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Abstract
Most motion simulators manufactured today benefit from the use of electric actuators. The common solution to a heavier payload
is a larger actuator. However, this results in higher power consumption and expenses. Furthermore, the electric actuators continue
to use power in stationary positions as well as low platform speeds. To overcome these drawbacks, a combination of passive
pneumatic actuators may be supplemented with the electric actuators to allow the motion simulators to sustain equipment weight.
However, it is challenging to design a weight compensation system so that it could be efficient throughout the entire workspace.
In this paper, kinematics and dynamics of the six axis FUM Stewart robot with three passive redundant pneumatic actuators are
investigated. Six independent trajectories using maximum allowed velocity and accelerations are defined and the trajectory
containing maximum actuator force is selected. A genetic algorithm is used to optimize the power consumption for the worst-
case trajectory. A cost function is defined to minimize the absolute value of average as well as maximum actuator forces by
identifying a structural kinematics arrangement of the passive pneumatic actuators. Results indicate that the weight compensation
implemented on the FUM Stewart successfully decreased actuator forces in static positions as well as dynamics trajectories by at
least 29% and 37.1%, respectively. Furthermore, maximum actuators’ forces during both outstroke and instroke are mostly
balanced which helps improve the life expectancy of the mechanical system. The procedures outlined in this paper are general
and may be applied to any existing Stewart robot.
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1 Introduction

The rise of parallel robots was a milestone in the robotic in-
dustry while it brought many challenges for roboticists.
Despite having several advantages over serial manipulators
in terms of structural rigidity and positioning accuracy, many
attempts were made to overcome workspace limitation [1, 2],
singularity issues [3–5] as well as complexity in obtaining
direct kinematic equations [6–8].

The invention of the Stewart robot dates back to 1954when
Eric Gough used this mechanism as a general plane tire test

machine [9]. This machine gave a wide range of motion in
every DoF compared with Multi Axis Simulation
Tables (MAST) using the same number of hydraulic actuators
to achieve 6 DoF motion which were common at that time.
Later, the Stewart platform drew much attention as a motion
simulator primarily for training pilots and subsequently for
operators of other means of transportation. Stewart platform
increased the effectiveness of simulated training while re-
duced safety risks as well as training costs [10]. Due to their
importance in industry, many pieces of research in the field of
parallel robots were dedicated to analyzing Stewart robots in
different categories of kinematics, dynamics, and optimum
design.

In practice, most motion simulators utilized hydraulic ac-
tuators till 2006, since hydraulic actuators transmit the least
unwanted vibration to the simulator cabin. On the other hand,
maintenance, expensive equipment, contamination due to oil
leakage as well as low efficiency are the disadvantages of
hydraulic systems [11, 12]. In contrast, nowadays nearly all
hydrau l i c mot ion s imula to r s a re rep laced wi th
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electromechanical counterparts that use electric motors as
the source of power and transmit the motion to the cabin
through ball screws. One drawback in electrical simula-
tors is the rise in the required actuator power for motion
generation as the payload increases [13]. Also, there is a
significant rise in static loads as well. As a result, a con-
siderable portion of motor power is constantly consumed
to suppress static loads. The solution to this issue is given
by a weight compensator system [13].

Traditionally, most heavy industrial articulated robots
benefited from a counterbalance weight connected through a
four-bar linkage to a moving arm which reduced required
motor torque in particular joints [14]. However, modern in-
dustrial robots use hydropneumatic gravity compensator act-
ing as a spring resulting in the reduction of motor torque. The
effect of including such a system in 6R robots stiffness models
has been investigated [15]. A variety of compensators could
be designed using an arrangement of springs [16]. In parallel
mechanism vibration isolators which has micro displace-
ments, a variety of suspension systems combinations includ-
ing springs, piezoelectric, and magnetic suspension can be
used [17]. In contrast to the planar parallel manipulators, there
are limited solutions to balance spatial parallel manipulators.
Due to the architectural complexity of spatial parallel manip-
ulators, traditional counterweights and spring methods could
not be easily applied [18]. Also, it is proven in some cases that
it is easier to modify the system dynamics using configurable
counterweights instead of updating the control algorithm [19].

In contrast to the widespread use of Stewart motion simu-
lators with pneumatic support systems in the industry, to the
best of authors’ knowledge, there is no thorough study avail-
able on the dynamic analysis of such robots. In this paper, the
kinematics of a general Stewart robot with three redundant
legs is investigated. Subsequently, the derivations were calcu-
lated for velocity and acceleration analysis. The inverse dy-
namic problem of ordinary Stewart platforms has been solved
using a variety of different approaches such as Newton-Euler
[20, 21], the Euler-Lagrange [22, 23], the principle of the
virtual work [24, 25] and Kane [26] methods. In order to find
an optimum Stewart robot architecture, optimization tech-
niques such as Genetic Algorithm (GA) were utilized, each
of which focusing on a different specific criterion [27–29]. It
worth mentioning some interesting research works on the op-
timization of cable-driven parallel robots [30, 31]. FAST is the
largest single-dish telescope worldwide, composed of a cable-
driven robot for adjustable feed support and a Stewart robot to
compensate positioning error [32]. The optimization of its
cable-driven robot is investigated using different performance
indices [31].

In this paper, kinematic, velocity, and acceleration analysis
of a Stewart robot integrated with three passive redundant
pneumatic actuators are studied. Next, dynamic equations of
such robots are derived by employing the Newton-Euler

method. Also, different architectures of weight compensation
are compared. As a case study, the optimally designed FUM
Stewart robot is used. To reduce the actuators’ power con-
sumption, GA is used to increase the weight compensator’s
effect. A weighted multi-objective cost function is defined to
keep maximum and average actuators’ forces to the minimum
based on practical experience. As a result of balanced loading,
the actuators’ life is expected to prolong.

2 The FUM Stewart Features

The FUM Stewart is an industrial Stewart motion platform
designed and manufactured at the Ferdowsi University
of Mashhad ordered by the Mashhad Urban Railway
Organization. Fig. 1 depicts the FUM Stewart Robot.

In order to evaluate the performance of a Stewart robot, it is
essential to define robot geometry. Generally, the architecture
of a Stewart robot can be obtained through five parameters
including, rb, the radius of the circle passing through loci of
universal joints in the base platform, db, the distance between
two adjacent universal joints on the base platform, rp, the
radius of the circle passing through loci of spherical joints in
the moving platform, dp, the distance between two adjacent
spherical joints on the moving platform, and Zh distance be-
tween two platforms in home position also known as robot’s
neutral height. Figure 2 illustrates the geometrical parameters
of Stewart robot.

Additionally, two constructional parameters, S, actuator
stroke, and D, actuator’s dead length, are crucial in determin-
ing robot workspace as well as the design and manufacturing
phase. These parameters can be defined with respect to actu-
ator maximum andminimum lengths, as shown in Fig. 3.a and
Fig. 3.b, respectively. The difference between these two states
of an actuator equals the actuator stroke. Regarding the dead
length, an actuator’s minimum length is composed of the
stroke and the dead lengths.

Overall, these seven parameters altogether are considered
as the design parameters of the Stewart robot. In designing the
FUM Stewart robot, these parameters are selected through the

Fig. 1 The FUM Stewart robot
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optimization process regarding payload specification and de-
sired trajectories including workspace, velocity and accelera-
tion. The FUM Stewart is capable of carrying a 2400 kg pay-
load having a 1 m center of mass (CoM) with its moments of
inertia about X, Y, and Z axes equal to 2890, 2890, and 2380
Kg.m2 respectively [33].

Therefore, this robot is a suitable case study to investigate
the effectiveness of the pneumatic weight compensation sys-
tem (PWCS) on the performance enhancement of Stewart
robots.

3 The Pneumatic Weight Compensation
System Features

Stewart robots equipped with weight compensation systems
consist of three extra UPS legs in each of which a pneumatic
actuator is utilized. The arrangement of pneumatic actuators is
defined in the same way as the electric actuators. There are

two geometrical parameters, Rb, the radius of the circle pass-
ing through loci of pneumatic universal joints on the base
platform and, Rp, the radius of the circle passing through the
loci of pneumatic spherical joints on the moving platform. In
order to have an anti-gravity effect on the robot payload, the
three pneumatic actuators apply a constant upward force pas-
sively. In fact, it is the reservoir tank pressure that is constant,
and the pneumatic force could be obtained by solving the
actuator dynamics. In this study, the force is assumed to re-
main constant to avoid system identification for pneumatic
actuators which leads to simplification of the robot dynamic
equations. It should be noted that spring suspensions could not
be used in this structure as an alternative solution to the pneu-
matic cylinders. This is because they could not provide a con-
stant force as a result of the large workspace and actuator
displacements. Moreover, due to the nonlinear spring force,
the dynamic equations will become too much complex to use
for optimization algorithm. The pneumatic force Fp, is con-
sidered as a constructional parameter of the pneumatic support

Fig. 2 Stewart robot’s
geometrical parameters: a) Top
view, b) Front view

Fig. 3 Actuator parameters
illustration: a) Actuator in the
retracted state, b) Actuator in the
extracted state
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system. Fig. 4 illustrates the design parameters of the pneu-
matic support system.

In addition to the introduced parameters for identifying a
pneumatic support system, dead and stroke parameters should
be taken into account, as previously mentioned for electric
actuators. However, they are not included in the optimization
process andmight only be used for selecting appropriate pneu-
matic actuators as well as manufacturing purposes. The design
parameters of Stewart platform and weight compensation sys-
tem are listed in the Table.1.

4 Inverse Kinematic Analysis

In order to establish a relationship between the end effector’s
position and orientation to joint properties, one needs to make
use of inverse kinematics. The general method to the joint
variable is to construct a close loop by connecting base coor-

dinates, B x; y; zf g, to moving coordinates,M x
0
; y

0
; z0

� �
, and

solve for each chain. A typical kinematic chain of Stewart
robot, as well as names of both electric and pneumatic robot
legs with respect to the base coordinate system, are shown in
Fig. 5. According to this figure, the position vectors of uni-
versal joints and end-effector are defined in the base coordi-

nate by u!i and P
!

respectively. Similarly, s
0
i represents the

position of spherical joints with respect to the moving
coordinates.

By solving the inverse kinematics, the length vector of the

ith actuator, l
!

i, can be obtained as follows:

l
!

i ¼ P
!þR s!

0

i− u!i ð1Þ

where R is the rotation matrix of the moving coordinate at-
tached to the end effector with respect to the base coordinates.
In order to express this rotation matrix, ZYX Euler angle rep-
resentation is utilized. The unit vector representing the direc-
tion of each actuator is defined by:

n!i ¼ l
!

i

l
!

i

��� ��� ð2Þ

In this case, since the joints used in the robot structure and
in weight compensation are the same type, i.e., prismatic, the
kinematic equations have been solved for the passive pneu-
matic actuators the same as active electromechanical joints.
Hence, the robot is considered as 9-UPS, or in a more general

attitude, an n-UPS and l
!

i is solved for i = 1 − 9.

5 Velocity and Acceleration Analysis

Jacobian is the matrix relating the end effector’s twist vector to
joints’ velocities. The velocity analysis could be used to obtain
Jacobian. The time derivation of the Eq. 1 is as follows:

l̇i n!i þ li ω!i � n!i

� �
¼ Ṗ

!þ Ω
!�R s!

0

i ð3Þ

where ω!i and Ω
!

are angular velocities of the ith prismatic leg
and moving platform, respectively. In order to form a velocity

mapping from the Cartesian space, V!¼ V
!T

Ω
!T

� �
T , to

joint space, ℓ̇
!¼ l̇1 ⋯l̇9

h iT
, the dot product of Eq. 3 by n!i

is obtained as follows:

Fig. 4 The pneumatic support system design parameters

Table 1 The design parameters

Mechanisms Optimization Parameters

Stewart Platform rb, rp, db, dp, Zh, S, D

PWCS Rb, Rp, Fp

Fig. 5 The closed loop kinematic chain of Stewart robot
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ℓ̇
!¼ JVV

! ð4Þ

In which the Jacobian matrix could be written as:

JV ¼
n!

T

1 R s!
0

1 � n!1

	 
T

⋮ ⋮

n!
T

9 R s!
0

9 � n!9

	 
T

2
66664

3
77775
9�6

ð5Þ

By considering the generalized coordinates for the end-

effector as, X ¼ x; y; z;ϕ; θ;ψ½ �T , velocity mapping between
generalized coordinates and joint space can be expressed by
means of JX .

ℓ̇
!¼ JX Ẋ!; JX ¼ JV JE ð6Þ

In Eq. 6 the Euler formulation Jacobian, JE, chosen accord-
ing to the Euler angles set, is as follows:

JE ¼
I3�3 03�3

03�3

cosψcosθ −sinψ 0
sinψcosθ cosψ 0
−sinθ 0 1

2
64

3
75
6�6

ð7Þ

Generally, the Jacobian matrix of a fully actuated manipu-
lator should be square, whereas in our case, the 9 × 6 Jacobian
matrix maps the Cartesian velocity to the linear velocity of
both active and passive legs. However, since the pneumatic
actuators are passive, the robot is not considered a redundant
one.

To obtain the acceleration of the robot’s moving parts, the
same technique as velocity analysis has been implemented. As
a result, the second time derivative of the Eq. 1 have been
obtained as Eq. 8.

::
li n!i þ 2l̇i ω!i � n!i

� �
þ li α!i � n!i

� �

þ li ω!i � ω!i � n!i

� �� �

¼ ::
P
!þ Ω̇

!�R s!
0

i þ Ω
!� Ω

!�R s!
0

i

	 

ð8Þ

where α!i and Ω̇
!

are angular accelerations of the ith

prismatic leg and moving platform, respectively. The
only remaining unknowns in Eqs. 3 and 8 are angular
velocity and angular acceleration of the prismatic legs.
Considering the coordinate frame in the universal joint
as shown in Fig. 6, ω!i is obtained following the in-
struction in [34, 35].

Since each prismatic leg i is free to rotate about x!i and y!i

axes, ω!i is obtained by its constituting components as:

ω!i ¼ ωxi x!i þ ωyi y!i ð9Þ

ωxi ¼ −
l̇
!

i−l̇i n!i

� �
� y!i

li n!i � z!i

� � ð10Þ

ωyi ¼
l̇
!

i−l̇i n!i

� �
� x!i

li n!i � z!i

� � ð11Þ

Time derivative of the above equations yields the angular
acceleration of the prismatic legs as follows:

α!i ¼ αxi x!i þ αyi y!i þ ωxiωyi z!i ð12Þ

αxi ¼ −
λ
!

i � y!i

li n!i � z!i

� � ð13Þ

αyi ¼ λ
!

i � x!i

li n!i � z!i

� � ð14Þ

where λ
!

i is:

λ
!

i ¼
::
l
!

i−
::
li n!i þ ω!i � ω!i � l

!
i

� �
þ 2ω!i � l̇i n!i þ ωxiωyili z!i � n!i

� �� �

ð15Þ

Given a predefined trajectory for the end effector, one can
obtain all the position, velocity, and acceleration terms of the
prismatic legs using the equations derived in this section.

6 Dynamic of Stewart Robot with Pneumatic
Weight Compensation System

The inverse dynamic aims to find out actuator forces required
to generate motion for any desired trajectory. In this study,
standard trajectories are used to compare the results of differ-
ent architectures. All the data obtained in the previous section
through position, velocity, and acceleration analysis is used to
derive dynamic equations. Then, the effective force of actua-
tors is obtained by solving dynamic equations. It should be
noted that in comparison to the conventional Stewart robot,
three excessive forces are applied to the robot by the weight
compensation system.

Fig. 6 Universal joint coordinate frame
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6.1 Dynamic of Robot Legs

In order to solve the dynamic equation using the Newton-Euler
formulation, the first thing is to draw free-body diagrams of the
components. The moving parts are classified into three groups:
electric actuator, pneumatic actuator, and the moving platform.
The free-body diagrams of the electric actuator and pneumatic
actuator are shown in Fig. 7. Two perpendicular reaction forces
applied by the moving platform to prismatic legs are depicted

by F
!a

Mi
as the axial force component and F

!ℓ

Mi
as the lateral

one. Similarly, the reaction force of the base platform is defined

by F
!

Bi . Moreover, a reaction moment, M
!

Bi , appears resulting
from universal joints since they cannot rotate about zi axis.

According to Fig. 7.a, the Euler equation for electric
actuator about the center of the universal joint can be
derived as:

M
!

Bi þ mci r
!

ci � G
!þ mpi r

!
pi � G

!þ li n!i � F
!ℓ

Mi

¼ Ici þ Ipi

� �
α!i þ ω!i � Ici þ Ipi

� �
ω!i

� �
þ mc r!ci

� a!ci þ mp r!pi � a!pi ð16Þ

where mci and mpi are the mass of the prismatic leg’s cylinder
and piston, while r!ci and r!pi are position vectors of their center
of mass, respectively. Also, Ici and Ipi are the inertia tensor of the
prismatic leg’s cylinder and piston about principal axes, while
a!ci and a!pi are acceleration vectors of their center of mass,
respectively. The gravitational vector is defined as G

!¼
0; 0;−9:81½ � T .

Equations 17 and 18 are obtained from the dot and cross
product of Eq. 16 by n!i, respectively. As a result, the pris-
matic leg’s reaction moment and lateral force are expressed as
follows:

M
!

Bi ¼
N
!

i � n!i

n!i � z!i

z!i ð17Þ

F
!ℓ

Mi
¼ 1

l
N
!

i−M
!

Bi

� �
� n!i ð18Þ

where,

N
!

i ¼ Ici þ Ipi

� �
α!i þ ω!i � Ici þ Ipi

� �
ω!i

� �
þ mc r!ci

� a!ci þ mp r!pi � a!pi−mci r
!

ci � G
!−mpi r

!
pi

� G
! ð19Þ

All these equations are also valid for pneumatic actuators
and can be obtained using the same procedure as electric ac-
tuators. As mentioned earlier, subscript i represents electric
actuators for i = 1 − 6, whereas i = 7 − 9 is dedicated to pneu-
matic actuators.

Internal forces acting on the actuator’s piston rod are
illustrated by the free-body diagram in Fig. 8. The force
generated to move the piston upward and downward is
denoted by Fi. The supporting force and moment
exerted on the piston rod as the cylinder wall’s reaction
are FSi and MSi , respectively.

The Newton equation for the prismatic leg’s piston rod is as
Eq. 20.

Fig. 7 The free body diagram of
a) the electric actuator and b) the
pneumatic actuator
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F
!

i þ F
!a

Mi
þ F
!ℓ

Mi
þ F
!

Si þ mpi G
!¼ mpi a

!
pi ð20Þ

The aim of Eq. 20 is to find forces acting along the piston
axis direction. Therefore, by dot multiplication of Eq. 20 by n!i,
the normal component of vectors will be omitted. In the case of
pneumatic actuators, i.e., i = 7 − 9, since Fi is a constant param-

eter equal to Fp, F
!a

Mi
could be obtained. However, for i = 1 − 6,

the actuator’s driving force Fi, and F
!a

Mi
remain unknown.

6.2 Dynamic of Platform

The free-body diagram of the robot’s moving platform with its
payload is illustrated in Fig. 9. The total moving load parameter
recalls the sum of platform mass and payload, and its related

terms are referred to by subscript t.Mt and It are defined as the
mass and principal inertia of the total moving load, respectively.
The position vector r!t represents the distance of the total mov-
ing load’s center of mass from the moving coordinate frame.

The Newton-Euler equations of the total moving load about
the moving coordinate’s origin can be expressed as follows:

Mt G
!− ∑

9

i¼1
F
!a

Mi
− ∑

9

i¼1
F
!ℓ

Mi
þ F
!

ext ¼ Mt a!t ð21Þ

Mt r!t � G
!− ∑

9

i¼1
R s!

0

i � F
!a

Mi

	 

− ∑

9

i¼1
R s!

0

i � F
!ℓ

Mi

	 


þM
!

ext þ r!t � F
!

ext

¼ It Ω̇
!þ Ω

!� ItΩ
!þMt r!t � a!t ð22Þ

where a!t is the acceleration vector of total moving load, F
!

ext

and M
!

ext are the external force and moment applied on total
moving load, respectively. The external forces are usually
applicable in the case of parallel kinematic machine centers.
Eqs. 21 and 22 can be combined into a single Eq. 23 in matrix
form.

JTV 1−6�1−6ð Þ F
!a

M ¼ W
! ð23Þ

In Eq. 23, JV(1 −m × 1 − n) represents a matrix constituted by

first m rows and n columns of matrix JV, and F
!a

M is

f aM1
… f aM6

� �T
in which f aMi

is the magnitude of F
!a

Mi
.

Besides, W
!

is the wrench vector consisted of external and
inertial forces and moments, as indicated in Eq. 24. It should

be noted that all terms included in W
!

have been obtained
earlier.

W
!¼

Mt G
!− a!t

� �
− ∑

9

i¼1
F
!ℓ

Mi
þ F
!

ext

Mt r!t � G
!− a!t

� �
−It Ω̇

!−Ω
!� ItΩ

!
− ∑

9

i¼1
R s!

0

i � F
!l

Mi

	 

þM
!

ext þ r!t � F
!

ext

2
664

3
775 ð24Þ

Fig. 8 The free-body diagram of the piston rod of prismatic leg

Fig. 9 The free-body diagram of the moving platform with the payload
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The resultant reaction forces applied frommoving platform

to electric actuators, F
!

M , are calculated using Eqs. 18 and 23.
On the other hand, Eq. 20 can be rewritten in the scalar format
by the dot product of n!i as Eq. 25. As a result, the driving
force of electric actuators is obtained.

F
!

i

��� ���þ F
!a

Mi

��� ���þ mpi G
!� n!i ¼ mpi a

!
pi � n!i ð25Þ

7 Simulation and Verification

Considering desired workspace characteristics specified for
FUM Stewart, as stated in Table 2, six trajectories are de-
fined to evaluate robot performance. Each trajectory con-
sists of four separate segments, two of which are the same
path traveled between the neutral position and the
workspace limit and vice versa. Likewise, the third and
fourth segments are defined symmetric to the previous ones.
During each segment, the robot achieves its maximum ve-
locity as well as maximum acceleration [33]. In the motion
simulation industry, specific names are dedicated to move-
ments along each degree of freedom. Therefore, trajectories
along X, Y, and Z axes are named Surge, Sway, and Heave,
whereas trajectories about X, Y, and Z axes are named Roll,
Pitch, and Yaw, respectively.

These trajectories are also used to verify the dynamic equa-
tions. Results from analytical outcomes have been verified
with a commercial dynamics modeling package. Actuator
forces are shown in Fig. 10. At this stage, the robot dynamic
is considered without the implementation of the pneumatic
support system. As a result, the roll trajectory has been iden-
tified as the critical trajectory in which the maximum actuator
force occurs.

In all trajectories, the maximum actuator force’s absolute
value is way larger than the absolute value of the minimum
actuator force. However, both extremes happen at the same
position with the same amount of speed and acceleration but
in opposite directions. Therefore, it seems that a properly se-
lected pneumatic weight compensation system could achieve

a balance between the minimum and maximum actuator force
differences.

Moreover, the results were verified for a Stewart robot
using a pneumatic weight compensation systemwith arbitrari-
ly chosen parameters. The verification graphs are not
included.

8 Optimization

The main aim of using pneumatic actuators in the Stewart
robot structure is to reduce the required actuator force for
motion simulation and increase components’ life. These fac-
tors determine actuator cost and the robot’s power consump-
tion. In other words, the less the required actuator force is, the
better.

In order to increase the effectiveness of the pneumatic sup-
port system, GA is implemented to find the appropriate layout
by making adjustments to design parameters, i.e., Rb, Rp, and
Fp. Therefore, the trajectory containing maximum actuator
force among all six default trajectories of the FUM Stewart
robot, i.e., roll trajectory, has been selected as the critical tra-
jectory. Considering this trajectory, GA attempts to find a
layout in which the absolute value of the average and the
critical leg’s maximum force tend to get minimized. This logic
is based on the fact that the overall actuator force during tra-
jectory and instantaneous peak force are desired to get re-
duced, which are directly related to the motor’s rated and
instantaneous torque. Moreover, having a symmetric actuator
force profile about the time axis in trajectories leads to extend-
ed components life. To meet this aim, Eq. 26, a weighted
multi-objective cost function is defined. Parameters w1 and
w2 are maximum normal force and average normal force
weights, respectively. The cost function is supposed to main-
tain the minimum value.

Cost Function ¼ w1 Fmaxð Þn þ w2 Faveð Þn ð26Þ

In this equation, subscript n in terms (Fmax)n and (Fave)n
indicates the maximum and average force has been normal-
ized. These terms are expressed by Eqs. 27 and 28, respective-
ly.

Fmaxð Þn ¼
Fmax

FNormal


 ð27Þ

Faveð Þn ¼
Fave

FNormal


 ð28Þ

In these equations, FNormal and FNormal are the maximum
ideal force and average ideal force, respectively. The value for

FNormal is set to be equal to the payload weight, and FNormal is
half that amount so as to keep (Fmax)n and (Fave)n in the range

Table 2 The desired and actual workspace of the FUM Stewart M450

DoF Motion Range Max Vel. Max Acc.

Along X (Surge) ± 0.35 m 0.6 m/s 4 m/s2

Along Y (Sway) ± 0.35 m 0.6 m/s 4 m/s2

Along Z (Heave) ± 0.35 m 0.5 m/s 3.4 m/s2

About X (Roll) ± 16 ° 25 °/s 200 °/s2

About Y (Pitch) ± 15 ° 25 °/s 200 °/s2

About Z (Yaw) ± 25 ° 32 °/s 220 °/s2
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of [0, 1]. Moreover, their weights are considered to be the
same and equal to 50%.

Considering the radii of the base and moving platforms as
well as total robot payload, the range of the pneumatic support
system’s design parameters for optimization are chosen as
follows:

Rb∈ 1:20 ; 1:70½ �
Rp∈ 0:45 ; 1:35½ �
FP∈ 10000 ; 15000½ �

ð29Þ

The outcome of applying GA to the optimization of the
desired parameters is demonstrated in Table 3.

The dynamic results for the FUM Stewart’s critical trajec-
tory, i.e., roll trajectory, using a weight compensation system

with optimized parameters compared to the FUM Stewart
without weight compensation system, are shown in Fig. 11.
According to this graph, for the robot utilized with the opti-
mized weight compensator, the actuators’ forces are reduced
so that the average force for each actuator is close to zero
through the trajectory. Furthermore, the actuators’ absolute
values for maximum and minimum forces are almost equal.

Although the optimization process has been performed on
the critical trajectory –the roll trajectory in this case– the pneu-
matic weight compensation system has also had a positive
effect on other trajectories as expected. As a result, the average
actuators’ force during all trajectories has got close to the
horizontal axis. The important features of Fig.11 are extracted
as bar graphs in Fig. 12 for easier comparison. Figure 12 il-
lustrates actuators’ maximum and minimum forces in each
trajectory as well as the average actuator force during the
trajectory.

In Fig. 12, the bars colored in purple, turquoise, and orange
are related to robot actuators’ forces without the pneumatic
weight compensation system, and the rest are related to robot
actuators’ forces with the optimized pneumatic weight com-
pensation system. It is easily observed that the green bars are

Fig. 10 Stewart robot actuators force in different trajectories without weight compensator: a) Surge, b) Sway, c) Heave, d) Roll, e) Pitch, and f) Yaw

Table 3 Design parameters of the optimum weight compensation
system

Design parameter Rb(m) Rp(m) Fp(KN)

Value 1.6784 0.4753 10.483
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barely visible while all the turquoise bars are over 5 KN. This
is because using the weight compensation system, the average
actuators’ force is significantly reduced to almost zero in all
trajectories. Also, as illustrated by the blue and yellow bars in
Fig. 12, the maximum and minimum forces’ magnitude be-
comes nearly equal, and the direction of minimum force is
always downward. However, most of the minimum actuator
forces were upward before the implementation of the weight
compensation system. To be precise, the maximum actuator
force is reduced from 15.4 KN to 9.7 KN, and the absolute
value of the minimum actuator force is increased from 2.9 KN
to 8.1 KN. This means the range of actuator force variation has
become more balanced while the maximum force does not
exceed 9.7 KN. Working under completely reversed loads is
a crucial criterion in maintaining the maximum fatigue life of
the actuators’ mechanical components.

On the other hand, the maximum static actuator force of the
FUM Stewart was reduced from 10.1 KN to 7.2 KN when the
weight compensator was employed. This means electrical actu-
ators will consume less power both in stationary positions and

during motion, while trajectories characteristics have remained
the same for both the robot with the compensator andwithout it.

9 Various Pneumatic Layouts in Industrial
Applications

As shown in Fig. 13, there are mainly two available arrange-
ments in the industry for the pneumatic actuators of Stewart
robots’ weight compensator. Each base and moving platform
consists of three small alternating sides and three large alternating
sides. Consider the imaginary lines extending each side’s bisector
to the center of the platform. In the first layout, pneumatic actu-
ators connect the perpendicular bisector of the base platform’s
small alternating sides to the corresponding perpendicular bisec-
tor of large alternating sides in the moving platform. Similarly,
the other layout involves pneumatic actuators starting from large
sides perpendicular bisectors in the base platform to small ones in
the moving platform. The first layout is more conventional in the

Fig. 11 Actuators force in roll trajectory before and after implementation of pneumatic weight compensation system (PWCS): a) actuator 1, b) actuator 2,
c) actuator 3, d) actuator 4, e) actuator 5, and f) actuator 6
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industry than the second one. These layouts are depicted as lay-
out I and layout II in Fig. 13. a and Fig. 13. b.

These layouts could be defined as subsets of a general
layout. Let us define αi as the angle between the i

th pneumatic

actuator and the y axis of the base coordinate system, and βi as
the angle between the ith pneumatic actuator and the y′ axis of
the moving coordinate system. These angles are shown in
Fig. 14 for the 3rd pneumatic actuator (9th leg) in layout I.

Fig. 12 Maximum, minimum, and average actuators’ force before and after implementation of pneumatic weight compensation system (PWCS) in
different trajectories: a) Surge, b) Sway, c) Heave, d) Roll, e) Pitch and f) Yaw

Fig. 13 Different industrial
layouts: a) Layout I, b) Layout II
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The vector form of α and β are written as α1 α2 α3½ �T
and β1 β2 β3½ �T , respectively. As an example, these vec-

tors for layouts I and II are α ¼ β ¼ 0 120 240½ �T and

α ¼ β ¼ 60 180 300½ �T , respectively.
In the following, the objective is to study the effect of dif-

ferent possible layouts on electrical actuators force. Consider
layout I to be the default. Every layout could be easily defined
by rotating the universal and spherical joints’ location by an
arbitrary angle θ about each platform’s z-axis. By replacing αi

and βi with αi + θ and βi + θ, and reformulating dynamic equa-
tions, it is expected to obtain the same expression for electric
actuators force. However, the equations are highly dependent
and bonded to each other, and simplification is difficult.
Therefore, to prove this hypothesis, numerical analysis is used.
By solving robot dynamics for trajectories numerically and
varying θ from zero to 2π/3, it was observed that actuator forces
were not affected. As a result of this analysis, designers could
choose a layout considering constraints such as footprint, space
limitation, and moving parts’ collision avoidance without con-
sidering actuator forces.

10 Conclusion

In this paper, the effect of integrating a pneumatic weight
compensation system with a general Stewart motion platform
has been studied. To this end, kinematics of a general Stewart
robot is considered, and three passive pneumatic actuators
were added as weight compensators. Next, the kinematics
and dynamics of the system are investigated. In order to gen-
eralize the problem, firstly, kinematic parameters of a general
Stewart robot are considered and the layout allowing for the
general arrangement of the three pneumatic actuators was de-
fined. Next, kinematic and dynamic analysis of a Stewart ro-
bot with a general pneumatic weight compensation system
were presented. The FUM Stewart was selected as a case
study. Using the critical trajectory, Genetic Algorithm was

implemented to optimize the design parameters of the FUM
Stewart’s pneumatic weight compensation system. A weight-
ed cost function constituting maximum actuator force in the
critical trajectory andmean actuator force during the trajectory
was defined. The GA optimization outcome is expected to 1)
reduce maximum electric actuator forces and 2) balance min-
imum and maximum forces during the trajectory by making
mean actuators’ force approach zero. According to the results,
the maximum actuator force reduction was 74.2% for the
sway trajectory, and the minimum was 37.1% for the roll
trajectory. Finally, in order to investigate the difference be-
tween various industrial layouts, without changing the weight
compensator’s design parameters, the setup positions of the
pneumatic actuators were rotated around the z-axis. The re-
sults indicated that for a pneumatic weight compensator with
constant force, the robot dynamics is invariant to the passive
actuators setup position. The presented study in this paper is
general and enables integrating an optimized weight compen-
sation system with existing Stewart simulators to significantly
improve their power consumption efficiency and extend their
mechanical components’ life without changing motion char-
acteristics of the platform. However, it should be noted that
weight compensation system is mainly suitable for medium to
heavy payload simulators with the following conditions: 1) in
the critical trajectory, the mean force of the leg with maximum
force is considerable in a way that, in the presence of weight
compensator, an electric actuator with less motor power could
be implemented, 2) they have a relatively large spatial occu-
pation with adequate space in robot structure to place pneu-
matic cylinders and 3) constraints in choosing a layout includ-
ing footprint, space limitation and moving parts’ collision
avoidance should be considered by designers.
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Nomenclature B x; y; zf g , The base coordinate system; M
x
0
; y

0
; z0

� �
, The moving coordinate system; rb, rp, The radius of circle

passing through loci of universal joints on base andmoving platforms; db,
dp, The distance between two adjacent universal joints on base and mov-
ing platforms; Zh, The robot’s neutral height; S, The actuator stroke; D,
The actuator dead length; Rb, Rp, The radius of circle passing through loci
of pneumatic universal joints on the base and moving platforms; Fp, The
pneumatic force; u!i , The position vector of universal joints defined in
the base coordinate; P

!
, The position vector of end-effector defined in

the base coordinate; s
0
i , The position of spherical joints with respect to the

moving coordinates; l
!

i, ℓ̇
!

, The position and velocity vector of ith

actuator for i = 1 − 9;R , The rotation matrix of the moving coordinate
with respect to the base coordinates; n!i , The unit vector representing
direction of each actuator; ω!i, α

!
i , The angular velocity and accelera-

tion of the ith prismatic leg; Ω
!
, Ω̇
!

, The angular velocity and accelera-
tion of the moving platform; JE, The Euler formulation Jacobian matrix;

JX , The Jacobian matrix mapping generalized coordinates velocity to
joint space velocity; JV, The Jacobian matrix mapping Cartesian space
velocity to joint space velocity; F

!
Bi , The reaction force from base

platform to the ith prismatic leg; F
!a

Mi
, F
!ℓ

Mi
, Axial and lateral reaction

forces from moving platform to the ith prismatic leg; M
!

Bi , Reaction
moment from base platform to the ith prismatic leg’s universal joint;

mci , mpi , The mass of the prismatic leg’s cylinder and piston; r!ci ,
r!pi , The position vector of the center of mass of the prismatic leg’s
cylinder and piston; Ici , Ipi , The inertia tensor of the prismatic leg’s
cylinder and piston about principal axes; a!ci , a!pi , The acceleration
vector of the center ofmass of the prismatic leg’s cylinder and piston; G

!
,

The gravitational vector; Fi, The force generated to move piston upward
and downward; FSi ,MSi , The supporting force andmoment exerted on
the piston rod as reaction of cylinder wall;Mt, It , The mass and principal
inertia of total moving load; r!t, a!t , The position and acceleration
vector of the total moving load’s center of mass from the moving coor-
dinate frame; F

!
ext, M

!
ext , The external force and moment applied on

total moving load; W
!

, The wrench vector consisted by external and
inertial forces and moments; F

!
M , The resultant of reaction forces ap-

plied from moving platform to electric actuators; w1, w2, The maximum
and average normal force weight; (Fmax)n, The normalized maximum
force; (Fave)n, The normalized average force; FNormal, The maximum
ideal force; FNormal , The average ideal force; αi, The angle between
the ith pneumatic actuator and the y axis of base coordinate system; βi,
The angle between the ith pneumatic actuator and the y′ axis of moving
coordinate system
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