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A B S T R A C T

The conventional Linear Discriminant Analysis (LDA) model has some challenges, such as sensitivity to the
outlier, the singularity problem of the within-class scatter matrix, and Gaussian assumption of data within
the same class. This paper proposes a robust LDA method that tries to solve the sensitivity to outliers and
singularity problems. Specifically, we first use Bayesian risk to design the proposed method optimization
problem. Then, the proposed Density-oriented LDA (DLDA) method used the data density as prior knowledge
for robustness against outliers. The proposed method can classify non-linear and multi-mode distribution
data sets. Furthermore, the proposed method can be employed for big data classification using the AdaBoost
approach. Experimental results on synthetic and real data sets demonstrate the proposed DLDA method’s
superiority over other competing methods.
1. Introduction

The curse of dimensionality is one of the most critical challenges
in utilizing the real high-dimensional multimedia data set and real
applications, like video analysis (Zhao, Li, & Lu, 2019, 2020), object de-
tection (Wang, Gao, & Yuan, 2017), and crowd analysis (Gao, Wang, &
Yuan, 2019). Dimensionality reduction methods, e.g., principal compo-
nent analysis (PCA) and linear discriminant analysis (LDA) (Rao, 1948)
are widely used in signal processes and machine learning areas (Jia,
Ma, & Gan, 2017; Peng, Qiao, Peng, & Wang, 2014) to solve the curse
of dimensionality problem (Ye et al., 2016).

LDA method tries to learn a linear transformation matrix for map-
ping and maintaining the structure of original data. As a supervised
feature reduction classifier, this method tries to obtain the optimal
transformation matrix to maximize inter-class and minimize intra-class
distances (Chen & Jin, 2012). The new extensions to this method are
proposed as the new generation of classifiers in recent years which
intend to solve the challenges of LDA, such as the outliers problem (Li
et al., 2018; Zhou et al., 2015), Gaussian-mode-distribution (Nie, Wang,
Wang, & Li, 2019; Nie, Wang, Wang, Wang, & Li, 2020), and the
singularity of the within-class scatter matrix problems (Alimoglu &
Alpaydin, 1997). For example, to reduce the sensitivity to the outliers,
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the existing literature presents some strategies, such as the use of
neighborhood graph, L1-norm term, weighted classifier, regularization
term, and change the LDA cost function (Zhong & Zhang, 2013). Also,
the neighborhood-based method is applied to solve the single-mode-
distribution problem (Duda, Hart, & Stork, 2001; Ye, 2007; Ye & Ji,
2010). The utilization of dimension reduction techniques such as PCA
before applying the LDA classifier is a common approach to deal with
the singularity problem. The other approach is based on the regular-
ization term, known as regularization LDA or RLDA (Guo, Hastie, &
Tibshirani, 2007). Chen et al. proposed a Null space of the within-
class scatter matrix to solve this problem (Chen, Liao, Ko, Lin, & Yu,
2000). For real data with complex distribution, the average of different
classes may change significantly due to the impact of outliers, and this
seriously affects the LDA projection vector (Belhumeur, Hespanha, &
Kriegman, 1997; Ye & Ji, 2010). In Yang, Yang, and Zhang (2008)
and Ye and Yu (2005), the authors suggest the median instead of the
mean value to overcome the outliers problem’s effect. Allocate small
weights to the outliers is a simple way to reduce their impact; however,
the optimal value of these weights cannot be easily determined (Tang,
Suganthan, Yao, & Qin, 2005). LODA algorithm decreased the outliers’
effect by forming the neighborhood graph (Zhang & Chow, 2012). One
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reason for the LDA sensitivity against the outliers is the L2-norm term
in its cost function. The use of L1-norm instead of this is suggested
in Wang, Lu, Hu, and Zheng (2013).

Li et al. presented a transductive local Fisher discriminant analysis
(TLFDA) algorithm (Li, Wang, Wang, Xue, & Wong, 2017) to use
unlabeled data set in the learning process and improve the distinc-
tion capability. The geometric preserving LFDA (GeoPLFDA) algorithm
assumed that data are on a non-linear manifold and the geometric
structure interfered with the nearest neighborhood graph. By consider-
ing the sparsity in data space, different papers proposed sparse types
of LDA. For example, the sparse LFDA (SLFDA) algorithm benefited
from the features’ sparseness to improve the distinction capability
of LDA (Jia, Ruan, & Jin, 2016; Wang, Ruan, & An, 2016). The
separability-oriented sub-class discriminant analysis (SSDA) is proposed
in Wan, Wang, Guo, and Wei (2017) to obtain sub-classes more effec-
tively and achieve higher class separation. The researchers proposed
an effective iterative framework to solve an L1-norm minimization–
maximization problem and developed an L1-norm distance measure
based on LDA (L1-ELDA) (Ye et al., 2016). The authors showed that
the L1-norm linear discriminant analysis (LDA-L1) algorithm is directly
solved by a gradient ascending method, and non-greedy LDA-L1 (NLDA-
L1) is a special case of improved LDA-L1 (ILDA-L1), which applies
the same iterative procedure of ILDA-L1 (Ye, Zhao, Fu, & Gao, 2018).
Yu et al. proposed the locality sensitive discriminant analysis (LSDA)
with the group sparse representation for a hyperspectral image (HSI)
classification (Yu, Gao, Li, Du, & Zhang, 2017). The authors solved
some limitations of LDA by proposing a probabilistic MLDA method
and developed an EM-type algorithm for parameter estimating (Cai
& Huang, 2018). Other works done in this field are based on the
Bhattacharyya error bound estimation and are of the weighted differ-
ence form of the within-class and the weighted pairwise between-class
distances named L1BLDA and L2BLDA (Li, Shao, Wang, Deng, & Yang,
2019). A robust version of this method is RNNL2BLDA and uses reverse
nearest neighbors (RNN) for multimodal data (Guo, Bai, Li, Shao, Ye, &
Jiang, 2021). Also, robust sparse linear discriminant analysis (RSLDA)
is proposed in Wen et al. (2018). RSLDA overcomes the challenges of
LDA using an adaptive selection of the most discriminative features via
the l2,1 norm, orthogonal and sparse matrices.

This paper is organized as follows: In Section 2 the related works
are reviewed. The proposed density-oriented LDA method (DLDA) is
introduced in Section 3. Also, in this section, four matters for the
proposed DLDA method are investigated: the effect of outliers in the
performance of the proposed DLDA method in sub-Section 3.1, the
robust version of DLDA method in sub-Section 3.2, the time complexity
in Section 3.3, two designed strategies to improve the performance
of the proposed DLDA method for classifying big data sets – called
ABDLDA and ABWDLDA – in sub-Section 3.4. In Section 4, the experi-
mental results are described. Finally, the conclusion is summarized in
Section 5.

2. Related works

2.1. Linear Regression (LR) method

Let us suppose one data set with two classes that consists of 𝑛
samples and can be represented by {(𝑥𝑖, 𝑦𝑖)}

𝑛
𝑖=1, where 𝑥𝑖 ∈ 𝑅𝑑 is data

sample and 𝑦𝑖𝜖{−1, 1} is label of this sample. The 𝑖th output of LR
method – which is equivalent to two-class LDA – has the estimated label
𝑓 (𝑥𝑖) = 𝑥𝑇𝑖 𝑤 + 𝑏, where 𝑤 ∈ 𝑅𝑑 and 𝑏 are the weight vector and bias,
respectively. The general approach to estimate optimal values of 𝑤 and
𝑏 is based on the minimization of the least square cost function as:

{𝑤∗, 𝑏∗} = argmin
𝑤,𝑏

𝐿(𝑤, 𝑏) = argmin
𝑤,𝑏

1
2
‖𝑋𝑇𝑤 + 1𝑏 − 𝑌 ‖2

= argmin 1
𝑛
∑

‖𝑓 (𝑥𝑖) − 𝑦𝑖‖
2.

(1)
2

𝑤,𝑏 2 𝑖=1
here 𝑋 = [𝑥1, 𝑥2,… , 𝑥𝑛]𝑇 , and 𝑌 = [𝑦1, 𝑦2,… , 𝑦𝑛]𝑇 are data matrix
nd the label vector, respectively. Also, 𝟏 is equal to 𝟏 = [1, 1,… , 1]𝑇 ,.
𝑥𝑖}𝑛𝑖=1, and {𝑦𝑖} 𝑛

𝑖=1 are centralized data with zero means. Let us form
abel vector as 𝑦𝑖 ∈

{

−2𝑛
𝑛2

, 2𝑛𝑛1

}

, where 𝑛1 and 𝑛2 represent the number
of samples in each class. Assume that 𝑏 = 0, so Eq. (1) can be rewritten
as:

{𝑤∗} = argmin
𝑤

𝐿(𝑤) = argmin
𝑤

1
2
‖𝑋𝑇𝑤 − 𝑌 ‖2. (2)

The optimal weight for this optimization problem is obtained as 𝑤∗ =
(𝑋𝑋𝑇 )+𝑋𝑌 , where (.)+ denotes the pseudo-reverse operator. Since 𝑋
is the zero mean matrix, we have 𝑋𝑋𝑇 = 𝑛𝑆𝑡, where 𝑆𝑡 is called total
catter matrix and defined as 𝑆𝑡 =

1
𝑛
∑𝑛

𝑖=1(𝑥𝑖 − 𝑐)(𝑥𝑖 − 𝑐)𝜏 . Therefore, we
have 𝑋𝑌 = 2𝑛1𝑛2

𝑛2
(𝑐(1) − 𝑐(2)), where 𝑐(1) and 𝑐(2) represent the mean of

lasses 𝐶1 and 𝐶2, respectively. Then, we have 𝑤∗ = 2𝑛1𝑛2
𝑛2

𝑆+
𝑡 (𝑐

(1)−𝑐(2)) =
2𝑛1𝑛2
𝑛2

𝐺𝐹 , where 𝐺𝐹 is the optimal solution for two-class LDA.

2.2. Multivariate Linear Regression (MLR) method

Consider a multi-class data set with 𝑛 samples {(𝑥𝑖, 𝑦𝑖)}
𝑛
𝑖=1, where

𝑥𝑖 ∈ 𝑅𝑑 , 𝑦𝑖 ∈ {1, 2,… , 𝑘}, and 𝑘 > 2 indicates the number of classes.
Let 𝑛𝑖 denotes the samples number of 𝑖th class, and each element of

indicator matrix  ∈ 𝑅𝑛×𝑘 is equal to (𝑖𝑗) =

{

1 𝑦𝑖 = 𝑗,
−1∕(𝑘 − 1) o.w.

.

Suppose �̃� = [𝑥1,… , 𝑥𝑛] ∈ 𝑅𝑑×𝑛, and ̃ = [̃1,… ̃𝑘] ∈ 𝑅𝑛×𝑘 be the
centralized matrices equivalent to data matrix 𝑋, and indicator matrix
 , where the 𝑗th column of ̃ is ̃𝑗 = [(1𝑗),… ,(𝑖𝑗),… ,(𝑛𝑗)]𝑇 . The
elements of these two matrices are 𝑥𝑖 = 𝑥𝑖 −

1
𝑛
∑𝑛

𝑖=1 𝑥𝑖 and ̃𝑖𝑗 = 𝑖𝑗 −
1
𝑛
∑𝑛

𝑖=1 𝑖𝑗 . In the MLR method, 𝑘 discriminant functions are defined for
𝑖th sample as 𝑓 (𝑥𝑖) = (𝑓1(𝑥𝑖), 𝑓2(𝑥𝑖),… , 𝑓𝑘(𝑥𝑖)). also, the weight matrix

= [𝑤1, 𝑤2,… , 𝑤𝑘|{𝑤𝑗}
𝑘
𝑗=1 ∈ 𝑅𝑑 ] is defined based on the 𝑘 linear

models 𝑓𝑗 (𝑥) = 𝑥𝑇𝑤𝑗 and calculated by minimizing the sum of squares
error function as:

𝑊 ∗ = argmin
𝑊

𝐿(𝑊 ) = argmin
𝑊

1
2
‖𝑋𝑇𝑊 − ̃‖

2

= argmin
𝑤

1
2

𝑘
∑

𝑗=1

𝑛
∑

𝑖=1
‖𝑓𝑗 (𝑥𝑖) − ̃𝑖𝑗‖

2
(3)

he optimal value of this problem is 𝑊 ∗ = (𝑋𝑋𝑇 )+𝑋̃ , which is also
nown as Weiner’s weight.

. The proposed DLDA method formulation

In the proposed DLDA method, we try to solve the challenges of
DA, such as the effect of outliers and the singularity problem of the
catter matrix, by using the prior knowledge of data distribution. Let us
ssume 𝑋 = [𝑥1,… , 𝑥𝑛]𝑇 and 𝑌 = [𝑦1,… , 𝑦𝑛]𝑇 are the data samples and

label matrix, where 𝑥𝑖 ∈ 𝑅𝑑 and 𝑦𝑖 ∈ 𝑅𝑙 are the 𝑖th sample and its label.
Our goal is to map each sample 𝑥𝑖 from a 𝑑-dimensional space to 𝑦𝑖 in
the 𝑙-dimensional space. This projection is done using matrix 𝑊 ∈ 𝑅𝑑×𝑙

and function 𝑓 , where 𝑙 < 𝑑 and 𝑦𝑖 = 𝑓 (𝑥𝑖) = 𝑊 𝑇 𝑥𝑖, ∀𝑖 = 1,… , 𝑛. Let
we assume 𝑦𝑖 = 𝑊 𝑇 𝑥𝑖 + 𝑖 is model of signal, where 𝑖 is additive
white Gaussian noise with pdf 𝑖 ∼ 𝑁(0, 𝜎2𝑖

). Also, 𝑊 is Gaussian
random variable with pdf 𝑊 ∼ 𝑁(0, 𝜎2𝑊 ). We used the Bayesian Risk
𝑅𝐵𝑎𝑦𝑒𝑠(𝑊 ,𝑊 ∗) for each sample 𝑥𝑖 to propose the optimization problem
and obtain the optimal value of 𝑊 :

𝑊 ∗ = argmin
𝑊

𝑅𝐵𝑎𝑦𝑒𝑠(𝑊 ,𝑊 ∗) = argmin
𝑊

𝐸{𝐿(𝑊 ,𝑊 ∗)}, (4)

where 𝐸 and 𝐿 denote expectation operator and loss function
𝐿(𝑊 ,𝑊 ∗) = 1 − 𝛿(𝑊 ,𝑊 ∗), in which 𝛿(𝑊 ,𝑊 ∗) is Dirac delta function.
Eq. (4) continues as follows:

𝑊 ∗ = argmin
{

𝐿(𝑊 ,𝑊 ∗)𝑓𝑊 ,𝑦(𝑊 , 𝑦)𝑑𝑊 𝑑𝑦
}

(5)

𝑊 ∫𝑊 ∫𝑦
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where, 𝑓𝑊 ,𝑦(𝑊 , 𝑦) is jointly pdf of two variables 𝑊 and 𝑦, and is
equal to 𝑓𝑊 ,𝑦(𝑊 , 𝑦) = 𝑓𝑊 |𝑦(𝑊 |𝑦)𝑓𝑊 (𝑊 ). Let us assume that 𝑓𝑊 (𝑊 )
is constant. So, Eq. (5) is simplified as:

𝑊 ∗ = argmin
𝑊

{

∫𝑊
𝐿(𝑊 ,𝑊 ∗)𝑓𝑊 |𝑦(𝑊 |𝑦)𝑑𝑊

}

= argmin
𝑊

{1 − 𝑓𝑊 |𝑦(𝑊 |𝑦)} = argmax
𝑊

𝑓𝑊 |𝑦(𝑊 |𝑦)
(6)

Then, using pdf and conditional pdf of two variable 𝑊 and 𝑦, we have:

𝑊 ∗ = argmax
𝑊

𝑓𝑦|𝑊 (𝑦|𝑊 )𝑓𝑊 (𝑊 )

= argmax
𝑊

⎧

⎪

⎨

⎪

⎩

1
√

2𝜋𝜎2𝑖

exp(−
‖𝑦𝑖 −𝑊 𝑇 𝑥𝑖‖2

2𝜎2𝑖

) × 1
√

2𝜋𝜎2𝑊

exp(−
‖𝑊 ‖

2

2𝜎2𝑊
)

⎫

⎪

⎬

⎪

⎭

(7)

y simplifying this equation, we reach the following optimization
roblem for each sample (𝑥𝑖, 𝑦𝑖),∀𝑖 ∈ {1,… , 𝑛}:

𝑊 ∗ = argmin
𝑊

⎧

⎪

⎨

⎪

⎩

‖𝑦1 −𝑊 𝑇 𝑥1‖2

2𝜎21

×
‖𝑊 ‖

2

2𝜎2𝑊

⎫

⎪

⎬

⎪

⎭

⋮

𝑊 ∗ = argmin
𝑊

⎧

⎪

⎨

⎪

⎩

‖𝑦𝑛 −𝑊 𝑇 𝑥𝑛‖2

2𝜎2𝑛

×
‖𝑊 ‖

2

2𝜎2𝑊

⎫

⎪

⎬

⎪

⎭

(8)

Therefore, the general optimization problem for all samples can be
rewritten as follows:

𝑊 ∗ = argmin
𝑊

{

1
𝑛

𝑛
∑

𝑖=1
𝑝(𝑥𝑖)‖𝑊 𝑇 𝑥𝑖 − 𝑦𝑖‖

2 + 𝛼‖𝑊 ‖

2
𝑘

}

(9)

here 𝛼 = 1
2𝜎2𝑊

is regularization parameter, and 𝑝(𝑥𝑖) is the probability
density of 𝑖th data sample 𝑥𝑖 that is usually unknown and must be
stimated. In the training phase, each sample has a unique impact
n finding the optimal weight 𝑊 ∗; some of them have a positive
ffect, and some have a destructive effect. Among these, positive impact
amples are the main part of training data and almost without noise.
hese samples have a probability density close to each other and are
ore probable to occur. And the other part of training samples harms

inding optimal weight named noisy samples or outliers, which have
ess probability of occurrence. We use a fuzzy degree to determine the
mportance of each sample in the interval 0 < 𝑝(𝑥𝑖) ≤ 1. If 𝑥𝑖 is one of

the main training samples (no outlier), the probability of occurrence of
this sample is high. The density 𝑝(𝑥𝑖) in (9) is increased; thus, 𝑥𝑖 affects

ore than outliers on the minimization problem, which is solved more
ccurately. This leads to overcome the outlier sensitivity and singularity
roblems.

In this paper, the Parzen windows method is employed to estimate
(𝑥𝑖), which is calculated as follows:

𝑝(𝑥𝑖) =
1

𝑛ℎ𝑑

𝑛
∑

𝑗=1
𝜙(

𝑥𝑖 − 𝑥𝑗
ℎ

). (10)

where 𝜙 is the Parzen window. Let us define the probability density
matrix 𝑃 (𝑋) as a 𝑛 × 𝑛 diagonal matrix which contains 𝑝(𝑥𝑖):

𝑃 (𝑋) =
⎡

⎢

⎢

⎣

𝑝(𝑥1) … 0
⋮ ⋱ ⋮
0 … 𝑝(𝑥𝑛)

⎤

⎥

⎥

⎦

(11)

So, Eq. (9) is rewritten as:

𝑊 ∗ = argmin
{1 (𝑋𝑇𝑊 − 𝑌 )𝑇 𝑃 (𝑋)(𝑋𝑇𝑊 − 𝑌 ) + 𝛼𝑊 𝑇𝑊

}

(12)
3

𝑊 𝑛
By optimizing this problem, the optimal value of our proposed DLDA
method is obtained using 𝜕𝐽 (𝑊 )

𝜕𝑊
= 0 as follow:

2𝑋𝑃 (𝑋)𝑋𝑇𝑊 −𝑋𝑃 (𝑋)𝑌 − (𝑌 𝑇 𝑃 (𝑋)𝑋𝑇 )𝑇 + 2𝛼𝑊 = 0,

𝑊 ∗ = (𝑋𝑃 (𝑋)𝑋𝑇 + 𝛼𝐼)−1𝑋𝑃 (𝑋)𝑌 .
(13)

y substituting 𝑦𝑖 ∈
{

−2𝑛
𝑛2

, 2𝑛𝑛1

}

and 𝑥𝑖𝑝(𝑥𝑖) with 𝑥′𝑖 into (13), we get:

𝑋𝑃 (𝑋)𝑌 = −
2𝑛1𝑛2
𝑛

∑

⟨𝐶1⟩

𝑥′𝑖
𝑛1

+
2𝑛1𝑛2
𝑛

∑

⟨𝐶2⟩

𝑥′𝑖
𝑛2

=
2𝑛1𝑛2
𝑛

(𝑚′
2 − 𝑚′

1). (14)

where 𝑚′
1 =

∑

⟨𝐶1⟩
𝑥𝑖𝑝(𝑥𝑖)
𝑛1

and 𝑚′
2 =

∑

⟨𝐶2⟩
𝑥𝑖𝑝(𝑥𝑖)
𝑛2

are the mean of
classes 𝐶1 and 𝐶2, respectively. Suppose that the mean of data is zero;
therefore, the total scatter matrix is obtained as:

𝑆′
𝑡 =

1
𝑛

𝑛
∑

𝑖=1
𝑥𝑖𝑝(𝑥𝑖)𝑥𝑇𝑖 . (15)

according to (13), (14), and (15), we have the projection matrix 𝑊 ∗

or the proposed DLDA method as:

∗ =
2𝑛1𝑛2
𝑛2

(𝑆′
𝑡 + 𝛼𝐼)−1(𝑚′

2 − 𝑚′
1) (16)

Algorithm I: Proposed DLDA Algorithm
Input: The training data samples: 𝑋 = [𝑥1,… , 𝑥𝑛]𝑇 where
𝑥𝑖 ∈ 𝑅𝑑 , label: 𝑌 = [𝑦1,… , 𝑦𝑛]𝑇 where 𝑦𝑖 ∈ 𝑅𝑙.
Output: Transformation matrix: 𝑊 ∗ ∈ 𝑅𝑑×𝑙.
Initialization: Set initial values to 𝛼, ℎ.
1: for 𝑖 = 1 ∶ 𝑛
2: Calculate 𝑝(𝑥𝑖) as probability density of 𝑖th sample 𝑥𝑖
using Eq. (10)
3: end for
4: Calculate 𝑚′

1 =
∑

⟨𝐶1⟩
𝑥𝑖𝑝(𝑥𝑖)
𝑛1

and 𝑚′
2 =

∑

⟨𝐶2⟩
𝑥𝑖𝑝(𝑥𝑖)
𝑛2

as the mean value of two class 𝐶1 and 𝐶2
5: Calculate 𝑆′

𝑡 using Eq. (15)
6: Calculate 𝑊 ∗ using Eq. (16)

Also, we used the Binary Hierarchical Tree Balanced Branches (BHT-
BB) strategy to expand the binary DLDA classifier into the multi-class
model (called MDLDA). The proposed DLDA method is summarized in
algorithm I.

3.1. Effect of outliers

If we assume that 𝑥𝑖 is an outlier sample, its probability density is
expressed as 𝑝(𝑥𝑖) ≤ 𝜖 1

𝑛ℎ𝑑 , where 𝜖 is a positive small value. Let us
assume that this outlier belongs to the second class 𝐶2; therefore, mean
of this class (i.e., 𝑚′′

2 ) is updated as follows:

𝑚′′
2 = 𝑚′

2 +
1

𝑛 + 1
(𝑥 𝜖

𝑛ℎ𝑑
− 𝑚′

2). (17)

lso, this outlier affects the total scatter matrix 𝑆′
𝑡 . So, 𝑆′′

𝑡 is updated
s follows:

𝑆′′
𝑡 = 𝑆′

𝑡 + 𝑥 𝜖
𝑛ℎ𝑑

𝑥𝑇 . (18)

By using Eqs. (17) and (18), new projection matrix 𝑊 ∗′ will be obtained
as:

𝑊 ∗′ =
2𝑛1𝑛2
𝑛2

(𝑆′′
𝑡 + 𝛼𝐼)−1(𝑚′′

2 − 𝑚′
1) =

2𝑛1𝑛2
𝑛2

(𝑆′
𝑡 + 𝑥 𝜖

𝑛ℎ𝑑 𝑥
𝑇 + 𝛼𝐼)−1(𝑚′′

2 − 𝑚′
1).

(19)

Lemma 1 (Woodbury Matrix Identity). If matrix 𝐴 can be written in this
form 𝐴 = 𝐵−1 + 𝐶𝐷−1𝐶𝑇 , its inverse is equal to 𝐴−1 = 𝐵 − 𝐵𝐶(𝐷 +

𝑇 −1 𝑇
𝐶 𝐵𝐶) 𝐶 𝐵.
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In Eq. (19), we assumed that 𝐴 = �̃�𝑡 + 𝑥 𝜖
𝑛ℎ𝑑 𝑥

𝑇 where �̃�𝑡 = 𝑆′
𝑡 + 𝛼𝐼 .

sing Lemma 1, the inverse of term (𝑆′
𝑡 + 𝑥 𝜖

𝑛ℎ𝑑 𝑥
𝑇 + 𝛼𝐼) is obtained as:

𝐴−1 = �̃�𝑡
−1 − �̃�𝑡

−1𝑥( 𝑛ℎ
𝑑

𝜖 + 𝑥𝑇 �̃�𝑡
−1𝑥)−1𝑥𝑇 �̃�𝑡

−1. So, the projection matrix
an be reformulated as:

𝑊 ∗′ =
2𝑛1𝑛2
𝑛2

�̃�−1
𝑡 (𝑚′′

2 − 𝑚′
1) −

2𝑛1𝑛2
𝑛2

�̃�−1
𝑡 𝑥( 𝑛ℎ

𝑑

𝜖
+ 𝑥𝑇 �̃�𝑡

−1𝑥)−1𝑥𝑇 �̃�𝑡
−1(𝑚′′

2 − 𝑚′
1).

(20)

We will prove that the outliers have no significant effect on the mean
value. Hence, we have 𝑊 ∗′ as:

𝑊 ∗′ = 𝑊 (𝐼 −𝑀). (21)

where 𝑊 =
2𝑛1𝑛2
𝑛2

�̃�−1
𝑡 (𝑚′′

2 − 𝑚′
1) and 𝑀 = �̃�−1

𝑡 𝑥( 𝑛ℎ
𝑑

𝜖 + 𝑥𝑇 �̃�𝑡
−1𝑥)−1𝑥𝑇 .

f we show that 𝐼 − 𝑀 ≈ 𝐼 , then 𝑊 ∗′ ≈ 𝑊 ∗. Consequently, the new
rojection matrix 𝑊 ∗′ will be almost equal to the previous projection
atrix 𝑊 , and we need to estimate the value of �̃�𝑡

−1. Therefore, We
an expressed �̃�𝑡𝑥 = 𝛼𝑥, and then �̃�𝑡

−1�̃�𝑡𝑥 = �̃�𝑡
−1𝛼𝑥 ⟶

1
𝛼
𝑥 = �̃�𝑡

−1𝑥.
o, we have:

𝑥𝑇 �̃�𝑡
−1𝑥 = 𝑥𝑇 1

𝛼
𝑥 ⟶

1
𝛼
𝑥𝑇 𝑥 = 1

𝛼
‖𝑥‖2. (22)

here ‖𝑥‖2 is distance of each point from samples’ center, (because {𝑥𝑖}
nd {𝑦𝑖} are centered, i.e., each point is deducted from the total mean
f data). Also, 𝛼 is the eigenvalue of data and related to data elongation.
increases for the outlier sample and decreases for the main samples.

or the data axis with a long stretch, ‖𝑥‖2

𝛼
has a small value; in other

words, the outliers will have less effect. But it will have more effect
on the direction of the eigenvectors, which have small values of 𝛼.

herefore, there are three modes for 𝑀 :
Mode 1: If 𝑛ℎ𝑑

𝜖 > 1
𝛼
‖𝑥‖2, 1

𝛼
‖𝑥‖2 can be ignored, and we have

= �̃�−1
𝑡 𝑥 𝜖

𝑛ℎ𝑑 𝑥
𝑇 = 𝜖

𝑛ℎ𝑑 �̃�𝑡
−1𝑥𝑥𝑇 . If we assume that 𝑥𝑥𝑇 is an estimate of

̃𝑡, so �̃�𝑡
−1𝑥𝑥𝑇 ≈ 𝐼 , and therefore 𝑀 ≈ 𝜖

𝑛ℎ𝑑 . Using this expression for 𝑀 ,
e can say that this has a small value, and with increasing number of

amples 𝑛 and choosing acceptable ℎ or increasing the data dimension,
ts value becomes smaller. We obtained 𝐼 − 𝑀 ≈ 𝐼 , so 𝑊 ∗′ ≈ 𝑊 ∗ is
stablished.

Mode 2: If 𝑛ℎ𝑑

𝜖 = 1
𝛼
‖𝑥‖2, then we have 𝑀 = �̃�−1

𝑡 𝑥( 𝑛ℎ
𝑑

𝜖 + 𝑛ℎ𝑑

𝜖 )−1𝑥𝑇 =
̃−1
𝑡 𝑥 𝜖

2𝑛ℎ𝑑 𝑥
𝑇 . It looks like the first mode, so we have the same result

𝑊 ∗′ ≈ 𝑊 ∗.
Mode 3: 𝑛ℎ𝑑

𝜖 < 1
𝛼
‖𝑥‖2 does not occur for outliers. Because the

outliers have a high elongation in their direction, and they have a large
value of eigenvalues 𝛼 in the direction of the eigenvectors of �̃�𝑡. So, the
alue of 1

𝛼
‖𝑥‖2 is small for outliers. However, the elongation is low

for the non-outlier samples, and the value of 1
𝛼
‖𝑥‖2 is noteworthy. So,

t is proved that the outliers do not make a significant change in the
rojection axis of the proposed DLDA method.

.2. Robust DLDA method

In Eq. (9), a square loss function which is useful for Gaussian noise
xposure is appeared. However, the correntropy loss function 𝐿(𝑒𝑖) =
− exp(−𝜎2𝑖 ‖𝑓 (𝑥𝑖) − 𝑦𝑖‖2) is proposed for robustness against outliers

nd to reduce non-Gaussian noises (Liu, Pokharel, & Principe, 2007).
here 𝑒𝑖 and 𝜎𝑖 ∈ [0, 1] are the 𝑖th error of 𝑖th sample and the scaling

arameter, respectively. So, optimization problem (9) can be rewritten:

{𝑊 ∗, 𝜎𝑖} = arg min
𝑊 ,𝜎𝑖

{ 1
𝑛

𝑛
∑

𝑖=1
𝑝(𝑥𝑖)(1 − exp(−𝜎2𝑖 ‖𝑊

𝑇 𝑥𝑖 − 𝑦𝑖‖
2)) + 𝛼‖𝑊 ‖

2
𝑘}

𝑠.𝑡.
𝑛
∑

𝑖=1
𝜎𝑖 = 𝜂

(23)
4

where this is equivalent to

{𝑊 ∗, 𝜎𝑖} = argmax
𝑊 ,𝜎𝑖

{ 1
𝑛

𝑛
∑

𝑖=1
𝑝(𝑥𝑖) exp(−𝜎2𝑖 ‖𝑊

𝑇 𝑥𝑖 − 𝑦𝑖‖
2) − 𝛼‖𝑊 ‖

2
𝑘}

𝑠.𝑡.
𝑛
∑

𝑖=1
𝜎𝑖 = 𝜂

(24)

e use the half-quadratic solution method (Boyd, Boyd, & Vanden-
erghe, 2004) to solve this optimization problem. According to the
onjugate function theory of this method, we have:

exp(−𝜎2𝑖 ‖𝑊
𝑇 𝑥𝑖 − 𝑦𝑖‖

2) = sup
p𝑖<0

(𝜎2𝑖 ‖𝑊
𝑇 𝑥𝑖 − 𝑦𝑖‖

2p𝑖 − 𝜙(p𝑖)) (25)

here 𝜙(p𝑖) is a convex function and is equal to 𝜙(p𝑖) = −p𝑖 log(−p𝑖)+p𝑖.
herefore, Eq. (24) can be rewritten as:

1
𝑛

𝑛
∑

𝑖=1
𝑝(𝑥𝑖) sup

p𝑖<0
(𝜎2𝑖 ‖𝑊

𝑇 𝑥𝑖 − 𝑦𝑖‖
2p𝑖 − 𝜙(p𝑖)) − 𝛼‖𝑊 ‖

2
𝑘

= sup
p𝑖<0

{ 1
𝑛

𝑛
∑

𝑖=1
𝑝(𝑥𝑖)(𝜎2𝑖 ‖𝑊

𝑇 𝑥𝑖 − 𝑦𝑖‖
2p𝑖 − 𝜙(p𝑖))} − 𝛼‖𝑊 ‖

2
𝑘

= sup
p𝑖<0

{ 1
𝑛

𝑛
∑

𝑖=1
𝑝(𝑥𝑖)(𝜎2𝑖 ‖𝑊

𝑇 𝑥𝑖 − 𝑦𝑖‖
2p𝑖 − 𝜙(p𝑖)) − 𝛼‖𝑊 ‖

2
𝑘}

(26)

n (26), the second equation establishes because 𝜎2𝑖 ‖𝑊
𝑇 𝑥𝑖 − 𝑦𝑖‖2p𝑖 −

𝜙(p𝑖); 𝑖 ∈ {1,… , 𝑛} are independent functions in terms of p𝑖. In addition,
the third equation establishes since −𝛼‖𝑊 ‖

2
𝑘 is constant with respect to

p𝑖. So, using (24) and (26) we have:

{𝑊 ∗, 𝜎𝑖,p
∗
𝑖 } = arg max

𝑊 ,𝜎𝑖 ,p𝑖<0
{ 1
𝑛

𝑛
∑

𝑖=1
𝑝(𝑥𝑖)(𝜎2

𝑖 ‖𝑊
𝑇 𝑥𝑖 − 𝑦𝑖‖

2p𝑖 − 𝜙(p𝑖)) − 𝛼‖𝑊 ‖

2
𝑘}

𝑠.𝑡.
𝑛
∑

𝑖=1
𝜎𝑖 = 𝜂

(27)

We use the alternating approach to find the optimal values of three
variables 𝑊 , 𝜎𝑖 and p𝑖 separately, while the others are assumed to be
fixed. Therefore, we have three following sub-problems:

(1) 𝑊 -sub-problem: We can get the optimal value of 𝑊 by solving
the following problem:

𝑊 ∗ = argmax
𝑊

{ 1
𝑛

𝑛
∑

𝑖=1
𝑝(𝑥𝑖)𝜎2𝑖 ‖𝑊

𝑇 𝑥𝑖 − 𝑦𝑖‖
2p𝑖 − 𝛼‖𝑊 ‖

2
𝑘} (28)

By defining 𝑞𝑖 = −p𝑖 = exp(𝜎2𝑖 ‖𝑊
𝑇 𝑥𝑖 − 𝑦𝑖‖2) for 𝑖 ∈ {1,… , 𝑛}, and also

𝑝′(𝑥𝑖) = 𝑝(𝑥𝑖)𝜎2𝑖 𝑞𝑖, we will have:

𝑊 ∗ = argmin
𝑊

{ 1
𝑛

𝑛
∑

𝑖=1
𝑝′(𝑥𝑖)‖𝑊 𝑇 𝑥𝑖 − 𝑦𝑖‖

2 − 𝛼‖𝑊 ‖

2
𝑘} (29)

et us rewrite the matrix form of 𝑝′(𝑥𝑖) as a 𝑛×𝑛 diagonal matrix 𝑃 ′(𝑋).
herefore, the matrix form of the problem in (28) is obtained as follows:

𝑊 ∗ = argmin
𝑊

{1
𝑛
(𝑋𝑇𝑊 − 𝑌 )𝑇 𝑃 ′(𝑋)(𝑋𝑇𝑊 − 𝑌 ) + 𝛼𝑊 𝑇𝑊

}

(30)

e can solve this equation as:

𝑊 ∗ = (𝑋𝑃 ′(𝑋)𝑋𝑇 + 𝛼𝐼)−1𝑋𝑃 ′(𝑋)𝑌 (31)

his solution can be displayed by simplification and placement as
ollows:

∗ =
2𝑛1𝑛2
𝑛2

(𝑍𝑡 + 𝛼𝐼)−1(𝑎2 − 𝑎1) (32)

where 𝑎1 =
∑

⟨𝐶1⟩
𝑥𝑖𝑝′(𝑥𝑖)

𝑛1
, 𝑎2 =

∑

⟨𝐶2⟩
𝑥𝑖𝑝′(𝑥𝑖)

𝑛2
and 𝑍𝑡 =

1
𝑛
∑𝑛

𝑖=1 𝑥𝑖𝑝
′(𝑥𝑖)𝑥𝑇𝑖 .

(2) p𝑖 < 0-sub-problem: In this step, 𝑝𝑖 is updated and other variables
are assumed to be fixed, so to optimize 𝑝𝑖, the problem (27) becomes:

p∗𝑖 = argmax{ 1
𝑛
∑

𝑝(𝑥𝑖)(𝜎2𝑖 ‖𝑊
𝑇 𝑥𝑖 − 𝑦𝑖‖

2p𝑖 − 𝜙(p𝑖))} (33)

p𝑖<0 𝑛 𝑖=1
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The analytic solution of Eq. (33) is

p∗𝑖 = −exp(−𝜎2𝑖 ‖𝑊
𝑇 𝑥𝑖 − 𝑦𝑖‖

2) (34)

(3) 𝜎𝑖-sub-problem: The optimization problem with respect to 𝜎𝑖 is:

𝜎∗𝑖 = argmin
𝜎𝑖

{ 1
𝑛

𝑛
∑

𝑖=1
𝑝(𝑥𝑖)𝜎2𝑖 ‖𝑊

𝑇 𝑥𝑖 − 𝑦𝑖‖
2𝑞𝑖}

𝑠.𝑡.
𝑛
∑

𝑖=1
𝜎𝑖 = 𝜂

(35)

here 𝜂 is a manual parameter and is defined by the user. By adding
𝜆(
∑𝑛

𝑖=1 𝜎𝑖 − 𝜂) as the penalty term in the Lagrangian form and solving
he obtained problem, we have

𝜎∗𝑖 = 𝜆
1
𝑛 𝑝(𝑥𝑖)‖𝑊

𝑇 𝑥𝑖 − 𝑦𝑖‖2𝑞𝑖
(36)

3.3. Time complexity

The time complexity of the training phase for two-class LDA clas-
sifier is equivalent to 𝑂(𝑑2𝑛), where 𝑛 is the number of training sam-
ples with 𝑑-dimensional (Duda et al., 2001). For the proposed DLDA
method, the time complexity of the training phase is equal to 𝑂(𝑑𝑛2 +
2𝑛 + 𝑛2), part of which (equal to 𝑂(𝑛2)) is related to the calculation
f probability density 𝑝(𝑥𝑖) for training samples. Therefore, the pro-
osed DLDA classifier has more time complexity than the LDA due
o calculating 𝑝(𝑥𝑖); however, it is not very impressive for the small
ata sets. Also, to solve this problem for big data sets, the probability
ensity of data samples is calculated locally. There is no need to
alculate all training samples’ probability density, which is discussed
n the following sections. For the proposed MDLDA method, if the
umber of classes is 𝑐, the time complexity of this method is equal to
(𝑐2 log 𝑐(𝑑𝑛2 + 𝑑2𝑛 + 𝑛2)).

.4. Proposed DLDA method for big data set

A combination of Adaboost and weighted Adaboost methods (Fre-
nd & Schapire, 1997; Freund, Schapire, & Abe, 1999; Schapire &
inger, 1999) with the proposed DLDA method is suggested to classify
he nonlinear big data sets.

The Adaboost method is a weighted combination form of 𝑇 basis
classifiers. For the 𝑖th data sample 𝑥𝑖, it is defined as follows:

𝐹 (𝑥𝑖) =
𝑇
∑

𝑡=1
𝑤𝑡𝑓𝑡(𝑥𝑖). (37)

where 𝑤𝑡 is the weight of the classifier 𝑓𝑡(𝑥𝑖). In this method, data
is broken into several subsets, and DLDA classifier applies to each
of these. The overall process of Adaboost algorithm is the selection
of a weighted set of several classifiers as the final classification. The
objective function of the Adaboost-DLDA (ABDLDA) method is defined
as:

𝐽 =
𝑛
∑

𝑖=1
𝑒−𝑦𝑖𝐹 (𝑥𝑖) =

𝑛
∑

𝑖=1
exp

(

−𝑦𝑖
𝑇
∑

𝑡=1
𝜔𝑡𝑓𝑡(𝑥𝑖)

)

. (38)

where 𝑥𝑖 and 𝑦𝑖 represent the training sample and its class label,
respectively. Proposed ABDLDA method classifies a nonlinear data set
by combining several linear classifiers. Also, the sample density is
calculated locally; since in each step, only the density of the samples
that selected by roulette wheel (Back, 1996) is calculated. Thus, the
training time is reduced, and it is suitable for big data classification.

First, in the training phase, all training samples’ weight is initialized
with a uniform distribution to provide an equal chance to choose each
training sample. Then, some training samples are selected based on
weighted distribution using the roulette wheel algorithm. The basic
DLDA classifier is applied to this subset, and then the classifier error
5

is calculated. If the classifier 𝑓𝑡(𝑥𝑖) has a 50% or higher error, this
classifier will be ignored; otherwise, the value of 𝜔𝑡 is obtained, which
determines the accuracy of this classifier. The weight of samples that
have not correctly classified is increased, and other samples’ weight
is decreased. These steps are repeated until the final classifier’s error
(derived from a weighted combination of several classifiers) reaches
an acceptable level.

The proposed Adaboost-Weighted-DLDA (ABWDLDA) method is ap-
propriate for classifying the nonlinear data set. In the training phase
of ABWDLDA method, first, the Gaussian kernel is inserted on each
piece of data. Then, the value of Gaussian kernel allocated to each
test sample is calculated, and the result as weight is multiplied by the
given data. In this way, the nonlinear data is classified faster. Like
the proposed ABDLDA method, the basis classifiers are built, where
the total error is smaller than the small positive integer value (𝜀).

BDLDA and ABWDLDA methods do not require a basic assumption
f the data distribution (normal distribution assumptions/single-mode-
istributions), and they can classify each data set with any distribution.
he proposed ABWDLDA method has more run time for a linear data
et than the proposed ABDLDA method and converges late due to
alculating the Gaussian kernel for each sample.

. Experimental results and discussion

The evaluation criteria are introduced in this section, and then the
ata sets – collected from the UCI Machine Learning Repository1 – are
resented. In our simulation, data fragmentation to a pair of learn-
ng/evaluation sets is performed using a 10-fold-cross validated paired
-Test. The proposed methods (DLDA, MDLDA, ABDLDA, ABWDLDA)
re compared with several methods, i.e. Orthogonal LDA (OLDA) (Ye &
u, 2005), Uncorrelated LDA (ULDA) (Ye & Yu, 2005), LODA (Zhang &
how, 2012), Null Space LDA (NLDA) (Chen et al., 2000), Norm1 LDA
LDA-L1) (Wang et al., 2013), Regularized LDA (RLDA) (Guo et al.,
007), LDA, L1BLDA (Li et al., 2019), L2BLDA (Li et al., 2019), and
NNL2BLDA (Guo et al., 2021). Also, the proposed methods were com-
ared with LDA and multi-class LODA to demonstrate the multi-class
apability.

.1. Evaluation criteria

Accuracy (ACC): It is the rate of samples that are accurately pre-
icted:

𝐴𝐶𝐶 = 𝑇𝑁 + 𝑇𝑃
𝐹𝑃 + 𝐹𝑁 + 𝑇𝑃 + 𝑇𝑁

. (39)

Error: The rate of samples that are falsely predicted:

𝐸𝑟𝑟𝑜𝑟 = 𝐹𝑁 + 𝐹𝑃
𝐹𝑃 + 𝐹𝑁 + 𝑇𝑃 + 𝑇𝑁

= 1 − 𝐴𝐶𝐶. (40)

Detection Rate (DR): This is the ratio between the number of
orrectly detected attacks and the total number of attacks and is defined
s:

𝐷𝑅 = 𝑇𝑃
Number of targets . (41)

False Alarm Rate (FAR): This criterion is also defined to deter-
mine the final performance of the intrusion detection algorithms and
obtained as:

𝐹𝐴𝑅 = 𝐹𝑃
Number of outliers .

(42)

Friedman test: It is used to compare and identify the difference be-
tween several classifiers’ performance simultaneously (Bahraini, Ghazi,

1 http://archive.ics.uci.edu/ml/datasets.html

http://archive.ics.uci.edu/ml/datasets.html
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Fig. 1. Synthetic data sets, (a) Out1, (b) Out2, (c) Multi1, (d) Multi2.
Fig. 2. Output of proposed DLDA method on synthetic Singular data set, indicated solving the singularity problem, (a) Training set, (b) Test set, (c) DLDA without regularized
term (𝛼 = 0), error rate = 0.93%, (d) DLDA with regularized term (𝛼 ≠ 0), error rate = 0.06%.
Table 1
Real data sets.

Data set Feature Num. Sample Num. Classes Num.

Aggregation 2 788 2
Banknote 2 1372 2
Bridge 2 232 2
Compound 2 399 2
Flame 2 240 2
Jain 2 373 2
Spiral 2 312 2
TwoDiamonds 2 400 2
Iris 4 150 3
Glass 9 214 6
Sonar 60 208 2
Liver 6 245 2
Ionosphere 34 351 2
Splice 60 1000 2
Cloud 10 2948 2

& Yazdi, 2020; Demšar, 2006). First, the performance of all algo-
rithms is calculated and then arranged in descending order. After this,
Friedman statistic parameter 2

𝐹 is calculated as follows:

2
𝐹 = 12𝑁

𝑘(𝑘 + 1)

(

∑

⟨𝑗⟩
𝑅2
𝑗 −

𝑘(𝑘 + 1)2

4

)

. (43)

where, 𝑅𝑗 = 1
𝑁

∑

⟨𝑖⟩ 𝑟
𝑗
𝑖 is the average rank of each algorithm, and

𝑟𝑗𝑖 represents the rank of the 𝑗th algorithm on the 𝑖th data set. 𝑘
and 𝑁 represent the number of compared algorithms and data sets,
respectively. If this statistic is greater than the corresponding number
in the chi-square distribution table with the degree of freedom 𝑘 − 1,
the overall significance of the difference between the algorithms will
be proved (Lehmann & Romano, 2006).

4.2. Data sets

The experiments have been carried out on a collection of synthetic
and real data sets to demonstrate proposed algorithms’ performance,
i.e., DLDA, MDLDA, ABWDLDA, and ABDLDA.

The synthetic data sets: The synthetic data sets with different distri-
butions and complexities are presented for evaluating various parts of
simulations. For example, we generated and used a synthetic data set
called singular for singularity problem experiments. In this data set, the
number of samples is 50 with dimensions 100, so that the singularity
6

Table 2
Real NSL-KDD data set.

Classes Normal PROBE R2L U2R DOS Sum of samples

NSL-KDD Train+ 67343 11656 995 52 45927 125973
NSL-KDD Test+ 9710 2422 2887 67 7458 22544

Table 3
ACC for proposed DLDA method on real two-dimensional UCI Data Sets: Aggregation,
Bridge, Compound, Flame, Jain, Spiral, TwoDiamonds, and Banknote.

Data sets Aggregation Banknote Bridge Compound Flame Jain Spiral Spiral

ACC(%) 76.79 55.03 100 93.98 85.42 94.64 72.44 100

problem can occur. As you can see in Fig. 1, out1 and out2 data are used
for the experiments of outliers problem. Multi1 and Multi2 data sets
have been used in our simulations to test the ability of classifying the
nonlinear and multi-mode data set. Real data sets: Real UCI data sets
used in our simulations are presented in Table 1 with the numbers of
samples, features and classes. For another example of real data set, the
NSL-KDD data set is used to evaluate the proposed method for intrusion
detection in computer networks (Tavallaee, Bagheri, Lu, & Ghorbani,
2009). The characteristics of this data are summarized in Table 2. There
are 41 features for each sample of the NSL-KDD. There are four different
attack groups in this data set, including PROBE,2 R2L,3 U2R,4 and DOS5

and should be distinguished from the normal users.

4.3. Results and discussion

The singularity problem in LDA method is solved using the proposed
DLDA method, as shown in Fig. 2. According to this figure, the reg-
ularization parameter 𝛼 in Eq. (9) adjusts DLDA to be generalizable.
The synthetic data in Fig. 2 is investigated in the two cases; without
regularized term (𝛼 = 0) and with regularized term (𝛼 = 0.05). In these

2 Probing: The attacker explores the network to collect information and
identify weak points.

3 Remote-to-Local:The attacker logged in as a user by sending data packets
through the web and accesses it locally.

4 User-to-Root: The attacker first accesses the system user ID, then exploits
the vulnerable points to reach the system root.

5 Denial-Of-Service: attacker completely interrupts system performance by
keeping busy various system resources.
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Fig. 3. Effect of the outliers in performance of LDA and proposed DLDA method, (a) Training set, (b) Test set, (c) The output of LDA method, error rate = 0.023%, (d) Output
of proposed DLDA method, error rate = 0.014%.
Fig. 4. Real two-dimensional UCI data sets: Aggregation, Bridge, Compound, Flame, Jain, Spiral, TwoDiamonds, and Banknote.
Fig. 5. Results of proposed DLDA method to classify real two-dimensional UCI data sets: Aggregation, Bridge, Compound, Flame, Jain, Spiral, TwoDiamonds, and Banknote.
cases, the error rates are 0.93% and 0.06%, respectively. If value 𝛼 is
set to 0.5, the classification error is 0%. With the correct setting of this
parameter, we can achieve the acceptable performance of the proposed
method.

In Fig. 3, to study the effect of the outliers in the proposed DLDA
method’s performance, we used a synthetic data set with two classes
and 210 samples (both classes have outliers). Sub-figures (a) and (b)
show the training and the test sets, where data includes 31 samples in
the test step. As you can see in (c) and (d), the separator line varies
in two methods, and due to the effect of outliers on performance, the
DLDA classifier has performed better than the LDA, and the errors are
0.014% and 0.023%, respectively.

We also used 8 real two-dimensional UCI data sets, called Ag-
gregation, Bridge, Compound, Flame, Jain, Spiral, TwoDiamonds, and
Banknote (Bahraini et al., 2020), which are shown in Fig. 4 and de-
scribed in Table 1. These data sets are two-dimensional in two classes.
According to the results reported in Fig. 5, the proposed DLDA method
classifies these data sets into two classes. The ACC values for each data
set also are summarized in Table 3. As you can see, the proposed DLDA
method works completely error-free for both Bridge and Spiral data. It
also has acceptable performance for both data Compound and Jain with
ACC values of 93.98% and 94.64%, respectively. The proposed DLDA
method’s performance for the three data sets, Aggregation, Banknote,
7

and Spiral, has reached 76.79, 55.03, and 72.44, respectively (due to
the complex structure of these three data sets). We take these eight real
two-dimensional UCI data sets as examples to study the effect of two
parameters 𝛼 and ℎ in the convergence of cost function 𝐽 and ACC of
the proposed DLDA method reported in Figs. 6 and 7, respectively. In
Fig. 6, the values of 𝐽 are obtained in term of 𝛼 and ℎ. As shown in
these results, the minimum value of 𝐽 for the proposed DLDA method
for each of these 8 data sets occurs at a unique value of 𝛼 and ℎ.
Accordingly, these two values must be optimally set for each data set.
Also, in Fig. 7, the values of 𝐴𝐶𝐶 are plotted in terms of 𝛼 and ℎ. It
can be said that the highest accuracy of classifying each data set occurs
on a unique 𝛼 and ℎ for the proposed DLDA method. For example, as
shown in Figs. 6 and 7, for Banknote data set the minimum value of
𝐽 = 0.003227 and the maximum of 𝐴𝐶𝐶 = 59.69 occur at 𝛼 = 0.995,
ℎ = 9.6 and 𝛼 = 0.0175, ℎ = 0, respectively. These results led us to
optimally find these unique values for each data by grid search method.

We performed some experiments according to Fig. 8 to show the
performance of two proposed methods ABDLDA and ABWDLDA in
the face of multi-mode and nonlinear data sets. The synthetic Multi1
data is well classified by these two methods. The classifiers’ compo-
sition continues until the number of wrong classified samples reaches
approximately 0.1% of the total number of samples.
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Fig. 6. J values of proposed DLDA method on Real two-dimensional UCI data sets: Aggregation, Bridge, Compound, Flame, Jain, Spiral, TwoDiamonds, and Banknote.
Fig. 7. ACC Results of proposed DLDA method to classify real two-dimensional UCI data sets: Aggregation, Bridge, Compound, Flame, Jain, Spiral, TwoDiamonds, and Banknote.
Fig. 8. Classification of synthetic Multi1 data set (as multi-mode and nonlinear data
set), (a) Output of proposed ABDLDA method, training error and time 2.94% and 66.86
s, (b) Output of proposed ABWDLDA method, training error and time 3.04% and 28.36
s.

Also, the proposed methods ABDLDA and ABWDLDA were com-
pared with the accelerated classifiers LIBSVM (Chang & Lin, 2011), and
Incremental Support Vector Data Description (Inc-SVDD) (Hua & Ding,
2011) to compare their performance to classify the big data sets with
two classes.

In Table 4, the results of the proposed ABDLDA method are com-
pared with Inc-SVDD and LIBSVM methods on the NSL-KDD data set,
8

Table 4
ACC for proposed ABDLDA, Inc-SVDD and LIBSVM on NSL-KDD data set.

Inc-SVDD LIBSVM Proposed ABDLDA

Classes

Normal 93.44 92.36 87.30
DOS 82.74 81.19 91.66
PROBE 87.58 80.32 92.31
R2L 76.41 78.20 88.64
U2R 89.00 88.30 98.73

which was online as big data sets with two classes (in this test, each
NSL-KDD data set class is considered the target class and other classes
have regarded as the attack class). As shown in these results, the
proposed ABDLDA method has the highest accuracy for all other classes
except for the normal class. The number of selected train samples from
each class is assumed to be equal to train the basic classifiers in the
ABDLDA and ABWDLDA methods. In Table 5, DR and FAR criteria are
presented on the NSL-KDD data set for each attack class. As you can see,
the proposed ABDLDA method has the lowest FAR rate in all classes,
also the highest value of DR for the DOS class.

Fig. 9 shows the ACC criterion in the training sets of the synthetic
data sets (a) Multi1 and Multi2, (b) Singular and Out2, and (c) Out1
Fig. 9. ACC for synthetic data sets, (a) ACC of the proposed algorithms, ABDLDA, ABWDLDA and LODA, for non-linear and multi-mode synthetic data sets, Multi1, Multi2, (b)
ACC on the synthetic data sets, Singular and Out2, (b) ACC on the synthetic data sets, Out1 and Out2 with outlier samples.
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Table 5
DR, FAR criteria for the proposed ABDLDA method, Inc-SVDD and LIBSVM on the real NSL-KDD data set.

DR FAR

Inc-SVDD LIBSVM Proposed ABDLDA Inc-SVDD LIBSVM Proposed ABDLDA

Classes

DOS 0.77 0.75 0.79 0.23 0.19 0.02
PROBE 0.89 0.88 0.77 0.1 0.8 0.05
R2L 0.81 0.83 0.80 0.021 0.22 0.002
U2R 0.88 0.9 0.50 0.12 0.1 0.005
b
m
A
w
a
c

Table 6
Results of LODA, proposed ABDLDA and ABWDLDA methods on multi-mode synthetic
data sets: Multi1, Multi2.

Synthetic Data sets Algorithms LODA Proposed ABWDLDA Proposed ABDLDA

Multi1 Training Error(%) 43.32 3.04 2.94
Training Time(S) 0.207 28.36 66.86

Multi2 Training Error(%) 44.81 17.69 17.02
Training Time(S) 0.49 73.64 234.58

Table 7
Results in dealing with the singularity and outliers problems in two synthetic data sets:
singular and Out2.

Synthetic
Data sets

Algorithms OLDA ULDA NLDA RLDA Proposed
DLDA

Singular Training Error(%) 0.00 0.00 0.00 0.00 0.00
Training Time(S) 0.003 0.002 0.16 0.006 0.02

Out2
Training Error(%) 2.96 3.17 2.56 2.56 1.88
Testing Error(%) 7.93 12.33 6.80 6.80 6.80
Training Time(S) 0.001 0.001 0.001 0.001 0.07

and Out2, for the proposed and other classifiers. As shown in Fig. 9-
(a), two proposed methods ABDLDA and ABWDLDA have higher ACC
values than the proposed LODA method to classify the Multi1 and
Multi2 Data sets. In Fig. 9-(b), the proposed DLDA method is compared
to four methods, OLDA, ULDA, LODA, and NLDA. You can see the
proposed DLDA has the highest ACC than others with a value equal
to 72.45%. Also, in Fig. 9-(c) ACC is calculated for these methods on
the synthetic Out1 and Out2 data sets. For these data sets, the proposed
9

DLDA method has a better performance and has reached the value of
ACC = 71.7%.

The ABDLDA and ABWDLDA are compared with the multi-mode
LODA classifier on two synthetic Multi1 and Multi2 data sets. According
to the summarized results in Table 6, the training and testing errors of
ABDLDA and ABWDLDA methods are much less than the LODA, but
their training time is longer.

In this experiment, the basis classifiers are created as long as the
number of incorrect classified samples exceeds 0.1% of the total num-
ber of samples.

Table 7 shows the training error, training time, and testing error
of the proposed DLDA method and the comparison methods on the
Singular and Out2 synthetic data sets. The test data are also synthetic
for these two data sets, and they have only an experimental aspect.
The training error on the Singular data set is zero for all classifiers.
The proposed DLDA method’s training error on the Out2 data set is
the lowest value, which is also due to the low impact of the outliers
in its performance. The testing error for the proposed DLDA, RLDA,
and NLDA methods is at the lowest level and is at the highest level for
the ULDA classifier. The proposed DLDA method’s training time is more
than the other classifiers due to calculating the density of samples 𝑝(𝑥𝑖).

The classification results for two-class data sets are shown in Ta-
le 8. As you can see in this table, in most data sets, the proposed DLDA
ethod has fewer errors and higher ACC values than others. And the
verage Rank of this method is better than other comparison methods,
hich is equal to 2.5. From the results of Friedman’s test, there is
significant difference between the classifiers with a 99.5% level of

onfidence. The next position is related to RNNL2BLDA method, which
able 8
esults of real two-class data sets i.e. Sonar, Liver, Ionosphere, Splice, and Cloud for NLDA, OLDA, ULDA, LDA_L1, LODA, LDA, L1BLDA, L2BLDA, RNNL2BLDA, and proposed
LDA methods.
Real Data sets Algorithms NLDA OLDA ULDA LDA_L1 LODA LDA L1BLDA L2BLDA RNNL2BLDA Proposed DLDA

Sonar

Training Time(S) 0.0016 0.0014 0.0013 0.9078 0.1684 0.0013 0.0011 0.0011 0.0016 0.045
Training Error(%) 26.20 23.78 25.89 26.17 35.10 26.20 27.32 26.20 24.56 24.18
Testing Error(%) 30.00 30.76 31.43 33.02 33.98 30.00 33.45 30.00 30.13 28.52
ACC 68.55(6) 70.57(3) 70.95(2) 67.50(8) 64.90(10) 68.55(6) 67.02(9) 68.55(6) 70.43(4) 71.70(1)

Liver

Training Time(S) 0.0019 0.0018 0.0019 0.208 0.417 0.0019 0.0019 0.0019 0.0023 0.106
Training Error(%) 45.37 37.37 38.08 37.28 42.13 45.37 38.39 37.70 38.17 38.24
Testing Error(%) 40.63 40.81 40.82 40.35 44.54 40.63 41.75 40.53 39.62 38.82
ACC 58.41(6.5) 58.75(4) 58.94(2) 57.91(8) 53.32(10) 58.41(6.5) 57.81(9) 58.73(5) 58.89(3) 59.26(1)

Ionosphere

Training Time(S) 0.0059 0.0072 0.0074 0.193 0.468 0.0044 0.0040 0.0043 0.0044 0.27
Training Error(%) 35.16 12.20 12.20 11.97 34.35 12.20 12.00 11.32 11.20 11.18
Testing Error(%) 31.47 15.85 15.85 17.62 32.37 16.36 17.73 17.60 15.80 17.11
ACC 69.18(9) 85.11(1) 84.77(2) 84.44(4) 67.40(10) 83.92(8) 84.18(7) 84.23(6) 84.37(5) 84.56(3)

Splice

Training Time(S) 0.008 0.042 0.039 3.97 3.39 0.005 0.001 0.001 0.003 0.82
Training Error(%) 46.72 46.20 47.62 47.68 48.70 46.72 46.39 46.30 46.01 45.94
Testing Error(%) 44.50 48.38 48.25 46.63 48.63 44.50 48.19 44.92 44.50 47.13
ACC 55.50(2) 51.63(9) 51.75(8) 53.38(5) 51.38(10) 55.50(2) 52.50(7) 55.07(4) 55.50(2) 52.88(6)

Cloud

Training Time(S) 0.014 0.159 0.158 0.568 14.96 0.0107 0.0070 0.0070 0.0070 3.22
Training Error(%) 0.05 0.00 0.00 0.16 0.70 0.05 0.08 0.00 0.00 0.00
Testing Error(%) 0.05 0.05 0.05 0.39 0.83 0.05 0.20 0.05 0.00 0.00
ACC 99.95(5) 99.95(5) 99.95(5) 99.61(9) 99.17(10) 99.95(5) 99.76(8) 99.95(5) 100(1.5) 100(1.5)

Average Rank 5.7 4.4 3.8 6.8 10 5.5 8 5.2 3.1 2.5

2
𝐹 25.7345

Chi-Sq (from table dis.) 23.5890

P-Value 𝑃𝑟𝑜𝑏 > 𝐶ℎ𝑖 − 𝑆𝑞 0.005
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Table 9
Results of Real Multi-class Iris and Glass Data Sets for NLDA, OLDA, ULDA, LDA_L1, LODA, LDA, L1BLDA, L2BLDA, RNNL2BLDA, and Proposed MDLDA.

Synthetic Data sets Algorithms NLDA OLDA ULDA LDA_L1 LODA LDA L1BLDA L2BLDA RNNL2BLDA Proposed MDLDA

Iris

Training Time(S) 0.0009 0.0005 0.0005 1.62 0.054 0.0009 0.0003 0.0004 0.0005 0.037
Training Error(%) 10.00 4.13 25.20 16.13 8.27 26.53 10.00 7.82 5.60 4.13
Testing Error(%) 8.27 5.07 30.27 23.07 7.33 25.07 8.69 8.10 6.38 4.00
ACC 68.55(7) 70.57(4) 70.95(2) 67.5(9) 64.9(10) 68.55(7) 68.55(7) 68.79(5) 70.89(3) 71.70(1)

Glass

Training Time(S) 0.001 0.002 0.001 0.008 0.08 0.0014 0.001 0.0014 0.0014 0.131
Training Error(%) 45.09 32.56 40.13 52.89 45.44 44.02 49.09 40.15 40.10 33.13
Testing Error(%) 44.55 32.75 32.27 51.84 53.31 39.76 44.55 32.30 32.18 31.84
ACC 58.41(7.5) 58.75(5) 58.94(3) 57.91(9) 53.32(10) 58.41(7.5) 58.41(6) 58.93(4) 59.00(2) 59.26(1)

Average Rank 7.25 4.5 2.5 9 10 7.25 6.5 4.5 2.5 1

2
𝐹 17.4272

Chi-Sq (from table dis.) 16.9190

P-Value 𝑃𝑟𝑜𝑏 > 𝐶ℎ𝑖 − 𝑆𝑞 0.050
o
t
p
s
c
s
𝑂
c
c
m
l
O
t

C

m
H
b
C

D

c
i

R

A

B

B

B

B

C

C

C

C

Table 10
Computational complexity for NLDA, OLDA, ULDA, LDA_L1, LODA, LDA, L1BLDA,
L2BLDA, RNNL2BLDA, Proposed DLDA, and Proposed MDLDA.

Method Computing complexity

NLDA 𝑂(4𝑑2𝑛)
OLDA 𝑂(14𝑑𝑛2 + 4𝑑𝑛𝑐 + 2𝑑𝑐2)
ULDA 𝑂(14𝑑𝑛2 + 4𝑑𝑛𝑐)
LDA_L1 𝑂(𝑇 (𝑛 + 𝑐)𝑑)
LODA 𝑂((𝑛 + 𝑐 + 1)𝑑 + 𝑐2)
LDA 𝑂((𝑛 + 𝑐 + 1)𝑑)
L1BLDA 𝑂(𝑑3) or 𝑂(𝑑3 + 𝑇𝑑2𝑙)
L2BLDA 𝑂(𝑑3)
RNNL2BLDA 𝑂(𝑑3 + 𝑛𝑙𝑜𝑔𝑛)
Proposed DLDA 𝑂(𝑑𝑛2 + 𝑑2𝑛 + 𝑛2)
Proposed MDLDA 𝑂(𝑐2 log 𝑐(𝑑𝑛2 + 𝑑2𝑛 + 𝑛2))

is ranked 3.1. According to the results reported in this table, methods
L1BLDA and L2BLDA on most of the data sets have the fastest results.

The proposed MDLDA method is compared with the multi-class
classifiers, such as the standard multi-class LDA, NLDA, OLDA, ULDA,
LDA_L1, and LODA. To calculate the test error using the K-fold method,
a part of the data is given to the classifiers as training, and the other
part is considered the test set. According to the results of Table 9,
the proposed MDLDA classifier on the Iris data set has the lowest
training and test errors. Furthermore, the training error of OLDA in
the Glass data set with six classes is less than the others, and the
proposed MDLDA also has the lowest test error in this data set. Also,
the Friedman test was used to investigate the significant difference
in the algorithms’ performance. In these results, the parameter 2

𝐹 is
btained with a value of 17.4272. The chi-square value in its table with
degree of freedom 9 and a significant level of 0.050 is equivalent to

6.9190. So, with 95% confidence, we can say that there is a significant
ifference between the classifiers’ performances. After that, ULDA and
NNL2BLDA have acceptable performance and got the rank of 2.5.
lso, L1BLDA with a rank of 6.5 is the fastest method.

To better evaluate the speed of the compared methods and the
roposed methods, we extracted the computational complexity of all
f them. These results were summarized in Table 10. According to this,
1BLDA and L2BLDA seem to be the fastest methods. Also, the methods
n which 𝑛2 has appeared in computational complexity order are among
he slowest.

. Conclusion

The proposed DLDA classifier was presented to solve some of the
DA problems, like the reduced impact of the outlier samples on the
lassification performance. For this purpose, the density of samples
nterfered in classification, and Parzen window was used to estimate
his density. Since the outliers have a low density, they do not affect
uch on the classification performance. One of the notable limitations
10
f the proposed DLDA method is determining the precise value of
he Parzen window width parameter (ℎ), which directly impacts the
erformance of the proposed DLDA and is estimated by using the Grid
earch method for each data set. One of the other proposed methods’
hallenges is that these take a long time to calculate the density of
amples in the big data sets due to the computational time with order
(𝑑𝑛2 + 𝑑2𝑛 + 𝑛2), which is dependent on data size 𝑛. The classifiers
ombination technique such as Adaboost was used in this paper to
lassify the big data set, so two proposed ABDLDA and ABWDLDA
ethods were introduced. The samples’ density 𝑝(𝑥𝑖) is calculated

ocally in the proposed ABDLDA and ABWDLDA methods to solve this.
ne can adopt the new strategies to solve these two limitations, reduce

he run time, and improve performance in future work.
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