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Bipartite consensus of multiple fractional-order nonlinear systems with output constraints is assessed
under signed graph. The agents’ model is completely unknown with high-order heterogeneous strict-
feedback dynamics and external disturbances, which cover single- and double-integrator integer-order
systems as special forms. To ensure the bipartite consensus task, a novel fully distributed controller is

developed based on backstepping technique and neuro-adaptive update mechanism. A barrier Lyapunov
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function is introduced to limit the followers’ outputs within the preset bounds. Algebraic graph theory
and Lyapunov fractional-order stability theorem are employed to deal with the analysis difficulties caused
by the network of fractional-order dynamics. Sufficient conditions on bipartite consensus is established,
and it is also shown that all the closed-loop error signals are uniformly ultimately bounded. The simula-
tion results are carried out to demonstrate the effectiveness of the proposed approach.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

In the past decade, different perspectives of design and analysis
on collective behavior of multi-agent systems (MASs) have been
considered, such as consensus (or synchronization) of multiple ma-
nipulators [26], formation control of robot teams [30], connectivity
preserving for a group of Euler-Lagrange systems [48], rendezvous
of multiple spacecrafts [8], etc. Among them, consensus of MASs
aims at designing distributed control laws to make follower agents
reach an agreement on some desired value or trajectory, see,
for instance [6,31-33,53], and the references therein). However,
the aforementioned control protocols are only applicable on the
collaborative networks, where interactions between all the agents
are represented via nonnegative classical graphs.

In numerous realistic systems, such as social networks and
multi-robotic systems, the collective behavior of multiple agents
is modeled over networks with cooperative and competitive
communications. In this case, a signed bipartite graph is intro-
duced to represent the communication among agents. In a signed
bipartite graph, the adjacency matrixes entries are capable of
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1 This paper attempts to design adaptive output constraint controllers for a class
of uncertain MASs described by fractional-order uncertain strict-feedback dynamics.
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being both positive and negative. Cooperative and competitive
relationship between the agents are associated with the positive
and negative weights, respectively. The bipartite consensus deals
with extending distributed control protocols for agents such that
the outputs/states converge to a common value asymptotically in
modulus, but different in sign for antagonistic agents. The bipartite
consensus control design for first-order MASs was first introduced
in [1]. Subsequently, some effective bipartite consensus approaches
have been established for different classes of linear MASs under
signed graph, [13,24,45,52]. The bipartite consensus problem of
MASs with nonlinear dynamics has recently received significant at-
tention due to practical demands. In [14,43], the uniform ultimate
bound stability method was utilized for bipartite consensus control
problem of multiple nonlinear systems with external disturbances,
where the unknown nonlinearities in the followers’ dynamics were
handled with the adaptive compensator technique and robust con-
trol mechanism. In [46], an adaptive control approach was studied
for strict-feedback MASs to achieve bipartite consensus in a fixed
time. The output-feedback bipartite consensus control problem
was investigated in [50] for strict-feedback nonlinear systems.
Although the distributed control design for consensus of MASs
have extensively been considered, the followers’ outputs constraint
is rarely studied. This problem is still a technical challenge to be
solved due to the existence of many physical constraints in real-
world systems. It is well known that using the barrier Lyapunov
function (BLF) is an effective strategy to cope with output con-
straint issue. In contrast to the conventional quadratic Lyapunov
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functions [13,14,24,43,45,46,52], a BLF is not radially unbounded,
however it grows to infinity whenever its arguments tend to some
finite limits. According to this property and based on the Lya-
punov method, it is guaranteed that the system’s output/states are
limited to predefined bounds. Moreover, compared to the conven-
tional quadratic Lyapunov function based designs, it is shown in
[24] that the BLF based control design approaches require less re-
strictive initial conditions on closed-loop state variables. Recently,
some adaptive control schemes using the BLF design approach
have been developed in [11,12,21,22,38,49] for nonlinear uncertain
systems with output or states constraints. Nevertheless, these con-
trol schemes do not consider the network communication for un-
certain nonlinear systems. In [7], a distributed output constraint
control method was presented to realize the consensus perfor-
mance in a finite time for multiple uncertain Euler-Lagrange sys-
tems. However, this result is limited to the agents with nonlinear
dynamics in Brunovsky structure. In [40], a distributed adaptive
control structure was studied based on the BLFs to cope with the
constrains on states for strict-feedback MASs. An event-triggered
consensus scheme with state constraints was studied for strict-
feedback MASs by utilizing the BLF in [54]. However, the aforemen-
tioned synchronization methods are limited to integer-order MASs.

Many real-world coordination behaviors such as robot forma-
tion and multi-vehicle systems in complex environments are mod-
eled by a network of fractional-order dynamics. This includes
autonomous underwater vehicles moving on the top of macro-
molecule fluids, high-speed aircraft traveling in dust storm, rain, or
snow and ground vehicles moving on top of sand, grass, or muddy
road. The design of distributed control protocols and their consen-
sus stability analysis are more challenging for the fractional-order
systems, compared to the integer-order ones. This is because some
well-known mathematical tools, such as Leibniz rule, are not well
established for the fractional-order derivatives. As a result, it is
not straightforward to adopt the classical stability analysis proce-
dures from the integer-order systems for the fractional-order dy-
namics. To solve this problem, some interesting distributed control
approaches have been presented for the fractional-order MASs. The
distributed consensus control for a group of linear fractional-order
systems with first-order dynamics is studied in [5]. The finite-time
consensus for linear fractional-order MASs was also investigated
in [17].

The aforementioned control approaches are appropriate for
the linear fractional-order MASs, however almost all real sys-
tems are intrinsically nonlinear. Therefore, the study of nonlinear
fractional-order MASs is of much importance. In the preceding
years, the researchers have placed more emphasis on designing
distributed controllers for the nonlinear fractional-order MASs,
however there are still few reported results [3,4,9,10,23,39,51]. The
earliest study in this field was investigated in [51], where a linear
leader-follower distributed protocol was studied for nonlinear
fractional-order MASs. Continuous and discontinuous distributed
leader-following control structures were also considered in
[10] for nonlinear fraction-order MASs. A discontinuous distributed
leader-follower control structure was established for nonlinear
fractional-order MASs based on sliding mode design approach in
[4]. Other different control designs such as impulsive method [23],
and event-based control structure [39] are also considered for the
nonlinear fractional-order MASs. In [4,10,23,39,51], the dynamics
of agents have a simple single integrator structure. Besides, the
design of distributed architectures require some global informa-
tion of the Laplacian matrix associated with the graph topology.
Recently, in order to eliminate these shortcomings, the distributed
consensus of nonlinear double integrator fractional-order MASs
using an adaptive method was addressed in [9]. However, in
[4,9,10,23,39,51], not only the considered follower agents require
to satisfy matching conditions, but they also should communicate

cooperatively. Moreover, we have to note that in [4,9,10,23,39,51],
the representing system’s functions for follower agent dynamics
are supposed to satisfy the Lipschitz condition. Moreover, up to
now, a consensus control method has not been developed for
fractional-order MASs with output constraints. Hence, despite of
the existing results, the following problems are till now remained

1. How can we design a fully distributed control structure for
a network of fractional-order systems under both cooperative-
competitive interactions?

2. How can we design a fully distributed control architecture for
fractional-order MASs with high-order nonlinear strict-feedback
structure with completely unknown dynamics?

3. How to limit the followers’ outputs to preset bounds and meet
the physical constraints in realistic systems?

These three questions motivate us to develop the theoretical
results. Hence, this paper attempts to design the adaptive output
constraint controller for a class of uncertain MASs described by
fractional-order uncertain strict-feedback dynamics. Another moti-
vation for considering this kind of MASs lies on the industrial sit-
uations. For instance, for synchronization of power systems with
multi-machine power systems and different synchronous genera-
tors, a network of doubly-fed induction generators or synchroniza-
tion of multiple flexible robot manipulators, fractional-order un-
certain strict-feedback dynamics is required. To the best of our
knowledge, no existing work has considered the consensus prob-
lem of networked fractional-order uncertain strict-feedback agents
with followers’ output constraints. The main contributions of this
paper are three-fold

1. This is the first time that an adaptive bipartite consensus con-
trol in a fully distributed manner independent of any global in-
formation of the Laplacian matrix for a class of fractional-order
nonlinear MASs under both cooperative and competitive inter-
actions is introduced.

2. In contrast to all previous works, this paper not only investi-
gates the high-order strict-feedback fractional-order MASs, but
also, it considers a distributed adaptive neural control protocol
to approximate the unknown nonlinearities by employing the
minimal learning parameter (MLP) approach.

3. Compared to the existing results, a distributed adaptive neural
bipartite consensus control scheme is proposed for nonlinear
fractional-order MASs with outputs’ constraints. By employing
BLFs in the distributed controller design, the follower agents’
outputs constraints are well satisfied within the limits. It is
notable that the consensus control methods for the fractional-
order MASs presented in references such as [4,9,10,23,39,51] are
restricted to the MASs without outputs constraints.

Notations: In this paper, % (%) represents the real number set
(positive real number set), %V denotes the real N-vectors set, and
%N >N indicates the real N x N matrices set. For a scalar value of
x, |x| indicates the absolute value and for a vector X, ||x|| denotes
the 2-norm. The operator diag(-) is considered to show a diagonal
matrix of the arguments and symbol arg(-) is used to represent
the argument of complex number. Ln( - ) stands for the natural log-
arithm of its argument and the superscript “T” denotes transpo-
sition of matrix or vector. The sign(-) is defined as the standard
signum function.

The rest of this paper is organized as follows. The technical
background is presented in Section 2. In Section 3, the problem for-
mulation is given. A distributed adaptive bipartite consensus track-
ing control approach with followers’ output constraints is proposed
in Section 4. The simulation results are carried out in Section 5 to
show the effectiveness of the main results. Finally, the conclusion
is described in Section 6.
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2. Technical background
2.1. Fractional calculus

In this subsection, we provide some necessary Definitions,
Properties and Lemmas related to the fractional calculus, includ-
ing the Caputo fractional derivative and the Mittag-Leffler func-
tion (M-LF), alongside with a Lyapunov-based stability criterion for
fractional-order systems.

Two operators are mainly associated with fractional calculus,
namely the Riemann-Liouville and the Caputo. The most important
reason for popularity of the Caputo’s fractional derivative is that
its Laplace transform only requires the integer-order derivatives of
the initial conditions. Therefore, the Caputo fractional derivative is
exploited to model the dynamics of the fractional-order agents in
this paper.

For any real number ge(01), the g-order Caputo fractional
derivative of f(t) is defined as [27]

1 ¢ f()
FA-q) Jo (t—1)9
where f'(t) is the first integer-order derivative of f{t) and (1 —
Q) = o T 9exp(—7)dr.

The Laplace transform of the g-order Caputo fractional deriva-
tive is represented as [27]

L{%D{f(t)} = sTF(s) — s £(0), (2)
where qe(01) and F(s) is the Laplace transform of f(t).

SDIf(t) = dr, (1)

Property 1 [27]. For any q (0 1), the following hold

1. §D{(c1 f(®) + 28(0) = ¢ SCDZf (t) £ c2§Dig(0).
cnd( ft) Dy f(t)g(t)-f(t)yDig(t)
2. 60! (5m) = g
where cq and ¢, are constants.
In the following, we define the M-LF, which is used in
Section 4 to analyze the stability of the closed-loop system.

Definition 1 [27]. The M-LF is expressed as

Eap@=Y -2 3)
q.y) gl"(qk—i—y)

where qe(01), ¥y e " and z is a complex number. The Laplace
transform of M-LF is given by Podlubny [27]

cler-1e ) = ST
{ @ (=¢ } e
where $e(s) is the real part of s and ¢ € %.

The following Lemma gives an upper bound on the M-LF which
is used to obtain the ultimate bounds for Lyapunov variables.

se(s) > [¢]7, (4)

Lemma 1 [27]. If ye®, qe Rt and ¢ e K" satisfying qe(01),
and 51 < ¢ < mq, then there exists Y e %*, such that the M-LF is
bounded by

Y
|Eqyy @) < T3 y <larg(@)| <m, |z]=0. (5)

The following Lemmas are used in Section 4 to analyze the sta-
bility of the closed-loop network of fractional-order MASs with model
uncertainties and unknown external disturbances.

Lemma 2 [27]. If x(t) = [x1(t),....xn(1)]" € %" is a smooth vector
function, g€ (0, 1), and t >0, then, there exists a positive definite ma-
trix Pe R" <" such that

01 (X1 OPx()) = 2x(0) P §DIX(O). (6)

Lemma 3 [10]. Let the g-order derivative of a smooth function V(t) :
Rt — % satisfy

§DIV(t) +nV(t) < 0. (7)
where qe(01),n >0, and o> 0. Then, the following holds

V(O VO ) + &5 e20 (®)

where © is the max = {1, Y} and Y is defined in Lemma 1.

2.2. Graph theory

Commonly, an algebraic graph theory as a mathematical ap-
proach is employed to illustrate the communication network
of a MAS. A signed bipartite graph is considered in order to
show the relationship between different agents. Consider G £
{v,&, A} as a signed bipartite directed graph (diagraph), and V =
{vi:i=1,...,N} as the set of followers. £ C{e;;:i=1,...N,j=
1,....N,i# j} is a set of edges in which e; = (v;,v;) € £ if and
only if there exists an information exchange from it" follower to jth
follower, and adjacency matrix is described interactions of follow-
ers in signed bipartite diagraph as A = [q;;] € ®"*N, where a;;#0
if ej; € £. The sign a; represents the collective behavior type, ie.,
for a competitive relationship between the ith and the jth follower,
a negative value is reported for a;;; and for cooperative behaviors
this sign is the positive. Moreover, in situations that no directed
paths from the follower jth to the follower ith is designed, a; is
set to zero. For the ith follower, the set of neighbors is denoted
by N; = {jla;j #0}. £L=C— A, is defined as Laplacian matrix and
£ e ®N*N where the weighted degree matrix of ith follower is de-
noted by C = diag(c;) and ¢; = Yjen; lajj].

We now define another graph G to associate a network of N
followers with a leader. The adjacency matrix for the leader is
defined B = diag(b;) e RN*N, with b; >0 (or b; <0) if only if ith
follower directly receives cooperative (or competitive) information
from the leader, otherwise b; = 0. A digraph is said to have a span-
ning tree if there exists at least one agent (called root note) that
has a direct path to every other agent.

Definition 2 [43]. Structurally balanced property is defined for a
signed bipartite diagraph g if it includes a bipartition of the sets of
followers V; and V,, where ¥V =V; UV, and V; NV, = @ such that
a;j > 0,Vi, je Vn(m=1,2);0;; <0,VieVn,Vje Vo, m#n (mn=
1,2). Otherwise, G is called unstructurally balanced.

Assumption 1. The diagraph G has a directed spanning tree with
the leader as the root node and ¢ is structurally balanced.

2.3. Uniform ultimate bounded consensus

The uniform ultimate bound consensus in bipartite manner is
established for a leader-follower case if there exists a compact
set QK" so that Vx;;(tp) € 2, there exists T>0 and € >0 such
that [43]

[1X;1(£) — miXo1(D)|| <€, for Vt=ty+T, 9)

where X;(t) is the output of ith follower, Xp1(t) is the leader’s out-
put, u; =1 if i e V; and p; = -1 if i € V,. Moreover, if € =0, for
t— oo, it is said that asymptotical bipartite consensus is achieved.

2.4. Neural networks

Among many different applications such as approximating un-
known functions, neural networks are considered as a powerful
tool in control system design. The detailed study of NNs can be
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found in [16]. Based on the universal approximation property of
NNs, flQ) is expressed as

fQ="$(Q +£(Q.

where II* =[wj,...wg] is the ideal constant weight vector,
¢Q) =[¢:(Qq). .., qbq(Qg)]T is the basis function vector, ¢ > 1 de-
notes the number of neurons, and £(Q) is the minimum approxi-
mation error. Generally, the basis function ¢;(Q;) fori=1,2,..., ¢,
can be selected as Gaussian, hyperbolic tangent or sigmoid, etc. In
this paper, due to applying radial basis function neural networks
(RBF NNs), Gaussian basis functions are used.

VQ e Qq C %Y, (10)

Assumption 2. The minimum approximation error of NNs and the
ideal constant weight vector over the compact set €2, are respec-
tively bounded by unknown positive constants &* and wp, as

le@l=e, ||| <wm, Qe .

Lemma 4 [15]. For any vector (k, m)e %", the following inequality
holds

(11)

kP 1
K'm < fllkll”+w7qllmllq, (12)

where k >0, p>1,g>1,and (p—-1)(q—-1) =1.

Definition 3 [38]. A barrier Lyapunov function (BLF) (i.e., V(x, t))
is a continues, scalar, positive definite and C!! function defined for
the dynamical systems x =/ (), on an open region W including
the origin, which for k, >0 as a boundary of region W, has the
following property

V(x,t) > c0 as x — %k, (13)

and Vt>ty ensures that V(x, t)eL. according to x =/f (x) for
X (fo) eW.

Similar to [38], in this paper, a BLF is utilized as

kz

In—2

ki — B2(t)
where S(t) is bounded by kj,.

In order to resolve the control problem of followers’ output
constraints, the following Lemma is employed.

(14)

Lemma 5 [38]. For existing the arbitrary positive constant kj,the fol-
lowing inequality holds

K B2(t)
Mg “RkR-pO’
if |B(t)| < ky, is satisfied for all times.

(15)

3. Problem formulation

The dynamics of ith follower labeled from 1 to N is described
by the following fractional-order nonlinear uncertain systems

SDIXi ko = Xikr1 + fixeXip) + i), k=1,2,...n—1,
SDIXin, = Ui + fin, Xin,) + Pin, (£). Yi = Xi 1,
(16)

where (C)Dfxi‘k for k=1,....n; denotes the g-order Caputo
fractional derivative of follower’'s state, and 0<q<1. Xin, =
[Xi1, %2, - Xip, T e ™ is the state vector of it" follower, u; e % is
the control input and y; €% is the output of ith follower agent.
Xik = [Xi1, X2, X" € 05 filxip): vk for k=1,.. . n; is
unknown smooth function and p;;(t) : " — &% for k=1,...1;
is an unknown bounded external disturbance, i.e., |p;(t)] < Pl
where pf, is an unknown constant.

The leader dynamics labeled as 0 is described by

CDixox =Xokp1 + foxXox, t), k=1,2,...m—1,

§DXo.n, = fon, (Xo.n;- ). (17)
Yo =Xo.1,
where 8Dfx0,k for k=1,...,ny denotes the g-order Caputo frac-

tional derivative of the leader's state and O<q<1 Xgn =
[X0.1: X0,2: - - - X0, [Tes™ is the state vector of the leader,
Xok = [X01.X02. .-~ X" € ®* and fo (%, 0) 1 #K x R+ > # for
k=1,....ng is locally Lipschitz in X; and piecewise continues in
t, and it is also a bounded function.

Remark 1. If the g-order Caputo fractional derivative in the dy-
namics (16) and (17) is replaced by the conventional integer-order
derivative and the interactions are also only cooperative, extensive
results have been studied, see for example [47]. However, the con-
trol design for nonlinear fractional-order MASs, especially in strict-
feedback dynamical form, till now is an open problem, which is
one of our motivations in preparing this paper.

The Control objective is declared in this paper as constructing a
fully distributed adaptive neural control architecture for a network
of uncertain nonlinear follower agents (16) considering bounded
dynamic leader (17) such that

1. All the closed-loop network signals are uniform ultimate
bounded.
2. All the local bipartite tracking errors

)\,,‘:Xi'] — MiXo,1, Mi € {],—1}, for i=1,...N, (18)

are confined to preset bounds.

Assumption 3. There exist positive constants k., A;, and A, such
that the leader output and its g-order fractional derivative is con-
tinuous and bounded, such that, |xy1| <A; <kc and |8Df’x0‘1| <A,.

Remark 2. The following statements are scrutinized.

« Assumption 1 is a necessary condition to obtain the leader-
following bipartite consensus problem. Assumption 2 is a state-
ment about the boundedness of ideal weight vector and ap-
proximation error for RBF neural network, see for example,
[16]. In Assumption 3, the boundedness of leader output and
its g-order fractional derivative is emphasized. This Assumption
is less restrictive than that considered in [7,40,54], where the
boundedness of n integer-order derivative of desired signal are
required for employing the backstepping design.

The fractional-order system (16) can be utilized to represent a

large class of nonlinear dynamical systems such as

1. Robotic systems: a network of two-DOF robotic manipula-
tors, a group of single-link flexible-joint robots, and a net-
work of robots with two revolute joints in the vertical plane,
[55].

2. Power systems: a multi-machine-infinite bus power system
[25], a network of doubly-fed induction generators [2], and
multiple hydro-turbine governing systems, [44].

3. Mechanical systems: multiple two-inverted pendulums con-
nected by an unknown device, [55].

4, Chaotic systems: Chuads circuit, Gyroscope systems, Duffing
and Holmes systems, [27].

Remark 3. The proposed output constraint control strategy is gen-
eral enough to cover both cooperative and bipartite consensus of
networked nonlinear fractional-order (or integer-order) systems.
The first motivation for studying the distributed bipartite output
constraint controller is derived from industrial applications such as
bipartite consensus in formation and flocking of multiple mechan-
ical systems or polarization in opinion dynamics. One example is
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the bipartite consensus problem for a network of fractional-order
robots which collect information from both teammates and antag-
onists to achieve agreement with the own team. Another typical
example is the fractional-order model of social networks in which
a pair of agents can be friends or rivals depending on their re-
lationship such as trust/distrust, like/dislike, etc. Moreover, bipar-
tite consensus in a network of fractional-order chaotic systems can
be considered as one common example for the proposed control
approach.

4. Main results

4.1. Control structure

In this subsection, a fully distributed adaptive control structure
using the backstepping methodology and BLF scheme is proposed
for the network of fractional-order systems (16) and (17) under
signed bipartite diagraph.

Hereafter, symbol t in all equations is omitted for simplicity.
To construct the proposed controller, the following coordination
transformations are adopted

Bi1 = Z la; j| (i1 — sign(a; j)xj1) + bi(Xi1 — 1iXo 1), (19)
JeN;
Bik =Xk — Tike1,  k=2....n; (20)

where ;7 is the distributed bipartite tracking error, 8; is the er-
ror surface, and t;_ is the virtual control law.

Remark 4. Distributed bipartite graph-based error surface (19) is
used for the backstepping bipartite consensus tracking control de-
sign such that the followers’ outputs (x;;) ultimately synchronize
to the leader output (Xo;) in modulus but different in sign for an-
tagonistic agents. Moreover, the effects of graph signals for ith fol-
lower agent (i.e., ai,]-sign(ai,j)gD?xﬂ and |bi|8Df1Xo,1) are compen-
sated in first virtual control law.

Step one: From (16), (19) and (20), one follows that
§00B1 = e+ b (Bia + T +Ea (@) + 1 ©)). (21)

Yjen; lai jlsign(a; )

where  F1(Qi1) = fi1(xi1) — b, (xj.2 + fi1(xj1) —
by _ Z'ENi la; j|sign(a; ;)
Ciﬁ]iSD?XOJ)a Pi1=Pi1— (#) 1 and Q=

[X0.1.%1.Xj1.Xj2]T. j € N;.
According to the universal approximation property of RBF NNs,
(21) is rewritten as

¢DIBL, = (ci+ bi)(ﬂlzz + T+ T (Quy) + 811+ ;3,-,1). (22)

Now we design the virtual controllers and the adaptive laws as

1 XiBii ) 1 Bii -
Ta=—— ( —ibBi - 1 fip, (23
i1 i+ bi ( 1.1,31,1 12 '1 Zwi,l klz, — 5121 i1 ( )
. ; B} .
6Dt = 2)2)’:1 i) 2, - > 2 )2 — Yi10iaTi, (24)
i1
where j; is the estimate of ' =g l[I;l% 6iq=

¢Il (Qi1)9:1(Qi1). wi; is a positive constant, a;; and y; are
positive control gains, and y;; and o;; are positive adaption gain
and sigma modification factor, respectively.

Remark 5. In comparison to [6,31,34,42,43,47,53], in order to elim-
inate the over-parameterization drawback in conventional neu-
ral approximators, by employing the MLP approach in proposed
method, the scalar fractional-order adaptive laws for each follower
are only updated, and there is no need to determine the centers of

receptive fields and widths of basis functions. Besides, in contrast
with [3,4,9,10,23,39,51], due to using the MLP scheme, in (23) and
(24) only relative output information is required to design the
distributed control protocol. Therefore, communications between
neighborhoods are significantly reduced, and the extended bipar-
tite consensus approach can be easily implemented for a network
with large number of followers.

Choose the BLF candidate as

1 k 1 .
Vi = 5ln ,32 +—2y“7'rfl, (25)

where 7;; =7/ —7;; and kj is the preset bound of |B;;| for
Vt>0. '

Remark 6. The Lyapunov method is a basic approach for investi-
gating the stability of closed-loop nonlinear MASs. For the analysis
of distributed adaptive fuzzy or neural control designs of integer-
order MASs, the Lyapunov quadratic functions have been fre-
quently utilized. According to Zouari et al. [55,56], using this con-
ventional class of Lyapunov functions to design controllers and an-
alyze the stability of fractional-order nonlinear MASs is very com-
plicated because of the unlimited series are produced by Lyapunov
quadratic functions with fractional-order derivative. Recently, to
deal with this problem, the Lyapunov fractional-order stability has
been developed based on the fact that in stable fractional-order
systems, the generalized energy does not decrease exponentially
[56]. In this paper, the bipartite consensus stability analysis for
nonlinear fractional-order MASs will be resolved by applying the
Lyapunov fractional-order stability theorem and related lemmas.

Using Lemma 2 and Property 1, the following is obtained
ﬂi 1 c 1 . S
2 CpiIg — — 7t $DIA;
0 1 10 1
ki — ﬂlzl t Pi Yia i t/ti

then along with (22), one has

((Cx + b )(,312 + 71+ I} ¢i.1(Qi,1)

oDfVi1 < (26)

Bi
SD‘IJV'1 = k2 1

- 1 . N
+ &1+ Pm)) - WTF:’,] oD
[

Via Lemma 4, one obtains

.61 1
k2 2

ﬂzzl
(k5 — B2)?
where w;; is defined under (24).

Substituting (23), (24), and (28

oD{Viq < kzﬂ'] (—Oli,lﬂi,1

1
Wi 1,

7T11+2

1
HT—1{¢I 1Q1) = 5— 2011
i1

) into (27), results in

XI,BM

12 +(cl+b)

_ 1 JN
(ﬁi,z +&1+Pi1+ 50)1.1)) + 017171 (29)
Via Lemma 4, one can obtain

Bii
ki — BY

B
2 (k= B2 )?
where [p; 1] < A, and leiq1] < &1
Combining (30) with (29) gives
B 3

m B (Xi 7) (k2 -

(c,+b),3,2+

1
11 +5 1011
(30)

_ 3
(,3:'.2 +&i1 +/0i,1> 5* + 35 13

'3121
ﬁ2 )2

(C1+b)81]+

cna
oDiVin =

— Ui

(Cz +bi)pi

+ E(Ci‘f‘bi)wi,l +0i171 71 (31)
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Inductive Step: From (16) and (20), we have
6D Bik = Bike1 + Tik + Ex(Qix) + pik.

where F Qi) = fix(Xix) — 6D{ Tik1-
According to the universal approximation capability of RBF NNs,
(32) becomes

607 Bik =Biss1 + Tik + 101 1(Qi) + &ik + Pik- (33)
Now the virtual control and the adaptive law are designed as
1

(32)

Tik = —%Bik — mlgi.kﬁi,ks (34)
1,

s Yik g2 o

oD iy = 2al)i kﬂ,-,k = YikOikTik: (35)

where 7;, is the estimate of 7 = ¢ l|TI} | 12, Gix=>

¢iT’1(Q,4_k)¢,-’,((QLk), i, is a positive constant, o;; is positive
control gain, and y;; and o;;, are positive adaption gain and
sigma modification factor, respectively.

Define a Lyapunov function candidate as

1, 1 .,

Vik= Eﬂj.k + ﬁni,k’ (36)

where ﬁi,k = T[i*k - ﬁi.k-
Considering (33) and (36), it follows that

6DiVik < Bik (ﬂi.k+l + Tik+ Hz};qsi,k(Qi,k) + &kt :Oi.k)
1. ergn
_antk oD i k-

Similar to first step, one has
. 1 . 1
Bis T (Qix) < mﬁfkﬂik + 5 Wik

where w; is defined under (35).
Substituting (34), (35), and (38) into (37) yields

1 S oA
oD Vi < ﬁik( — i Bik+ Bisrr + Ein + pi.k) + 2wk + O kTTi k7T k-
LK
(39)
Moreover, the following inequality holds

1

3 1
ﬂi,k(ﬂi,kﬂ + &k +,0i,k> <3 2+ /3l w1 T 28, p jpffﬁs (40)

where |p; | < P and |g;;| < &k

Substituting (40) in (39) we have

3 1 1 1
6D{Vik < — (Oli,k - 5) TS ,5, ket T 50— + 28”‘ + 2'0' i+ Ok
(41)
Final step: According to (20), one has
SD?,Bi,n,- =U;+ Fi,n,- (an,) + pi,np (42)

where F 5 (Qin,) = fin, (Xin,) — §D{Tin,_1. Using RBF NNs to ap-
proximate unknown nonlinearities, (42) we have

SD?IBi,n,- =U;+ H*T ¢1 7 (Qz ) + &, n; =+ Qi n;- (43)

Now the actual control and adaptive laws are designed as fol-
lows

1

Ui = =, Bin, — mﬁi,niﬁi,np (44)
ST

DI, = T B2y g g (45)

oVt i, = za)in i T YinOinTTin;

where 7, is the estimate of nifni:gi,nillﬂﬁnillz, Sim; =

T . e . .
(1),».,,1_ (Qi,n,-)d’i,n,- (Qin,). wip, is a positive constant, «; , is a positive

control gain, and y;, and oy, are positive adaption gain and
sigma modification factor, respectively.

The Lyapunov function candidate is considered as
1,, |
B + T
2 Fin; Zyi.ni in;
where 7; ;, = ni’fnl_ — R

Via Lemma 2 and (43), one can obtain

‘/iﬂi =

1 ;
- C ~
7Ti,n, ()D?ni,n,»-
in;

SD?Vi,ni < ,Bi,ni <ui + H?_};X(b;‘,ni (Q:n,) + 8i,ni + pi,ni> -

(47)
Similar to previous steps one has
1
ﬁl’n,n;k}:(x¢l nI(an) —_ 2 /81an ”1’ + 20)1 nj» (48)
where w; ;. is defined under (45).
Considering (44), (45), (48), and (47), we have

1
C ~ A
OD?Vi,n,- = ,Bi,n, ( - axﬂmﬁi,n, + gi,n, + pi.ni> + ja)i.ni + Ui,n,ni,n,ni,n,-

(49)
Via Lemma 4, one has
1
ﬂlnl<8lnl+p1n!) zn,+§ 1n,+ ptn, (50)
where |pjn| < pf, and |e;n| < &,
Note to (50), (49) can be rewritten as
. 1 1 I
ED?Vi.m = _(ai,n[ - ]) iz.n,v + 78;%, + Epiﬁ, + 2Win + Oi.n T, i, -
(51)

4.2. Bipartite consensus analysis

To consider the bipartite consensus tracking analysis of the
overall closed-loop network system, select the following Lyapunov
candidate function

N m
V=33 e

i=1 k=1

(52)

Theorem 1. Consider the closed-loop network system including the
fractional-order agents (16), (17) and the fully distributed adap-
tive neural bipartite consensus control laws (23), (34), (44) with
the neural laws (24) (35), (45) under Assumptions 1-3. If
ai1>00, > j 2(c,+b) Qi3>2,.. . Wip 1> 2,0y > % and
Oi1¥i1 > 0,....01n,Vin, > 0, then all signals of the closed-loop net-
work system are uniformly ultimate bounded, while the followers’ out-
puts constraints |y;| < k¢, Yt >0 are not violated.

Proof. Considering (31), (41), and (51), one can obtain
ﬂz
CDqV<Z{ 051172_(0512 (C1+b)):312
b i1
n;—1
d 3
- Z (Oti,m Z)ﬂxzm - (ai,"i - j) fni
m=3
_Zolm + 5 (c,+b)8
1 o 1 1
+5 i+ b)pii + 5 Ci+bwii+3 28*%1

(53)

n; n; n;
1 1 1 1 1
+Y 30+ 3 2 A+ D oma).
m=2 m=2 m=1
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VNky, VNk,,
G(HB) +A;. Define k. = (HB) +Aq, and then [x;;| <k.. Therefore,

k? 1
CDqV<Z{ 0[,1Ln12 — —(ai,z—z—i(ci‘f‘bi))
n;—1
i 3
= Y (@in—2) B2~ (cin = 5 ) B
m=3

n
i . «1 .
_ Z Gi,mni?m + E(C,’ + b,‘)&‘i%

m=1
1o
+= (c,+b)p += (c,+b)a>,1 +5 &t
m=2
+z L. zp +za,mn [T
Now by defining
n= 'r?in {Zai,n 2(Oli,z %(Ci + bi)), 2<0li,3 - 2>,
1=1,...,
3
z(ai,ni—l - 2)7 Z(Oli,ni - §>, 0i1Yi1, Gi2Vi2s -+ -
Ui,ni_l)/i,ni_17Ui.ni)/i,ni}, (55)

N

QZZ{;(Ci+bi)8 + = (C1+b)p +5 (Cl+b)wll

i=1
n;

228 +Zzwlm 22,0 +Za,-_mn;jﬁ1;, (56)
m=1

(54) becomes

§DIV < —nV +o. (57)
From Lemma 3, we have
w
V < V(0)E ) (—nt?) + QT' (58)

Based on Lemma 1, it is easy to obtain that V(t) < %,
for t— oco. So, V(t) is bounded. Therefore, it is ensured that
Bi1.- Bin, and Ry, ... 7;,, are bounded. According to Assump-
tion 2 and the definition 77, = g [ITI7 [|* for k=1,....n; the
boundedness of =", ..., 77, is obvious. Due to 7 —771 e T ik
it implies that 7?,1 7i,, are also bounded. Therefore, the g-
order fractional derivative of adaptive laws {D{7; ;. ..., {D{7; , are
bounded according to (24), (35) and (45). On the other hand, the
following inequalities hold

Zkz

<exp <2V(O)E(q 1 (=nt?) + 2'Q’7 )

w
|Bial Ekb\/l — exp (—ZV(O)E(q,l)(—qu) - ZQT) (59)
fori=1,2,.,N. Then, from (59) and based on Lemma 1, one has

w
1Bl <kp [1—exp (—ZQT), (60)

as t— oo, hence, distributed bipartite tracking errors are restricted
to preset bounds for all times, i.e., [B;;| <k, Yt>0. It is clear that

[1B1]| < vNky, where By =[B11,.... Bn1]". Then, from (19), it is
obtained that || < ||A|| < %, where A =[Aq,....Ay]". From

Ai =Xi1 — WiXo1 and [xg1] <A;, it shown that |x; 1] < |Ai] + [X0 1] <

the followers’ outputs are not violated. From (58), it is verified that
Biyx is bounded for i=1,. N. k=2, . n; as follows

1Bikl = \/ZV(O)E@,n(ntq) + 2% (61)
According to the virtual and actual control laws in (23), (34), and
(44), one infers that 7;y,.... 7, and u; are all bounded. Then,
based on (20), x;y fori=1,. N, k=2, . n;is also bounded. On the
other hand, because f;;(X;,) is a real smooth function and p; is a
real bounded external disturbance, from (16), it is clear that §D{"x,
is bounded. In summary, all signals in the closed-loop network sys-
tem is bounded. This completes the proof. O

Remark 7. The control approaches in [18-20,37,41,55,56] are only
valuable for nonlinear fractional-order systems without commu-
nication graph. However, in this work we consider the problem
of bipartite consensus tracking for multiple nonlinear fractional-
order systems with followers’ output constraints. Hence, compared
to these mentioned studies, in the proposed control approach,
it is necessary to consider communication between the agents,
coupling dynamics from neighborhoods and so forth. Moreover,
in some existing fractional-order results [36], unknown fractional
derivatives of virtual controls are appeared in control laws, due to
fact that the Leibniz rule is not satisfied for the fractional deriva-
tives. Hence, in this work by defining composite uncertainties (i.e.,
E (Xix)) and employing MLP approach in RBF NNs, this problem
is effectively resolved.

Remark 8. In MASs, to reduce the undesirable effects of exter-
nal disturbances and neural approximation errors on the consen-
sus stability of closed-loop networked system and furthermore, in
order to improve the consensus control performance, the tuning of
design parameters should be appropriately done. An effective se-
lection of the design parameters is only a sufficient condition to
guarantee the consensus stability of the networked system. From
(58), we see that large values of o,y and small value of o
provide faster convergence and also smaller ultimate bounds. How-
ever, in this situation, the control cost becomes too large and the
transient state behavior may be oscillating.

For the bipartite consensus problem of multiple uncertain
fractional-order systems without any output constraints, the fol-
lowing Corollary is derived by eliminating the BLF from Theorem 1.

Corollary 1. Consider the networked fractional-order systems

(16) and (17) controlled by
1 .
Tik = —%Bik — mﬂi,kni,lc, (62)
oDi iy = Vi 2 — VikOikTiks (63)
2w
fori=1,...N and k=1, ..n;, where t;, =u; Under Assumptions

1-3, it can be proved that the distributed bipartite tracking errors are
converged to an adjustable neighborhood of the origin.

Proof. To prove the boundedness of closed-loop signals, one fol-
lows the proof procedure of Theorem 1 considering the Lyapunov
candidate function as V = Y"1, Y7 (382, + m”;zk) O

5. Simulation results

In this section, to demonstrate the applicability and effective-
ness of the introduced control approach, the simulation results
for three examples are derived. Based on [36], for numerical solu-
tion of nonlinear fractional-order differential equations, Grunwald
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Fig. 1. Communication graph of first example.
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Fig. 2. Bipartite consensus performance, example one.

Letnikov definition is utilized with sample time 1 (ms) in MAT-
LABO© software.

Example one (Numerical simulation). The nonlinear dynamics of

a fractional-order follower are described as
6DPxi1 = Xi2 + fi1(Xi1) + pi1s
EDP9%; 5 = Ui + fi2(Xi2) + Pi2,
Yi=2Xi1,

where the followers’ outputs are restricted to |x;;| < ke =1.2,Vt

> 0.

The nonlinear functions in (64) are selected as fi1(X11) =
0.1x11, f12(X1.2) = X1,1%1,2 + €XP(—X1 1X12), f2.1(X2.1) = —0.1x2 1,
f22(X22) =X22, f31(X31) =X3.1. f32(X32) =X3 5, fa1(Xa1) =X41
0s%(X4,1). fa2(Xa2) =X42. p11(t) = ... = pg(t) = 0.1sin(t).

The initial states of the agents and controller are x;(0) =
[0.02,0.03]T, x,(0) = [-0.02, 0]T, x3(0) = [0, 0.05]T, x,(0) = [0.01,
0]" and #;,(0) =0 for all the follower agents. Control parame-
ters are also selected as o1 =15,@;3 =7,¥x =1,0;,=0.1 and
wijp=01fori=1,.. 4and k=1,2.

For the simulation study, the connected signed bipartite dia-
graph consisting of four follower agents and one leader as depicted
in Fig. 1 is proposed. The graph is structurally balanced, containing
a directed spanning tree with leader as a root and only the first
follower has directly access to the information of leader. In Fig. 1,
the blue and red edges display the cooperative and competitive in-
teractions among the followers, respectively. Figs. 2-7 are depicted
to show the followers’ output constraint performance for the bipar-
tite consensus of a networked fractional-order nonlinear systems.
From Fig. 2, it is obvious that the bipartite consensus tracking
performance of distributed control protocol between the followers
and leader is well obtained within two sub-networks V; = {1, 2}
and V) = {3, 4}, where Xi1 — Xo0,1, Vie V1 and Xi1 — —Xo,1, Vie V.
Moreover, it can be seen that the followers’ outputs stays within
the preset bounds when the proposed control protocol is applied.
In Fig. 3, the distributed bipartite tracking errors are shown, from
which, it can be obtained that 8;; <k, and B;1 > —k;,, Vt > 0. Sim-
ilar to Fig. 3, Fig. 4 is depicted to demonstrate that the local bipar-
tite tracking errors are limited to a fairly small neighborhood of the
origin. From Figs. 2-4, it can be deduced that the states constraints

(64)

_'Bl,l ""ﬂZ,l _-ﬂ3,1_ﬁ4,1‘

e
=)
X

<
=3
s}

o
S
NS}

Bipartite tracking errors
(e}

=)
=3
=

L

10 20 30 40 50 60 70 80
Time (sec)

Fig. 3. Distributed bipartite tracking errors, example one.
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Fig. 6. Control inputs, example one.

are not overstepped. The trajectories of states x;, for i=1,. N are
described in Fig. 5. From Fig. 6, it is clear that the control inputs
are also bounded. The trajectories of adaptive parameters are de-
picted in Fig. 7, and it is obvious that the approximated parameters
are all bounded. According to the simulation results, it is confirmed
that the bipartite consensus tracking performance is achieved, the
followers’ outputs constraints are not violated, and all the closed-
loop network signals are also bounded.
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Fig. 8. Communication graph of second example.

Example two (Performance comparison). In order to illustrate the
applicability and advantages of the proposed control strategy in
Theorem 1, the performance of investigated control architecture in
Theorem 1 is compared to the algorithm in Corollary 1 for mul-
tiple fractional-order systems described by (65) under the graph
topology displayed in Fig. 8.

All follower agents are described by a fractional-order differ-
ential equations in strict-feedback form, and their dynamics for
i=1,....4 are written as

ED2T3x; 1 = Xi5 + fi1(Xi1) + pia.
6DP X2 = Ui + fia(Xi2) + Pi2.
Yi=Xi1,

(65)

in which the nonlinear functions are selected as f11(X11) =
0.1x1,1 0% (x1,1). f1,2(X1,2) = sin(X1,1)%1 2. fo1(Xz,1) =
—0.1x3 1, fa2(Xa2) = €xP(x22). f3.1(X31) = "%1#“ f32(x33) =
X31%32. fa1(Xa1) = Xg 1 tanh’ (x41). f22(Xg2) = 0.1x4 1, and
P11=...=pPsz =0

The initial states of the agents and controller are chosen as be-

fore. The design parameters are selected as «;; =15, a5, =7 for

Bipartite tracking errors

0 10 20 30 40 50 60 70 80
Time (sec)

(a) Case 1.

i= ], 2, 3, g1 = 20, 7% 20 and )/,-,k = 1, Ui.k ES 0.7, a)i,k =1 for
i=1,....4 and k =1, 2. Two cases are of interest

Case 1. The proposed control method in Theorem 1 is used for
the multiple fractional-order systems described in (65),
where the followers’ outputs are restricted to |x; | < kc =
1.1,Vt > 0.

The proposed control method in Corollary 1, which is the
general distributed backstepping design without employing
the barrier Lyapunov function scheme is used for the mul-
tiple fractional-order systems described in (65).

Case 2.

Figs. 9 and 10 display the corresponding curves of the dis-
tributed and local bipartite consensus errors, respectively. Ac-
cording to Figs. 9 and 10, it is deduced that a better bipartite
consensus tracking performance is obtained for case 1 due to
employing BLF approach. From Figs. 9a and 10 a, it is clear that
the distributed bipartite consensus errors satisfy the constraint
|Bi1l <01 for i=1,.4 and the advantage of utilizing the BLF
strategy is well perceived. However, in case 2, the distributed
consensus bipartite errors for third and fourth agents violate the
preset error constraints. In Figs. 10a and b, the local bipartite
tracking errors are given under case 1 and 2, respectively. It can
be deduced that in both cases, the bipartite consensus tracking
objective is obtained, and the local bipartite tracking errors stay
strictly within the different constrained bounds. However, in case
1, more accuracy for bipartite consensus performance is achieved
because of employing BLF strategy.

Example three (Practical example). To show the effectiveness of
the proposed method in practical situations, bipartite consensus
problem for a network of homogeneous chaotic Chua-Hartleys sys-
tems is considered. The fractional-order dynamics of the Chua-
Hartleys systems for i =1, ..., 4 are described as [27]

§DY9BX; 1 = Xip + fi1 (Xi1) + pix.
SDP9Bx; 1 = X; 3+ fia(Xi2) + pi2.
§DPBxi 5 = u; + fiz(Xi3) + Pi3,
Yi=Xi1,

where f;1(x;1) = 2 (x;; -3, fia(Xi2) =10x;1 —xi2, fiz(Xi3) =
*@th, pi1 =0, pip =0and p; 3 =sin(0.5t). In this example, the
communication graph is considered the same as in example one,
i.e, Fig. 1. The design parameters are chosen as «;; = 15,045 =
7.v%k=10;, =01 and w;,=0.1 for i=1,....4 and k=1,2,3.
The simulation is derived and the results are shown in Figs. 11—
14. Fig. 11, Fig. 12 and Fig. 13 show the state variables x;;, x;, and
x;3 for k=1, .. .4, respectively. Fig. 14 shows the distributed bipar-
tite tracking errors. From Figs. 11-14 it is obvious that the signals
are all bounded.

(66)

S
o

B3 L'ﬁ4,1 wen gy eeee _kbl

Distributed bipartite errors

Time (sec)

(b) Case 2.

Fig. 9. Distributed bipartite tracking errors, example two.
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Remark 9. It would be more practical to consider unknown con-
trol direction problem [28,29,35] for a network of fractional-order
systems. Such a design is important and challenging because the
Nussbaum function design for multiple fractional-order systems,
requires designing infinite dimensional Nussbaum functions. It will
be considered as one of our future works.

Fig. 14. Distributed bipartite tracking errors, example three.

6. Conclusion

This work has considered the distributed adaptive bipartite con-
sensus problem for multiple uncertain nonlinear fractional-order
systems in strict-feedback form with both unknown function and
the output constraints. The problem of followers output constraint
is resolved using the barrier Lyapunov function method. Multi-
ple fractional-order strict-feedback dynamics have been studied by
employing backstepping approach and neural networks where less
learning parameters have been adjusted online in controller design.
In this paper, the problem of less learning parameters for multi-
ple fractional-order systems with both nonlinear uncertainties and
output/state constraints have been investigated for the first time.
By employing barrier Lyapunov function scheme and some appro-
priate Lemmas, proof of the proposed control strategy is derived
such that the followers’ outputs constraints have been ensured.
Moreover, all the closed-loop network signals are SGUUB. Addi-
tionally, the distributed (or local) bipartite tracking errors are con-
verged to a small neighborhood of zero. Finally, three simulation
examples are given to verify the effectiveness of proposed method
in theory and practice.
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