG residual norm when matrix A is positive real. In Section 5,
some numerical examples are presented to show the efficiency of the method and to con-
firm the theoretical results. Finally, we make some concluding remarks in Section 6.

Throughout this paper, we use the following notations. For two n x s matri-
ces X and Y, we define the following inner product: (X, Y)r = tr(XTY), where
tr(Z) denotes the trace of the square matrix Z. The associated norm is the Frobe-
nius norm denoted by || . ||r. We will use the notation (., .), for the usual inner
product in R” and the related norm will be denoted by || . ||2. For a matrix
V e R™¥, the block Krylov subspace Kx(A, V) is defined by Ky(A,V) =
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span{V, AV, AV, ..., Ak_lV}. Finally, Oy, I, and 0;xs will denote the zero, the
identity, and zero matrices in R***, RS> and RIxs, respectively.

2 Matrix-valued polynomials and block BiCG algorithm
2.1 Block BiCG method

In this section, we remind the block BiCG (BI-BiCG) algorithm which was first
proposed by O’Leary [15] for solving the problem (1.1). Let Xo € R"* be an ini-
tial matrix for the solution of system (1.1) with the residual Ry = B — AX( and
let Ry be an arbitrary n x s matrix. The BI-BiCG algorithm constructs two block
bases Py, ..., Py and Py, ..., P of the block Krylov subspaces Ki+1(A, Rp) and
Krs1 (AT, Ro),respectively. The algorithm can be summarized as follows [15].

Algorithm 1 BI-BiCG.

1. Compute Ry = B — AX for a given X
2. Ry is an arbitrary n x s matrix

3. Set Py = Ry and ﬁo = RQ

4. for k = 1, 2, ... until convergence do
ap = (ﬁkTAPk)_]IékTRk

Xi+1 = Xk + Pray

Riy1 = Ry — AProg

ay = (P AT P~ 'R Ry

Riy1 = Ry — AT Pray

10. B = (R~kTRk)711§kT+1Rk+l

11. Bk = (R[Rﬂk)flRZHiék_‘_l

12 Pey1 = Rit1 + PP

13, Pyt = Rir + prPe

14. end

e R g

Algorithm 1 breaks down if the matrices ﬁkTAPk or IékT Ry are singular. The
matrix residuals and matrix directions generated by Algorithm 1 satisfy the following
properties.

Proposition 1 [15] If no breakdown occurs, the matrices computed by the Bl-BiCG
algorithm satisfy the following relations:

(1) RI'R; =0and PTAP; =0fori < j.
(2) span{Py, ..., Pt} =span{Ry, ..., A*Ro} = Ki41(A, Ro).

(3) span{Py, ..., P} =span{Ry, ..., ATkﬁo} = Ki+1(AT, Ry). ~
(4) Ri — Ro € Ki(A, Ro) and the columns of Ry are orthogonal to i (AT, Ry).

In the sequel, we assume that no breakdown occurs in the BI-BiCG algorithm.
In the next section, we use matrix-valued polynomials to give an expression of the
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matrices computed by Bl-BiCG. This will be useful for defining the block GPBi-CG
algorithm.

2.2 Matrix-valued polynomials and BI-BiCG method

Let P be a matrix-valued polynomial of degree k defined by

k
P@t) = Zt"sz,-, Q e R, reR 2.1)
i=0
As in [8, 9], we use the notation o for the product
k
P(A)oY = Z AYQ;, (2.2)
i=0
where Y is an n x s matrix. With these definitions, we have the following propositions.

Proposition 2 [8, 9] Let P and Q be two matrix-valued polynomials and let Y and
® be two matrices of dimensions n x s and s x s, respectively. Then we have

(PQ)(A)oY = Q(A)o (P(A) oY),
(P(A)oY)® = (PO)(A) oY,
P+ 9)(A)oY = P(A)oY + O(A)o Y.

As shown in [9], by using matrix-valued polynomials, the residual R,? I=BiCG ynqg
BI-BiCG

matrix direction P can be expressed as follows:
RPITBICG = Ri(A) o Ry, PETBCE = Pr(A) o Ry. (2.3)
These matrix polynomials are also related by the recurrence formulas:
Rie+1(1) = Ri(t) — 1P (t)ou, 24
Prw1(@) = Ri1(t) + Pr(0) Bk (2.5)
with Ro(t) = Po(t) = I fort € R, oy and B are s x s matrices defined in BI-BiCG

algorithm.
As in [8, 9], let C and C(V be functionals defined on the set of matrix-valued
polynomials with coefficients in R®*S and given by

C(P) = R (P(A) o Ro), (2.6)
cD(P) = cap), @.7)
where P is a matrix-valued polynomial. With these definitions, we have the following
proposition:
Proposition 3 [8, 9] The functional C defined above satisfies the following proper-
ties:

CP+Q) =C(P)+C(Q),
C(PQ) = C(P)Q, QeR™.
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The same relations are also satisfied by C'V.

The next proposition shows that the matrix-valued polynomials Ry and Py
belong to the family of formal orthogonal polynomials with respect to C and CV,
respectively.

Proposition 4 [8, 9] Let (Ry) and (Py), (k > 1) be the sequences of matrix-valued
polynomials defined by the relations (2.4) and (2.5), respectively. If T; is an arbitrary
matrix-valued polynomial of degreei,i = 0, 1, ..., k—1, then we have the following
orthogonality properties:

CRxT;) =0, fori <k, (2.8)
COPT) =0, fori <k (2.9)

Now, using these matrix-valued polynomials we are ready to explain block GPBi-
CG algorithm.

3 The block GPBi-CG algorithm

In this section, we first present a brief of the GPBi-CG method [24] for solving the
nonsingular system Ax = b. Let xo and ro = b — Axp denote the initial guess
and the corresponding initial residual, respectively. Then, the residual vector r,f icG
generated by BiCG is expressed by r,f”CG = Ry (A)ro, where Ry (t) is the residual
polynomial of BiCG. It is a multiple of the so-called Bi-Lanczos polynomial [20],

which satisfies the recurrence relation

Ro(t) =1, Ri(t) = (1 —apt)Ro(1),
Res1 () = (1+ f%ak — )R (1) — f%akRk_l(t), k=1,2, ..

for certain coefficients o and Br_1. The residual vector r; of the GPBi-CG method
is expressed as Hy (A)r,f3 iCG by combining BiCG with an auxiliary polynomial Hy ()
of degree k. The polynomial Hy (¢) is chosen to speed up and stabilize convergence,
while satisfying the three-term recurrence relations [24]:

Ho(t) :=1, Hi(t) :== (1 —¢ot)Hp(t),
Hip1 () == (L +me — ) He (1) — i He—1 (1), k=12, ...

Also, the two-term recurrence relation for Hy, is defined as

Ho(r) =1, Go(t) =1, 3.0

Hiy1(t) = Hi(t) — &kt Gi(2), (3.2)

Gt () = He1 () + 0L Grr), k=1,2, ... (3.3)
Ck+1

The recurrence coefficients n and & are computed to minimize the term

min g [l2 = min || Hx(A)rfC |2 = min|| Hi(A) Re(A)rolla.- 3.4
ik ik Nk Ek
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In many applications, the GPBi-CG method is indeed more efficient and robust than
the BICGSTAB method. In addition, GPBi-CG has smoother convergence behavior
than BICGSTAB. However, the total computational time can be higher than that of
the BICGSTAB method due to the solution of the minimization problem (3.4).

According to the two-term recurrence relations (3.1)—(3.3), Zhang [24] could
derive the GPBi-CG algorithm which is as follows:

Algorithm 2 GPBi-CG Algorithm.

1. Initialization: select initial guess xo and compute ro = b — Axg
2. Select 7y such that (7, ro) # 0, e.g., 7o = rp; and setz_; = w_; = 0,51 =0;
3. fori=0,1,...untl || r, |[<e | b do:

4. pi=ri +Bi—1(pic1 —ui—1)
. _(Fo,ri)
5. i = G, Ap)
6. Yi =tic1 —ri —jwi—1 + i Ap;
7. i =ri — Oll‘Ap,‘
8 &= i, Yi) (Ati 1) — (i 1) (Ati, i)
' U (AL AG) O yi) — (i, A ) (At i)
9 (AL, AG) (i 1) — (i, At (At 1)
: LT (A, A) (viyi) — (i, At (At yi)
10. (ifi =0, then & = (5{;’{ 5. ni = 0)
11 u; =G Ap; +ni(tic1 —ri + Bic1ui—1)
12. Zi = &iri +miziel — o
13. Xiy1 = X; +opi + 2
14. il =1 = 0iyi = Gi Al
oo (oritn)
15. Bl =& (ro.ri)
16. w; = At; + B Ap;
17. end

Now, we define block GPBi-CG (Bl-GPBiCG) method that is a generalization
of the single right-hand side GPBi-CG algorithm. This algorithm is smoother than
BI-BiCGSTAB method.

The Bl-GPBiCG algorithm generates the iterates whose residual matrices are as
follows:

R = (HkRi)(A) o Ry

= (Hi(A)Rk(A)) o Ry, (3.5)

where Hy is an accelerating scalar polynomial which is computed as the following
recurrence:

Ho(t) =1, Go(t) = &o,
Hi@) = Hi—1(t) — tGr_1(1), (3.6)
Gr() = GHe @) + niGr—1(t), k=1,2,..

The scalar parameters ¢ and 1 will be determined by a local residual minimization
condition. Now, we attempt to compute Ryr1 = (Hr+1Ri+1)(A) o Ry. Using the
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same derivation technique in the GPBi-CG [24], we can get the following recurrence
relations:

Hit1Ri+1 = HiRia1 — Mt Gr—1 Ri1 — St HiRi

= MRy — tHi Prox — tGr Ri+1, 3.7

HiRi+1 = HiRk — tHi Pro, (3.8)
1GkRi+2 = HiRi+1 — Hir1 Rir1 — 1HE Pr 1@t

+tH g1 Pr1Q+1, (3.9)

Hi+1Pr+1 = Hir1Ric+1 + HiPrBr — t Gk Pr P (3.10)

tHiPrr1 = tHiRi+1 + tHiPr Bk, (3.11)

tGcPr = Gt HiPre + mic(Hi—1 R — HikRie + tGr—1Pr—1Br-1), (3.12)

Gk Ri+1 = GHrRi + miGr—1Ri — tGi Pro. (3.13)

By using the auxiliary iterates

Ty = (HxRir1)(A) o Ry, Y = A(Gk—1Ri+1)(A) o Ry,

P, = (HxPr)(A) o Ry, (3.14)
Wi = A(HiPry1)(A) o Ry, Ur = A(GkPr)(A) o Ry,
Zi = (GkRi+1)(A) o Ro, (3.15)

and the recurrence relations (3.7)—(3.13), we obtain iterative sequences of the Bl-
GPBIiCG as follows:

Riv1 = T — miYp — S ATy

= Ry — APray — AZ, (3.16)

Ty = Ry — APy, 3.17)
Yie1 = Ti — Rige1 — Witk 1 + APiy 10y, (3.18)
Pir1 = Riy1 + (P — Up) B, (3.19)
Wi = ATy + AP fr, (3.20)
Uk = kAP + i (Tk—1 — Ry + Ug—1B8k—1), (3.21)
Zik = &Rk + mcZr—1 — Uka. (3.22)

From (3.16), we have the formula to update the approximate solution Xj41:
Xk+1 = Xk + Proy + Zy. (3.23)

Now, we consider the computation of the s x s matrix coefficients oy and B¢ which
are needed in recurrence. Using Propositions 3, 4 and the relations (3.8), (3.11), and
the fact that Hy is a scalar polynomial of degree k, we have

C(HiRy) = CV (Hx P)a. (3.24)

and
CO(HiRi1) = —CV (HiPi) . (3.25)
Using the definitions of the functionals C and C (D these relations can be rewritten as

follows: _ _
(R} APy = RE Ry, (3.26)
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and
(RYAP)BL = —RE ATy (3.27)

Therefore, the s x s matrix coefficients o and By can be computed by solving two
s x s linear systems with the same coefficient matrix (Rg A Py). In addition, we can
easily show that the matrix coefficient §; can be computed by

Br = —ax(RY RO (RE Rig1) /¢

Finally, we compute the scalar parameters n; and ¢; by minimizing the following
two-dimension problem:

F&n) =l Ry lr=Il Ty — mi Y — G AT I F - (3.28)

Putting all these relations together, the BI-GPBiCG algorithm can be summarized as
follows:

Algorithm 3 BI-GPBiCG algorithm.

1. Choose an initial guess X and some I§0, and compute Ry = B — AXp
2. SetT—1 = W_; =0pxs, B-1 =0

3. for k =0, 1, 2, ...until convergence

Pi = Ry + (Pe—1 — Up—1)Pi—1

Solve (R} AP oy = RY Rk

Yi = Ti—1 — R — Wi—10x + A Proyc

T, = Ry — AProy

_ AT AT F Y Ti) p =Y, ATi) p (ATy  Ti) P
Mk = (AT, ATi) r V. Y £ — Ve, ATi) F (ATi Vi
o= YY) F (AT, Ti) P = (Vi Ti) F (AT Yi) F
k (AT AT ) F (Y, Yi) F =Yk, ATi) F (ATi, Yi) F

(ifk =0, then nx =0, & = {Freie
10.  Ur = G AP+ (Tt — Ri + Ur—1Bi—1)
Il.  Zp = &Rk + mkZy—1 — Upoy
12, Xpg1 = Xk + Prog + Zg
13, Rir = Tie — Y — 5k ATi
14.  Solve (REAP)Br = —RI ATy
15. Wi =ATk+APkﬁk
16. end

O XN A

We end this section by giving an analysis of the computational cost and memory
requirement of the BI-GPBiCG algorithm. For solving the linear system (1.1), the
BI-GPBiCG algorithm requires per iteration the evaluation of 2s matrix-vector prod-
ucts with A and a total of 10ns? 4+ 11ns + O(s>) multiplications. The storage space
required (excluding those of A, X, and B ) by BI-GPBiCG is 9ns + O(s?). In order
to compare these results with those of [9], we collected in Table 1 the major com-
putational costs (multiplications) per iteration for the Bl-BiCG, the BI-BiCGSTAB,
and BI-GPBiCG algorithms. As we observe, in each iteration, the bl-GPBiCG algo-
rithm is more expensive than the block BiCG and the block BICGSTAB algorithms.
On the other hand, the parameters ¢ and 5, with respect to the residual polynomial
of BI-GPBiCG, are chosen to minimize the residual Frobenius norm per iteration;
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Table 1 Memory requirements and computational costs (multiplications)

Costs BI-BiCG BI-BiCGSTAB BI-GPBiCG
Mat-Vec with A s 2s 2s

Mat-Vec with AT s - -

Multiplications 8ns? + O(s%) 6ns? + 4ns + O(s3) 10152 + 1lns + O(s?)
Memory locations 5ns + O(s?) 4ns 4+ 0(s2) 9ns + O(s?)

hence, we expect the BI-GPBiCG algorithm converges slightly faster than BI-
BiCGSTAB. In Section 5, the numerical experiments show that BI-GPBiCG is better
than BI-BiCGSTAB in terms of the number of iterations required for convergence.

4 Convergence analysis of BI-GPBiCG

In this section, we find an upper bound for the residual norm of BI-GPBiCG. To
obtain this bound, we define the parameters ¢; 1 = ¢}, 41 = 1, and matrices

i 1 N
Hj+1 = H](A)RBI BlCG’ Gj+1 — {_g](A)RBl BZCG’
J

for j =0, ..., k. Using the relations (3.6), the iterates H; and G can be generated
by the following recurrence formulas:

Hy = RBI-BICG G, = RBI-BICG,

Hisi = H; — £;AG), @1
Nj+1 = .
Giy1 = Hipi +=224Gj, j=1,2,..k
Cj+1
By assuming that ;:j # 0,j = 1,.,k + 1, we have Hj11,Gj11 €

K;ti(A, REI*B"CG). In addition, we get
Hiit = REI—GPB;‘CG_ 4.2)

We note that Z € K (A, R,fl_BiCG) means that

j—1

Z=Y &AREBICO,

i=0
where & € R, fori = 0,...,j — 1. We recall that the minimal polynomial of
V € R™* with respect to A is the nonzero monic polynomial of lowest degree such

that p(A)V = 0, «s. The degree of this polynomial is called the grade of V.
Under the assumption that all the generated coefficients ¢; are not zero and the

grade u of R,f [=BiCG \ith respect to A is not less than k, the recurrence formulas
(4.1) determine the matrices

I‘_IkZ[Hl,Hz,...,Hk] and GkZ[Gl,Gz,...,Gk],
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whose “matrix columns” H; and G ; are linear independent, respectively. By defining
Vitl = ;_‘jﬁjﬂfjjrl], for j =1, 2, ..., k, the recurrence formulas (4.1) can be written
as follows:

AGy = Hkik[\k_l - Ek_lHkJrlE_kT, Hi = G Uy, 4.3)
where Ay = diag[¢11s, ..., &lsl, Ef = 1[0, ..., 0y, I] € R¥*Ks,

I Iy =yl
—I, I I

Ly = —I, . and U = . (44

I _yk]s
I I I

Combining the two equations in (4.3), we obtain
ARy = B Sy — & ' Hen Ef 4.5)
where §; = I:;j&,:l Uy is an invertible tridiagonal block matrix such that
E{S'Ey = E[U'AL;'Ey = &y,

where EIT = [I;,04,...,04] € Rk Now, to get the bound for residual

REI_GPB’CG, we explain some lemmas.

Lemma 1 Assume that AH, = HS), — Ek_lHkHE_kT, with EkTgk_lEl = Ekls. Then,
for any matrix-valued polynomial

k
Pt)y=>)_1'Q, QeR”, teR
i=0
of degree not exceeding k, we have

P(A) o Hy = HyP(Sk) o Ey + His1cx, (4.6)
where cx = (=D (&1 &l Hy |l p) ™' Q.

Proof The proof is similar to that of Lemma 3.2 in [21]. O

In the sequel, we assume that the matrix I-_Ik_H is of full rank and ﬁ,:_l =
(HkT+ 1 Hk_H)_l ﬁkTJr |- From Lemma 1, we have the following relation for H1.

Lemma 2 Assume that AHy = HyS; — Ek_lHkHEkT, with EkTgk_lél = &y, and
V = [Iis OksXs]ﬁkJ;]. Then for any matrix-valued polynomial P(t) of degree not
exceeding k with P(0) = I, we have

Hiy1 = (I, — AHS; 'VYP(A) o Hy. 4.7

Proof The proof is similar to that of Lemma 3.3 in [21]. O
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Using this lemma, the relation (4.3), and the definition of Hjp, the main result on
bounding the residual norm of Bl-GPBiCG can be stated in the following theorem.

Theorem 1 Suppose AH, = H Sy — Ek—lHkHEkT and V = [Iis Oksxs]l:lk_il- If
the matrix Hyy is of full rank, then we have

”lel—GPBiCG”F < Mellr | P(A)o Rfl—BiCG Ip. 4.8)

where P(t) is a matrix-valued polynomlal ofdegree not exceedmg k with P(0) = I,
and My = I, — (Hy, — Hk_HF YW owith FT = [, I, . . ., I;] € RS,

Proof Let My = I, — AI-_Ikglzl V. By using (4.5) and the fact that
EkTUk_l =EkT, E,{Tz_\kzg:kEkT, and E,CTI:,:1 = _kT,
we have
M, =1, — AHkSk
=1y — (Hy — gk Hk—HEk Sk )V
=1, — (Hk—gk Hk+1E Uk AkLk )V
=1, — (Hx — Hern FDV.

This together with (4.7) and (4.2) implies the desired relation (4.8) ]

Suppose that [Py s is the space of matrix-valued polynomials P of degree not
greater than k and order s, such that Px(0) = I (i.e., Pr(t) = I, + Zle Q). The
k’th residual of block GMRES (BI-GMRES) algorithm applied to the system (1.1)
can be written as follows:

Rfl—GMRES _ PBG(A) o Ro,
where the matrix-valued residual polynomial P; BG (1) e Py s solves the minimization

problem
miIFp Pr(A) o Roll F

k€L ks

(see [18]). By using the matrix-valued residual polynomial of block GMRES algo-
rithm applied to the system (1.1) with Xg = X ,f I=BiCG the relation (4.8) can be
written as follows:

IRE=CPBICG < | Myl || PEC(A) o REITBICG || (4.9)

In addition, by using the residual polynomial of global GMRES [10] algorithm
(denoted by P,?G(t)) applied to the system (1.1) with Xo = XfliB’CG, we have

IRZ=CPECCY e < 1Ml r 1| PEC (Ao REHCE I p< 1Ml p || PEC(A)o RETHEE ||
. 10)

In Section 5, the numerical results are presented and the confirmation of the
theoretical results is illustrated.
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4.1 Bounds for the positive real matrix

First, by considering the steps 7 and 12 of Algorithm 1, and defining Ry, =
[Ro Ri .. Rg], where R;, i = O, ..., k, are Bl-BiCG residual matrices, as in
BI-GPBIiCG algorithm (the relation 4.5), for Bl-BiCG algorithm, we can get

ARe = R Ty — Rk+1Oék_1EkT,

with
I _/31

Li=Ly, Uc= o ,
Iy —Pr-1
I
Ak = diag[ay, ..., ax] and f"k = lA,k[\_llA]k, where o; and B, i = 1, ..., k,are s X s
matrices obtained from BI-BiCG algorithm. In addition, we have E TT E| = o.
Now, by assummg that Ry is of full rank, and cons1der1ng Rk =
(Rk 41 Rii1)™ Rk 41 itis easy to adapt the lemmas 1 and 2 and explain the following
theorem which provides a bound for the Bl-BiCG residuals.

Theorem 2 Suppose AR; = kak - Rk_Hock_lEkT and V = [Txs  Ogsxs] ]:_1 If
the matrix Ry 1 is of full rank, then we have

IREBCC) < INklIF I P(A) o Ry |IF, @.11)

where P (1) is a matrix-valued polynomial of degree not exceeding k with 'P(0) = I
and Ny = |1, — (R — Re FD)V with FT = [I,, I, . .., I;] € R¥Ks,

Proof The proof is similar to that of Theorem 1. [

Finally, by using the matrix-valued residual polynomial of block GMRES algo-
rithm applied to the system (1.1) with Xy, the relation (4.11) can be written as
follows:

IREFCCNr < INcllF I PEY(A) o Ro I, (4.12)

In [7], the authors established the following theorem about the convergence
properties of the block GMRES method.

Theorem 3 Assume that A is positive real with respect to the inner product (., .) .
Then fork = 1,2, ... the block GMRES residuals REG =B - AX,?G satisfy

)2
IREC I < (1 = X—)"2RES |1, (4.13)
Vinax
where
. Re({(V,AV)p)
y = min{—————=:V € C", V #£ 0},
(V,V)F
Re({AV,AV)F)
= — 2.V eC",V £0).
Vinax max{ V. Vir € # 0}
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Now, based on the above observations, we can state the following theorem about
the convergence properties of the block GPB-iCG.

Theorem 4 Assume that A is positive real with respect to the inner product (., .)F.
Then for k = 1, 2, ... the block GP-BiCG residuals R,?liGPB’CG satisfy

2
_GPBi - - 4
IRECPECG e < Ml Nl F(1 = =——)¥[[Roll . (4.14)
max
and the convergence is guaranteed.
Proof The result immediately follows from (4.9), (4.12), and (4.13). ]

5 Numerical experiments

In this section, numerical examples are presented to illustrate the effectiveness of
the block GPBi-CG to solve (1.1). All the numerical experiments were performed
in double precision floating point arithmetic in MATLAB R2017b. The machine we
have used is a Intel(R) Core(TM) i7, CPU 3.60 GHz, 16.00 GB of RAM. In all
the examples, the starting guess was taken to be 0. We consider the right-hand side
B = rand(n, s), where function rand creates an n x s random matrix with coefficients
uniformly distributed in [0, 1]. No preconditioning has been used in any of the test
problems. The stopping criterion

RillF
| Rl <100
I Roll 7
Table2 Test problems information
Matrix Property Matrix Property

Order nnz sym Order nnz sym
1 nos4 100 594 Yes 12 poli4 33,833 73,249 No
2 rdb2001 200 1120 No 13 zhaol 33,861 166,453 No
3 psmigr-3 3140 543,160 No 14 cagell 39,082 559,722 No
4 poisson3Da 13,514 352,762 No 15  poisson3Db 85,623 2,374,949 No
5 appu 14,000 1,853,104 No 16  torso2 115,967 1,033,473 No
6  wathenl00 30,401 471,601 Yes 17 cagel2 130,228 2,032,536 No
7  wathenl20 36,441 565,761 Yes 18 FEM3D_thermal2 147,900 3,489,300 No
8 ¢r-30-30 900 7744 Yes 19  crashbasis 160,000 1,750,416 No
9 add32 4960 19,848 No 20 torso3 259,156 4,429,042 No
10 cagel0 11,397 150,645 No 21 language 399,130 1,216,334 No
11 poli3 16,955 37,849 No 22 cagel3 445315 7,479,343 No
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was used. For the tests, a set of 22 problems were taken from the University of Florida
Sparse Matrix Collection [4]. These matrices with their generic properties are given
in Table 2.

Example 1 In this example, we used the matrices

0.5
A1(i, j) =tridiag(l,4, 1), As(i, j) = n_i—t15
and the matrices 1—7 of Table 2. In Table 3, we give the ratio #(s)/t(1), for s =
5, 10, 15, 20, 30, where 7(s) is the CPU time for BI-GPBiCG algorithm and 7 (1)
is the CPU time obtained when applying GPBi-CG for one right-hand side linear
system. Note that the time obtained by GPBi-CG for one right-hand side depends
on which right-hand was used. So, in our experiments, #(1) is the average of the
times needed for the s right-hand sides using GPBi-CG. We note that BI-GPBiCG is
effective if the indicator #(s)/7(1) is less than s. Table 3 shows that the BI-GPBiCG
algorithm is effective and less expensive than the GPBi-CG algorithm applied to each
right-hand side.

Example 2 In the second example, we consider matrix A; from Example 1 and
matrix A3 which represents the 5-point discretization of the operator

L(u) =—Au+ 281Uy + 2821,{}, — 83U

on the unit square [0, 1] x [0, 1] with homogeneous Dirichlet boundary conditions
[3, 12]. The discretization was performed using a grid size of 7 = 1/65 which yields
a matrix of dimension n = 4096; we chose §; = 2, §, =4 and 63 = 0.

Also, we used the matrices 8—14 of Table 2. In this example, we examine the
residual bounds given in (4.10). The results are presented in Table 4. In this table,
U B®B! and U B! denote the upper bounds obtained by applying the block GMRES
and global GMRES to the system (1.1) with Xg = X f [=BiCG respectively. As can

Table 3 Effectiveness of BI-GPBiCG algorithm measured by #(s)/7(1)

Matrix \ s 5 10 15 20 30
A1, n=1000 2.39 3.56 4.74 5.10 7.45
A, n=1000 2.84 3.67 7.62 4.08 5.79
nos4 1.73 1.41 1.75 1.48 1.26
rdb2001 3.47 4.12 3.54 3.99 3.96
psmigr_3 2.69 4.49 6.04 7.43 11.36
poisson3Da 3.45 6.59 9.79 12.41 18.52
appu 3.41 6.48 10.60 13.09 19.47
wathen100 4.70 8.40 11.41 14.72 19.67
wathen120 4.70 8.21 10.94 12.98 18.92
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Table 4 The upper bounds of the residual norm for s = 2, 4, 8 for Example 2 matrices

Matrix \ s 2 4 8
UBB! 4.9757e—07 4.9594e—07 4.8497e—07
A1, n=1000 UBS! 5.0615¢e—07 5.0690e—07 4.9982e—07
| Ri IF 2.5198¢—08 3.2259¢—08 4.1136e—08
UBB! 1.8998¢—10 7.8244e—11 1.3526e—10
A3z, n=4096 U B! 1.0771e—09 1.7696e—10 9.4841e—10
| Ri IIF 1.2146e—10 3.9362e—11 1.3095¢—10
UBB! 2.0443e—06 7.6744e—06 3.5291e—06
2r30_30 UBS! 2.6341e—06 1.0679¢—05 6.1416e—06
| R IF 1.9448e—07 1.3534e—07 1.6547e—07
UBB! 4.4649e—06 2.6993¢—06 1.9119e—06
add32 UBS! 4.6439e—06 3.1868e—06 3.3039¢—06
| R IlF 5.4183¢—07 5.1987e—07 8.4386e—07
UB#! 5.9681e—06 2.3144e—05 3.2691e—05
cagel0 UBGS! 7.7135¢e—06 3.2498e—05 6.5722¢—05
Il Re llF 2.4823¢—07 1.0239¢—06 1.3101e—06
UBB! 1.6640e—06 4.1834e—06 1.0865e—06
poli3 UBC! 2.9444e—06 1.0545e—05 5.1889e—06
| R lF 7.3270e—08 3.5905e—07 8.5699e—08
UBB! 4.8318e—07 4.9825e—06 1.2262e—05
poli4 U BS! 7.6575e—07 3.5743e—05 4.6450e—05
| R I+ 1.9097¢—08 4.9041e—07 4.1436e—07
UBB! 9.4143e—06 1.0651e—05 1.1526e—05
zhaol UBS! 1.0605e—05 1.4499¢—05 2.9009¢—05
Il Re llF 2.4241e—07 4.7453e—07 1.8329¢—06
UB?! 2.8079e—05 3.5318e—05 2.5783e—05
cagell UBS! 3.4395¢—05 5.1646e—05 6.2362e—05
Il Re llF 1.1850e—06 1.5646e—06 1.4635¢—06

be seen, the upper bounds U B! and U BC! are the suitable bounds for the residual
norm (|| Ry || ) of the BI-GPBiCG method.

Example 3 For the third set of experiments, we compared the Frobenius norm of
the residuals (|| R¢|| ), the number of iterations (Iter),and the CPU time in seconds
(CPU) for convergence for the block GPBi-CG, the block BICGSTAB, and the block
BiCG methods. We used the large matrices of Table 2. The results obtained by these
algorithms are presented in Table 5. In this table, a dagger () indicates that no con-
vergence is achieved after 2500 iterations. As can be seen from Table 5, the methods
are similar in Frobenius norm of residuals (|| Rx| r). In addition, as expected, for all
problems the number of iterations of the block GPBi-CG is less than that of the block
BiCGSTAB and the block BiGG . The CPU time obtained for the block BICGSTAB
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is smaller than the one for the block GPBi-CG (except for examples appu and zhaol
with s = 2,4, 8, poisson3Db with s = 4, 8, poisson3Da, FEM_3D_thermal2, and
crashbasis with s = 8). We also observe that the block GPBi-CG algorithm needs

less CPU time than the block BiCG.
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Fig. 1 Convergence history of BI-GPBiCG, Bl-BiCGSTAB, and Bl-BiCG algorithms for some matrices
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In Fig. 1, we display the convergence history of BI-GPBiCG, BI-BiCGSTAB, and
BI1-BiCG algorithms for some matrices of Table 2 with s = 4. In this figure, the
horizontal axis is the number of iterations (iters) and the vertical axis is the logarithm
of the Frobenius norm of residuals (log;q || Rk || ). As can be seen from Fig. 1, the
convergence of Bl-GPBiCG method is faster (in terms of the number of iterations
required for convergence) than BI-BiCGSTAB and Bl-BiCG methods and even is
smoother.

6 Conclusion

In this paper, we have derived the block GPBi-CG method for nonsymmetric linear
systems with multiple right-hand sides. Also, we have proposed the suitable upper
bounds for the residual norm of the method in terms of block GMRES residual norm
and global residual norm. In order to earn the proposed bounds, we set H; and G
equal to the k’th residual of BI-BiCG method and defined H; and G, j = 2, ..., k+1
similar to R; and P;. Then, by using two lemmas, we obtained the upper bounds. In
addition, we proved that convergence is guaranteed when A is positive real. Finally,
experimental results showed the effectiveness of BI-GPBiCG method and confirmed
the theoretical results.
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