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Abstract

Removing the field redefinitions, the Bianchi identities and the total derivative freedoms from the general
form of the gauge invariant couplings at order Zg for the bosonic fields of M-theory, we have found that
the minimum number of independent couplings in the structures with even number of the three-form, is
1062. We find that there are schemes in which there is no coupling involving R, Ry, Vi F HeBY In these
schemes, there are sub-schemes in which, except one coupling which has the second derivative of F @,
the couplings can have no term with more than two derivatives. We find some of the parameters by dimen-
sionally reducing the couplings on a circle and comparing them with the known couplings of the one-loop
effective action of type IIA superstring theory. In particular, we find the coupling which has term with more
than two derivatives is zero.
© 2022 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

M-theory is a consistent quantum theory of gravity which includes all types of superstring
theories at different limits [1]. In particular, the compactification of M-theory on a circle produces
the type IIA superstring theory. A convenient way to study different phenomena in this theory is
to use an effective action which is a derivative-expansion of the theory in terms of its massless
fields [2,3]. The leading order terms in this expansion is the 11-dimensional supergravity and the
next to the leading order terms are at eight-derivative order or Kg—order in which we are interested.
There are different techniques to find such couplings [4—14]. One of them is the S-matrix method
in which various S-matrix elements are calculated in the M-theory and then they are compared
with the corresponding S-matrix elements in the M-theory effective action. Another method is to
use the dimensional reduction of the Eg-order couplings on the circle and compare them with the

one-loop effective action of the type IIA superstring theory at order o’3. To use these methods,
one needs to know the independent gauge invariant couplings at order Eg.

To find such independent couplings, one has to impose various Bianchi identities, use field
redefinitions freedom [15-17] and remove total derivative terms from the most general gauge
invariant couplings. Hence, one should first write all gauge invariant couplings at order E?, and
then imposes the above freedoms to reduce them to the minimal couplings. The parameters in the
gauge invariant action are either ambiguous or unambiguous depending on whether or not they
are changed under these freedoms. Some combinations of the ambiguous parameters, however,
remain invariant. This allows one to separate the ambiguous parameters to essential parameters,
and some arbitrary parameters. Depending on which set of parameters are choosing as essential
parameters and how to choose the arbitrary parameters, one has different schemes. The minimum
number of independent couplings are found in the schemes that all the arbitrary parameters are
set to zero. This method has been used in [18] to find 60 independent gauge invariant couplings
at order o’2 in the bosonic string theory, and in [19] to find 872 independent NS-NS couplings at
order «’3 in type II superstring theories. These parameters are then fixed in the tree-level effective
action by the T-duality [20-22]. We are interested in finding such independent couplings at order
Eg in M-theory for bosonic fields. The effective action of M-theory at each order of £, has
two sectors: The Chern-Simons sector which has odd number of the three-form and another
sector which has even number of the three-form. Each sector should be invariant under the parity
transformation which changes the sign of the three-form [23]. In this paper we are interested in
finding the independent couplings in the second sector at order E?,.

The outline of the paper is as follows: In section 2, using the package “xAct” [24], we write
the most general gauge invariant couplings involving the 11-dimensional metric g, and the
three-form A® at order Z?,. There are 17746 such couplings. Then we add to them the most gen-
eral total derivative terms and field redefinitions with arbitrary parameters. To impose various
Bianchi identities, we rewrite them in the local inertial frame in which the partial derivative of
the metric is zero, and rewrite the terms which have derivatives of three-field strength F @ in
terms of potential, i.e., F¥ =dA®). We then use the arbitrary parameters in the total derivative
terms and in the field redefinitions to show that there are only 1062 unambiguous and essential
parameters and all other parameters are arbitrary which can be set to zero. We show that there
are minimal schemes in which there are 1061 couplings which have no term with more than two
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derivatives and no term involving R, Ry, V, F 1eBy There is one essential coupling which has
two derivatives on F'. We write the explicit form of this coupling, and the couplings with struc-
tures FOR, F*R?, F2R3, R*, F2(VF)2, and (VF)4 where R stands for the Riemann curvature,
in this section, and the remaining couplings with the structures F 8 F 4(V F )2, and RF 2(VF )2,
in Appendix A. In section 3, we briefly discuss the dimensional reduction of the couplings on a
circle to find some of the parameters involving four fields by comparing them with the known
couplings in the one-loop effective action of type ITA superstring theory. In particular, this com-
parison dictates that the coupling which has term with more than two derivatives is zero.

2. Minimal couplings at order l’,?,

The bosonic part of the effective action of M-theory has the following derivative-expansion
or £ ,-expansion where £, is the 11-dimensional Plank-length:

Seff = m{%[/d”x\/—_g(ﬁo—k@gﬁg 40 +/(£35 +e§,£§5+---)] (1)
11

where we have used the fact that the M-theory has no effective action at four and six derivative
orders. In fact, as we will argue in the next section, the orders of the derivative terms in the
M-theory effective action are at 0, Eg, 6},2, V4 },8, E%f, cee

The effective action must be invariant under the coordinate transformations and under the
A-field gauge transformations. The metric and A-field must appear in the Lagrangian £, trough
their field strengths and their covariant derivatives, e.g., the Lagrangian £ at the leading order of
Ly is

Lo=R — 55 Fuap FHP )

The Chern-Simons form at the leading order is not invariant under the gauge transformation, i.e.,
Egsz—lAG)/\F(“)/\F(‘” 3)
6

However, its corresponding action is invariant. The 11-dimensional supergravity is invariant un-
der the parity transformation which changes the sign of the A-field [23]. This should be the sym-
metry of all higher-derivative terms in (1). The parity symmetry then constrains £ to have even
number of A-field and £ to have odd number of A-field. In this paper, we are interested only on
the couplings in L¢. A systematic method has been used in [18,19] to find the minimum number
of independent couplings at order ’% and o’ in the effective action of the bosonic string theory.
It has been found that there are 60 couplings at order o’> and 872 couplings at order 3. In this
section, we are going to use this method to find similar couplings in £ at order Zg in the M-theory.

Following [18], one first should write all gauge invariant couplings at eight-derivative order
which has even number of the three-form. Using the package “xAct” [24], one finds there are
17746 such couplings in 40 different structures, i.e.,

L= m) Fon* FP7Y Fyy® Fy S0 F 506% Fer'® Fu* Fge + -+ “
where m, .-, m},;,c are some parameters.’ The above couplings however are not all inde-

1 Using a computer with 32 GB RAM, the package can generate all couplings excepts the couplings with structure F 8,
The couplings in this structure which include Fj;,qp FHY@B _can be also generated by finding all couplings with structure
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pendent. Some of them are related by total derivative terms, some of them are related by field
redefinitions, and some others are related by various Bianchi identities.

To remove the total derivative terms from the above couplings, we consider the most general
total derivative terms at order Zg which have the following structure:

E?ﬁ 11 g?? 11
2 /d x/—8Js = 2 /d xy/~8Va(Z§) ©)
2k, 2Ky
where the vector Z¢' is all possible covariant and gauge invariant terms at seven-derivative level
which has even number of the three-form, i.e.,

T¢ = Jy FY%H R Rpeeo Vs Fy o0 + - - ©)
where the coefficients Ji, - - - , J7760 are 7760 arbitrary parameters. Adding the total derivative
terms with arbitrary coefficients to L., one finds the same Lagrangian but with different param-
eters my, my, ---. We call the new Lagrangian L. Hence

Ag—Te=0 @)
where A¢ = L¢ — Ly is the same as Lg but with coefficients 8m?, 8m7, --- where m =m] —

m!. Solving the above equation, one finds some linear relations between only 8m/, dm7, - -
which indicate how the couplings are related among themselves by the total derivative terms.
The above equation also gives some relations between the coefficients of the total derivative
terms and 8m, 8m/), - - - in which we are not interested.

The couplings in (7), however, are in a fixed field variables. One is free to change the field
variables as

8uv = &uv T Zfﬁg,(g;)

Apve = Apva + L58AS) ®)

nvo

where the tensors (Sg,(f’,)) and (SAff,ga are all possible covariant and gauge invariant terms at 6-
derivative level. The parity symmetry constrains (Sg,(fu) to have even number of the three-form
and (SA,(fu)a to have odd number of the three-form, i.e.,

6
‘Sgéﬂ) =481 F{aysﬂFﬂ}waéuw FesvnFGAKU Foeo + -

6
8A§z/3)u =el RVSR&S[aVﬁFM]VES +-- (€))
The coefficients g1, ---, g1987 and ey, - - - , ea679 are arbitrary parameters. When the field vari-

ables in Lg are changed according to the above field redefinitions, they produce some couplings
at orders Ef, and higher in which we are not interested in this paper. However, when the field
variables in Sy are changed, up to some total derivative terms, the following couplings at order
Eg are produced:

FO and then multiplying them with Fuvap FHveB We found the couplings which have no factor Fuvap FHvep uq
follows: We first find all couplings with structure H? where H is a three-form. The package can generate such couplings.
We then replace each three-form H with the four-form F with one free index. The resulting couplings then each has 8
free indices. We then contract all possible contractions of the free indices, and remove the couplings which have the
factor Fyqp F wvaB Note that the number of latter couplings is two less than the number of the couplings constructed
by multiplying all contractions of FO with Fuvap FhvaB,



M.R. Garousi Nuclear Physics B 977 (2022) 115733

8% ¢ @3, 8% .3 / 1
8Sp = — 8¢ 4+ =540 = d"x/ =gk
0 (Sg 'B (SAaﬁu apr = 2K 6

fdlle[< v, Frepu _

afu
(10)

% 1446aﬂuvyA0rKU§FvyA9 Fﬂ(g{) 8A(6)

2/(11

1 1 1
_ (R _ _ payéupp ©® , p_
(R 12F F V5H)8ga/3 + (2R

5 Fupyy F2PY")8gO1 )]

Note that if SA,(fga included the even number of the A-field, then the couplings in the second
line would not be invariant under the parity. The second term in the second line above produces
couplings in the Chern-Simons sector in which we are not interested in this paper, hence, we do
not consider the effect of field redefinition & A; ﬁ) . on this term. Adding the total derivative terms
and field redefinition terms to Ly, one finds the same Lagrangian but with different parameters

mi,my, ---. We call the new Lagrangian L¢. Hence
Ag—To —Ke=0 (11)
where Ag = Lg — L’6 is the same as L/6 but with coefficients dm, dmo, - - - where ém; = m; —

m: Solving the above equation, one finds some linear relations between only §my, §my, - -
which indicate how the couplings are related among themselves by the total derivative and field
redefinition terms. There are also many relations between §m1, dmy, - -- and the coefficients of
total derivative terms and field redefinitions in which we are not interested.

However, to solve the equation (11) one should write it in terms of independent couplings,
i.e., one has to impose the following Bianchi identities as well:

Rapys) =0
ViuRap1ys =0 12)
ViuFuapy1 =0

[V,V]O — RO =0

To impose the Bianchi identities in non-gauge invariant form, one may rewrite the terms in (11)
in the local frame in which the first partial derivative of metric is zero, and rewrite the terms
in (11) which have derivatives of F' in terms of A-field, i.e., F = dA. In this way, the Bianchi
identities satisfy automatically [18]. In fact, writing the couplings in terms of potential rather
than field strength, there would be no Bianchi identity at all. This way of imposing the Bianchi
identities is very easy to perform by the computer.

Using the above steps, one can rewrite the different terms on the left-hand side of (11) in
terms of independent but non-gauge invariant couplings. The solution to the equation (11) then
has two parts. One part is 1062 relations between only ém;’s, and the other part is some relations
between the coefficients of the total derivative terms, field redefinitions and dm;’s in which we
are not interested. The number of relations in the first part gives the number of independent
couplings in L. In a particular scheme, one may set some of the coefficients in Lg to zero,
however, after replacing the non-zero terms in (11), the number of relations between only §m;’s
should not be changed, i.e., there must be always 1062 relations. We set the coefficients of the
couplings in L in which each term that has R, R, or V, F #vep o be zero. After setting these
coefficients to zero, there are still 1062 relations between dm;’s. This means we are allowed to
remove these terms.
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We then try to set zero the couplings in Ly which have term with more then two derivatives.
Imposing this condition and then solving (11) again, one would find 1061 relations between only
dm;’s. It means that at least one of the independent couplings has terms with more than two
derivatives. We have found this independent coupling to be

L6 D myys F™ Ry R*PYON G Vs Fpepn (13)

The way we have found the above coupling is that we divided the couplings involving more than
two derivatives to two parts. We then set the coefficients of one part to zero. If the corresponding
equations in (11) gives 1062 relations between the remaining §m;’s then that choice is allowed,
otherwise the other part is allowed to be zero. Again we divided the non-zero part to two parts
and set half of them to zero. If the corresponding equations in (11) gives 1062 relations between
the remaining dm;’s then that choice is allowed, otherwise the other part is allowed to be zero.
Repeating this strategy one finds the above couplings is one of the independent couplings. Apart
from the above coupling, all other couplings which have terms with more than two derivatives
are allowed to be zero. There are still 3304 couplings which have no term with more than two
derivatives and have no terms with structures R, Ry, V, F mvaB Hence, there are still many
choices for choosing the non-zero coefficients such that they satisfy the 1062 relations §m; = 0.
In the particular scheme that we have chosen, there is one coupling appears in (13), and the
other 1061 couplings appear in the 9 structures FOR, F*R?, F2R3, R*, FZ(VF)Z, (VF)4, F3,
FY(VF)?, RF*(VF)2.

We have found there are 47 couplings with structure of one Riemann curvature and six F, i.e.,

EgﬁR =m a5 FaeguFﬂvoAFyexr FvawFschwFu)LrwRaﬁya +

m136Fa€8M Fﬂl)U)\.FyeuK Fﬁrw(pFSJKTFM)\wwRaﬁya +

m144Faesu FﬂESUFya)\.K F‘Stww Fuakr FvawRotﬂyé +

m s FaﬁeaFyguv F(SUA.K Fgr(mp F;/,aAr Fva(pRaﬁy(S +

m146Faﬂ€8Fy8Mv FEGAK Fsrwauo‘)\r Fva(pRaﬁyS +

m]39FaﬂESFy/LVO' FSAK'L’ Feﬂw(p ngw(vaaKrROtﬁ]/(s +

m140Faesu Fﬁg vo FVSAK F‘Stww Fukervof(g&Raﬂya +

m141Fa€8MFﬂEV0 Fys)LK FSAerurww Fv(ﬂ((pRaﬂya +

m137FaeauFﬂvaAFy€8K Farwga Fur(u(p Fooix Raﬁy(S +

m]38F0[€8M F/Se Vo FVE)\.K Fafa)(p F,urwgo FVO-A.K Raﬁy& +

m i Faesu Fﬁg vo Fykkr FMa)(p FSHKroaw(pRaﬂyé +

mi; FaeauFﬂEva Fys)LK Fsraxp F,u)»Kthoa)(pRaﬂya +

mi s FaeauFﬂesquoAK FSJAT F;u(w(varw(pRaﬁya +

m154FaﬂESFy6[1.\)F60AK FSUAT F;,LKw(p Fu‘m)(p RO(,B]/(S +

myss Faﬂes Fyélw Fsa)uc Fsokt FMKw‘ﬂ erwtp Rotﬂya +

m]s()FOleglLFﬂE€UF)/UAK F&rrw ;LAK(vara)(pRaﬂya +

m151Faﬂ€8Fyequ30AK Fgarw u)»/((p era)(p Raﬁy8 +

m152F0[/368Fy8MU FEU)»K FSUTw ;,L)LK(p Fu‘m)(p RO(,B]/(S +

Mg Faesu FﬂESUFya)LK F(Stww F;LGAK erw(pRaﬂyé +

6
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M43 Fap® Fye™ Fs* F."% F g Frrwp R¥PY? +
m]49Faﬂ€€Fy8MUFEO’)»K F,T0% Fuoie FWWRaﬁya +
m177FaﬁesFyuua Fs)\”Feuvw e Fowa afys +
m176FaﬂeaFvaa FBAKTFEMwaww FaknpRaﬁyé +
mwSFaﬂeerwa Fgm F.,® FuvaGKT(pRaﬁy(S +
M7 Fap® Fy M Fsu ™ Fo™ Fose? Forawg R¥PYY +
m156FaewFﬂuaxF}/enFsvwgaFww(pFaA”Raﬁya +
m157Faﬂeeru.va Faxu FEMw(pFva(p Fm“Raﬁy& +
My s Fap® Fy " Fsu ™ Foy™ Foro? Foueg R¥PY? +
M5o Fo " Fg 7" Fyes® Fs™% Fuuvre For R¥Y +
m16()Fa€8M Fﬂéucf FVS)LK F5T@¥ FuwaMK(pRaﬂya +
Mg Fap® Fy™ Fs Fe™ Fuyro Foncg R*P7° +
Mgy Fo " Fg 7" Fyey* o™ Fuzo? Foocg RP7° +
M3 Fo M Fg 7" Fyee® 0™ Furo? Foncg RP7° +
M4 Fo " Fpe"” Fye™ F3"™ Furow? Foncg RP7° +
M5 Fap® Fye” Fs" Fop " Furo® Foeg R¥PY? +
M6 Fa 1 F 7" Fy " F5u®? Fopico Forr R¥PY? +
m]@gFaﬂeaFyuug FBWAFEmwFE“(pFMWRaﬁya +
My Fo P Fg 7" Fy T F5, ™% Fo it Fonawg R¥PY +
M5 Fo " Fg 7" Fy ey Fs™? Fopucr Fanawg R¥PY? +
M7 Fa " F5 " Fyeey F5™ Fluer® Fopwg RV +
M 70 Fa " Fg""" Fyee® 5™ Fpuver Fanwg R¥PY? +
M7 Fo " Fgee” Fy " F5* ™ Foyer? Foswp RP7° +
M173Fap® Fye™ Fsu " F* ™ Fuer? Fopwg R*P7° +
m174Faﬁeer5uu Fwox FXTOF, ¢ Gm(pRaﬁya +
M 175 Fap® Fys™ Fee™ F ™ Fucr? Fanawg R¥P7 +
m180Faﬂ€8Fy8W FesuaFkrw(p FUAKTFMWRaﬁya +
151 Fup € Fys™ Feepy Ferag For ¢ FOHT ROPYS (14)

There are 63 couplings with structure of two Riemann curvatures and four F, i.e.,

£F4R2 =m gy Fee” F™" Fu6* " Fopucr Ray s RV +
m g3 Fee " FEMY F ™ Fojuer Rayps R +
Mg Feep” FEE" FT Fojr Rayps RPY +
mlSSFﬂMVUFSu.va FeAKTFEAKTRaeysRaﬁya +
m187Fﬁuw Faﬂv}\FeaKrFaAKrRaeysRaﬁya +
m 136 Fp""" Fsp ™™ Feus™ Feorr Ra,*R¥P7° +
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M50 Fpe™ Fse* Fluo*™ Fupr Ry, S RS 4
M99 Fpe"” F5e* Fuo™™ Foper Ra®, S R¥PY? +
M 191 Fps™ Fee* Fuuo®™ Fuper Ry, ¢ RYPYS 4
M 10y Fge!’ Fse” Fu ™ Foper Ry RV +
M 193 Fpe” F5:%* Fun" Foper Ry, S ROPYS +
M4 Fps"" Fee®" Fu* ™ Foper Ra®, S R¥PY? +
m g5 Fpsee v ™ F""* Fer Ry, * RV +
M 196 Fpet” Fsep® Fu™ 7 Foper Ry, E ROPYS +
m 197 Fps"” Feep” Fy™ " Fopr Ro, *RY7° +
Moo Fy " Fs™ Feeo ™ Fupucr Ra“" RV +
m202Fﬂyw Fsevo FeMT FuAKrRaGSHRaﬁya +
Moo Fpy "% Fen” Feo ™ Fuiiir Ra€H RV 4
Mooy Fpe"% Fyev” Fs*" Foer Ry <S* ROPYS 4
Mooz FﬂyeuFag,,gFM)"”FO)\”RaesﬂRa,Bya +
m204Fﬁy8UF(SeUA FMV”FU)LKTRQEWRU‘IBV‘S +
Maos Fpye” Fse”" Fun® T Foaer Ra“* R¥PYO +
Moge Fyee F5""* Fun* " Fopir Ra“# ROV 4
Moog Fpye” Fsep® Fu™ 7 Foper Ry <H ROPYS 4
Moss Fac™ Fppuo® Fyer” Fyper ROPVOREE1Y 4
m238FO‘EU)LFISEUAFVMKTFBUKrRaﬂVSR“W +
My37 FaeaAFﬂaaK FV/'L)‘T FSU“Raﬁys REEMY
m236FMU}LFﬂ€”F}/ua)»F(SvaaﬂySRéwv +
Mogs Fap® Fyeon Fse™* Funee RP7PREH 4
M4y Fap” Fyeo™ Fser” Fuver RPVPREMY +
Mg Fup®" Fyooi Fee ™ Fuer RPYEREEMY 4
Moys Faﬂa}LFyagKFeg)\TFMU”RaﬁVERewv 4
M4y Fap® 5" Feoon Fpuver RYPYE REEMY 4
m24oFaﬁMFyegKF58K’FwM RBYS peenv |
m241FaﬂaAF}/SKTFeemcF/wArRaﬂysRéwu +
My30 Fap” Fye ™ Fyecr Fuvon RV R +
M5y Fap”* Fyepo Fse* Foper RPVPREM 4
Mys1 Fap” Fyep" Fseo ™ Foper RPYPREMY
Mys7Fape” Fyepo Fs™ ™ Foper RPYP R 4
M54 Fape® Fyoo” Fsp " Foper RPVPREMY

Ms3 Fape” Fye™ Fouo " Fuper RP7 REMY +

8
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Moss Fape® Fyep” Fso*" Fyer RPYOREMY 4
Moyse Fapee Py Fso*" Fupee RPYP REEMY 4
M1 Fupe® Fysuo Fe™* " Fuper RPYPREEM 4
m259FaﬂeUFyéaAFsuKrFMK:R“’EV‘SR“’” +
s Fupe” Fys™ Fepo " Foree RPVPREM +
Moeo Fape” Fysp” Foo®™ Fupce RPYPREMY 4
Mgy Fape” Fyse* Fuo* Fuper RP7O REMY +
M3 Fapes Fys”" Fuo™™ Fuonce RV REM
M40 Fape® Fyep” F3,*F Fuger R%PVO REEHY 4
Mous Fape® Fye™ Fou” Foor RV REMY +
MosoFape® Fys™ Fepn® Fuoir RV R +
Myyq Faﬂakpyéuk Fser " Fooir RBYS peeiy +

m264F0‘ﬁ€aFJ/EM-)LFSUKTF(r)»KrRaﬂyaRegﬂv +

Mogs Fapee By F5u* ™ Fopper RPYE REEMY 4

m266Faﬁ€U Fmgk Fuv” ngKrRaﬁyé REEMY 4

Mgy Fapee Fys” Fun ™ Foper RPYEREEMY 4

Mogs Fupee Fyop” Fo™ ¥ Foper RPYEREEHY 4

Moy Fapes Fyopn FFRPVOREIY g Fge!” Ficyn FF Ry RV +

M 199 Fps"” Feepn FF RS ) * R¥PY® 4 moog Fgye” Foep F F Ry SFH ROPY? 4

mygsF F? Rayps RV (15)

There are 24 couplings with structure of three Riemann curvatures and two F, i.e.,

LER =y F3™ Fepon Ra®y  RPYPREM 4 moyys Fs ™ Feyor Ro RPYO Ry Y +
M3 F5e% Frvon Ra €y  ROPYORG: Y 4 g s Fe Vo Flpvon Rap < RO Ryes™ +
M6 Fsv"* Fepion Rap< RPYP Ry Y + miyy7 Fs”" Fevos Rap RPYOR, MY +
Moy F5:7 Frvon Rap< RV Ry 1Y+ myyo Fgun” Fseor Ry R¥PYP R,V % +
Moo Fpsp’” Fevor Ra“" R¥PVP R, "% + myy, Fgse Fvon Ra“" RV R, % +
Moy Fpeew Fspon Ra " RV R, "% 4 iy Fgsey Fepor R RPVOR,VH 4
Mg Fe " Flivos Rayp RPYORsE M 4 Myys Fee ™ Fuvo Rayp® RV RsTH -
My31 Fpu”" Fsvor Ray < RPYP R Y + myzy Fps™” Fruvor Ray € RPVP RV +
M3z Fpsp” Fevo Ray <€ RPY R 4 Miyrg Fee®” Fluvos Rayps RPVO REEMY 4
Moy Fsep” Fevon Rayp® RV RE™YT + mys Fgepy Fyeor Ra©yf RV RIVH 4
Moy74 Fpepn Fseon Ra €y RPYO RMYOM oo s Fgsyy Feeos Ro S S RYPYS RO 1

M0 FF Ry RV Ryese +my s FFRyg R¥P7OR, cs 16)

9
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There are 7 couplings with structure of four Riemann curvatures, i.e.,

554 = mype Rap RPY2 Ry M " Rspen + Moy Ray * RV RgH ¥ Rovep +
Mg Rap ™ RPVO Ry MV Rsyeyu + Moo Rap RPYP Ry M5V Reyen +
mMy30Rays RP7° s Reper + mysg Ra®y RV RgH 5" Reveyu +
My71 Reyps R*PV° Re ey REEHY 17)

There are 24 couplings with structure of two Riemann curvatures and two VF, i.e.,

R2(3F)?
£6

= m282Ra€V8Raﬂy8Ve FﬁﬂmveFSMva + m283RaﬁésRaﬂyaverﬂvcveFauva +

Mgy Ry RPYOV5 FghV Ve Fepyo 4 Mogs RSP R*PYOV ), Fg. "7V, Fsevo +
Moge Ra“F RPN, Fgc YV, Foevg + Mogy Ry ““F RPN Fp, Y7 V), Foeve +
Mgy Re " R*PYON s Fp, "7V, Fegvo + Magy R*PVO RNV Fop "V Fyseo +
Mg RV RN, Fop " Vy Fyspo + Magg RV REHVV), Fope” Yy Fsepo +
316 RPYO RNV Fpsey Vo Foyep + iy Ry H RV Fyeyo VO Fye” +
M3 g R P ROPVON F 506V Fpep” + myoRe P RPYON, Frseo VO Fpep +
M0 Ra“* ROPYONV 4 Fl5ey V7 Fpep” 4 mag Roy  ROP7OV, Fse o VO Fpel’ +
M3y Ry ROV 5 Fsepun VO Fgel” g3 RugE R¥PYOV, Feg s VO Fys™ +
M0 RapE RV Vs Fepyu VO Fyst” + migps Ryp RPYOV, Fse o VO Fy ™ +
M306 Rap s RV V5 Fie iy VO Fy e + Mgy Ryy g RPYOV, Feg o V7 F551Y 4
M3y Rayp R¥PV Vg Feg)y VO F5* +

M09 Ray s R*PV OV Fegyy VO FEEMY (18)

There are 15 couplings with structure of four VF, i.e.,

aF)*
LI = g s Ve Fup Ve FOPYOV, Fryno VA Fys™ +

Mg Ve Fap VEFPYON, Fy o VA F e +
1334 Ve Fupy S V< FPYOV, Foppo V- F5V0 +
g5 VEFPYOVE g5 Vs Fepvg VVFM7 +
g6 Vs Flvoa VEFPYVE Fop VA FY0 4
m387ve Faﬁ)/(?ve Fa,By(S VAFa;wa VAFeuva +
M9V F YOV, Foppy V* Fs'o VH Fopy® +
M350V F*PYOV, Fepno V7 Fse "7V Fopy © +
Mg VEFPYON, Fryo3 VP Fy " VF Fop © +
Mgy VEFPYON, Frpyo V7 Fy "o VI Fop, 4
Mgy Ve Fs "7 VEFPYON, Fy\oa VF Fopy® +
Ma74VEFPYON, Fegpo V7 Fys) VY Fop™ +
M7y VE FaﬁVSVAFyEva Vi Fseo1 V' Fop®™ +
M6V FPYONP Fy % VY Fop™ Vi Fsps +
Mgy VE FPYOV By VIH Fog EV, gy, (19)

10
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We have also found there are 134 couplings with structure F®, 530 couplings with structure
F*(VF)? and 217 couplings with structure R F2(V F)? that appear in Appendix A.

Even though the total number of minimal gauge invariant couplings at order Zg are fixed, i.e.,
1062, the number of couplings in each structure are not fixed. In different schemes, one may find
different structures and different number of couplings in each structure. The above structures
and the number of terms in each structure are fixed in the scheme that we have chosen. Note,
however, that 104 couplings in the structure ﬁg ’ are invariant under field redefinition, Bianchi
identities and total derivative terms. They are scheme independent. All other couplings dependent
on the scheme that one uses for the couplings. The values of the 1062 parameters may be fixed
by various techniques in M-theory.

They may be fixed by reducing the couplings on a circle to produce the type IIA couplings at
one-loop. Then one may find the 1062 parameters by calculating various S-matrix elements in
the resulting type IIA effective field theory and comparing them with the corresponding S-matrix
elements in the type ITA superstring theory which has no arbitrary parameters. In this method one
has to calculate in the string theory various S-matrix elements which produces 1062 independent
contact terms. In the next section we briefly discuss the dimensional reduction of the couplings
on a circle to fix some of the parameters.

3. Reduction on a circle

The dimensional reduction of the 11-dimensional couplings on a circle can be done by using
the following Kaluza-Kelin (KK) reduction of the metric:

_2d/3 Gh+€2q>c Cp 2% . 2d/3 G —-C“
Buv =€ /< ’ eMCba ezq’a L =Y —Cct 2 4 c,Ct (20)

where G? is the inverse of the 10-dimensional metric which raises the index of the R-R vector
C,, and the following reductions for the three-form:

Agpe = Cape ; Aaby = By 2D

where C® is the R-R three-form and B is the antisymmetric B-field of the type ITA superstring
theory. Using these reduction one can calculate the reduction of different 11-dimensional cou-
plings to the 10 dimensions, e.g., the reduction of the overall factor ./—g and the scalar curvature
in Sp are

J?g — e—8<l>/3 /_G

16 14
R=¢2%83 (R— ?Vad>v“d>+?vav“q>— —ezq’FabF“b) (22)

2.2

where Fy, if field strength of the R-R one-form. Up to a total derivative term they produce the
standard reduction, i.e.,

vV—gR=¢2JV-G (R +4V,0Vd — —*® FabF”b> (23)

22'

The reduction of the coupling in the action Sy involving the field strength of the three-form is

1 - _
«/_Fp,uaﬂ Fuvocﬁ _ e—2<l>\/—( abCHabc _ _e2<l> FadeFade) (24)

24! 2.31 2.4!

11
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where the R-R field strength F® is Fuped = Fabed + HiapeCyq). Note that the dilaton factor
indicates that the reduction of Sp correspond to the sphere-level effective action of type IIA.
There are stringy corrections to the sphere-level effective action of type IIA which are related to
the non-zero modes of the KK mass spectrum [5].

Using the relation between type IIA coupling gg, the string length ¢; and the 11-dimensional
Plank length £, i.e., £, = gsl/ 3£S, and the fact that the dilaton factor in the nj-loop effective
action of type IIA superstring theory is given by e~@~2")® one finds the relation 6n;, = n
between the derivative couplings in the M-theory at the level Z’;,, and the ny,-loop couplings in the
type IIA theory. Then the allowed couplings in the £,-expansion are at n =0, 6,12, 18,24, - - -.
They are correspond to the loop-level couplings in type IIA theory with n, =0, 1,2,3,4,---,
respectively. In other words, the couplings at each loop-level has no higher-loop corrections.
However, there are stringy corrections at each loop-level which are related to the non-zero modes
of the KK mass spectrum.

The reduction of the couplings in S¢ which have no three-form is

e 4
L
2k

11
_ 27 Ry €5,
2/(121
+ m228Raﬁ€£ RoBYS R}/HGUR(SUS;,L + m229Raﬁes RoBYS R)/M(SURep,gv
+ m230RayﬁE RPY? RSSWRE/wv + m234Ra6ysRaﬁyaRﬂH5v Revep

/dlox —G[mzzﬁRaﬂésR“’SV‘SR},"G"RMSV

+ 7 Rayps R Repuen R+ mopyy Ry * R¥PVP RgM ¥ Rovepu + - ] (25)

where R1| = £, g; is the radius of the circle and dots represent the R-R one-form and the dilaton
couplings in the effective action of the type IIA theory. Note that as expected there is no overall
dilaton factor which indicates that the above couplings correspond to the tours-level effective
action of type IIA. On the other hand, the one-loop gravity couplings in type IIA theory are given
in a scheme which includes the Ricci curvature and the Ricci scalar, as [25-27]

Z?g% a

$3(G) =5 3377

1
d"%% V=G (1313 — Zegeg)R“ (26)

where a is a constant number, Klzl =2ml; gus and the tensors e€geg and fg are defined as

1
€gh1 B gV Vs — Eélom"'ﬂsaﬂelovl“*vsaﬁ 27
H1--pg g rl 2 3 4
Ig M, 1 oM 3,4 M s,6M 7,8

=8Tr(M'M>*M>M*) + 8Tr(M' M3 M*M?) + 8 Tr(M ' M> M>M*)
—2Te(M' M>) Te(MPM*) — 2Te(M' M3) Te(M?M*) — 2 Te (M M*) Tr(M?> M)
where M1, ..., M* are four arbitrary antisymmetric matrices. The Ricci curvature and the Ricci
scalar in above couplings can be removed by a field redefinition. The Riemann curvature cou-

plings can then be compared with the couplings in (25). One finds the following parameters for
the couplings in (17):
1

may7 =0; mae=mpg=—mp9 = 7230 = —mas = —4my71 = —a (28)

12
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The gravity couplings are then fixed as
£§4 _ a|: . Raﬂee Raﬂyé RylLevRap.gv _ Raﬂee Raﬁyé Ry“szévep.
+Raﬂ€8RaﬁyaRyu3vReﬂau - 4RayﬂsRaﬁy6 R(Sglw Re;wv
€ ¢ pafyd n.v 1 afys €gpLy
+ Rq y R Rﬂ 8 Revsu + ZROl)/ﬁ(SR Re;va (29)

The complete one-loop effective action of type IIA for other NS-NS or R-R fields are not
known. Hence, the other parameters in the M-theory effective action can not be fixed completely
in this way. However, the couplings involving four NS-NS fields are known to be given by (26)
in which the Riemann curvature is replaced by the following expression [30]:

1 1
R;waﬁ = R/waﬁ + 58;‘3 H;wot - EaaH//.vﬁ (30

where R ,qp is the linearized Riemann curvature. The last term in (26) has no effect in four-point
functions. One can compare the four-point functions resulting from the first term in (13) with the
corresponding four-point functions in the dimensional reduction of the couplings in (13), (18)
and (19). This S-matrix constraint fixes the parameter in (13) to be zero, i.e.,

m3zis =0 €19}

and fixes the following relations between the couplings in (18):

mog3 = —a/6 +magy /2, mogs = a/3 — magy, Mmage = —2a + 2mags, mag7 = a — 2mogs,
magy = —a + mags, Ma96 = 2ma9s, m317 = 4a — dmogs — 4mogs — 4moos,

m31g = —a/2, myy = —a/2 — mogs/2 + mogq — mags, M3 = 3mogy — 2mogs — 2mogs,
m32 = —a/2 —3mygy /2 + mogs, m3x4 =a /8 + 3mag /8 — mogs/4,

m325 = Mogs — Mog4 — 2m323, M326 = —3magy /4, m3y7 = a — 6bmagy + moss,

m38 = —2a/3 + 2mogy, m3p9 = a/48 —mogy /16 (32)

and the following relations between the couplings in (19):

m375 =a/32 —9my93 /4 — m374/2, m3r9 = —a /48 + 2m374/3 — 2m378/3,

m3g1 = a/24 —m377/6 + 4m378/3 + 2m3g0,

m3gy = a/12 —2m376/3 + 8m373/3 + 4m3so,

m3g3 = —a/48 + 2m374/3 + 2m378, m3sa = —a /48 + mag3 +2m374/9,

m3gs = a /288 + m374/18 — m376/36 + 4m378 /9 + m3s0/3,

m3ge = 5a /144 + mag3 — 2m374/9 — m376/9 + 10m378/9 + 4m3g0/3,

m3g7 =a/576 —ma93/16 —m374/48 (33)

It is extremely difficult to fix all 1062 parameters by the S-matrix method. One may use symme-
tries of the effective action to fix them all.
The sphere-level gravity couplings in type II theory at order o’3 is known to be

1
f d'% /=Ge 2P (1313 + Zegeg)R“ (34)

13
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In this case the reduction of the classical theory on a circle has a O (1, 1)-symmetry [28,29]. This
symmetry may be used to find all couplings in type II effective action. In fact the Z,-subgroup of
this symmetry has been used in [21] to fix all 872 parameters of the NS-NS couplings. There is
no such bosonic symmetry in the one-loop effective action. The supersymmetry of the effective
actions, however, exists in the classical and loop levels. It has been shown in [4,12] that the
R* couplings and the Chern-Simons couplings C A R A R A R A R transform into each other
under the supersymmetry transformations. It would be interesting to impose the supersymmetry
fix all 1062 parameters in L¢ and also the parameters in the Chern-Simons sector

constraint to
cs
Lo,
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Appendix A

In this appendix we write the independent couplings with the structures F8, F#(VF)2, and

of competing interest

RF2?(VF)?. There are 134 couplings with structure F3, i.e.,

F8 _
Le =

m Fo 1 FOPY? Fg 74 F K70 B %€ Feyey Feovg Fuinws +

Mg Fap FPYO Y™ Fs" Fo™ Fopr Fuot® Foig® +
Mo Fap® FOPYO F MY Fs" M F™ Foper Fuot® Fuiw® +
m g Fap® FPY2 By FOM BT Fegi Fuot® Funo® +
Mg Fup Fabys Fy F50 Fo™ Frope F,wf ngg +
My Faup FOPYOF MY B oy ™ F e Fun®® Furpt +
My Fap FOPYO FyshV FO Foo ™ Freagr Fjn® Furg® +
Mgy Fap e FOPYOF sV FOM F 7 g Fuon® Foro® +
Mg Fap®® FOPV° Fy ' Fs™ Foo™ Feror Fiin® Fugs® +
My Fup FPYOF WV FsOM FT B e Fruoig Fuo®S +
Mgy Fop® FOPYO F sl FOM F ™ Fper Fuor Foo® S +
Moy Fop s FOPYO Fsh FoM Fog ™ Fergr Fu®* Fuwp® +
Moy Fap®® FOPV° Fy e Fy 7t Feg*™ Ferge Frop® Fu™%° +
M5 Fap  FOPYOF stV Fe O Fo*™ Ferse Frog® Fy®% +
Mg Fap FPYO Fy e F5e® Ferer Frwg® Fuo " Fy® +
Moy Fap®® FOPV° Fysh Feo™ Fecer Frog® Fua" Fy®%° +
M Fop FaﬂySFyequauaAFskrw Fiott Fv(pg; Focrp +

14
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Mg Fap FOPY° Fys Fe " Fo™ Fy e Fy %6 Fogrp +

My Fap FPY° Fy ™ Fso® Froee Fu 7 Fy 958 Foerg +

mgFaﬂ“F“ﬁ”‘SFya””Fes“Fmg;FM”(’)FV“’S;FMW T

m2Faesp,Fotﬂy§Fﬁ€va Fw,\x F5t® FmHFqus Foepe +

3o Fap FeBys Fy e Fyoh Fo™ Feoy Fws; Foprs +
s Faﬂes Fabys prwa FEMAK Feversq)E{ Freott Foirg +
M3y Fap FaBys F, 1o F(m” F.,TF, % Frott Faw{ +
ys Fo W FaBys Fpe™ FVSAK Favamg;Fm‘ps Fm\w{ T
m 19 Fop FPY° Fy 1Y% FsMT e, Fo¥%8 Feror Forge +
1y Fap® FeBys F, e me F., 7@ F,%¢ Frvot Forge +
Mgy Fop®s FOPYO F 1% Fy M B ™ For % Frper Foro® +
1y Fop FozﬂySFyuucr FEAKTFeMngq)s; Focop Facer +

m3FaﬂesFaﬂy6Fyuva FsMerww Fs)\s;vawf Forpr +

Mg Fops FOP70 1 sy Fo ™ Foy % Frwer Forg® +
Mo Fy Sl FOPYS Fg V7 B 2 B " B e Fu?® Forp® +

m37Fae£u pabys Fpe" FVSAK Fsvast;Fm‘DE Fawg +
Mo Faps FP7O Fyct” Fyy O  F T F per Fug¥® Foro® +
myy Fap FPY Fysh” Foy ™ Fo* ™ F e Fue¥® Fovo® +
M1y Fap® FOPYO FY M Fy ™ Fiper Fi ™ Fue¥® Foro® +
M3 Fap FPY Fysh” Feo™ Frger Fy* ™ Fuue?® Foro® +
My Fop® FOPY? Byl FM T Fy 2 Fp %% Ferop Foge® +
1y, Fop® FaBys F, 1o F(SMAK F.,T°F,, % Freror Fowég +
M3q Fap FeBys F, e FM,\K Fsvasthmngws; +
M ys Fop®s FOPYO 1 By M o)™ Foad? Fepee Foo® S +
14 Fap® peBys Fy e Fauangmwas;Fyﬂ(pFws; +
m s Fap FPYOF M, O FT Fy e Fuer? Foott +
Mg Fap FOPYO et Fye® Fiper Fi ™ Fuer? Foo™ S +
M 17 Fap FPY Fysh” Foo™ Frger Fi* ™ Fuer? oo™ +
My Fap® FOPYO F P Fs™ Fog3 " Few® Fuv™ Frpec +
Mgy Fap FOP70 M Byt Foo ™ Fip® Fue® Frper +
Mgy Fap FOPYO Fsh Fe " Feo* " Fo® Fu® Froee +
Mgz Fap FOP7O et Fy " Fu® Fuo™™ Fue® Frpee +
My Fap FOPYO st Fee® Fio® Fuo™™ Fue® Frpe +
Mes Fapy FOPYO Fst™ Fep® Fu® Fuo™™ Fue™ Frpec +
My Fap® FOPYO Fysh” Foy O Foo® ™ Feo®  Fun®? Froee +

15
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M3 Fap FOPYO e Fs o Feo® Fuo®™ Fin®? Frogr +
M Fap  FOPYO Fysh Feo™ Feot Fluo® Fin®? Frgsr +
M5 Fapy € FOPY2 B Fe o Fe S Fluo™ Fip ™% Frgse +
My Fop FOPYO Fsh FoM Fop3 " Fue® Fuo® s Frpee +
s Fop® FOP70 B M By O Foo ™ Fig® Fy® Frper +
Mg Fap® FOP7° Fyst” Fey " Foo™™ Foco® Fo Frgse +
Mg Fap FOP70 M Fyy Ot Fo T Fy 5 Foe® Frper +
M7 Fop® FOPY stV eyt Fo T Fy 8 Fyo® Frper +
Mg Faps FOP70 F et Fye ™ F® S Fun* " Foe® Frper +
Mg Fap e FOPYO Fsh Fee® Fi® Fu* " Foe® Frper +
Mg Fapy€ FOPYO Bt oo F 58 Fu ™ Foo® Froee +
Mg Fup® PV Fyst Fept Fo* T Feo For® Frgec +
Mgy Fup e FOPYO F MY By O Foe 8 Flu T Fy® Frger +
Mg Fap®® FOPV° Fysh Feo™ Feo™ Fun™ For® Froge +
Mg Fapy FOPV° Fs™ Feo™ Feo ™ Fun For® Frgge +
Mgy Fup FP7 Fy e Fe” Feo® F T Foy® Fryge +
Mgy Fap®® FPY2 Fys Fee” Feo® FMT Foy® Frgee +
Mg Fupy FOPYO FstMY Fee ) Fie®s BT Fpy® Frper +
e R S I e P e
Y R S R O e e
Mg Fup FP7 Fys" Fee” Fruco® F T Fo % Fryge +
meoFapy FP72 Fs Fee” Fuco® F™ T Fy® Froge +
Mgy Fup® FOPYO M Fse iy Feo™ oy P FOMT Frosr +
Mgy Fap®® FOPV° Fysh Feop Few™ Fax® FOT Fryge +
Mgs Fapy FOPYO B Foppiy Feo™ Foy P FOMT Froer +
My Fop FOPYO F M B Fo ™ Fye 8 Fiun Froge +
msy Fap® FP72 By Fy O F¥™ Fiucy® Foo®® Froge +
Mg Fap®® FOPV° Fyst” Feo Foo™ Fuac® Fug™ Froge +
msgFap®® FOPV° Fy 7 Fs™T Fepy® Fer Fowy® Froge +
Mo Fap® FP72 By V7 FPT Fen® Fou¥ Foiy® Froge +
Mgy Fap FPV Fyst Feu 7 FX T F %5 Foiep Fraoge +
Mg Fap®® FOPV° Fy e Fyy 74 Fo T Fyyc?® Fog® Froge +
My Foup FOPYS V0 T B 9 Fos o Foo®s Froge +
Moy Fap s FOPYO F 107 Fs) ™ Foy ™ Foo % Fiuer® Foper +
102 Fap ™ PPV Fy ' Fy 7 Fe ™ Fryer Fvo® Fuger +
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Mg Fap® FPYO Fy el FsM Foo ™ Fupe? Fur* Fuger +
Mo Fap  FOPYO Fy stV FO™ Foo ™ Fune? Fuc® Fuger +
Mgy Fap FPYOFy stV F O™ F"% Fose Fue® Foper +
Mgs Fap FPYO Fyct” Fs™ F™ Fuoi® Fuer Fuger +
M4 Fap FOPYO Fysh Fep ™ Foo* T For® S Fuc® Fogsr +
M 105 Fap F*P7° Fyst” Fee® Py Fuo™™ Fuue® Fogse +
M o6 Fapy € FOPY° Fs* Feo* For S Fluo™ Fuc® Foger +
m o Fapy S FOP7 2 Fs™ FO Fopo " Fer ™ Fur® Fugec +
My Fap FOPYO Fush Feo Fir S Fuo™™ Fiu® Foger +
M1y Fapy € FOPYP B Feo ™ For ¥ Fluo™ ™ Fiu® Fogsr +
M3 Fap FOPYO e Fy O F ™ Fier* Foo® Foger +
Moy Fup® FaBys Fy F50 F, @ MAKWFVTS;FCU(PEC +
Mgy Fap FPYO F s F oM Foo ™ Fuin® Fur® Fuger +
Mg Fop® FPYO F 1Y Fy) M Fe, ™ Fopo? Foil ¥ Fuger +
Mg Fap®® FOPYO 1V FMTFe O F oy % Foir Fugsr +
m97Faﬂ68FaﬁyaFyuw FE;AAK 1!76\)M)FskwS Fo‘Kt{Fa)(pS{ +
Mos Fap® FOPYO V7 FT 3@ Fo, ¥ Foir Fuger +
Mg Fap© FOPV0 s Fey 7 Fou ™ By Foc™ Fogee +
M08 Fap FOPYO Fysh Feo For S Fiun™ ™ Foic® Foger +
m 09 Fapy € FOP72 Fs™ Fee® Fio® Fuon* Foic®? Fuger +
Moy Fap FPYP FyshY Fop O F ™ Fuye? Fop 5 Foger +
Moy Fop e FOPYO Fy M Fyy O FK T Fo Y8 Frpo g +
Moy Fap FPYOFy stV Fep O F ™ Fuy ¥ Foe® Fogsr +
My 13 Fap FOPYO st Feo Fir S Fuy* ™ Fo® Foger +
My 14 Fapy € FOPYP Fsf1Y Feo® For ¥ " Fo® Fogsr +
mllSFaﬂegFaﬁyaFyﬁqueaua chré{kaKngxwaw(pg; +
M1 Fapy€ FOPYP Fs* Fegp® Fer S FVM T Foy® Foger +
1100 Fap s FPY2 F)y i Fs™T Fepy® Fopc? For®* Fuger +
Mg Fap® FOPYO i FsM T Frop3 @ Fouc? For* Fuger +
My17 Fap FOPYO Fysh Fegpy Fer Fop Y FO*T Foper +
111 Fapy  FOPY0 Fs*™ Feppy Fer®S Fop P FOMT Fpper +
Moo Fap FOPY2 Fy Y% Fy) ™ Feyo ™ Fopice FF +

m 19Faﬁ€8Faﬁy8FyWU F5™ Fepor Feoer FF +

Mg Fap FOPYO By Fs"™ Foop " Fuuee FF +

Mgy FoH FPYO Fg " F o™ Fyup " Fuge FF +
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m123Faﬂ@FaﬁysFyeMUFS/AJAFmKTFv)u(t FF+
m 134 Fap FOPYP Fyst Fep " Feo " Foper FF +
M55 Fap® FOPY° By Fs ot Fuo* ™ Fipee FF +
M 126 Fap FOPY° Fysh’ Feo  Fuuo*™ Fupee FF +
m127F0t/3€8FaﬁyaFJ/BWFquAFsv”FaAKr FF +
M 198 Fap FOPY° Fysh’ Feo Fuu* " Fopee FF +
M 129 Fapy  FOPV° Fs*V Feo ™ Fpu* " Foper FF +
m 33 Fap FPY° s FM Fey "7 Fvgo FF +
m 34 Fap PP Fysee Fio O T F* MY Fppo o FF 4
M50 Fape FOPYO B, M Fyep FF? 4

m 31 Fap FPY° Fys™” Fegpy FF + m 3, FF*

There are 530 couplings with structure of four F and two VF, i.e.,

4 2
Eg @ =m433Fa/3€£Faﬂy8FyﬂugF/AvkkveFénerKFskrw+

m464FaﬂyeF0¢ﬂy6 me FEMVO Fs OV Fo 4
M o5 Fap e FOPYO Fy 1V F MV, Fs "V Foprw +
m466FaﬂeaFaﬂy8Fyu,ua FEMM V, F5,°V, Fyyve +
M3y Fup € FOPYOE 7 B MY, Fogr Vi Fse ™ +
Mgy Fap e FOPYP KT FPYMY Fy e Vi Fserw +
m396Fa68p,Fozﬁy5 Fﬂum\FexerK Fyevs Vi Fspro +
Mgy Fy 1 FOBY FgVol B KT F OV, Fy i +
My Fapy€ FOPYP Fyp M FEO N, Feg o Vi Fy ™ +
M3y Fop® FPYO Fy Y Fo ™ Ny Fog 1o Vi Fsy ™ +
My Fo M Fabys Fpe" FVSM Ve FrugroVsFsy™ +
MysoFupy € FOPYO F5tY F o N, Fpyrw Vi Feo ™ 4
m451FaﬂeaFaﬁy5FyewFaaAK v, mekawm +
Mysy Fap FPV° Byt FOM N, Frveo Vi Foo ™ +
M3 FoH FPYY Fg Ot FX TN F 16 Vi Fcrw +
M7y Fapy€ FOPY° Fop ) FEY N F5¥ TV Foicrw +
m372Fa/3€€Faﬂy8 Fy/w(r Fe;w)hvg F(SKtwv)\,FO'K‘L’a) +
Mgy Fo H PPV Fg "% Flo " Vi Foro Vi Fs ™ +
Mgs Fo 1 FPYO FgP ot F TN, Fyovo Vi Fijrw +
Mgy Fa Fobys Fpe" ys)uc Ve FreoVuFsy™ +
Myso Fapy € FOPY° Fs* Y FO™ NV, Fipro Vi Feo ™ +
M ys7 Fop € FOPYOE, MY EsO N, B0V, Fog ™ 4
M 55 Fap e FOPYO st F O™V, Fpeo Vi Foo ™ +
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M o5 Fup < FOPYO F 107 F MV Foig oV Fse ™ +
.y30 Fap FaﬂyBFyuvd FEM)»K Yy Fogro Vo F32 ™ +
m434FaﬂeaFaﬁy5FyewF#axK Ve ForeaVy Fsg ™ +
M40 Fap FPV Fy 1% Fyy MV, Fopow Vo Fee™ +
Maso Fap FPY2 T FYOMY5 Frcoo Vo Fyse® +
M4 Fo " FOPY? Fg" 4 F) TV Flicrw Vo Fseev +
M35 Fap FPY Fy1% Fu M Ve Forrw Vo Fse™ +
m459Faﬂe£Fa/3y5Fyequua)LK Vv Vo Fso ™ +
M35y Fapy FPY° Fop F V) Fero Vo F5<™ +
m36OFaﬂeeFa/3y8 F, e FEMU)\‘V)\ Fucrw Vo F5 7€ +
Myny Fapy € FOPYO Fo M FEY Y Fory Vo F5y ™ +
g3 Fop FozﬂyBFy;wcr FEMAK Yy ForroVe F3, ™ +
m437FaﬁesFaﬁy5FyewFMaxK Yy Furro Ve Fsy ™ +
M5y Fo F FOPY° FpV Fy M Vi Fnro Vo Fso ™ +
My g Fap® FOPYO F 100 F 2TV, Fs 3OV Feero +
M3y Fupy € FOPYO FERVO FATOV, Fyo Vo Ferw +
M3gs Fapy FP7° Fs*" Foy " V3 Fuyer o Vo F&T +
Mago Fapy FPY° Fst ™ F.O Ve e Vo Fep ™ +
m438FaﬂeaFaﬂy8pr,ua FBM)LK Y Farv Vo Foy T +
m3s) Fap FP7° Fy 1% Fep Vi Fs¥ ™V Fogrw +
m349Faﬂe£Faﬂy5Fyuvo FEM)LK Vi F3,7Vy Forre +
M3 Fap® FOPY2 F 1% F3) M V3 Foy " Vo Ferro +
My Fap € FOPYO B B 2TV, Fsey Vo Fegro +
M6 Fap FP7° Fy e Fy " V) Fuyero Vo Fe7 +
m461FaﬁesFaﬂy8FyEu.v Fs"%V, Fypr0 Vo Fop™ +
Mygr Fapy € FOPYO F5tY F O N Foyro Vo Fep ™ +
m 01 Fap® FOPV2 F, 1% F TV, F5y Vo Fevro +
Mgy Fap® FOBYS F 1100 FATON By N By +
m410FaﬂeaFaﬁy8Fyuua FE)LK‘L’VK Fis;0°Vo Fevro +
455 Fop FozﬂySFy(SEquaAK Ve Furo Vo Foo™ +
M50 Fo P FOPYO Fg ' Fy MV, s, ™V Fuera +
M3y Fap FOPY2 Fy e Fse ™ V3 Focro Vo Fi ™ +
Mg Fup FPY2 s Fos" Vi Fuerw Vo F 7 +
M0 Fupy € FOPYO F5Y Fo V3 Fur Vo F 7 +
Mgy Fo <P FaBys Fge'” FrToy, FosiucVo Fuvro +
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m 5 Fa M FOPY Fg ' By TN F3ey Vo Fuveo +
M504 Fo“ P FOPY? Fg"* FX" N Fuvow Ve Fyse +
Msos Fo 1 FOPY? Fg"* FXYN, Foow Ve Fysue +
Mg Fap® FP7° Fpy T F*Y V) Fyeo Ve Faeco +
Mg Fag F7% Fuu P2, Fer Vs Fyoner +
Msgy Fa " FBY0 Fg'0 FL K¥V L F ooV, Fspcw +
Moy Fap™ FP75 1Y E 5, Frpro Ve Fip® +
m601FOKGEIULW/SV(S Fﬂf e FVAKTVG Fauvwvr Fs)ucw +
Moy Fap FOPV° Fy M FMT Vg Fopino Ve Fiae” +
Mgy Fa®" P73 Fg 0% F KOV F o OV, Fy i +
Mgy Fap F¥P7° T FFYOAY, Fs O, Frog +
Mg Fap™ FP7 1Y E 25T, Fy 0@V, Feseo +
Mg Fag™ F¥075 Y0 F 5T, Fy @V, Fepeo +
Mgos Fap P70 T FFYOAY F s O, Fegy +
Moy Fap ™ FP7 F 17 F 5TV, 31y @V Fesror +
o Fap P70 10 57V, Fy, OV, Feo +
ey Fapy © FPV° FATFY7 N, Fyy Ve Fepco +
Mgy Fay < FEO7 FMT FERYO0, By @V, Frg e +
mego Fupy < FP7° FHT Y7V, Fyyy Ve Fegiow +
Mgy Fap F7% Fuy * FRYOMY, Fy 50V, Foar +
Mgy Fap F¥P70 10 57 Fy0® Ve Farco +
My Fap® FPV° Fy e’ FOTV, o Ve Fecw +
Mg Fup® FOP7° i T F1* Vg Fyse® Vi Foo +
Mg Fap F¥P70 10 E, 5TV, Fse ¥V, Fape +
Mo Fap® FPY Fy 1V FP Vg Fiyn® Ve Fepco +
s Fap P70 F oMY FOT, Fy 0 OV, Fogor +
M3y Fap® FP7° F M F TN Feyn Ve Fopew +
M1 Fapy F7° Fs FOTY, Foos Ve Froper +
me16Fap FP7° Fye” FO* TV, Fspo® Ve Fevew +
m617Fl¥/3€€Faﬂy8F)’(S/LUFUM{VKFEMU“)VI Feview +
13 Fag P70 10 5TV Fy 9, Fovgor +
meys Fap PPV F, 1 FATV, Fy Ve Fevow +
Mgy Fap® FP7 170 E2XTV Fy OV Fovro +
Mg Fup FOPYO F, 107 F 2TV, 5 Ve Feogow +
Mgy Fap FP75 1Y E 55, By O, Foge +
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M3 Fap® FOPV2 F 1Y TN, Fyn® Ve Feoro +
Moy Fap e FOPYO Fy Y FMT Fey Vi Fogw +
Mo Fap FOPYO F, 1 F YTV, Fs, Vi Fogrew +
mézoFaﬁegFaﬂysFyﬂm FMTVy Fy0.“ Ve Fogew +
Mgy Fap™ FOP7 Fy 10 F TV, Fon® Vi Fegew +
M3 FaesuFaﬁyé FﬂvakFevkrva Fysser Fuico +
Mg FaﬂyeFaﬂyS ng/w Fa)uct Vs Feakwvr Fp.wcw +
m636FaﬁesFa,syaFyewFa,\nV/\ Fes®Ve Frvew +
m637FaﬂeaFccﬂy8Fy6y,v FGMTVAFesaer Fuvco +
m638FaﬂyeFaﬁy8 FsthV poreTy, B oy Frvco +
Mz FaewFaﬁya Fﬂew Fy;\xrvs Fi,.°V, Fuvow +
My FoH FPYO Fg "% F) MU, F3or Ve Fuvow +
M Fo“H FPYO Fg "% F)M TV, Fy o3 Ve Fuoie +
Mo Fo H FPY F % Fo KTV Fy5c Ve Fugro +
Mgy FoH Fabys F,s””Feu’“VK Fys3:”Ve Fugro +
m652FaﬂeaF¢xﬂy5 F}/GM‘)FU)LKTV[LFS‘?ULUV‘[ Fv)u(w +
Mes3 Fap FOPYP Fysh FO TN Fooo® Ve Fjew +
sy Fapy  FPY Fs® OV, Feoo® Vo Fopen +
Mess Fap FOPYP By FOM TN, Fye ) Ve Fyjew +
m656FaﬁeeFaﬂy6 Fyglw Fcr)uct Vg Few“’Vr Fv)u(w +
Mes7 Fapy€ PV Fst Y FOM TN o Feg) Ve Fyjew +
m644FaﬁyeFaﬂy8 FT penvoy, F5,0° Ve Fugeo +
Meys FaﬁesFaﬁy(S Fy;wa Fﬂ)ucr Vs Fadwvr meu +
Mg Fap e FOPYO Fy MY F XUV, Fs Ve Fogew +
m648FaﬁesFozﬂy8 Fy/wor FM)»KT VAFseser Fvaxw +
MegoFo“H FOPY° Fp" Fy V) Fsep Vi Fugiew +
MesoFap® FOPY° F) Y7 FAXTN, Fioy Ve Fogiew +
mgs) Fap FP7° Fy 1% TN, Feep Ve Fugiew +
Mgy Fo S H FPYY Fg % F) N Fso3® Ve Fyoiew +
Mgso FaﬂyeFaﬁy(S ng/«r FEnvo Ve Fa,w“’Vf Fa)u(w +
m660FaﬂesFa/3y5 Fy;wo Fﬂ)ucr Va FSeva‘[ FGM{(D +
Mgy Fap® FOPV° Fy Y7 FAXTN Fy, Ve Foew +
Mgy Fo " FPYO Fg"t Fe, " "V Fy5e“ Vi Fow +
Mg Fo M FPY2 Fg " F) N, o, Ve Fopcw +
Mgy Fap e FOPYO FyY F 2TV, Fyeo® Ve Foew +
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Megs Fo M FPY2 Fg " F) MV, o Ve Fopco +
m666Ft¥/3€8 FozﬂyB Fy;wa FEM{‘( V,) F(Ssp.wvr FGM“U +
m667Faﬂe£Fa/3y5Fyuvo FSAKT v, Fesqur Fyrre +
m668FaewFaﬂy8FﬁmAFéKmv)»vaavwaSm +
m671FaﬁesFaﬁy8 FMKerMVUAVAFyeva VwF(SsKr +
M0 Fap® FPY° F K7 FRYOMY F ey Vo Fyonr +
Mego Fap FOPV F 0 FRY N o Fyee Vo Faenr +
M5 Fo S FPYY F ot FXTO Fy oo Ve Fjr +
M6 Fap FOPY° By FMTON o Fogpiy Vo Fsjer +
M7 Fo 1 FOPYY Fg"t F TN, Fyevg Vo Fopucr +
M7 FaewFaﬁya FﬂuaxFGKerK Fyevo Vo Fye +
m672F¢¥€8MFaﬂyﬁFﬁWAFémwvo FyevawFaMr +
Megs Fap FOPYP B 7 FIVY7M Y, Fso Ve Feerr +
Mg Fap® FOPY° By FPTN; Fy o Vo Feer +
m6g7Faﬁ€€Faﬂy8 Fy/wcr Fu)”“ VAFsuawvnggKf +
Mgy Fap® FPYO F, 1 FXTON By Vo Feecr +
Mgy Fape FOPYP F 7 FIVYOM Y F s Vo Feerr +
m682FaﬂesFaﬁy5 FMKTCUF[M)U)\VO_ Fy5w< VeraAr +
My Fap e FOPY? B, 1Y ATV Fsy o Vo Feevo +
m678Fa/3€£Faﬂy8Fyﬂw FMWVT FBMAKVersvo +
Mg Fap FOPY° Fy Y ATV Fy 3 Vo Feeor +
megy Fap FP7° Fy) 1% BTV, F303 Vi Fegor +
Mo Fap F*PV° Fy 1 XYV, Fy 3 Voo Fecor +
Mgy Fapy € FOPY° FEV FMTON Fy Vo Feur +
Megs Fapy € FOPY° FEV7 FMTOV, By 3 Vi Fevor +
m690Faﬂ}/EFaﬁyaFSWUFMWV}»FSSWVeram +
Mego Fapy € FOPY° FEV7 FMTON, o3 Vo Feair +
Moy Fap FPY BT FROMY  Fy 506 Vo Feper +
m712FaﬂeaF¢xﬁy8 Fy;wa F)ucrwv6 F(S;wa VwFth +
M3 Fap FOPYO By F TV Fyo Ve For +
m714Faﬂe£Fa/3y5Fyuvo FMV)LK V. Fs "V, Foper +
M5 Fape FOPYP B 7 FIVYOM Y By sy Vi Foner +
M6 Fap FP7° Fy 1 FXTON sy Vo Forer +
M7 Fop® FPYO F, 1V BTV Fse Vo Feper +
Moy Fap FOPYO F Y F MV Fs OV g Foer +
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Mo19Fap® FOPYP By FOM TV, Fy Vi Foner +
mGQSFaeguFaBVS FﬁvakFGKvakFyévavwFsuKr +
Mgy Fa " FPY° F " F TN, Fys06 Voo Fepnr +
Mo Fo FPYY Fg Ot FX TN o By Voo Fepine +
Moy Fap®® FOPYO 1V FA O Fyse Vo Fopve +
Mg Faps FPYO F, 1V FMTON Fs s Vi Fepvo +
Mgy Fo“ FPYO Fg" o FX TN F 5 Vi Fopors, +
Megs Fo 1 FPYO Fg" ot F ATV F 50, Vi Fopos, +
méggFaﬁeaFocﬂyS Fy;wa Ferwve FS;MK Vervar +
Mooy Fap® FPY2 F) 1Y% F 2TV, Fye3 Vi Fovor +
Mgy Fap FOPY? B, Y ATV Fye 13 Vo Fevar +
Moo Fap e FOPY° B, FTV) Fsey Vo Fovar +
m706FaﬂesFaﬁy5 Fy;wa FAKerG FBMuAVngam +
Moo Fap e FOPY? B, Y0 PPN Fsy Vo Feorr +
my10Fap® FOPY2 F) 1% F V5 Fsey Vo Feorr +
m708FaﬂeaF¢xﬂy5 Fy;wo FM)”KT VUFSGAwVwFsaKr +
m707FaﬁeaFozﬂy8 Fy;wa Ferwvv FzSe;MVngaKr +
Mo Fap e FOPYP B 7 FRYOM Y By Vo Feoar +
M4 Fape FOPYP B 7 FIVYOM Y 50V Feoar +
Mogs Fap e FOPYP B T FIVYOMY F 5o, Vo Feoar +
Mo Fo S FPYY Fg Ot FX "N F 06 Vo Fuiir +
M3 Fo S H YO Fg Ot FX TN F ey Vi Fuier +
Moag Fo“H FOPYY Fg"* F) Vg Fyeon Vi Fuir +
M6 Fape FOPY? By ™ FOM TN, Fsoo® Vi Fuver +
m727Faﬁy6Faﬁy8 Fgth F”“VAFEM“’VwFum 4
Moo Fo S FOPYO Fg ot F TV, e Voo Fuvos +
Moy Fo S H FPYY Fg Ot FX TN L Fy 5o Vo Fuvos, +
Moy Fap®® FOPYO 1V FA OV Fy 50 Vo Fuvor +
Moy Fo S FOPYO Fg Vo FM T, F5ei Vi Fuvor +
m724Fa,3“ FozﬂyS Fy/wcr Ferka Féeskvw Fuvor +
Moo FaesuFaﬂyé Fpe" FVAKTVK F3er Vo Fuvor +
M3y FoH FPYY Fg 0 FYTON Fy 53 Vo Fuowr +
M35 Fo 1 FOPY Fp " F TV, ey Vo Fuoier +
Mg Fo S H FPYY Fg" Ot B YN s Frric Vo Fuoir +
Mg Fo 1 FPYY Fg" ot F XN F 1 Vo Frgi +
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m3o Fo H FOPY F" F TV, Fyere Vo Fuonr +
Moy Fo S YO Fg Ot F TN, Fy 5oy Vo Fuoir +
My Fo S PPV FgP ot BTN, Fye oy Vo Fugar +
M3y Fo M FOPYO F Ot FXTN, Fysec Vo Fuoar +
m749FaﬂesFaﬁy8 Fyé;w Fo)mrqu&wwvwFM“ +
M50 Fap FOPY2 Fyst FO TN Feoo Vi Fypcr +
M5y Fapy€ PV Fsf MY FOM TN Fooo Vi Fyjr +
m752FaﬂesFa;3y8 Fye;LVFU)LKT Va FasuwvvaAKr +
M3 Fape FOPYO e F MV Fso ™V Fupr +
M5y Fap FPYO Pyt FO TN g Feoy Vo Foper +
M55 Fapy € PV FstMY FOM TN o Feg) Vi Fyjr +
Mase Fapy < FOP7P Fs™ Fe7 Vo Fe ™V Foper +
M5y Fap FOPY Fy e Fs7 Vo Fo ™V Foper +
m758FaﬂeaF¢xﬂy8 Fya’” Feakfc V(r FgﬂrwvvaMr +
My30 Fapy € FOPYO FEH FMTOV, Fyo 3 Vo Fogir +
m741FaﬂeaF¢xﬂy5 Fy;wo FM)“KT Vs Faewamen +
M40 Fap® FOPYP B,V FMTON, Fse 3V Fogier +
Mgy Faps FOPY0 B, 1 FMYO, By Vi Fogier +
Ma4s Fap FOPYO F Y F 2T, Fye Vo Fyoir +
m746Fa€8M Faﬂy& F/Ss vo Fy)»l(f VAFéngvwFuoKr +
m747Faﬂe£Fa/3y5Fyuvo FEAKrVAFSWwVwa” T
Maag Fap FOPYP Fy Y F TN, Feey Vo Foowr +
My o * FOPY0 Fp " F*TN , Fy sy Vi Frgier +
M3 Fap e FOPYP B, V0 ATV Fseoo Vi Foorr +
M5 Fapy € FOPYP FEV FMTON Fy Vo Fopr +
Mago Fapy € FOPY° FMT FERY Y Fy Vo Fopger +
R O e M ) Y
Mgy Fap e FPV° Fy 1 XN Fye Vo Foper +
Ma63 FaﬂeaFaﬁyS Fy;wa FM)“KT Vs FSevwva)Fa)ucr +
m764Faﬂ€€ FozﬂyS Fy/wcr FE)‘“ Vs F(S;L\)wva)FU)\K‘L' +
Mogs FaﬂesFa/Sy(S Fy;wo FGM)LK VS FSuerwFaAKr +
’"7661'70168#Fmﬂws Fg""* F™V Fy5ev Vo Forcr +
m767Fa68M Faﬂyé F/Se vo F)\,KTL()VM FyéstwFaAKf +
Mg Fo S H FPYY FgP Ot F 0N Fyeon Vo Fopur +
Mo Faeeu Faf}yﬁ F/Se vo Fy)ucr VN- F(SsvwvwFaAKr +
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Mo70Fa H FPYY Fg % Fy o™V, Fs, " Vi Foper +
Moy, Faﬂes FozﬂyB Fy(SEMFvaAK VM FsvthwFo)u(r +
Moy Fop e FOPYP B 7 FIVYOM F o Vi Foier +
M3 Fo S H YO F Ot FX TN F 50y Vo Fopuer +
M7 Fo 1 FOPYO Fg"* BTV, Fyeop Vo Fopir +
Moss FaﬂeaFaﬂyS Fy;wo Ferwvu FBes;vaFaAKr +
Mo Fap FOPYO Fy Y F TV, Fyeo® Vo Fopur +
m777FaesuFaﬂy6 F/Se vo Fy)ucr Vv Faa,quwFoAm +
m778FaﬂeaFocﬂy8 Fy;wa Fs)ucr VvFéeuwvwFaMr +
m779FaﬂeeFaﬁy6 Fyé/w Fo)mrvv FSaMwVwFoAKr +
m780FaﬂeaF¢xﬂy5 Fy;wo FEMAK VuFae””VwFaxm +
Mgy Fap FOPYO eV F oMV, Fs ™V Fopur +
Mgy Fape FOPYO F 1V FM TN F Vi Fogger +
Mg Fapy € FOPYP FsfMY FOM TN ooV Fopur +
Mgy Fop FOPYP F) 1% Fy) 2N, Fee™ Vi Fouer +
Mg Fapy € FOPY° Fs*Y Fop O* V., F TN o Fopuer +
mMgs Fapy < FOPV2 Fs™ Fe7 N\, Fep "N o Foper +
Mago Fap PPV By Fy ) OV, F* N o Fopcr +
Mgy Fap FOPYO Fy ™ By NV, Fop "V Fapuer +
Mgg Fap® FPV° Fyst” FOM N, Foy ™V Fopcr +
m790FaﬂeaFaﬁy5FwnFMuaAVwFM“VwaSES i
Mag) Fap® FOPYP F T FRYOMY, Frcrw VO Fyseo +
Mgy Fap FPYO Fu KT FPYMY  Fo iV Fyseo +
M3 Fap e FOPYO F KT FPY7 Y Foyiee VY Fyseo +
Mgy Fo S H PPV F O F KT, Flioro VY Fysec +
m798Fae£MFa/3y5 FﬂVO')LFGUKTVr F/L(T)»wvwF}/SSK T
Mg Fo S H FPYO Fg ot Fo K TNy Fugne VY Fyse +
Mooy Fo S FOPYY Fg"t Fo, KTV, Fopic VY Fysep +
Mg Fo S H FPYY Fg Ot Fo KTV Flineo VO Fyseo +
Mg Fo“H PPV Fg ot Fo KTy Funee VO Fyseo +
Mgo3 F,cer oy F,s”‘”Feu’“Vng,wAV“’Fyg,” 4
Moy Fap FOPYP Fp T FRYOMN  Fog oV Fyson +
Mgy Fap F*PY2 Fu T F'Y7 Yy Fegy e VY Fysore +
Moo Faps FPYP F T F'Y*V o, Feger VY Fyson +
Moy Fap®® FaﬂysFWuFumwiF&M VOF,cor +
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Mggs Fo M FUPYO Fg " Fo KTV Fy 3 e VY Fyeor +
Mgog Faﬂes FozﬂyB Fy;wa FMKK‘E Vr meV“’Faesx +
mgogFaﬂeaFaﬂy(S Fy;wo FM)”KT Va)warvwFaesA +
Mo Fap FOPY? FyMY F TV Fo eV Feon +
Mgy Fap FPYO )iV F 2TV, Foe VY Foeen +
mgloFaﬂeaFaﬂyS Fy;wo FMVAK V/c Fo)\ta)vwFSEé‘T +
Mgy Fape FOPYO Fy 1Y F MV o VY Foee™ +
Mgy Fap FOPYP F 1 F MV Foee VY Foee +
Mgy Fop® FPYO F 1 BTV Frye o VY Foeae +
Mgy, Fap FPYO PV F 2TV Fovo oV Fyeae +
Mgy, FaﬂeaFaﬂyS Fy;wo FMAKT VwFser“’Fam +
Meps Fap e FOPYO F Y F MV Frgoo VO Fsen” +
’"824]:06/368Iﬂﬁyawa)('r F;wM Vo Fexrow VO Fser® +
Mo Fap FOPY? Fy MY F M Ve Fooco VO Fsen” +
Mgy Fap FPYO F)lV% F M Vi Fogiee VO Fsen” +
M5 Fap® FPY2 F, Y BT Focew VY Fsev, +
Mgy Fap FOPY° FyMY F YTV Frgicw V' Fsevs, +
Mgy Fap FOPY2 F 1Y F YTV Foer VO Faevs, +
mg 3 Fap FOPY2 F, 1Y F YTV Fiew VY Fsevo +
Mgy Fap e FOPYP Fy 1Y YTV Foier VY Fsevo +
mglgFaﬂeaFaﬂy(S Fy;wo F;wM V/c Fskra)vwFSchT +
mglgFaﬁeaFaﬂyS Fy;wcr FILVAK Vr ngkwvwFBEUt +
Moo Fap s FOPYO F, 1 B MV 4 oot VO Fseo ™+
Mgsy Fap™ FPY° Fy 1Y% Fey* Vi Fopew VY Fse ™ +
Mgs3 Fap FPYO Fy e Flu, " Ve Foew VO Fse ™ +
Mgsy Fup FOPYO F, 107 B Vi Foper VO Foe* ™ +
Mgss Fup FOPYOE, MV F "V Frer VO Fse ™ +
m849Fa€8M Faﬂy& F/Se vo Fy)»l(f VJ FuvrwvwFasAK +
mgso Fo " FPY2 Fg " F) M TN Flvow V' Fsec +
Mg Faesu Faﬁyé Fﬂe vo Fy)ucr VwFervwFasM +
Mgss FaesuFaﬂyé Fpe" FV)LKTVT FoocwV® Fsop +
Mo FoH FPY2 Fg " F) TN Frgier VY Fiepa +
m837FaﬁesFa/3y6 F, o FEAKrvwFMKTVmFSSM 4
m828Fa68p,Fozﬁy5 Fﬂew Fy)u(rvt Fakkwvdesuv T
Moo Fap®® FaﬂyBpr.va FTy, ForcoV® Fyepy +
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Mgz Fo S FOPYO Fge Y Fy "V oy Foier VY Fsepn +
Mgy, Fap®® FaﬂyBFyuvd FTy, Fosnee V Faepn +
m832Faﬂe£Faﬂy5FyequaAKr VwFaan“’Fag,w i
M3 Fap FOPYO Fy e FO UiV Foepo +
Mgz Fap FPY e FO N e VO Fepo +
Mgag Fo S FOPYO Fge Vo Fy Vo FlicrwV® Fseva +
Mg Faﬂes FozﬂyS Fy;wa FEMAK VK Fakru)vwFSé‘vt +
m84OFaﬂesFa/3y8 Fy;wo FeuM Vr FakkwvwFasvr +
Mgy Fap FOPYO Fye™ F oMV Fopo VO Fser” +
m842FaﬂeeFaﬁy8 Fy/w(r FEMAK V(I)FO')LK‘L'VCUFBSVT +
Mguy Fup FOPVO MY Fy o™V 4y e VO Foey ™ +
Mgy Fap e FOPYO Fye™ FO TN Flcw VO Faean +
Mgys FaﬂesFaﬁyB FyeMvFUMrVwFMuKrVwFagox +
Mg Fap FOPYO Fye™ F o Ve Frpew V Foeo " +
m847Fa/3€€Fa’3y8 Fyé/w FMU)»K Vr FV)LKU)VwF(S&‘G'r +
m848FaﬂeeF¢xﬂy5 F}/GMVFMU)\.K VvaAKrvwFssoT +
Moy, Fap FOPY2 FyiY YTV Feonw V® Fiper +
Moo Fa " FOPYY Fg " BTV Fopine VY Foper +
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Finally, there are 217 couplings with structure of one Riemann curvature, two F and two VF,

ie.,

RF2(F)?
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Mgy Fee Tt FEEWY ROPYON B 1o Vs Fpuige +
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My Fo S F 7  R¥PYON, Fgoo Vi Foepuc +
Mz Fo 1 Fy 7 R¥PYON, Fgoo* Vi Fepuc +
Mygo Fa H Fe"* R*PYONY Fgoo Vi Fepn +
M g3 Fo " Fy 7" R¥PYOVX Fge\o Vi Foepuc +
M3 Fo " Fye"” R*PYPV* Fyoo™ Vi Fsepc +
Mg Fap F'7" RPYONK Fyey Vi Fsgoic +
Myz7 Foy H F O ROPYIN, Fge K Vi Fspoi +
My3g Fo S F O ROPYON, Fip K Vi Fo o +
Mo Fou H Fy "7 RPNV, Fye\* Vi Fyuon +
Mg FoSH Fg O ROPYIN Fy e K Vi Fs o +
My Fo " Fe 7 R¥PYONY F, Vs Fsuon +
M 491 Fa " Fye"” R¥PYOV* For V3 Fypoic +
Mgy Fo " Fyee” ROV  Fg, "V, Fypow +
Mgy Fo " Fg " RPYOVY Fe, Vs Fsuon +
Mgy FeeTt FEERY ROPYON ) Fog K V5 Fsvor +
Mgy Foy S F O ROPYON, Fe ¥ Vi Fpor +
msy1 Fo " Fyeep RV V¥ Fg 7V Fyyoic +
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Ms30Fo " Fg"7* ROV ooy V3 Fipor +
M40 Foup ok papydk Feen Vi Fsvor +
M5y Fo " Fpe'® RPYPV* Fyop V3 Fyvoic +
Mss3Fup F'" RV  Fyo) Vi Fspor +
Mgy Fo " Fee” RPVPVY Fy " V3 Fyvg e +
Msgs Fup® Fee RV NV F, "4V, Fyyonc +
Msp6 Fap F** R¥PYONY Fys,, V) Fegore +
M7 Fap® Fy "' R¥PYOV* Fyp* Vi Feeore +
mM3ss Fo " Fe" " ROV Fgy,* Vi Fepor +
Mase Fo M F, Y RV Fge ¥ Vi Fepor +
m516FOlﬁ€8 FHvok papydk FysepVi Fevor +
Ms30Fap® F" RPYONV* Fy5) V3 Fovore +
Mgy Fap® Fy M RoBYS K FaeuAVszmK T
Mg Fap Fye!*” R¥PYNV* F3) "'V Foyorc +
Msgr Fap®® Fys™" RV  Fe) "V, Foporc +
Mgy Fo M F O ROV Fp o V3 Flrvor +
M3y Fo“1 Fy " ROV V5 Fgee* V3 Fvor +
msy3 Fo " Fg"* RV  Fysee Vi Fuvor +
My, Fo " Fge " RPYOV  Fy 5 V3 Fuvoic +
M3 Fap® F'' RV  Fy5e Vi Fuyor +
Mszs Fo " Fgee” RV  F 57 Vi Fpvow +
Ms36Fup® Fee RV  Fys7 V) Fuyor +
Msgo Fap Fy """ R¥PYV* Fse " V) Fuvor +
M35 Fap® Fye” RV  F5 O V) Fuyor +
Mgy Fap® Fys™” RUPYOVK . oMy, Fuvor +
Moo Fap Fyse" ROV "MV, Fuvor +
m390F€aAK Feeny RubYSy Fys03Vyu Fapeo +
My Fo S F7M ROPYON F5003 YV, Foyee +
M g5 Fa S F7  RPYOV, Fyy0 V) Fpye® +
M346Fo " Fy " * ROV, Fsyoic V) Fpee® +
M3y Fo " F O ROV, Fy503 V) Fpeoy +
Mz Fo M Fe" RPN, Fy 50 Vi Fpen® +
Myy7 Fup € FPYO ROV Foyo3 V, Fys +
Mysg Fup F*O ROV, Fryo Vi s +
Mg6 Fa " Fe' 7 RPY OV oy Vi Fy e +
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M g7 Fo " F" RV  Fgevo Vy Fysii +
Moo Fa " Fee'” RPYOV  Fgoo™ Vi Fysae +
m428Faﬁ€8FeMwRaﬁy5VK FEUU)\VMFVSM +
m417Fa‘3€8F“VGARaﬂV3VKF&vakquyeeK +
m347Faselj’FﬁVUA’Ra'By(SV)LFSVO'KV,LLFVGEK +
Mg Fap F* 7" RPYPN, Fyuoc Vi Fyee +
Myg7 Fo M F, Y ROPYON Fio3 Vyy Fscer +
M40 Fap Fy " ROPYON, Froyrs Yy Fs™ +
Mygs Fo S F7M ROV Fg oV, Fseon +
M0 Fo " Fy """ RV  Fge\o V) Foenn +
Moy Fo " Fy " R¥PYOV¥ Fyo* V), Fyge +
Mago Fo M FY7M ROPYON Fge o)V, Fygan +
Mago Fo " Fe" " RV, Fpe,* Vy Fson +
Mg Fa®*V Fee " RPVOV, Fg V) Foo e +
Mo Fo M Fyee” RV  Fg %%V Fygap +
Mgy Fo M Fg "  RPYONEFy o,V Foon +
303 F O FEERY RUBYON, F s 7, Fogors +
M35y Fee ™" FM RV, Fosoc Vo Fapy +
M40 Fo 1 FYOM R¥PYON, Fy)100 9, Fpyee +
m341Fa““Fev”)‘RaﬂVSVAFauaxVuFﬁysK +
m425FO,":‘WF,gw}”ROtﬂy(S Vi Fepoi Vo Fyse +
m357FaES“F5V‘T}"Raﬁy8VnguaxvvarSeK +
Mo Fap F*7* RPNV, Fepy Vo Fys) +
M35y Fop F*'7 ROV, Feeo Vi Fysy +
m342Fa66“FﬁmARaﬁy5VAFauaxvvaeaK +
M336 Fap F** ROPYOV; Fipoe Vi Fyep +
Mgy Fee"* FEEMY ROPYIN Fog KV, Fygoge +
Mg Fo ! Feer" RPY N, FgMV, oy +
Mgy Fo " Fpes” RPVP VX Fy "'V, Fygoue +
M3 Fap Fee" ROPVOV¥ Fy 7"V, Fso +
Mgy Fu < Fgee” RPVOV F, 7™V, Fygy +
M09 Fup® Fee” RPN, F, "V, Fyg e +
M 70 Fop FJ,G’”RO”L}”‘3 A Fa,lo)”vv Feonie +
Moy Fo " Fyes” RV Vs Fg"™ Y, Fgo +
Moy oM peeny gapydy Fy503. Ve Fapen +
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Moy Fo M F "M RPYON  Fyopi Vo Fpyen +
M4 Feen” FEM ROPYIN  Fopy M Vo Fgsane +
M g3 Fo " Fe " RPYOV* Fg,, Vo Fyse +
M0y Fa " Fee"” RPYONV, Fp, ™ Vg Fysoe +
Mg Feeu” F<M ROPYOV, Fop™ Vo Fysic +
M0y Fo ! Fee"” RPV° Ny, Fg ™ Vo Fypiie +
Mags Fo " Fy " R¥PY°V, Fg, " V, Fsppe +
Mgy Fou " Fee" RPYONV* Fgp) " Vi Fape +
M0 oV Fye” RPVOV¥ Fie, Vg Fipe +
Mmssy Fa© Fge" RV VY Fyen Vo Fyue +
Mg Feen” F<M ROV, Fop™ Vo Fsue +
Mgy Fo ! Fee"” RPY° Yy, Fgy ™ Vo Fyvie +
MssoFo " Fge" RV  Fp " Vo Fypix +
Mss) Fap® F*" R*PYOV* Fyop* Vo Fyvie +
m3og Fa " Fee"” RV, Fp, ™ Vg Fsya +
Mg oV Fpe" RPVOV ) Fye™ Vi Fyyie +
m310 Fap® F" ROV Fy M Vg Fyoe +
M6 Fap® Fy"" RV  Fy Vo Fegpi +
n%mﬂw“RMWRWWVKﬂmeUEmK+
msgy Fap Fy " RPYOVS Fse\ M Vo Feve +
M1y FoF Fee"” RPV° V5 Fy ™ Vo Fuie +
M3 Fa " Fye " ROV Fg ™ Vo Fuvie +
M) Fo M Fpe" RPVOVE Fy5e* Vo Fuvne +

Nuclear Physics B 977 (2022) 115733

Mag) FF RPN, Fy 7" Vs Fgoie + miggg FF RPNV, Fpoy VE Fop Ot +

M 477 FF RV  Fy 0"V Fase

(37

where FF = Fj 08 F #vef Note that the number of all contractions of F3 without imposing the
field redefinition is 176. The are 104 couplings in (35) that their coefficients are unambiguous.
The coefficients of the couplings in (35) which have F F or F,48, F,%PY are essential parameters.
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