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Abstract

In this paper, we define the wavelet multiplier and Landau—Pollak—Slepian (L.P.S)
operators on the Hilbert space L?(G?,H), where G is a locally compact abelian
topological group, and H is the quaternion algebra; Also, we will investigate some of
their properties. In particular, we show that they are bounded linear operators, as well
in Schatten p-class spaces, 1 < p < oo, and we determine their trace class.
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operator - Landau—Pollak—Slepian operator - Admissible wavelets - Unitary
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1 Introduction

The representation of a function by simultaneous bandlimiting and timelimiting has
been the concern of many researchers in their works, until to the 1960s, when the
problem was solved by works of Henry Landau, Henry Pollack and David Slepian
[12,13,16], they introduced the self-adjoint Landau—Pollak—Slepian (L.P.S.) operator
on L%(R™).In 1999, He and Wong, introduced Wavelet multipliers operator on L2 (R")
[11], which was generalized from Landau—Pollak—Slepian operator, they showed that
the L.P.S. operator is in fact a wavelet multiplier operator; for more details see [17].
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The authors in [1], generalized L.P.S. and Wavelet multipliers operator on a locally
compact abelian topological group, and investigated some of their properties.

Now, we recall some definitions, and fix some notations, which will be used in the
sequel. The quaternion is a four- dimensional non-commutative algebra H [6,8,10,15]
which is defined over the field of real numbers R with the three imaginary units. More
precisely,

H={q0 + q1i +q2j + g3k, 90, 91, 92, g3 € R},
where the elements i, j, k satisfy the following
ij=—ji=k Jjk=—kj=i, ki=—-ik=j, i’=j>=k>=-1.

Every quaternion element g can be written also as a sum of two parts, Scalar part
Sclg] = qo € R and Vector part, Veclq] = q1i + q2j + g3k , Veclq] is often called
pure quaternion, hence g = Sc[g] + Vec[q]. Now we will briefly review some basic
facts on quaternions which are almost the same as in [8]. For any p, ¢ € H, such that
p = po+pii+p2j+p3k, g = qo+qii +q2j+q3k, the addition and multiplication
on H are

p+q=(po+q0)~+ (p1+q))i+(p2+q2)j+(p3+q3)k,

and

p-q = (poqo — p191 — p2q2 — p3q3) + (p1go + poq1 + p2q3 — p3q2)i
+ (p290 + pog2 + p3q1 — p1g3)j + (p3qo + poqs + p1g2 — p2q1)k.

The quaternion conjugate of ¢ is defined by p = po — p1i — p2j — p3k; clearly
it is an anti-involution, this means (p.q) = ¢.p. For any two quaternions ¢, p we
define right C, and left C; carrier operators as C,(p)g = gp and qCi(p) = pq,
respectively. Also For any g € H, we have C,(q) = C;(q) and vice versa. Although,
multiplication on quaternions are non-commutative, it is clear that for all p, ¢, r € H,
we have Sc[g.p.r] = Sc[p.r.q] = Sc[r.q.p], which is called cyclic multiplication
identity and it is an important tool in our work.

Note that throughout this paper, G denotes a locally compact abelian topological
group with the Haar measure dx and G, is the dual group of G with the Haar measure
dé& such that d¢ is the dual measure of dx [4,5,7]. The elements of G are denoted by
x, y etc., while the elements of G are denoted by &, w and so forth. For any continuous
characters w; : G — T, 1 = i, j the character w on Gl =GxGisw: G? - T,
in which w(x) = w;(x2)w; (x1), for any x = (x1, x2) € G?, where T;, T; and T, are
the unit circles in C;, C; and H respectively, with C; = {a + bl,a,b e R}, I =1, j.

Likewise, the classical inner product for any two elements f, g € L2(Gz, H) we
define the (usual) inner product on L2(G?%, H) as (f,g) = sz f(x)mdx. Also,
we can define (f, g) = Sc sz f(x)g(x)dx, as another inner product on L?(G?, H)
which is called scalar inner product, it is clear that ( f, g) = Sc(f, g) [10].
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We recall that F;(f)(w) = f(a)) = sz w; (x1) f(x)wj(x2)dx is the two
sided quaternion Fourier transform (also called sandwich Fourier transform) of
f € L'(G? H) and the inverse of the two sided quaternion Fourier transform is
]:s_l(f)(x) = f(x) = féz w;(x1) f(@)wj(x2)dw for f (if it exists). The two sided
quaternion Fourier transform on LY(G?%, H)NL23(G?, H) can be extended with respect
to the scalar inner product uniquely to a unitary isomorphism from L?(G?, H) to
Lz(éz, H) known as the quaternionic Plancherel Theorem. Now let us consider the
closed subspace M1 (G2 mynz2(G2,my Which is define as

M2 mynrzem = {f € LY(G* H) N L>(G* H) : f is even with respect to the

first component},

for any function f € M1 G2 mynr2(c2,m) We have Fi(f) € M 562 gy SO We can
extend the two sided quaternion Fourier transformation on My 12 pn2(G2 5y With
respect to the usual inner product by Plancherel theorem from M2 g2 gy to M, » (G2.H)
for more details see [2].
The translation and modulation operators Ly, M are defined by L, f(x)

f( y_lx) and Mg f(x) = &;(x2) f(x)&; (x1),respectively. Note that the C, —modulation
operator Msc " is defined as MEC "fx) = &(x2) f(x)Cr&i(x1), for any quaternionic
function f. The space L>°(G?, H) is defined as follows

L®(G2 H) = {f : G* —> H: f is measurable and | f | oo < 00},

where

[ flloo =inf {a = 0:p({x : [f(x)| > a}) = 0}.

Our aim in this paper is to give a generalization of wavelet multiplier and L.P.S.
operators on L?(G?, H) where G is a locally compact abelian topological group and
H is the quaternion algebra. For this, we will define a unitary representation [4,5,7,9]
on the Hilbert space L>(G2, H) by using properties of dual groups [4,5,7], and we
find, among other things, the set of all admissible wavelets [14,17] for this unitary
representation. Then, we investigate boundedness [3] of wavelet multiplier operator
and show it is in Schatten p-class spaces,1 < p < oo, and also we will determine their
trace class. At last, we will show that the L.P.S. operator is a special case of wavelet
multiplier operator.

More precisely, this paper is organized as follows: Sect. 2, starts with the definition
of a unitary representation on Lz(Gz, H). Then, we calculate the admissible wavelet
for this unitary representation, then, we show the operator Py @ Mp2G2 )y —
M2 G2 m), is unitarily equivalent to the wavelet operator T, ¢ @ M2G2 wy —
M2 G2 1), and state some preliminaries and related notations of these operators. Also
we will discuss the boundedness of wavelet multipliers operator at two stages, first
foro € L (G2 H) , and second for o € ML,, 621y 1 < p < oo by using The
Riesz—Thorin Theorem [17]. In Sect. 3, we will explam that the wavelet multiplier
operators are in the Schatten p-class spaces [17,18] and then we will determine the
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trace of these operators. In the end, in Sect. 4, we will give the definition of the L.P.S.
operator QcPoQOc @ Mp2g2my — Mp22 ) » investigate some of its properties
including the relationship between wavelet multiplier and L.P.S. operators in a special
case, and finally evaluate the trace of this operator.

2 Wavelet multipliers operator on L?(G2, H)

In this section we introduce the wavelet multipliers operator with respect to the various
kinds of inner product on L?(G?, H) in two ways, first according to the usual inner
product (f, g) = sz f(x)g(x)dx for any f,g € L?(G?, H), and the second with
respect to the scalar inner product (f, g) = Sc(f, g) forall f, g € L>(G?, H).

Also to show the boundedness of the wavelet multipliers operator, we use the
Riesz—Thorin Theorem, which will be included for the readers’ convenience [17].

Let (X, 1) be a measure space and (Y, v) be a o-finite measure space. Let T be a
linear transformation with domain D consisting of all simple functions f on X such
that

n({s € X1 f(s) #0}) < oo,

and such that the range of T is contained in the set of all measurable functions on
Y. Suppose that o1, a2, 1 and B, are numbers in the interval [0, 1] and there exist
positive constants M| and M, such that

ITf , feD, j=12.

SMjIIfIIL

1 1
LPi(v) 4 (Y)

Then there exista0 < @ < 1, such that o = (1 — )y + Oz, B = (1 —6) By + 68,
and

ITAU, 4, <M MENS feD.

Lé(Y)’

The group of all unitary operators on L?(G?, H) with respect to the usual compo-
sition of mappings denoted by U (L?(G?, H)), a group homomorphism Ty - G? >
U(L*(G?, H)) is said to be a quaternion unitary representation of the group G? on
the Hilbert space L>(G?2, H), which is denoted by {my, L?(G?, H)} and defined as
follows

(g (E)u) () = & (x)u(x)Cr (& (x1)) = M{u(x), & € G* x € G*.

The nonzero element ¢ € L?(G2, H) is called an admissible wavelet for the quaternion
unitary representation {mr,, L*(G?, H)} if

/: g, 7q (@) *do < 0.
G2
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In this case, the value of the above integral is called the wavelet constant associated with
the admissible ¢ and denoted by ¢, , and {7, Lz(Gz, H)} is called square integrable
representation [11,14,17].

2.1 Wavelet multiplier operator according to the usual inner product

In this section we introduce the wavelet multiplier operator 9T, where T, €
B(L?(G?, H)) which is defined by 7, = F~'6F, 0 € M,y | S P <00
and ¢ € M2 G2 myn L (G2,m> We Will also establish some of its properties. The
following fact will be used frequently.

(u, g (§)p) = w.9)" (&), 2.1

for u,¢ € L*(G*,H) and £ € G2. Clearly from (2.1), we have (n,(§)p,v) =
w.@)" ().

The following proposition, characterizes the admissible vectors for the quaternion
unitary representation {7, L?(G?, H)).

Proposition 2.1 The admissible wavelet for the unitary representation {my, L*(G?, H)}
defined on G? consists of all functions ¢ € L*(G* H) N L*(G* H) for which
el =L

Proof Using Plancherel Theorem and (2.1), we have

cp = fG (AN
= /G |(9@)" (€)1 dé
= led)"13
= logll>
= llgl3.

Now by using (2.1), we can prove the following proposition.

Proposition 2.2 Let () S MLZ(GZ,H)DLOO(G2,H)’ thenfor any u, v S MLZ(GZ,H)’

fé (W ©)0) (g (€1, V)dE = (4P, V).

Proof By (2.1) and Plancherel Theorem, we get

(g (&)) (g (&), v)dE
GZ
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=/éz(u¢)A(€).(v¢)A(E)dé
= (we)", v)")
= (ug, vp).
O
Now, for ¢ € L®(G2, H) and ¢ € L*(G?, H) N L>(G?, H), we define Py, :
L*(G?, H) — L*(G?, H) for any u, v € L>(G?, H) by

(P pu,v) = /éz 0 (§)(u, 74 (§)p) (74 (§)¢, v)dE. (2.2)

At this point, we aim to show that the linear operators Py ,, : L>(G*, H) — L*(G?, H)
foro € I:l’ (Gz, H), 1 < p < oo are bounded linear operators [3,18]. For the case
o € L'(G?, H), this is shown in the following proposition.

Proposition 2.3 Let o € L' (G2, H) and let ¢ € L*(G*, H) N L>°(G?, H) such that
lgllo = 1. Then Py : L*(G* H) — L*(G?, H) is a bounded linear operator and
I Po.pllBr2G2,my) =< llol

Proof Leto € L'(G?, H), ¢ € L2(G2, H) N L°(G2, H) with ||¢|l» = 1; then

(P it v)] = | /G o () (. 7 (6)9) (g (€. v)E |
< [, o)l 7y @) |imy 0.
< /G o (&) lull2 17y (€)@ 12 vl 2d&
=/é|U($)||IM||2||</)||%|IV|I2d€
= ||u||2||v||zf lo(&)|de
GZ
— v lizlio .
So that || Pl gr2(62,my) < ol O

Theorem 2.4 Leto € LP(G2,H), 1 < p < ocoand let ¢ € L*(G%, H) N L™®(G2, H)

be such that ||@|l2 = 1. Then there exists a unique bounded linear operator Ps, :
2

L*(G* H) — L*(G* H) such that || Popll 22 1) < 191172 3 191 o 62 1)

and for all u,v € L2(G2, H), (Py,pu,v) is given in (2.2) for all simple functions o

on G2 for which the Haar measure of the set {§€ € G2 o (&) # 0} is finite.
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Proof Foro € L™®(G2, H), we get

|(Pou, v)| = | fG o (&) (u, g (§)g) (4 (), v)dE]|

< [, @)l 7 @0 ey )0, ]t

1

< N0l o2 H)[f |<u,nq<s)¢>|2ds]f[f |y @), )| de]?
’ G2 G2

= ol ol [ 0@ @ Pag]'L [ 0w @ Pas]?
’ G2 G2

= 1101l oo 62,10, 1 @) 12 092

= 116 oz 4@ 2112

2
= ”G ”LOO(GZ,H) ||¢||LW(GZ,H) ||M”2||V||2,

thus

2
”PU,(p”B(LZ(G) =< ||U|IL°°(GZ,H)”@”LOO(Gz,H)'

For 1 < p < oo, the Riesz—Thorin Theorem completes the proof. O

Now Proposition 2.3 and Theorem 2.4 allow us to define the wavelet multiplier
operator T5¢ : M2y —> M2y forall o € M2y 1 < p < ooand
all p € Mp2G2 pynr(g2.r) With [|¢|l2 = 1 which is the same as the bounded linear
operator Py o : My2G2 g1y — Mp2(g2 - In other words, for any o € M, 62 my Ve

have (P 4u,v) = (pT5@u, v), forall u, v € MZZ(GZ,H)' Indeed

(Poput, v) = /éza(é)(u,nq(é)tp)(nq(é)go, v)d§
=Lzﬁ(é)(ME)A(S)(UE)A(S)dé

=/C,>20(u¢)A($)~(v¢)A(§)d$
= (o))", ve)")

= (@)™, vp)

= (T u,v).

Remark 2.5 Let ¢ be an admissible wavelet for the square integralable representation
{my, L2(G?, H)}, then the linear operator Ly g : L*(G%, H) — L%*(G?, H) which is

defined as (Lo pu, v) = L f(;z o (&), 7y(E)e) (g (&)@, v)dE is called the localiza-
c

@
tion operator associated with the symbol o and admissible wavelet ¢ , hence from
Proposition 2.1, we have ¢, = ||<p||i and from (2.2) we get that Py y = cyLs,y also

Lo,y € S1 with ||Lg glls, < $||0||L1((;z) for more details see [14,17].
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2.2 Wavelet multiplier operator according to scalar inner product

In this section we introduce the wavelet multiplier operator ¢T,¢@ with respect to
scalar inner product where T, € B(L23(G?*, H)) is defined by T, = FloScF and
¢ € LP(G?,H), 1 < p < oo and we also establish some of its properties. From (2.1)
we have the following formula which will be used frequently.

(u, 774 (&)p) = Sc(up)"(§). (2.3)
For any u, ¢ € L2(G2, H), note that from the definition of scalar inner product, we
have (u, 774 (§)@) = (74(5) ¢, u).

The following proposition characterizes the admissible vectors for the quaternion
unitary representation {mr,, L2(G?%, H)).

Proposition 2.6 The admissible wavelet for the unitary representation {my, L%*(G?, H)}
defined on G? consists of all functions ¢ € L*(G* H) N L*(G*, H) for which
el = 1.

Proof Using Plancherel Theorem and (2.3), we have

¢, = /G I, 7)) d
- / |Sc(pd)" (©)[2dE
G2
< / (0d)" (&) 2dE
GZ
= @ 113
= llpgli3

= llel13
= llpll4.

Now by using (2.3), we can prove the following proposition.
Proposition 2.7 Let ¢ € L2(G2, H) N L®(G2, H), then for any u, v € L*(G?, H),
/(;z (u, 74 () (4 (E)p, v)dE = (Sc(ug)”, (v@)").
Proof By (2.3), we get

/@2 (w774 (6)9) (774 (€, v) dE

= féz Sc(u@)™(€).Sc(vp)™ (&)dE
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= [ setsctp ©.00)" @1t
= Sc [ Sewi) .00 ©de

_ se /G Seud) (©)-09) @)ds
= (Scu@)”. @)™,

O

Now for ¢ € LP(G%,R), 1 < p < 0o and ¢ € L2(G2, H) N L®(G2, H), we
define Py 4 : L*(G?, H) — L*(G?, H) for any u, v € L*(G?, H) by

(Po,pu, v) = /ézd(é)w,ﬂq(é)(p)(ﬂq(é)% v)ds. 2.4

Now, we aim to show that the linear operators Ps , : L*(G%, H) — L*(G?% H)
for o € L”(GZ, R), 1 < p < oo are bounded linear operators. For the case o €
L'(G?, R), this is shown in the following proposition.

Proposition 2.8 Let o € L'(G2, R) and let ¢ € L*(G?, H) N L®(G2, H) be such
that |¢ll2 = 1. Then Py, : L*(G?*, H) — L*(G?,H) is a bounded linear operator
and || Pyl g2 62,1y =< llol-

Proof Leto € L'(G%, R), ¢ € L2(G?, H) N L>°(G?, H) with ||l¢||>» = 1; Then

(o)l = | [ o (6) w7y €0) g €10, vt

=

G2
<
= e

= /G o (&) [llull2ll@l5 v ll2d&

= ||u||2|IVI|z[
G2

= llul2llvii2lio -

o (&) |[{u, 74 ©) ) || (74 (5)g, v)|d&

o (&)|lull2 7y ©)@l3IvI2dE

o (§)|dé&

So that [| Pe.g || g 12(G2.11y) < llo |l =

Theorem 2.9 Let o € LP(G%, R), 1 < p < oo and let ¢ € L*(G*, H) N L®(G?, H)

be such that ||@ll2 = 1. Then there exists a unique bounded linear operator Py, :
2

L*(G* H) — L*(G* H) such that || Popll 22 1) < 1911} 1 19 o 62 1)

and for all u, v € L*(G*, H), (Po,pu, v) is given in (2.4) for all simple functions o

on G2 for which the Haar measure of the set {§€ € G2 o (&) # 0} is finite.
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Proof Foro € L®(G2,R), we get

[(Popu, v)| = | /G L0 (&), 7)) (4 ), v)dE |

=
G2
|

<lolol [, |7y @) )] [ im0, 0[]’

o (&)||(u, g E)p) || (g &), v) |dE

= loll [ [Scwp @Fag)*[ [ [scwi @[ de]’

= llolloclISc@) ll211Sc(v@)" 12
< llollooll @@ " 211(v@) " [I2
= llollcllugl2llvel2

2
= 116 ool 1 s 2 55, e l12 1V 2.

thus

1Pogll522G) < 101 oo 2.1 1017 00 2.1
For 1 < p < oo, the Riesz—Thorin Theorem completes the proof. O
Now Proposition 2.8 and Theorem 2.9 allow us to define the wavelet multiplier
operator 9T, ¢ : L*>(G*, H) — L*(G*, H) forall o € LP(G*,R), 1 < p < o0

and all ¢ € L*(G% R) N L®(G?* R) with ||¢|l» = 1 which is the same as the
bounded linear operator Py, : L>(G*, H) — L?*(G?,H). In other words, for any

o € LP(éZ,R), 1 < p < oo we have (Py ou,v) = (pT,@u,v), for all u,v €
L?(G?2, H). Indeed

Pyt v) = /G 0©) . 7y ©)p) (my ©)p. VI
- /G 0(E)5cug) €)Scp) €
- /G o E)SClScwp) ©).0:5)" €)1d
— e /G 0©)Scwd) ©).0:6) €)d

= Sc/éz(GSC(M@A)(S)-(V@A(S)dS

= (0Scup)”, (v@)")
= ((0Sc@)™)”, vg)
= (pTopu, v).
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Remark 2.10 Let ¢ be an admissible wavelet for the square integralable representation
{my, L2(G2, H)}, then the linear operator Ly : L?(G?,H) — L2(G2, H) which is

defined as (Lo 4u, v) = i ~ 0 (E)(u, m(&)p) (m, (€)@, v)dE is called the localiza-
¢ c G q

@
tion operator associated with the symbol o and admissible wavelet ¢ , hence from
Proposition 2.6, we have ¢, < ||<,0||j‘1 and from (2.4) we get P,y = cyLs also

. 1 .
LU,(p S Sl with ”L(T,(p”Sl < E”UHLI(GZ)'

3 The Schatten-von Neumann property

We recall that an operator 7' on a Hilbert space H is called a compact operator [3,18]
(or completely continuous operator) if, for every bounded sequence {x,} in H, the
sequence {7 x,} contains a convergent subsequence. Now if 7" is a compact operator
on a separable Hilbert space H, then there exist orthonormal sets {e,} and {0, } in H
such that

T(x) = Z)\n(xy en)on, x €H,

where A, is the n-th singular value of 7' [3,18]. Given 0 < p < oo, we define
the Schatten p-class of H, denoted by S, (H) or simply S,, to be the space of all
compact operators 7" on H such that its singular value sequence {A,} belongs to £,
(the p-summable sequence space) [18]. We will be mainly concerned with the range
1 < p < oc0. In this case, S, is a Banach space with the norm ||T||, defined by

1
171, = [ 1nal?]7,
n

S is also called the trace class, and Sy is usually called the Hilbert- Schmidt class.
The following theorem contains sufficient conditions for the wavelet multipliers oper-
ator in trace class.

Theorem 3.1 Leto € MLI(GZ.H) (or e Ll(éz, R) in the case of scalar inner product)
andgz) (S ML2(GZ,R)ﬁL4(Gz,R)ﬂLOO(GZ,R) (or(/) (S Lz(Gz, R) ﬂL4(G2, R) ﬂLOO(Gz, R)
in the case of scalar inner product) such that ||¢|l2 = 1. Then the wavelet multiplier
operator 9T @ is in Sy and T, ¢lls, < llol.

Proof By Remark 2.5 (Remark 2.10) the proof is clear. O

Now we are going to show that the wavelets multipliers operators 97, ¢ is in S,
for1 < p < oo, where o € MLP(GZ,H)(G LP(GZ, R)). To do this, we need to recall
some notations and terminologies.

Let By and Bj be two complex Banach spaces, we called By and B compatible if
we have By € V, k = 0, 1 for some complex vector space V. Suppose that S = {z €
C :0 < Re(z) < 1} and let B be any complex Banach space, a function f : S — B
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is called analytic on S if for every g (bounded linear functional on B ) we have the
composition g o f : § — C is analytic on S. Now, let F(By, By) (Bg and B are
compatible Banach spaces), be the set of all bounded and continuous functions f from
S into By + By such that f is analytic on S and the mappings

R>y— f(k+iy) € By, k=0,1,

are continuous from R into By, k = 0, 1. Now one can show that F(Bgy, Bj) is a
complex Banach space with the norm || || = defined as

I fll7 = max sup || f(k +iy)llg,, f € F(Bo,Bi).
k=0,1 ycR

For any 6 in the interval [0, 1], By is the subspace of By -+ B; consisting of all elements
b in By + Bj such that b = f(0) for some f in F(Bo, B1), then By is a complex
Banach space with respect to the norm || ||g defined as

Iblle = mf IIfIIf, b€ By,

and the interpolation space between the spaces By and Bj is By, which denoted by
[Bo, B1l.

Suppose that we have two pairs of compatible Banach spaces, like By, B; and
Bo, B 1, and let 7 be any bounded linear operator from By + Bj into B() + B1, SO as,
T is a bounded linear operator from By into By with norm less than or equal to My,
k = 0, 1. Then for any real number 6 in the interval (0, 1), T is a bounded linear
operator from [ By, Bi]p into [éo, 1§1 ]p with a norm not bigger than Mé_e M]e.

In particular for 1 < p < oo,

[L'(X, ), L¥(X, Wi = L7 (X, ),
and

[Sla SOO]% = Sps

where (X, ) is a measure space and ¢ is the conjugate index of p. See [17,18] for
more details.

Theorem 3.2 Leto € MLP(GZ ) (ore L”(GZ, R) in the case of scalar inner product),

1 <p=xX and(p € ML2(GZ,R)0L4(GQ,R)QLOO(GZ,R) (or S Lz(Gz, R) N L4(G2, R) n

L®(G?,R) in the case of scalar inner product) with ||¢|l» = 1. Then the wavelet
2

multiplier operator 9T ¢ is in Sp and || 9T ¢l s, < ”(p”ZOO(GZ,H)”J”LP(GZ,H)'

Proof For p = 1 the proof follows from Theorem 3.1; and for p = oo the proof
follows from Theorems 2.4 and 2.9, thus for 1 < p < oo the interpolation Theorem
as mentioned above complete the proof. O
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In the following theorem, we investigate the trace of the wavelet multiplier operator.

Theorem 3.3 Leto € MLI(GQ H) (oreL! (éz, R) in state scalar inner product) and
9 € M2 rynréG2 RnLe(G2R) (0r € L2(G* R) N L*(G?,R) N L®(G*, R) in
state scalar inner product) be such that ||¢|l2 = 1. Then

(9T, @) = / o (§)dE.
GZ

Proof Let {¢;};2, be an orthonormal basis for L?*(G?,R). We get

o0
w(@T,¢) = t(Poy) = Y (Pop@r. k)
k=1

=> / o ()] (r, 7 (€)p) [2dE
k=1

G2
= [Lo©Y I m©p)Pa
G? k=1

_ ﬁz ll7r (€)ll30 (§)dE

G

= lloli3 / o (§)dE
G2

_ / o (£)dE.
GZ

For o € L'(G2, R) with scalar inner product by the same way. |

4 The Landau-Pollak-Slepian opearator

Here we will give the Landau—Pollak—Slepian (L.P.S) operator Qc PoQc : M L2(G2.H)
— M2 G2 gy where C and Q are compact neighborhoods of identity elements of
G? and G2, respectively, and we will also investigate some properties of the L.P.S.
operator and finally we consider the trace of this operator. At first, let us define the
linear operators Po, Oc @ M2g2my — M2 m by (P )H)NE) = xa)f&)
and (Qc¢ f)(x) = xc(x) f(x), forall f € M2 2 iy, which are in fact orthogonal
projections, as the following proposition shows.

Proposition 4.1 With the notations as above, Pq, Qc : My2g2 1y = Mp2(g2 ) are
orthogonal projections.

Proof Note that

(Paf,8) =((PaNH Q)
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= / X&) f(£)§(&)dg
GZ
= / FExa()éE)de
GZ
= / F &) (Pag) (&)d&
GZ
= (f, (Pag)") = (f. Pag).
Therefore, Po : Mi2(G2 ) — Mp2(g2m is self-adjoint. Also,
(ch,g)=/(;2(ch>(x>aT>dx
- / Xe @) ()R
G2
= [, roxceismds
GZ

= fczf(x)(ch)(X)dx
= (f,Qc®.

Therefore, Q¢ @ My2g2 1y = Mp2(62 my s self-adjoint. On the other hand, we have

(P3f.8) = (Paf, Pag) = (Paf)", (Pag)")

= fG (P )" (&) (Pag)" (&)dé
= /G 126 [ () x©)8E)ds
= fG x26) [ (€)8E)ds

= [ e 7@

= ((PaN)". Q)

Thus PSZ2 = Pgq and hence P : Mj2(g2 iy = M2(g2 ) is an orthogonal projection.
Also,

(Q%f.8)=(Qcf, Ccg)
= | (0cpei@eaids

= /Gz xc ) f(x)xc(x)g(x)dx
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- / Xe () £ (03
GZ

- /G (e HEx
— (0cf. ).

Thus Q2 = Q¢ and hence, Q¢ : Mp2G2 wy = Mp2(G2 my is an orthogonal projec-
tion. O

Using the fact that Pg and Q¢ are orthogonal projections, we get

P 2
% s feMpgrms 1fl2#0
I £1I12
PaQcf. P
= sup (PaQct ZQQCf) s feMpgrmys I1fl2#0
I 7113
PZOcf,
= sup M cfeMpgrmy I1fl2#0
Ilf15
P )
= sup | LRIy I #0
I £112
P )
= sup (Qcﬁzf# L f e Mo, Iflla # 0
2

=sup{(QcPaQcf. f): f€Mpg g fla=1}.

Since Qc PoQc : Mi2g2my = Mp2g2 my is self-adjoint, it follows from the above
that

| PoQc flI3

R VTE

cfeMpgrmy 1 fll2 # 0} =1QcPaQcllpirc2my)-

Theorem 4.2 Let ¢ be the function on G? defined by ¢(x) = xc(x), where |C|

c|
denotes the Haar measure of C, and let o be the function on G2 defined by o (§) =
x9(&). Thenthe operator Qc PoQc : M2 g2 m = M2 myis unitarily equivalent
to scalar multiple of the wavelet multiplier 9Ts¢ M2 G2 gy = Mp2g2 my- In fact
QcPaQc = [Cl(eT5¢).

Proof From the definition of ¢, we get that ¢ € M2 G2 mynL= (G2, r) With ||<p||% =
Jo2 lp(x)|?dx = |é—‘ Jedx =1,soforallu,v e M2 G2 1) we have,

(pTopu,v) = /Gza(é)(u,ﬂq(é)w)(ﬂq(é)fp, v)d§,
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and

(u, (§)g) = /Gz u(x)mg (&) (x)dx

_ fG (g (e (C, & )

= /Gzu(X)Cr(éi(X1))<p(x)éj(xz)dx

_ 1 _
=f u(x)Cr&i (x1) — xc ()& (x2)dx
G2 |C|2

‘(XI)XC (Du(x)§;(x2)dx

= I
ICI

& () (Qcu)(0)Ej (x2)dx
ICI

= —(Qcu)"(&).
C|z

So

1 1
u, 7(€)¢) = —(Qcu)"(§) and ()¢, v) = —(Qcv) ().
ICI> ICI2

Now
(Tspu,v) = /Gz o)u, tE)p) (), v)dé

1 -

= —/ o (§)(Qcw) () (Qcv)NE)dE
IC| Ja2
1 _

= E/ x2E)(Qcuw) (E)(Qcv)N(§)dE
|C|/ (x2(Qcu)M(E)(Qcv) N (E)dE

= E/ (Po(Qcu) (E)(Qcv)  ()dE

= —((IDQ(QCM))A (QcV)M) = —(PQQCM Ocv)

IC] IC|

= E(QC PQ QCM, V) for all functions u,v e MLZ(GZ,H)‘

So

QcPaOc = |Cl(eT59).
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Theorem 4.3 With the above notations tr(Qc PoQc¢) = |C||L2|.

Proof Theorem 4.3 is an immediate consequence of Theorems 4.2 and 3.3. O
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