Eur. Phys. J. C (2021) 81:1149
https://doi.org/10.1140/epjc/s10052-021-09952-6

THE EUROPEAN ()]
PHYSICAL JOURNAL C e

updates

Regular Article - Theoretical Physics

Effective action of string theory at order o’ in the presence of

boundary

Mohammad R. Garousi®

Department of Physics, Faculty of Science, Ferdowsi University of Mashhad, P.O. Box 1436, Mashhad, Iran

Received: 9 August 2021 / Accepted: 19 December 2021
© The Author(s) 2021

Abstract Recently, using the assumption that the string
theory effective action at the critical dimension is back-
ground independent, the classical on-shell effective action
of the bosonic string theory at order &’ in a spacetime man-
ifold without boundary has been reproduced, up to an over-
all parameter, by imposing the O (1, 1) symmetry when the
background has a circle. In the presence of the boundary, we
consider a background which has boundary and a circle such
that the unit normal vector of the boundary is independent
of the circle. Then the O(1, 1) symmetry can fix the bulk
action without using the lowest order equation of motion.
Moreover, the above constraints and the constraint from the
principle of the least action in the presence of boundary can
fix the boundary action, up to five boundary parameters. In
the least action principle, we assume that not only the values
of the massless fields but also the values of their first deriva-
tives are arbitrary on the boundary. We have also observed
that the cosmological reduction of the leading order action in
the presence of the Hawking—Gibbons boundary term, pro-
duces zero cosmological boundary action. Imposing this as
another constraint on the boundary couplings at order o/, we
find the boundary action up to two parameters. For a specific
value for these two parameters, the gravity couplings in the
boundary become the Chern—Simons gravity plus another
term which has the Laplacian of the extrinsic curvature.

1 Introduction

String theory is a quantum theory of gravity with a finite
number of massless fields and a tower of infinite number of
massive fields reflecting the stringy nature of the gravity. The
critical dimension for the bosonic string is 26, and for the type
IIA, type IIB, type I and for the heterotic strings is 10. The
type I1IB superstring theory on a spacetime manifold with
negative cosmological constant which has boundary is con-

 e-mail: garousi@um.ac.ir (corresponding author)

Published online: 31 December 2021

jectured to be dual to a conformal field theory on the boundary
[1,2]. The string theory is usually explored by studying its
effective action which includes the massless fields and their
higher derivative terms. For the spacetime manifolds with
boundary, the effective action has both bulk and boundary
terms, i.e., Sefr + 0Sefr. At the leading order of the derivative,
the bulk action should include the Hilbert—Einstein action at
the critical dimension and the boundary action should include
the corresponding Hawking—Gibbons—York boundary term
[3,4]. These actions and their appropriate higher derivative
extensions should be produced by specific techniques in the
string theory.

The effective actions in the string theory have a double
expansions. The genus-expansion which includes the clas-
sical tree-level and a tower of quantum loop-level correc-
tions, and the stringy-expansion which is an expansion in
terms of higher derivative couplings at each loop level. It has
been shown in [5-8] that the tree-level effective action of the
bosonic string theory at orders ™ and o’ are invariant under
O(d, d) transformations if one compactifies the theory on
the tours 7¢ and keeps only the zero modes (cosmological
reduction). Using the string field theory, it has been proved
in [9] that the cosmological reduction of the tree-level effec-
tive action of the bosonic string theory to all orders of o’
should be invariant under O (d, d) transformations. This has
been extended in [10] to the classical effective action of the
heterotic string theory.

The Einstein theory of general relativity is background
independent in the sense that only gauge symmetry is
required to specify the theory. We expect that the string the-
ory classical effective action at the critical dimension which
is a higher-derivative extension of the Einstein theory at the
critical dimension, to be background independent too. Unlike
the Einstein action which has only one coupling, however,
there are many gauge invariant couplings in the effective
action of the string theory at each order of o/, e.g., at the
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leading order the independent gauge invariant couplings in
the bosonic string theory are

2
__2/d26xe72<l> I—G
K

x (a1 R + 2V, VP + a3 H?). (1)

So =

where o1, oo, 3 are three parameters. The first term is the
Einstein action at the critical dimension 26. The background
independence assumption then requires these parameters to
be independent of the geometry of the spacetime, i.e., if the
background has the tours 74 or K3 the value of the coef-
ficients o1, o, a3 remains the same. However, the coeffi-
cients of the gauge invariant couplings in the reduced action
do depend on the geometry of the compact spaces. In other
words, if one compactifies the above action on T'*, the result
would be the same as the compactification on K3 or any other
compact manifolds provided that one take into account all the
corresponding Kaluza—Klein modes. However, if one ignores
the Kaluza—Klein modes (dimensional reduction), then the
actions in the lower dimension have different symmetries cor-
responding to the compact spaces, i.e., the 22-dimensional
action in the case of 7% has symmetry O (4, 4) which is dif-
ferent than the symmetry of the 22-dimensional action in
the case of K3. This means, if one could fix some how the
parameters of the effective action at the critical dimension
for a particular geometry in which the reduced action has a
specific symmetry, then that parameters would be valid for
any other geometry. For example, if one considers the back-
ground to have a circle, then the dimensional reduction of
the action should have the O (1, 1) symmetry. This symme-
try has been used in [11] to fix the parameters in the above
action up to an overall factor, i.e.,

2
So = —— [ d*xe V=G
K

1
x <R +4V, oV 0 — EH2> ) 2)

which is the standard effective action of the bosonic string
theory for oy = 1. At the higher orders of o, there is the
complication that the effective action has the freedom of the
higher-derivative field redefinitions [12]. In these cases, the
O (1, 1) symmetry may fix the parameters of the independent
gauge invariant couplings up to the field redefinitions
When the geometry has one circle, the constraints from
the Z,-subgroup of the O (1, 1) symmetry have been used in
[11,13] to find the effective actions of the bosonic string the-
ory at four- and six-derivative orders in a minimal scheme,
up to an overall factor. Assuming there is such symmetry for
the classical effective action of the type II superstring theo-
ries as well, all eight-derivative couplings for NS-NS fields
have been found in [14—17], up to an overall factor. The back-
ground independent assumption then requires the resulting
couplings to be valied for any other spacetime, up to the field
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redefinitions. In fact, the effective actions found in this way
are fully consistent with the sphere-level S-matrix element
of four NS-NS vertex operators and with the results from
the sigma model [16,17]. Moreover, when the geometry has
the tours T¢, the cosmological reduction of these effective
actions are also fully consistent with the O(d, d) symmetry
[18,19]. Assuming also the classical world-volume effec-
tive actions of the non-pertubative branes in the string theory
transform covariantly under the Z,-transformations when the
spacetime geometry has a circle, then many already known
and unknown world-volume couplings have been found in
[20,21].

In applying the O(1, 1) symmetry to find the couplings
at orders «, a’?, a”® in [11,13=17], one first needs to find
all independent gauge invariant couplings in the minimal
scheme, i.e., the couplings which are not related by vari-
ous Bianchi identities, by the field redefinitions and by total
derivative terms. The number of independent couplings at
each order of &' is fixed, however, the structure of the gauge
invariant couplings depends on how to use the above freedom
to find the independent couplings. The number of indepen-
dent couplings at orders o, @', &’ in the bosonic theory are
8, 60, 872, respectively. These couplings in a specific mini-
mal scheme have been found in [12,15,22]. Then one should
impose the Z,-symmetry on these independent couplings to
find their corresponding coefficients at each order of o’ up
to one parameter. The Z-transformations or T-duality trans-
formations are the Buscher rules [23,24] and some higher
derivative corrections at each order of o’ which depends on
the minimal scheme that one uses for the gauge invariant
couplings at that order [11]. If one does not use the field
redefinitions to write the gauge invariant couplings in the
minimal scheme, then the O (1, 1) constraint can fix the effec-
tive action up to many parameters which can be removed by
the field redefinition [11]. These parameters appear also in
the corrections to the Buscher rules. By changing these cor-
rections, one can change the scheme of the gauge invariant
couplings. However, there would be no scheme for which the
T-duality transformations are only the Buscher rules.

When the spacetime geometry has one circle, the Z>-
symmetry imposes the following constraint on the bulk effec-
tive action:

Setr(¥) = Serr (V) 3

where Sefr is the reduction of Segr, ¥ represents the mass-
less fields in the base space and ¥/’ is its Z,-transformations.
There are always some total derivative terms in the base space
[14—17] which become zero when spacetime has no bound-
ary. However, when the spacetime has boundary, the presence
of the total derivative terms dictates that there must be some
couplings on the boundary as well.

For the spacetime manifold which has boundary, using
the background independent assumption, one may consider
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a geometry that has a boundary and one circle. Then the Z,-
symmetry may fix the couplings in the bulk and boundary
actions up to field redefinitions. It has been speculated in
[25] that, in the presence of the boundary, the invariance of
the classical effective action under the Z;-transformations
should be extended as follows: The sum of the bulk and the
boundary actions, i.e., Sefr + 0Sefr, should be invariant under
the Z,-transformations, i.e.,

Sett (W) + 0Sett (W) = Ser(¥) + 9 Sest (V) @

where 90 Sefr is the reduction of the boundary action 9Sft.
There might be some total derivative terms on the bound-
ary of the base space, however, they become zero using the
Stokes’s theorem because the boundary of boundary is zero.
In this paper, we are going to impose the above constraint
on the effective action of the bosonic string theory at order
a’. We consider the background that its boundary is indepen-
dent of the circle, i.e., the unite normal vector to the boundary
is invariant under the T-duality transformations at order o’.
This particular background constrains the corrections to the
Buscher rules. We will see that for this Z,-transformations,
the O(1, 1) constraint is not consistent with the effective
action in the minimal scheme. In fact to impose the O(1, 1)
symmetry for this geometry one should not use the field redef-
initions to reduce the number of gauge invariant couplings at
order o'

The constraint (4) has been used in [26] to find the O-plane
effective action at order o’ in the presence of the boundary
in the type II superstring theories in which the Buscher rules
have no correction at orders «’, «’2. The constraint (4) has
been also used in [25] to find the spacetime effective action
of the bosonic string theory at order o’?. This constraint fixes
the bulk actions completely, however, it fixes the boundary
action up to some extra boundary parameters.

When spacetime has boundary, however, there are further
constraints on the boundary actions from the principle of the
least action. To be able to extremize the bulk effective actions
at each order of «’, the boundary should have specific cou-
plings and the massless fields should have appropriate val-
ues on the boundary. For example, the Hawking—Gibbons
boundary term along with the arbitrariness of the metric on
the boundary is needed to be able to extremize the Hilbert—
Einstein action, i.e., the Einstein’s equations are derived by
extremizing the Hilbert—Einstein action against variations of
the spacetime metric G ,, which is arbitrary on the boundary,
i.e., 8G,, and its tangent derivatives along the boundary are
zero. The normal derivative of the metric, however, is not
arbitrary on the boundary. The variation of this term which is
not zero, appears on the boundary when one extremizes the
bulk action. The variation of the Hawking—Gibbons boundary
term cancels this normal derivative term on the boundary. We
expect similar constraint for the boundary terms in the effec-
tive actions of the string theory. However, if one assumes

only the metric is arbitrary on the boundary, the standard
gravity couplings in the effective actions of the string theory
atorders %, @3 can not be extremized for any boundary cou-
plings. In fact it has been shown in [27] that only the gravity
couplings in the Euler character can be extremized. We will
show that the O (1, 1)-constraint on the couplings at order
o’ produces the bulk gravity couplings which are the same
as the bulk couplings in the Euler character, however, it pro-
duces the boundary couplings which are consistent with the
Chern—Simons form as well as some other gravity coupling
in the boundary.

Hence, in order to be able to extremize the effective action
of the string theory at order a”, we propose that not only the
massless fields but also their derivatives up to order n should
be arbitrary on the boundary, i.e., the massless fields are arbi-
trary on the boundary for the effective action at order ', the
massless fields and their first derivatives are arbitrary on the
boundary for the effective action at order o', and so on. This
may be inspired by the fact that the linear differential equa-

. @n+2) . . .
tion %x () = 0 has specific solution when the functions
n . ., . .
X, fi—’t‘, . ?17)1‘ are known at the initial and the final times.

Imposing the O(1, 1)-symmetry on the most general
gauge invariant couplings at order o’’, one finds that the
effective actions of the bosonic string theory are fixed up
to one extra parameter in the boundary action [25], i.e.,

2
So +9So = —%[/de\/—Ge2<I>
K
x| R+ 4V, 0VFd — LH2
’ 12
+2/dD10\/|g|emK:|

2as B - 1
—F/ dD 10'6 20 |g| (_EK +n“VMd>>
Q)

where K is trace of the extrinsic curvature and n* is nor-
mal vector to the boundary. It is outward-pointing (inward-
pointing) if the boundary is spacelike (timelike). We con-
sider in this paper only the timelike boundary. The above
actions are invariant under the Z;-transformation for arbi-
trary parameters o1, «s. The sum of the bulk and bound-
ary terms in the first line are Z,-invariant, and the bound-
ary terms in the second line are also invariant under the Z,-
transformations. The standard normalization of the Einstein
term fixes &1 = 1. However, the parameters a5 remains arbi-
trary. In the supestring theory, there are S-duality as well
which constrains the parameter a5 to be zero [25]. In the
bosonic string theory, however, there is no such symmetry.
One can fix this parameter by the principle of the least action
as follows: Since the action is at two derivative order, only
the massless fields are arbitrary on the boundary. In extrem-
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izing the bulk action, the normal derivative of the variation of
dilaton which is not zero, does not appear on the boundary,
whereas, the variation of the boundary action in the second
line above produces such a term. The only way to cancel
this term, i.e., to be able to extremize the bulk and boundary
actions, is to set os = 0. Hence, the constraints from the
Z>-symmetry and the least action principle, reproduce the
standard bulk and boundary actions at the leading order of
o e,
2 D —2¢
So + 0Sp = ——[/d xv/—Ge

K2

1 2
x| R+49,0V"® — = H

+2/dD—1a |g|e_2®K:| (6)

However, it turns out that if one imposes the Z»-constraint
(4) and the constraint from the least action principle to the
effective actions of the bosonic string theory at order o/, one
can not fully fix all parameters in the boundary action.

The cosmological reduction of the classical bulk actions
must be invariant under O(d, d) transformations [9]. We
expect the cosmological reduction of the boundary actions
should be also invariant under the O (d, d) transformations.
In the observation that the cosmological reduction of the lead-
ing order bulk action is invariant under the O (d, d) symme-
try, one removes a total derivative term which is not invariant
under the O(d, d) transformations. We find that the cosmo-
logical reduction of the Hawking—Gibbons term is not invari-
ant under the O(d, d) transformations either. However, if
one keeps track of the total derivative term and transfers it
to the boundary by using the Stokes’s theorem, one observes
that the cosmological reduction of the boundary action at the
leading order becomes invariant under the O(d, d) transfor-
mations. In fact it becomes zero. This motivates us to specu-
late that the cosmological reduction of the classical boundary
actions at any order of o’ must be invariant under the O (d, d)
transformations, and may even be zero, i.e.,

In this paper, we would like to impose the Z;-constraint (4),
the constraint from the least action principle and the above
constraint on the cosmological reduction of the boundary
actions, to fix the effective actions of the bosonic string theory
at order o’ when the spacetime has boundary.

The outline of the paper is as follows: in Sect. 2, we use
the Bianchi identities and remove the total derivative terms
from the bulk action to the boundary action to show that
there are 20 independent bulk and 38 independent bound-
ary gauge invariant couplings at order o/, without using the
field redefinitions. In Sect. 3, using the background indepen-
dent assumption, we consider a specific background geome-
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try which has a circle and a boundary that its normal vector is
independent of the circle. Then using the fact that the circle
reduction of the effective action on this background should
have O (1, 1) symmetry, we constrain the coefficients of the
couplings. In Sect. 3.1, we show that the T-duality constraint
in the bulk fixes the 20 parameters in terms of two parame-
ters. We impose a relation between these two parameters by
requiring the effective action to have the standard propaga-
tor for the B-field. The resulting bulk action is exactly the
one found by K.A. Meissner up to one overall factor. The T-
duality constraint on the bulk couplings produces also some
total derivative terms in the base space which are transferred
to the boundary by using the Stokes’s theorem. In Sect. 3.2,
we show that the T-duality constraint on the boundary cou-
plings fixes the 38 boundary parameters in terms of the over-
all bulk factor and in terms of 7 boundary parameters. In Sect.
4, we impose the constraint from the principle of the least
action. Since the independent bulk couplings have no term
with three derivatives, extremizing the bulk action produces
no constraint on the bulk parameters. However, extremizing
the boundary action, one can fix 2 of the 7 boundary parame-
ters. In Sect. 5, we study the Cosmological/one-dimensional
reduction of the actions. We find that the cosmological con-
straint (7) on the boundary action fixes 3 of the 5 boundary
parameters. In Sect. 6, we briefly discuss our results.

2 Gauge invariance constraint at order o’

The effective action of the string theory has a double expan-
sions. One expansion is the genus expansion which includes
the classical sphere-level and a tower of quantum effects.
The other one is the stringy expansion which is an expan-
sion in terms of higher-derivative couplings. The number of
derivatives in each coupling can be accounted by the order
of ’. When spacetime has boundary, the sphere-level effec-
tive action Segr + dSefr has the following «’-expansion in the
string frame:

o0
Seft = Za””sm =So+a'S1+---;

m=0

2
2 / dPx/=Ge 0L,
K= Jm

Sm

o0
3Seft = Za’masm =39S0+ /88 + - ;

m=0

2
dSm ——2/ dPo/1g1e %0 L (8)
K= Jom

where G is determinant of the bulk metric G ,,, and boundary
is specified by the functions x* = x*(c*). In the second line,
g is determinant of the induced metric on the boundary
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ax* dxV

doi ggv
The effective action must be invariant under the coordinate
transformations and under the B-field gauge transformations.
On can easily find the independent couplings in the bulk and

boundary actions at order a0, ie.,

©)

8 =

Lo =a1R+arV, dV*® + a3 H?
0Ly = a4 K —|—a5n“VM<I> (10)

where a1, ..., a5 are 5 parameters that the gauge symmetry
can not fix them. Using the background independent assump-
tion, they can be fixed by the Z,-symmetry (5), and by the
least action principle (6).

Using the package “xAct” [28], one finds there are 41
gauge invariant couplings in the bulk action at order «’. How-
ever, they are not all independent. To find the independent
bulk couplings, we note that the total derivative terms in the
bulk can be transferred to the boundary using the Stoke’s
theorem. Hence, the couplings in the bulk should not include
total derivative terms. Moreover, the independent couplings
should not be related to each others by the Bianchi identities

Raipys1 =0

ViuReaplys =0

ViuHapy) =0
[V,V]O— RO =0 (11)

Removing the above freedoms from the most general gauge
invariant couplings in the bulk action, one finds there are 20
even-parity independent couplings [12], i.e.,
L1 = a;R* + agRHypy HPY + ay H,* H*PY Hgs® Hyy e,

+ay Hyp® H*PY H), ¢ Hse,

+ayHypy H*PY Hsee HO? + ayHy"® Hg, s R

+asRyg R*P + agRyp, s RYP7°

+agHy*  H*PY Rgyse + ay RV, VD

+a,gHpys HP7°Vy V¥ ® 4 a3 RV, OV D

+ay,Hpys HP OV ®VO® + a1,V dV OV VA

+aysHy"® Hpys VEOVF

+a,4Rap VEOVP O + 0}, V, OV OV OVF D

+a,3Hy " Hgys VAV @

+a,yVgVy @V V*

+ay Vo H*PY Vs Hg, (12)
whereay, ..., ayo are 20 parameters that the gauge symmetry
can not fix them. The assumption that the effective action is
background independent means these parameters are back-
ground independent. They may be fixed for the particular
geometry which has one circle. Note that the above couplings

have no term with three derivatives, hence, in extremizing the
above Lagrangian one does not face with the variation of the

second derivative of massless fields on the boundary which
are non-zero. As a result, our proposal for the boundary con-
ditions in which the massless fields and their first derivatives
are arbitrary on the boundary, i.e., their variations are zero on
the boundary, does not constraint the parameters ay, . . . , a29.
In other words, the above bulk action satisfies §S; = 0 for
any values of the parameters.

Since the boundary of spacetime has a unite normal vec-
tor n*, the boundary Lagrangian 0L should include this
vector as well as the tensors K, Hyup, Ryvpo, Vi ® and
their derivatives at order «’. The second fundamental form
or the extrinsic curvature of boundary, i.e., K, is defined
as K, = P‘fLP‘zV(O{nlg) where P*Y = GH*Y — n*n" is the
first fundamental form which projects the spacetime tensors
tangent to the boundary. Using the fact that n** is unit vector
orthogonal to the boundary, one can write it as

nt = @o 3% f)"2or f (13)

where the boundary is specified by the function f to be a
constant f*. One can rewrite K, as

K,y =Vyn, —nya, (14)

where a, = n”V,n, is acceleration. It satisfies the relation
n*a, = 0. Note that the extrinsic curvature is symmetric
and satisfies n* K, = 0 and n*n"V,K,, = 0 which can
easily be seen by writing them in terms of function f. Using
these symmetries and n*n,, = 1, one finds there are 56 gauge
invariant even-parity couplings in the boundary action, i.e.,

ALy = by Hg,s HPY°K*, + byH, "’ Hg, s K
+b4Ko K** Ky, + Dy K*o Ky KPY
+D5K o KP gKY ) + bl Hy* Hpse K'Y ,n®n?
+b4 Hyy € Hpse K7 n“n? + by K Ryp
+0yKY ynnP Ry + bjoK* R
+b/11Ky6nanﬁRayﬂ5 + b/leﬁysnaVaHﬁyg
+b3KPYn*Vy K gy + by KP gn® vy K7,
+b45n* Vo R + b Hg,ys HPY 21V, @
+b17K g, KPYn* Vo @ + b KP g K7 ,n*V, @
—i—b’lgHﬂaeH},&n“nﬂn}'Vﬂ,@
+bhonnPn? Rg, Ve ® + by n* RV, ®
+bhyn* Vo Vg VP & + by Vo KF gV D
+b5y KP gV @V D + bys VE OV K, P
+DhennPVy ®Vg K"\, + bhon® Vg R,
+bhg KY ynnPVy ®Vd + bV Ve K%
+Dn*nP VgV K7, + by K*P VgV, @
+D K7 ynnP VgV, ® + by VsV K,
+b3, K VpVP @ + byn®V, @V VP
+Dn* Vg VPV, @ + bynnP Vv, K, Y

@ Springer



1149 Page 6 of 19

Eur. Phys. J. C (2021) 81:1149

+byg Hy?® Hgpysn®* VP @ + bygn® Ryg VP @
by Ko VEOVP D + by n®V, ®V OV
+b),n* VgV, @VF @

+blyy Hy*nnPn? v, Hgse + by KPY "V, Kop
+b,sKP gnV, Ko¥

+Dyn*nP Vo ®V, Kg¥ + byn“nPn¥ V), Ryg
+b)ygn“nPn? V, V5 &V, &

+byon®nPV, Vg K,Y

+bln*nPn? V, @V, Vg

+b5nnPn? v, VgV, ®

ey nPV, VY Ky + ben®nP Vg Ky, V7 @

+bsy HPY°n*Vs Hyp,

—i—ng Haﬁyna Vs Hﬁy5

+bnnPn’ n’ VsV, Kop (15)
where b}, . .. b are 56 parameters. The terms in the bound-

ary action which have bulk fields and have one vector n/* can
be interpreted as the total derivative terms in the bulk action
that are transferred to the boundary by the Stoke’s theorem.
Note that we have not considered the curvature tensors and
the covariant derivatives that are made of the induced met-
ric (9), because they are related to the curvature tensors and
covariant derivatives constructed from the spacetime metric
by various Gauss—Codazzi relations.

Not all of the couplings in (15) however are indepen-
dent. Some of them are related by the Bianchi identities and
some others by the total derivative terms in the boundary.
To remove the redundancy corresponding to the total deriva-
tive terms, we add to 9L all total derivative terms at order
o’ with arbitrary coefficients. The total derivative terms in
the boundary have different structure than the total deriva-
tive terms in the bulk. According to the Stokes’s theorem,
the total derivative terms in the boundary which have the
following structure:

o / 4P 1o /lgIT;
M (D)
Ea’/ dP 16 /1glng V(e 22 FF) (16)
aMD)

are zero because the boundary of boundary is zero (see e.g.,
the appendix in [26]). In above equation .7-'? # is an arbi-
trary antisymmetric even-parity tensor constructed from n,
K,VK, H?> V&, VV®, R at two-derivative order, i.e.,

Fif = H(HPHysen®n? — H HysenPn?)
+f3(nﬁnVR“y - n“nVRﬂy)
+f2(n? VEKP, —n? VPK®)
+fs(n’VOKPs —ndVPK%s)
+fo(nPVPKY, —n*VFPKY )
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+ /0P VIK s — n*VPK®s)

+fs(KY ynPVed — K7 n® VP ®)

+ fo(K?snP Ve d — K%5n* VP @)
+fio(nPV, K —n®V,KPY)

+ 11 ("Pr? VYOV,

—n“n’ VP oV, )

+ fr2(nPn? v, Ve ® — n®n? v, VF @)
+f13(KP VY & — K%, nP VY @)
+f14(nﬁnyn8V5K“y — n“nyn‘SV(;Kﬂy)
+fis(P VsK® — n*VsKP?)

+ fi6(KPsn®Ved — K¥snP Ve d) (17)

where f>, ... f1¢ are 15 arbitrary parameters. Adding the
above total derivative terms to 0L, one finds the same

Lagrangian but with different parameters b1, by, . ... We call
the new Lagrangian 0.L;. Hence
A-—T1 =0 (18)

where A = 9L — 0L is the same as d L but with coeffi-
cients 6by, 6by, ... where 6b; = b; — b;. Solving the above
equation, after imposing the Bianchi identities (11) and the
identities corresponding to the unit vector n*, one finds some
linear relations between only &by, 6ba, ... which indicate
how the couplings are related among themselves by the total
derivative terms, by the Bianchi identities, and by the iden-
tities corresponding to the unit vector. The above equation
also gives some relations between the coefficients of the total
derivative terms and 8b1, 8ba, . .. in which we are not inter-
ested.

To impose in (18) the Bianchi identities (11) and the identi-
ties corresponding to the unit vector n, we write the covariant
derivatives and the curvatures in terms of partial derivatives of
metric, dilaton, H and n. We then write the partial derivatives
of H in terms of potential B-field and the partial derivatives
of n in terms of function f, using the definition (13). Then
all the Bianchi identities (11) and the identities correspond-
ing to the unit vector n satisfy automatically. In other words,
there is no identities any more when one rewrites everything
in terms of metric, dilaton, the potential B-field and f. To
simplify the calculation, one may go to the local frame [22] in
which the first partial derivative of metric is zero. All these
steps can be done easily by the computer. Then one finds
38 relations between only 8b1, b7, . .. which indicate there
are 38 independent couplings. One particular choice for the
independent boundary couplings is the following:

Ly = b Hpys HPY K%y + byH,"* Hp, s K“P
+b3Ko K** Ky, + byK*o Ky KPY
+bs K%y KPgK” ), + bgHy* Hpse K¥ ,n®nP
+byHyy  Hpse K7 nn? + by K Ryp
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+boK? ynnP Ryg + b1gK®4 R

+b1 K72 nn® Ry ps

+b1, HPY°n*Vy Hg,

+b13KP Vo K gy 4 b1y KP gn®Vy K7,
+b,5sn“Vy R

+byHpys HP°n*V, @

+b17Kp, KP 0V @ + b g KP g KY 0V, @
+b1oHp® Hy5en®nPn? v, @

+byn®*nPnY Rgy Ve ® + by n® RV, @

+by KP gV, @V D

+by3n®nPV, ®VEKY

+byy KV yn®nPVy ®Vg® + bysn®nf VgV, K7,
+by K VgV, @

by K7 yn®nP VgV ® + bygHyV® Hg, 5n® VP @
+b,9n* Ryg VP ® + by Ko VO OVF D

b3 n* Vg @V OVP D + b3yn* VyV, @VF @
+b33Ha‘S€n°‘n‘3nyVy Hgse
+byyn“nPn? V, 0V 0V, @
+b35n°‘nﬁn7’Va<DVyVﬁCD

+bygn®nPn’ v, VgV, ®

+byn“nP Vg Ky, VY @

+bygn®nPn’ n’ VsV, Kop (19)

where by, ..., bss are background independent boundary
parameters which may be fixed by imposing the Z;-
symmetry, by the least action principle and by the cosmo-
logical constraint (7). Note that the above boundary cou-
plings do have terms with two and three derivatives, hence,
in extremizing the above Lagrangian one faces with the varia-
tion of the second and third derivatives of the massless fields
on the boundary which are non-zero. As a result, the least
action principle constrains the parameters b1, ..., b3g. In
other words, the above boundary action satisfies §(9S1) = 0
for some specific values of the parameters which, as we
will see, are consistent with the T-duality. Note that, as we
will see, if one uses the boundary condition that only the
massless fields are arbitrary on the boundary, i.e., only the
variation of massless fields on the boundary are zero, then
the least action principle would constrain more strongly the
parameters by, ..., b3g which would not be consistent with
the Z,-symmetry. In the next section we first find the rela-
tions between the bulk parameters and the relations between
the boundary and bulk parameters by imposing the Z,-
symmetry, and in the section after we impose the least action
principle to further constrain the parameters in the boundary
action.

3 Z,-invariance constraint

Using the assumption that the effective actions in the string
theory are independent of the geometry of the spacetime,
we now explicitly impose the Z,-symmetry on the effec-
tive actions to find some relations between the parame-
ters in the gauge invariant couplings (12) and (19). To this
end, we consider a particular geometry that its bulk and
boundary have the structures M?) = MP=D x s and
IMP) = gMP=D 5 s The manifold M has coordi-
nates x* = (x“, y) and its boundary  MP) has coordinates
ol = (0%, y) where y is the coordinate of the circle SV,
The Kaluza—Klein reduction of the metric and the reduction
of B-field and dilaton are [7]

G — 8ab +€%8a8p €% ga
ny = ewgh o s

bap + Sbagh — Lbyga b -
Buv=<“”+2“j}’; Zbg“o“), ®=¢+¢/4

(20)

where g, is the metric, bap is the B-field, & is dilaton and
8a, bp are two vectors in the base space. The reduction of
the unit vector n* is

nt = <”(:) Q1)

where n“ is the unit vector to the boundary in the base space.
Using these reductions, then one reduces the effective actions
Sett + 9Ser on the circle to find Sefr (V) + 0 Sefr (V) where
represents all the massless fields in the base space. The Z;-
symmetry then constraints the effective action to satisfy the
relation (4). The Z,-transformation of the base spcae fields in
(4) are the Buscher rules [23,24] and their higher derivative
corrections, i.e.,

v ="y, (22)
m=0

where v represents the Buscher rules. In terms of the reduc-
tions (20), they are

8 =ba, b, =8a (23)

The base space metric, dilaton, b-field and the unite vector
n® are invariant. The w{ in (22) represents two derivative
corrections to the Buscher rules, and so on.

The corrections to the Buscher rules depend on the scheme
that one uses for the gauge invariant couplings [11], and vis
versa. Since we have not used the field redefinitions to write
the gauge invariant couplings, we are free to consider a spe-
cific geometry for imposing the O (1, 1) symmetry. For the
geometry that we have considered, the unit normal vector n?
on the boundary is independent of the circle on which the
T-duality is imposed, i.e., gubn“nb = 1 is invariant under

/

Y =—9,

@ Springer



1149 Page 8 of 19

Eur. Phys. J. C (2021) 81:1149

the T-duality. Hence, the base space metric must be invariant
under the T-duality at any order of «’. On the other hand,
under the reduction (20), the density e 2% /—G reduces to
e~%%,/=% which may be invariant under the T-duality at
any order of «’. Therefore, the base space dilaton may be
invariant at any order of &’. So, for the background that we
consider, the base space unit normal vector n¢, the dilaton
¢ and the metric g, do not appear in the T-duality trans-
formations. The base space b-field which is invariant under
the Buscher rules, however, appears in the higher derivative
corrections because this field and the vectors g,, b, should
satisfy a Bianchi identity [29]. Hence, we consider the T-
duality transformations that involve only the derivatives of
the base space fields ¢, g4, by, bap.

In order the T-duality constraint (4) to be satisfied, one
should add some total derivative terms at the boundary which
are zero by the Stokes’s theorem, i.e.,

5 ]
T=-= / dP20\/Iglna V(e P F?) =0 (24)
K aM(D—1)

where F@ () is an arbitrary antisymmetric tensor con-
structed from the gauge invariant base space fields. It can
be o’-expanded as F = 3% o F which produces
an o-expansion for T = Y >~ & T,,. Then one can study
the Z,-constraint (4) at each order of «’.

Replacing the expansions (8) and (22) in the Z,-symmetry
(4), one finds the following relation at order °:

So(¥) + 3So(¥) = So(¥) + 3So(¥) (25)

Note that it is impossible to construct the antisymmetric ten-
sor Foab at zero derivative order. Hence there is no total deriva-
tive on the boundary in this case. This constraint has been
used in [25] to find the effective action (5) at order o',

Using the relation (25), one finds that the constraint (4)
produces the following relation at order «':

S1(Y) +0S1(¥) + T (Y)
= S1(¥g) + 3S1(Y)) + ASo + AdSy (26)

where T (1) is the total derivative terms (24) at order «’, and
ASp, AdSy are defined in the following «’-expansions:

So(rg + o' Y1) — So(Wg) = &’ ASp + - -
IS0 (Y + o' vr}) — 3So(Y() = &’ AdSo + - - - 27)

where dots represent some terms at higher orders of o’ in
which we are not interested in this paper. The constraint (26)
can be written as

Si(y) — Si(Wy) — ASo = —Ti(¥)
~(8510) = 851(05) — 2050) 28)

The terms on the left-hand side are in the (D —1)-dimensional
base space whereas the terms on the right-hand side are in
its boundary. Only the total derivative terms in the (D —

@ Springer

1)-dimensional action can contribute to its boundary action.
Hence, the bulk actions on the left-hand side should be some
total derivative terms, i.e.,

2
S1(¥) = Si1(Wp) — ASo = el

x / AP x5V (A% 20 (29)
M(D=1

where A{ is a vector made of the covariant derivative of
the massless fields in the base space at order «’. The total
derivative terms then produce some boundary terms using
the Stokes’s theorem.

The Stokes’s theorem in the base space is

/(D 1 dD_lx\/jgva(A[fe_w)

e

- /a . dP26/|3Ing AGe™® (30)
2 p(D—

where n“ is the unit vector orthogonal to the boundary in
the base space and the boundary is specified by the functions
x% = x%o?). The unit vector is outward-going (inward-
going) if the boundary is spacelike (timelike). The metric in
the square root on the right-hand side is the induced metric,
ie.,

- ax® axl _

ab = hoa 5,55 S

Using the Stokes’s theorem to transfer the bulk total deriva-
tive terms on the right-hand side of (29) to the boundary, then
the Z,-symmetry on the effective action at order o’ produces
the bulk constraint (29) as well as the following constraint
on the boundary couplings:

2
S1(Y) — 3S1(Yy) — AdSo + T (Y) + ]
x / dP 26 /|3ng A% =0 (32)
M

where A{ has to be found from the bulk constraint (29). The
constraint (29) and (32) produce some relations between the
parameters in the gauge invariant couplings (12) and (19).

3.1 Bulk constraint

The bulk constraint (29) has been used in [11] to find some
relations between the parameters in the action (12) for the
most general T-duality transformation at order ’. The total
derivative terms have been ignored in calculating ASp in [11]
because in that calculation it was assumed spacetime has no
boundary. Hence, the result in [11] can not be used for the
present case that there is boundary. In the present case all
total derivative terms in the base space should be taken into
account. So we solve the constraint (29) in this section to
keep track of the total derivative terms carefully.
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To find A Sy from the expansion (27), one needs the reduc-
tion of the bulk action at order o’°. Using the reductions (20),
one finds the reduction of the bulk action Sy to be

So(y) = —K% / 4P~ xe "/

_ 1 1
X |:R — ViV, — ZVa(pVa(p - Z(ewvz +e YW?)

. . 1 - -
+4Vap VP + 2V, Vip — EHabcHabC:| (33)

where V,;, is field strength of the U(1) gauge field g,, i.e.,
Vab = 048b — 9p8a, and W, is field strength of the U (1)
gauge field b, i.e., Wa, = 9,b, — dpb,. The three-form H
is defined as Hyp, = Aabc — %g[a Whe) — %b[a Vbe) where the
three-form H is field strength of the two-form bap in (20).
Since H is not exterior derivative of a two-form, it satisfies
anomalous Bianchi identity, whereas the W, V satisfy the
ordinary Bianchi identity, i.e.,

- 3
3[11 Hbcd] = - E V[ab ch]
0aWpe) =0
3aVie] = 0 (34)

Our notation for making antisymmetry is such that e.g.,
8la Wbc] = %(ga Whe — goWae — chba)~

The Z,-transformations at order a?, ie., 1%, are given
by the Buscher rules (23), and at order o’ are given by the
following:

¢ = —p+dAg, g, =by+a'e??Ag,,

b/a =8+ Ol/e_w/zAba’ H,ﬁbc = I:Iabc + a/AHahc (35)
where the corrections A, Ag,, Ab, contain some contrac-
tions of Vg, e?/2V, e~?/2W, H at order . Note that the
base space metric, dilaton, b-field and the unite vector n®
remain invariant at order o’. Since the transformations must
form the Z,-group, the corrections satisfy the following rela-
tions [11]:

— Ap(¥) + Ay =0

Aba () 4+ Aga () = 0

Aga(Y) + Aba(Y) =0
AI'Iabc(W) + AHabc(w(/)) =0 (36)
Then the corrections should have the following terms:

A = €30,00°¢ + e1 H> + e2(e? V2 + e Y W?)

Agy, = e4e‘”/2FIabCV”C + ese_w/zab(pWab
Aby = —ese” 2 Hype WP + e5e#/%0% 0V, (37)
where ey, .. ., es are some parameters that should be fixed by
the Z,-symmetry of the effective actions. Note that we did

not include the corrections which depend on the derivative
of the base space dilaton and metric. The correction A H,p,

is related to the corrections Ag,, Ab, through the following
relation which is resulted from the Bianchi identity (34):

A['_Iabc = ~abc - 36‘_(p/z‘/v[abAbc] - 36¢/2Ag[a Vbc] (38)

where Hype isa U (1) x U(1) gauge invariant closed 3-form
at order o’ which is odd under parity. It has the following
terms:

Habe = €631a Wp? Vera + €180 Hpea Vg (39)

where eg, e7 are two other parameters that the Z,-symmetry
of the effective action should fix them.

Using the reduction (33), then one can calculate A Sy from
the expansion (27) in terms of above corrections, i.e.,

2 . 1
ASy = ——Z/dD—lxe—%/—g [Z(eq’v2 - e_¢W2)A(p
K

1 1
~|—§e_“’/28b(pW“bAga - 5eff’/zal,@v“”Aba

1, -
_ng/lbc AHabC

1 -
+5 (0ug +40,$) V" (Ag) = VaV*(Ag)
P W V(Mg + e PV VP AD)]  40)

where no integration by part has been used. One can check
that up to some total derivative terms the above expression
become the same as the corresponding expression in [11] for
Ap = Agu, = 0 (ie., eq.(23) in [11]), in which the total
derivative terms were ignored. Note that ASp is not even
or odd under the Buscher rules. However, up to some total
derivative terms it is odd under the Buscher rules [11].

Using the reductions (20), it is straightforward to reduce
the effective action S; with the Lagrangian density (12) to
find S7(v), and then calculate its transformation under the
Buscher rules (23), i.e., Sl(t//(’)). See [11], for the details
of this calculation. Note that S;(y/) — S1 () is odd under
the Buscher rules, however, since ASy is not even or odd
under the Buscher rules, the vector A{(v/) in (29) is not
even or odd under the Buscher rules either. Hence, the vector
A{ (1) should contain all even-parity contractions of 9, 3¢,
e/ 2V, e %2W, H, R and their derivatives at order o’ with
unknown coefficients. Using the package “xAct”, one finds
it has 48 terms, i.e.,

AY = jiHpea VW + jyHO g VIEWL T 4 j3 Hpeg VO W
+ja 1N Hyeq + j7 V'R
+joHpca HPV® + j1i RV D + € j13 Ve VIV
+e? jisWpc WV
+e? j17V YV Ve + €% jao WPV Wie
+j23 Hpea H* V¢ + josRV ¢
+e? jo7 Ve VIV @ + 79 jog Wi WPV
+j31V4V, VP
+j33V4V,VPe
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+isVoRY + jai V@V h + ji3 VeV, VP

+jas V4PV VP o + j17 V9V, VP

+j2VpVIViP + j34Vp VIV + j1oH ) Hpea V'
+j12Rp VPP + € j1a VIV VP

+e™? jieW* Wy VPP + j3sV V6V

+j36V @VppV P + j11V GV, V P

+j3s V9V VPP + ja2 Vi ViVl
+ja6 VoV iVl

+j24 H* Hpeg VP9 + jog R,V

+e? jog VI Ve VP + 79 j3g W Wi VP

+i39V dVoV 0 + jaoVipVpp Vi

+j1aVp V4PVl g + jagV V99V

+e jigVIV eV + e j1oV VLV

e WV Wy + e o WV W
+jsHP IV H e + joeH Vg Hpc! (41)

where ji, ..., jag are 48 parameters. Note that some of the
above terms are related by the Bianchi identities. We will
remove them after imposing the constraint (29).

To find the parameters which satisfy the bulk constraint
(29), one should write the covariant derivatives and the cur-
vatures in (29) in terms of partial derivative of the base space
metric, and write the partial derivatives of the base space field
strength H, W,V in terms of the potentials Eab, 8a, b, and
then goes to the local frame in which the first derivative of
the metric is zero [22]. The coefficients of the resulting inde-
pendent terms in the local frame then should be zero. This
gives some linear equations involving all the parameters. We
find the following solution in terms of the parameter aj, aj2:

ayg = —16ay,a1; =0, a3 = 384a; — 12ay,,

ayg = 768a; — 24ai2, ajs = 96a; — 6aia,

aig = —768a; + 24a1, a17 = —768a; + 24a,5,

aig =48ay,a19 =0,ay = —9a; + (3a1n)/8,

axo = —24a1 + (3ai2)/2, a3 = ai/3 — a2/9,

a4 = T2ay — 3aiz,as = —192a; + 6ay2,

ae = —8ay + a2/4, a7 = 48a; — (3arn)/2, ag = 24ay,
ay = —12ay, e = —288ay, e7 =0,

e1 =0, e =24ay, e3 = 48ay, eq = 24ay,

es = 48ay, j1 = —24a1, 1o =0, ji1 =0,

J12 =0, ji3 = —48ay, ji4 = 96ay,

Jis = 48ay, jie = —96ai1, j17 = —48ay, jigs = 48ay,
J19 = —48ai, jo =0, joo = —48ay, jo1 = —48ay,
J22 =48ai, jp3 = —8ai +aiz/2,

Joa = 48ay — 3aiz, jas = 192a; — 6ayy,

Jo6 = —384a; + 12ay»,

Jo1 = —T2a1 + (3a12)/2,

@ Springer

Jos = 192a; — 6ai2, jr9 = —24a1 + (3a12)/2,

J3 = 24ay, jz0 = 192a; — 6ai, j31 =0,

J2=0,j33=0,j34 =0, j3s =0, jac = 384a; — 12ai2,

J31 = —768a; + 24ay2, jag = 0,

J39 =0, ja =0, jao = 24a; — Bai)/4, ja1 =0, jao =0,

Ja3 =0, jas =0, jus =0, jas =0,

Ja1 =0, jag = =96ai, js =0, je =0, js = =2j7, jo =0
(42)

When replacing them into (37) and (39), one finds the fol-
lowing corrections to the Buscher rules:

Ag = 24a, (28ag08a(p + etV 4 e—¢W2)
Aga = 24a (2e—<ﬂ/23b¢Wab + e‘/’/zl-_]achhc)
Ab, = 24a, (2e¢/2ab<pvab — ef‘p/zl:lachb‘)

AHgpe = —288a1 310 (Wp? Vera) — 3¢/* Viap Age)
—3e /2 Wiap Abg (43)

These transformations are those have been found in [29]"
for 24a; = —Ag.

Since the above corrections are independent of the param-
eter aj7, the solution (42) produces two mutliplets. One with
the overall coefficient ¢; which is invariant under the Buscher
rules plus the above higher derivative corrections, and the
other one with the overall coefficient aj, which is invari-
ant under the Buscher rules. The T-duality then can not fix
a relation between these two parameters. We find the rela-
tion between them by using the fact that the sphere-level
S-matrix elements of massless vertex operators in the string
theory have simple poles reflecting the standard propaga-
tors for the massless and massive fields in the amplitude. At
the low energy, one expands the massive propagators to find
an amplitude in terms of only massless fields. The massless
poles at the low energy are still simple poles. They should be
reproduced by effective actions which have standard mass-
less propagators. The last term in the effective action (12)
changes the standard propagators of the B-field. However,
for the following relation between a; and ay2:

ap = 16a; (44)

the coefficient of this term become zero after imposing the
T-duality constraint (42), i.e., ao = 0. Interestingly, impos-
ing this relation, one finds the curvature terms in the action
(12) also becomes proportional to the Gauss—Bonnet gravity
which does not change the standard propagator of the metric.

I The sign of the first term in the last line of (43), however, is different
than the one appears in [29] which is a typo [30].
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Imposing the relation (44) and the Z,-constraint (42), one
finds the following bulk action:

1
L) = 24a1[ﬁHa5€H“ﬂVHﬁme
1
_gHaﬂ(S H[Z,B]/ Hy68H855

1 5
+mHaﬁyHaﬁyH868H @

+H,"’ Hgys R — 4R,5 R

1

—< wpy HPV R + R* + Rypys R%PV?
1

_EHO[(SG Hﬂlﬂy Rﬂyée
2

—gHﬂyaHﬁV‘svav“@

2
+§Hﬁy5Hﬁy6VaCDVa¢‘ + 8RV,OV*d

+16V,dV* DV VD
—16R VI OVP D — 16V, DV DV VD

+2Hy"° Hgy s VPV @} (45)

Since all background independent parameters in the gauge
invariant action (12) are fixed in the particular geometry
which has one circle, then the above action should be valid
for any other geometry as well, e.g., if one considers a geom-
etry which has a tours T2, then the reduction of the above
action should have the symmetry O (2, 2). The above action
is exactly the off-shell Lagrangian that has been found in [8§]
by imposing various field redefinitions on the on-shell action
in the minimal scheme.

The relation (44) and the Z;-constraint (42) produces the
total derivative terms in (29) that their corresponding vector
Af is the following:

AY = 24a; [Hbcd Vabwed — HyeqvEewed

—269Vp VPV
+2e W WPEVeG — 262 VIV Y,
—2e Y WhVIW,e + 4RV — 2e* V), VPV
+4e? VIV VP h — 4e P W Wy VP
+8V49Vpp VPP — 16V V,pVPh — 8R, Vg
+4e? VIV VP + e P WY W, VP

1 ,
—l—EV”gongoVb(p — 4V, VeiVly +2e2 VPV, VY,
—26¢ VPV, V¢ — 20 P WPV, WY,

+2e YWV, be] (46)

Note that the above vector is not odd or even under the
Buscher rules.

The presence of the total derivative terms indicates
that the bulk action alone is not invariant under the Z;-
transformations. Using the Stokes’s theorem, these anoma-
lous terms are transferred to the boundary and then should be
cancelled with the anomalous terms in the boundary action.
The anomalous terms from the bulk action are then the fol-
lowing terms:

/ dP%s |§|naA‘fe_243
M

=24a1/ dP %o |§|e_2¢_’na[l:lbcdvabW”d
oM

—Hpea VEEW ™ — 269V, VPV

+2e Wy WPEVAG — 262 VIEVY,

—2e YWY VIWy + 4RV g

—2e*Vp VPV + 4 VIV, VP §

—4e P WA W, VP

+8V99 VoVl — 16V 4 V,0 VP

—8R,V 9 + 46 VIV, VP o + e WIW,, VP
+%V“¢Vb<pvb<p — 4V, Vi VPy

+2e? VPV VY — 262V, V), C

20TV W, + 26T WY W @7)

In the next subsection we study the Z,-transformations of
the boundary action (19).

3.2 Boundary constraint

To impose the Z;-constraint (32) on the boundary terms, one
first assumes that the boundary is specified by the functions
(o) = (x%(c?), y) where the functions x¢ (%) represent
the boundary in the base space which are independent of the
y-coordinate. Then the reduction of the induce metric (9)
becomes

a b _ a

gy = gja Zz_,;(é;ab +¢¥gagp) 3;11 (e?ga) )
we 9X7 (o0 7
Py (e¥gp) e

Using this and the reduction of dilaton in (20), one finds the
following reduction:

e 2% /1gl = e /13| (49)

where g is the determinate of the induced metric (31). For
the background that we have considered, it is invariant under
the Z,-transformations to all orders of «’.

Using the reduction (21) for the normal vector and the
reduction (20) for metric, one finds the reduction of the
extrinsic curvature to be

P
G" Ky = §Kap + 51 Va9 (50)
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where K, is the extrinsic curvature of the boundary of the
base space. So the reduction of the boundary action 95y in
(6) is

O
3So (W) = —;/d” % ¢ /718 Rap + 51 Vay |
(51)

which is invariant under U (1) x U (1) gauge transformations.
In using the boundary constraint (32), one needs to cal-

culate AdSp. Using the above reduction, one can calculate

AJSp in terms of the T-duality transformations (35), i.e.,

4 —
ADSy = —K—Z/dD_zo e—2¢,/|g|[§nava(mp)] (52)

where Ag is given in (43). Note that in finding the above
result we have used the fact that in the background that we
have considered, the unit vector n¢ and the base space metric
and dilaton are invariant under the Z,-transformations.
Using the reductions (20), it is straightforward to reduce
the effective action 9S; with the Lagrangian density (19) to
find 051 (¥), and then calculate its transformation under the
Buscher rules (23), i.e., 95 (w(/)). See [13,26], for the reduc-
tion of different tensors in the boundary Lagrangian (19).
Note that for simplicity of calculations in the boundary, we
assume the metric of the base space is flat, i.e., gap = Nap.
This calculation produces the expression 951 () — 9.5 (w(’))
in (32). The anomalous couplings from the T-duality of the
bulk action is also given in (47). Finally, one needs to add the
total derivative terms 77 () to the constraint (32). Accord-
ing to the Stokes’s theorem, the total derivative terms in the
boundary which have the following structure are zero:

2 — a7
N =-= /a MdHa |Z1nqdp(e 2P F?) (53)

where F9 is an arbitrary even-parity antisymmetric ten-
sor constructed from U (1) x U (1) gauge invariant tensors
n,on, 9¢, dp, e ?2W, e?/2V, H at two derivative order.
Using the package “xAct”, one can construct this tensor with
arbitrary coefficients.

Having calculated all terms in (32), one should then
impose the Bianchi identities (34) in the flat base space which
can be done by writing the derivatives of the field strengths
V, W, H in terms of potentials g,, by, bap. To impose the
identities corresponding to the unite vector n“ in the base
space, we also write it in terms of the function f using (13),
ie.,

nt = (@£ )" V2o0f (54)

where we have used the fact that the function f should be
independent of the killing coordinate y, i.e., dy f = 0. The
coefficients of the resulting independent terms then should
be zero. They produce some linear equations involving a;
and the parameters in (19) and in (53).
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We find the following non-zero couplings in the boundary:

3Ly = byHp,s HPY°K® 4 24a, Hy"* Hg, s K*P
+b, Ko” K*P K g, + (24b,

1
—Eb”)K“aKﬁyKﬁV

1
+(—8b, — gblS)K“aKﬂﬂKVy

1
—§b19Ha56Hﬂ36Kyynanﬂ
+12(—16a; + b1,) K Ryp
1
+(96a) + 24by = 12b1; = Sby7 + 2by)

XK nnP Ryg — 12b; K%, R
—{—anV’Sn“nﬁRayﬂg

+b1, HPY°n*Vy Hgys — 2b, Hpys HPPn*V, @
+b17Kp, KPY 0V, ® + b g KPgKY ,n®V, @
+b1oHp® Hysen®nPn? v, @

+(—192a, + 24b,

+by7 — 4b,g)n“nPn¥ Rg, Ve ®

+24(8a; + by )n* RV, ® — 48b, KP4V, &V ®
—2(—192a; — 48b, + byg)K? ,n*nPV,®V5d
+24(—16a; — 2b; + b1,) K“P V5V, @
+(192a; — 24b,, — by,
+4b1g) K, n*nP VgV, @

+48(—8a; — b )n“RogVF @
—384a, Kop VO OVF @

+96(4ay 4 b))n*Vu ®V5dVF @

1
+96(—8a; — b)n*VgVe ®VF & + (48a; — Zb“

—6b1,) Hy > n®nPn? V,, Hgse

+(384Cl1 + 96[?1 + 48b12 + 2b17 - 8b19)

xn*nfn¥ V,®V, Vg

+b38n“n’3n7’n5V5Vy Kap

4
+3(=576a; — 96b,; + byg)n“nPn¥ V, &V 0V, @
(55)

which has the bulk parameter a; and 7 boundary parameters
b1, b11, b12, b17, b1g, b19, b3g. The corresponding antisym-
metric tensor F¢” in the Stokes’s theorem is
F% = 6(8a, — byy)e?n’n Vv, ,

—6(8a; — byy)ennVPiv,,

—6(8a, — byy)e nPn W9 W,y

—6(—8a; + byy)e nn“Whiw,y

+24b,n" 33 n¢ — 24b,n8°d.n

—48(8a, + b)n"n‘3%pd. P
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+48(8a, + b)nn8 pd.p
—24b,n9n 0. + 24b,n" 3" n 0.

which has the bulk parameter a; and the boundary param-
eters by, b1>. The background independent parameters by,
b11, b12, b17, b1g, b19, b3g may be fixed further by consid-
ering the geometry which has the tours 7' in which we are
not interested in this paper. In this paper, however, we further
constrain the parameters by using the least action principle,
and by considering the geometry which has tours 7¢. Before
imposing these conditions, let us compare the gravity cou-
plings that the Z,-symmetry produces, with the couplings in
the Euler character /5.

3.2.1 Comparing with the Euler character I,

In this subsection we compare the couplings in the classical
effective action that are consistent with the T-duality, with the
couplings in the Chern—Simons form Q> in the Euler charac-
ter I>. When the dilaton and B-field are zero, the couplings
that are found by the T-duality constraint are the following:

48a
K21 / dPx/=G(R"PR ,0p

—4R™ R, + R?)

2 -
—ﬁ/dD Ix |g|[b11KO,VK“ﬂK,3y

S +0S; =—

1
+ (24191 - Eb”) K% Kp, KP7

1
+ (—Sb1 — gbm) K KPgK?,
+12(=16a; + b)) K* Ryg

1
+<96a1 +24by — 12by — Sby7

+2b19>KVyn“n’3 Rup — 12b, K% R
+b11KV3nanﬂ Rayﬂ5

+bygn®nPn’ n’vsv, Kaﬁ] (56)
where the couplings are all independent. One may use various
identities to rewrite the boundary coupling in different form,
however, the number of boundary couplings remain the same.
For example, one may use the following identity:

nnPnYn®VsV, Ko = —2Ko" K K, +n*nPV, V" Kop

(37
which can be verified by writing both sides in terms of func-
tion f, to write the term with the second derivative of extrin-

sic curvature in (56) in terms of the Laplacian of the extrin-
sic curvature. This changes the coefficient of K" K*f K Bys

however, the number of the boundary couplings remain the
same.

On the other hand, it has been shown in [27] that if one
extends the couplings in the four-dimensional Euler den-
sity I, to arbitrary dimension, the couplings satisfy the least
action principle with the boundary condition that only metric
is arbitrary on the boundary. This extension is

L= / dPx /=GR, + / 4" 1x/1510 (58)

where RéB is the Gauss—Bonnet gravity and Q> is the Chern—
Simons form [27]

- ~ 1
Q2 = 4|:KMMR - ZKMVRMU + §(3KaaK;LUKMV

—K“MK"UK“&—ZKM"KWK““)} (59)

where Iz’,w and R are curvatures that are constructed from the
induced metric (9). Using the following Gauss—Codazzi rela-
tions:

R Poy PgyR™ — n*n" Royppy —
R — ZHMI’IVRMV _ K;,LVKMU + KM/LKV\)

wp = KopKp" + KapK "
R = (60)
and the identity n* K,,, = 0, one can rewrite Q> in terms of
the spacetime curvatures, i.e.,

Q2 = 4|:KMMR — ZKM‘)RMV — ZKQQnMnUR,uv
2K nnP Ryyupy

1
—3(6K°‘QKWK‘“’ —2K", K", K%,

—4KM”KWK““):| (61)

The bulk couplings in I are the same as the bulk cou-
plings in (56), however, the number of boundary couplings
in (56) is more that the number of boundary couplings in
I,. If one sets b3g to zero in (56), then the number of cou-
plings and the structure of couplings become the same as
those in I, however, for no values of the boundary param-
eters by, b11, b12, b17, b1, b19 the two sets of the couplings
become identical, e.g., the ratio of the last terms in the first
and second lines above is 3/2 whereas this ratio in (56) is
one. Hence, the boundary couplings that the T-duality dic-
tates can not be exactly the same as the boundary couplings
in I, for any values of the boundary parameters. This may
indicate that the assumption that only metric is arbitrary on
the boundary in the 4-derivative couplings is not consistent
with the classical effective action of string theory. However,
such assumption may be valid for the higher loop effective
actions for which there is no T-duality symmetry.
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4 Constraint from the least action principle

We have seen that when the background geometry has a cir-
cle, requiring the bulk and boundary actions at order o’ to
have the Z;-symmetry, one finds the bulk action (45) and
the boundary action (55). Using the background independent
assumption, then these actions should be the effective actions
at order o’ for any arbitrary background which has boundary,
up to field redefinitions. To find the bulk equations of motion
one needs to extremize these actions, i.e., §(S; + 9S;) =0,
by using some assumption for the massless fields on the
boundary. At the two derivative order, the assumption that the
massless fields should be arbitrary on the boundary is good
enough to produce the equations of motion from extrem-
izing the leading order actions, i.e., §(So + 9Sp) = 0. At
the four derivative order, however, the assumption that only
the massless fields are arbitrary requires the boundary cou-
plings which are not consistent with the T-duality symmetry.
If one insists on that assumption, then the 4-derivative action
would not be the classical effective action of the string the-
ory in which the T-duality is a symmetry. Hence, it seems to
study the classical equations of motion in the string theory
at order o', one should assume that not only the massless
fields but also their first derivatives should be arbitrary on
the boundary.

Since the bulk action (45) has at most two-derivative
terms, e.g., R or VV @, when one extremizes the bulk action,
one would find the variation §W as well as the variations
V(§W) and VV (§V¥) where W represents the massless fields.
After using the Stokes’s theorem, the variations V(§W) and
VV (W) produce the variations § ¥ and V (6 ) on the bound-
ary. The assumption that W and VW are arbitrary on the
boundary, means their variations are zero on the boundary,
ie., §¥ = V(W) = 0. Hence, the bulk action satisfies
6S; = (---)8¥ = 0 with no constraint on the bulk cou-
plings. The boundary action (55), however, has two- and
three-derivative terms, e.g., R or VV K. When one extrem-
izes the boundary action, one would find variations VV (§ W)
and VVV (W) on the boundary which are not zero in gen-
eral. The parameters in the boundary action should be such
that the coefficients of these variations become zero up to
some total derivative terms on the boundary which are zero
according to the Stokes’s theorem.

The variation of the boundary action (55) against the met-
ric variation produces the following non-zero terms in the
local frame:

24(8a; + b))d*Df 1P PY23,058G 5

1
+(96a; = Sby — 6b1,) f19 1P 273 P, € Ps* 3,058 G e

1
+(_48a1 + 6b12 + Zb17 — b19)
x f19£1P 213 P, s P€3,056G .

@ Springer

1
+(=96a) = 24b; — 12b); = 5by7 + 2b;)0" @
x flo f1P £17 P*850,8G s, (62)

where f1¢ = 8%f, 2% = 3%9P f. We have used the
assumption that the variation of metric and its first deriva-
tive, and their tangent derivatives are zero, i.e., §Gop =
0.8Gop = 0 and P#Y9,0,0G4s = 0. One is free to add
arbitrary total derivative terms, i.e., (16) in which the anti-
symmetric tensor ]-'f‘ P contains the variation of metric. Using
the Stokes’s theorem, the total derivative terms on the bound-
ary become zero. Then, up to some total derivative terms, the
resulting equations are zero for the following relation:

b9 = —48a; + 6b12 + b17/4 (63)

Note that if one requires that the first derivative of the
variation of metric to be non-zero on the boundary, i.e.,
0u8Gup # 0, then one would find many other terms in (62)
that become zero for the incorrect value of a; = 0.

Inserting the relation (63) into (55), one finds the vari-
ation of (55) against the dilaton becomes zero up to some
total derivative terms, and the B-field variation produces the
following relation:

bi» = 16a; — by1/12, (64)

and some total derivative terms. Therefore, for the relations
(63) and (64) the bulk and boundary actions satisfy the sta-
tionary condition §(S; + 9S;) = (---)6W¥ = 0 when the
variation of massless fields and their first derivative on the
boundary are zero.? Since the variation of fields in the bulk
are non-zero, this gives the appropriate equations of motion
in which we are not interested.

Inserting the relations (63) and (64) into the boundary
action (55), one finds the boundary action to be

1
ALy = by [KaVKaﬂKﬂy + ZHa&HﬂaeKyy”a”ﬂ

—K% Rap + K7°n%nP Ry ps

1 1
—EHﬂyanaVangya - EHﬁsny(gen“nﬁnyva@

1
—2K“PVgV,d + ZHa‘seno‘n’SnVVy HI%E]

+b, [H,gngﬁ”‘sK“a +24K%, Ky KP7

—8K KPgKY,, +24K" ,n“nP Ryp
—12K%R

—2Hg, s HP"°n“V,® 4 24n% RV, ®
—48KF 5V, oV ®

2 Tf one does not use the total derivative terms (16) in the metric variation

of the boundary couplings (62), then one would find the constraint (63),
(64), and another constraint by = —8aj.
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+96K” ,n*nf Vo @V ®
—48KPVV,® — 481 Ry VP @
4961V, ®V OV @

—96n* VgV, ®VF @
—1281%nPn? V, V50V, @

+96n*nPn? vV, ®V, Vg @}

+a, [241%/6 HpysK®P — 24H,% Hgse KV yn®nP

+16HP" 0V, Hpy s

+48 Hg'¢ Hy 5ennPn? Vy @ + 192n% RV,
+384K” ,n“nPV,®Vyd — 384n” Ryp VF @
—384Ko5V*OVPD + 38417V, 0V 0V @
—~768n*VgV, dVF d
—48HO,‘S€n"‘nﬁn”V),H}gtg6
—768n%nPn? Vy, ®VsdV, ®

+768n%nPn? vacpvyvﬁ@]

b 1
—%[K“aKﬁyKﬁy + 3 Ha* Hpse K7 ynn”

1
—Kpg, KPYn*V, @ — EHﬂanygen“nﬂanacb}

b 3
—%[[(“a - 2n°‘Va<I>:|
+bygn®nPn’ n’ VsV, Kop (65)

The boundary multiplets with the background independent
parameters by, b1y, b17, b1g and b3g are each invariant under
the Z,-symmetry and satisfy the least action. The bound-
ary multiplet with parameter a; also satisfies the least action
principle, however, its combination with the bulk multiplet
(45) satisfies the Z,-symmetry. In the next section we study
another constraint on the background independent parame-
ters by considering the geometry which has the tours 7¢.

5 Constraint from zero cosmological boundary action

In this section we show that the cosmological reduction of
the boundary term at the leading order produces zero bound-
ary action. We then extend this to the cosmological boundary
action at order o’ to further constrain the boundary parame-
ters in (65).

When fields depend only on time, using the gauge sym-
metries it is possible to write the metric, B-field and dilaton
as

_(-n*() 0
Gw_( 0 Gij(l)>’

0 0
B = (0 5410 )

1
20 =¢ + 5 log det(G;;) (66)

where the lapse function n(¢) can also be fixed to n = 1.
The cosmological reduction of the bulk action in (6) then
becomes

2 1. ...
S(c)z —K—Z/dl‘e ¢|:ZBijBl]

-3 ,»,-G'J—G'/G,»,-¢—¢2+GUGU} (67)

where G/ = G'*G''Gy;. Up to a total derivative term the
above action can be written in O(d, d)-invariant form. In
fact, using the following total derivative term:

d .
/dl‘—|:€¢Gl]G,'j:|
dt
= /dt€¢|: — GijG','j(l‘s — GijGij + Gijéij:| (68)
one can write S§ as

2 I D P I "
S(C) = —K—zfdte‘ ¢|:ZBUBU +ZG,‘]'GU —¢ ]

2 d .
—K—z/dta[e_q)G” G,,} (69)

Since there is boundary, the total derivative term can not be
ignored. It can be transferred to the boundary by using the
Stokes’s theorem.

On the other hand, the cosmological boundary is specified
by x! = o', and x = ¢ is independent of o. Hence, the
cosmological reduction of \/[g[e 2% = ¢~?. The unit vector
to the boundary is fixed, i.e., n = 0, and the cosmological
reduction of the trace of the extrinsic curvature becomes

1.
K =266y (70)

Therefore, the reduction of the boundary term in (6) is exactly
cancelled with the total derivative term in the bulk action, i.e.,

2 1 1 .
= —¢| _ 2 _ - 2 42
Sy = p [dte [4TrW 4TrY ¢ :|
98¢ = 0 (71)

where W = GG, Y = G~ B. The bulk action is invariant
under O(d, d) [5,6]. Note that the reduction of the extrinsic
curvature (70) can not be written in O (d, d) invariant form.
So it was necessary that this term was cancelled with the total
derivative term in the bulk action. In other words, there is no
way to write the boundary action in O(d, d) invariant form
unless it is zero.

At the higher order of o the bulk and boundary actions
should be invariant under O (d, d). We will see the couplings
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that are found by the Z,-symmetry satisfy the O(d, d) sym-
metry with no further constraint on the boundary parameters.
However, since the cosmological reduction of the leading
order boundary action is zero we speculate that the boundary
action at all higher orders of &’ to be zero too, i.e., (7). This
can be a consistency check and a constraint for the bound-
ary couplings at higher orders of «’, e.g., the cosmological
reduction of the boundary couplings (65) should satisfy the
0 (d, d) symmetry and then the constraint (7) fixes the coef-
ficients of the O(d, d) invariant terms to be zero.

Using a one-dimensional field-redefinition for which the
lapse function remains invariant,? it has been shown in [8]
that the cosmological reduction of the bulk action (45) can
be written explicitly in O(d, d)-invariant form when there is
no boundary, i.e.,

. 2 1 1
S| = ——=24a; /dtef‘p —Tr(Y4) + —Tr(W4)
K2 8 8
+ZTr(YWYW) — ETr(Y wW<)
1 1 .
=T () = Te(WHP = S[Tr(r?) = Te(W)g?
1.,
—= 72
3 ® } (72)
In this calculation the terms which could not be written in
terms of O (d, d)-invariant form are removable by field redef-
inition and total derivative terms. The total derivative terms
which are needed to write the cosmological reduction of the

bulk couplings in the above O(d, d)-invariant form, are the
following:

d 2 . .
24a, f dra[e—d’Tr(WYZ) + ge_¢¢3 + e ?H*Tr(W)
1 .
+§e_¢¢(TrW)2
L _, oy L, 3
—5¢ Tr(W)“Tr(W) + 7€ (Trw) (73)
These total derivative terms have been ignored in [8] because
it has been assumed that the spacetime has no boundary. In

the presence of boundary, the above total derivative terms
produce the following boundary terms:

2daine™® [Tr(WYz) + %(]33 + G2Tr (W) + %(ﬁ(TrW)2

—%Tr(W)ZTr(W) + %(TrW)3i| (74)

3 Note that the lapse function in the cosmological reduction corresponds
to the base space metric g, in the circular reduction. The invariance
of the lapse function is then consistent with the invariance of the base
space metric under the Z,-transformations that we have considered in
this paper.

@ Springer

which should be taken into account when studying the
0 (d, d)-symmetry of the boundary action (65). The bound-
ary of the cosmological reduction is spacelike. The one-
dimensional reduction that its boundary is timelike is the
same as above in whichn = —1.

On the other hand, using the reductions (66), one finds the
cosmological reduction of the boundary action (65) for the
following relation between by, byy:

b1 = —24b
to be

24a1ne—¢[ —Tr(WY?) — %4’;3 — ¢>Tr(W)

1'TW2 1T W) Tr(W 1TW3
—§¢(r )+§r( ) Tr( )—Z(r )]

b7 .
+ne¢[(24a1 +3b; + %)(J)(Trwz —TrY?)
1
+(32a; + 4by — gbmqﬁ} (75)

Note that the cosmological reduction of the coupling in (65)
with coefficient b3g is zero. While the terms in the second
line above are invariant under the O (d, d) transformations,
the terms in the first line are not. However, adding the resid-
ual total derivative terms from the bulk action, i.e., (74), one
finds the boundary terms in the first line above are cancelled.
Note that if one changes the coefficient of the boundary cou-
pling K,¥ K*PK gy in (65), then there would be the term
Tr(W)?3 in the first bracket above which is not cancelled with
the total derivative terms and is not invariant under O (d, d)
transformation. It means the cosmological reduction of the
Euler character is not consistent with the O(d, d) symmetry.

Therefore, up to a field redefinition, the cosmological
reduction of the bulk and boundary couplings are given by the
O (d, d) invariant bulk action (73) and the following O (d, d)
invariant boundary action:

2 b7
8S¢ = —K—rzle_¢|:(—24a1 —3b; — %)q&(TrWz
2 b]8 13
—TrY ) + (32611 + 4b] - ?)(f) (76)

Note that since the cosmological boundary action at the lead-
ing order is zero, i.e., (71), the field redefinition has no effect
on the above cosmological boundary action. Hence, requir-
ing the effective actions that are found by the Z,-symmetry
and by the least action principle, to be invariant under the
O (d, d)-transformations produces no further constraint on
the boundary couplings. However, requiring the constraint
(7), one finds the following two relations between the param-
eters.
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b7 = —192a1 — 24by, b1g = 192a; + 24b; 77

Inserting the above relations into the boundary action (55),
one finally finds the boundary action to be

0L = —24b; [KayKaﬁKﬁy — KaaK/gVKﬁy — KaﬂRaﬁ

1
+K7nnP Ry ps — EH’SV‘SnaVaHﬂ},g
+2K g, KPYn%Vy® — 2K“P VgV, d

1
—i—ZHa‘kn"‘nﬂnVVV Hﬂ5€i|

+b, [HﬁngﬁysK“a + 12K%, K g, KPY

—12K*,KP K, — 3H,* Hpsc KV ,n®nP
+24K7 ,nnP Ryp — 12Ky R

—2Hg,s HP"°n*V, @

+24K g, KPY n%V, @

+24KP g KV ,n® Vo ® + 6Hg* Hysen“nn? v, @
+24n* RV ® — 48K P 5V, &V @

+48KY ,n*nP Vo, dVgd — 48K V5V, @
—48n“ Rog VP @ + 96n* V, V5 dVF

—96n“ VgV ®VF® — 961" nPn? v, oV 0V, &

+96n*nfn? Vo ®V, Vg @}

+a [24110/5 HpysK*P +96K*, Kg, KFY

~32K%,KPgKY, + 16HP " n*V, Hg, s
—192K 3, KPYn*Vy® + 192KP 4KV ,n*V, @
+192n% RV, @ — 384n% Ry VP @

—384K o VYOVA® + 384n"V, dV VP @
~768n VgV VP @

—48Ha5€n°‘nﬂn}’vy Hgse

—512n%nPn? V, &V dV, d

+768n“nPn? Vy ®V, Vg cp]
+bygn®nPn¥ n’ VsV, Kop (78)

Then the effective actions are fixed up to one bulk parameter
aj and two boundary parameters by, bsg.

6 Discussion

In this paper, we propose that the classical effective action
of the string theory at order a” in the presence of boundary,
should satisfy the following three constraints:

1-The effective action should be a combination of the
gauge invariant couplings that their coefficients should be
independent of the geometry of the background, up to the
field redefinitions. When the background has a circle which
is independent of its boundary, then the dimensional reduc-
tion of the action should satisfy the O(1, 1) symmetry.

2-The effective action should satisfy the least action prin-
ciple with the boundary conditions that the massless fields
and their derivatives up to order n should be arbitrary on
the boundary. This boundary condition is consistent with the
O (1, 1) symmetry.

3-The cosmological/one-dimensional reduction of the
effective actions should satisfy the O(d, d) symmetry with
zero boundary action, as in the leading order effective action.

Using the above constraints on the effective action at order
a’, we have found the bulk action (45) up to one bulk parame-
ter aj, and the boundary action (78) up to the bulk parameter
aj and two boundary parameters b1, b3g.

When the B-field and dilaton are zero, the gravity cou-
plings in the bulk action are exactly the gravity couplings
in the Gauss—Bonnet gravity, whereas the gravity couplings
in the boundary have more couplings than those in Chern—
Simons gravity. Using the identity (57), one can match the
coefficient of the couplings in (65) which have the same struc-
ture as those in Chern—Simons gravity Q» for the following

relations:
by = —8ay, big =32a; (79)

The gravity couplings in this case then become

48a
S1 +0S1|eo=p=0 = — Kzl [/de«/—GRéB

4
+/d0*‘x gl <Q2+ §n“nﬁvyvykm,gﬂ (80)

While the Euler character 1> is not consistent with the sym-
metries of the classical effective actions, i.e., it does not sat-
isfy the O(1, 1) symmetry when the geometry has one circle,
nor with O(d, d) symmetry when the geometry has the tours
T4, the above couplings are consistent with the O(1, 1) and
0(d, d) symmetries.

The effective actions that we have found for the relations
(79) are the following:

48
S| =- a1/ dPx/—Ge™2®
M

K2

1
x [Ré s+ ﬂHQ’SGH“ﬁV Hps® Hyee

1
_gHaIBS Hﬂtﬂy Hyéé‘ H(Sgg
1
+ag Hety H®PY Hsee H** + H,"° Hgys R*P
1 1
—< wpy HPV R — EHQ&H“W Rpyse
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2 2
—nggy(;Hﬁy‘sVaVa(D + gH,gngan@v%
+8RV, VYD + 16V, 0V DV Vi
—16Rup VO OVPD — 16V, 0V OV dVA

+2Hy " Hp, s VEV* <1>] (81)

48
58, = — al/ dP o /lgle 2
oM

K2

4
X |:Q2 + gn“nﬁVyVVKaﬁ
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where Ré g 1s the Gauss—Bonnet bulk couplings and Q> is the
Chern—Simons boundary couplings (61). The bulk couplings
for a; = 1/96 is the effective action of the bosonic string
theory which has been found in [8].

We have imposed the relation (44) to have standard prop-
agators for the B-field. This relation can be also found by
the O(d, d) symmetry. We have seen that the cosmologi-
cal reduction of the bulk couplings are invariant under the
0O (d, d) transformation up to some total derivative terms
which are not invariant. These anomalous terms are exactly
cancelled with the anomalous terms in the cosmological
reduction of the boundary couplings. If one does not use the
constraint (44), then the two set of anomalous terms would
cancel each other only under the condition (44). We have
performed this calculation explicitly.

In the cosmological study, we have used the scheme that
the cosmological action has the first derivative of dilaton, i.e.,
(72), and the boundary action has no term with first derivative
of dilaton, i.e., (7). On the other hand, it has been shown in
[31,32] that if one uses various one-dimensional field redef-
initions and uses integration by part, then the cosmological
reduction of the bulk action at order «’ and higher can be
written in a scheme in which the bulk action has only the
first derivative of the generalized metric, i.e., no coupling
involves the first derivative of dilaton. In the presence of
boundary, the total derivative terms appear in the boundary
by using the Stokes’s theorem. Hence, if one uses the scheme
in which the derivative of dilaton does not appear in the bulk
action, then in that scheme the boundary action may have the

@ Springer

first derivative of the dilaton, i.e., the cosmological boundary
action may not be zero in that scheme.

In imposing the O (1, 1) symmetry, we have assumed the
unit normal vector of the boundary in the base space, n® and
its length remain invariant under the T-duality transforma-
tions. This forces use to work with the most general gauge
invariant bulk action (12) which has 20 parameters, i.e., we
did not use the higher derivative field redefinitions to work
with the independent bulk couplings. If one uses the most
general field redefinitions, then the bulk action in the mini-
mal scheme has only 8 independent couplings. The T-duality
fixes these parameters up to an overall factor [11], i.e.,

-2
S = Cl/ dPx e ?®J/—-G
M

K2

1
X <Raﬂy8Raﬁy5 - EHaaeHaﬁVRﬂyﬁe

1 1
+ﬁH€5;HfaﬁH5ﬁVH<y“ - gHaﬂ‘SH“ﬂVHﬂHM>
(83)

where ¢ is the overall factor. For ¢; = 1/4, the above action
is the effective action of the bosonic string theory at order o’
which has been found in [12] by the S-matrix method. The
above action and the action (81) are related into each other by
aparticular field redefinition [8]. In the presence of boundary,
however, one may not be able to use the most general field
redefinitions because they change the values of the massless
fields and their derivatives on the boundary which may not be
consistent with the least action principle. It would be inter-
esting to find the appropriate field redefinitions in the pres-
ence of the boundary to find the corresponding independent
gauge invariant couplings and then impose the constraints
that we have studied in this paper, to find independent bulk
and boundary couplings at order &’. It would be also interest-
ing to extend the calculation in this paper to find the boundary
couplings at order o’?, ’3. The corresponding bulk actions
in the minimal scheme have been found in [13,16,17].

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: The results in
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