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Abstract

We have studied in this paper the Joule-Thomson expansion of a new charged AdS black hole with a 
nonlinear electrodynamics in framework of Einstein-Gauss-Bonnet gravity in AdS space. We investigated 
effects of mass (m), electric charge (q), GB coupling constant (α) and nonlinear electrodynamics parameter 
(k) on Joule-Thomson expansion by depicting different graphs. The fact that inversion temperature tends to 
decrease by increasing k, is in contrast to the effect of electric charge. The divergent point as well as the 
zero point of Joule-Thomson coefficient are also discussed. Results show that, this black hole exhibits a 
phase transition similar to that of van der Waals system. Furthermore, the isonthalpic curve is obtained and 
an interesting dependence of these curves on charge and nonlinear electrodynamics parameter is revealed. 
In T −P graphs, the cooling region shrinks with charge, while this region expands both with mass and with 
nonlinear electrodynamics parameter. Our study shows that nonlinear electrodynamics parameter plays an 
important role in Joule Thomson expansion.
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1. Introduction

Black holes are the solutions of Einstein’s field equations, and simple configurations of them 
which have only the properties of mass, angular momentum and electric charge, are asymptot-
ically flat and stationary. Since microscopic structure of black hole is not well understood by 
quantum gravity, thermodynamic properties of black holes have been taken into consideration 
for many years. It is worth mentioning that, these studies in connection with thermodynamic 
properties of black holes have provided a deep understanding of quantum gravity [1–4]. By de-
velopment of quantum field theory, especially with a curved spacetime, it has been found that 
there is a fundamental relation between entropy and area of black holes and due to the surface 
gravity, black holes possess a temperature. Moreover, Hawking showed that black holes emit 
radiation that resemble the spectrum of black bodies [5,6]. Of course there are fundamental con-
nections between classical thermodynamics, general relativity, and quantum mechanics. The key 
to these connections is to study classical thermodynamic of asymptotically AdS black holes that 
include both critical phenomena and phase structure. Specially, by development of AdS/CFT 
duality, they are deeply connected and a considerable attention has been paid to the AdS black 
holes. The AdS/CFT correspondence defines a duality between gravitational theories on anti-
de Sitter spacetimes in (D + 1)-dimensions and conformal field theories on flat spacetimes in 
D-dimensions [7]. In this context, black holes in presence of a negative cosmological constant 
admit a dual description in a conformal field theory. In AdS space, there exists a Hawking-Page 
phase transition from AdS background state (thermal gas) to stable Schwarzschild AdS large 
black hole [8] for a critical temperature. This Phenomenon is explained as the confinement/de-
confinement phase transition of a gauge field [9,10]. Many applications of these ideas which 
include black hole thermodynamics through AdS/CFT duality have been developed over the last 
decade, which provide a deeper understanding of relation between quantum physics and gravity 
[11–13].

Considering that AdS black holes are electrically charged, rich phase structures are identified 
[14,15]. It is found that the first-order phase transition behavior of charged AdS black hole is 
reminiscent of the liquid-gas phase transition in a van der Waals system [16]. For AdS black 
holes the cosmological constant (�) is considered as a fixed parameter and does not appear in 
the first law of black hole thermodynamics. Despite its original constant nature, it is interest-
ing to consider the cosmological constant as a thermodynamic variable and explore to see how 
black hole thermodynamic is modified [17]. In fact, the cosmological constant, from a perfect 
fluid point of view is identified as the notion of pressure. In this case we should obtain a more 
physical interpretation for the volume of a black hole [18]. It has been claimed that the thermo-
dynamical volume may be equal or bigger than the corresponding Euclidean volume (geometric 
volume) associated with the area/entropy [19]. In general, geometric volume is different from 
thermodynamic volume of a black hole, but for RN type black holes they are similar [20]. In 
this context, the first law of black hole thermodynamics is modified by including a new term 
VdP [21], a term that did not exist before. With this assumption we have extended phase space 
that leads to the following important results: Smarr relation is satisfied for the first law of black 
holes thermodynamics, and the mass of the spacetime must be interpreted as the enthalpy of 
the thermodynamical system [22], whereas in the early days of the developement of black hole 
thermodynamics, the mass of a black hole has been identified as its energy. In this context, a 
new phenomenology has been obtained, examples include: new phase transitions (like Van der 
Waals liquid-gas phase transitions) [23,24], existence of triple points (like the phase diagram of 
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water) [25], heat engine black hole analogous [26–29]. Just to mention some other applications, 
we refer the reader to [30–33].

Analogy between black holes and van der Waals liquid-gas system in extended phase space 
can be supported by further investigation on critical exponents and also on the P-V critical behav-
ior of charged AdS black holes [34]. This analogy has been generalized to rotating black holes, 
f(R) black holes, higher dimensional black holes, Gauss-Bonnet black holes, etc. [35–52]. Some 
other works in Gauss-Bonnet theorem can be seen in [53,54]. As an interesting topic, similarities 
between black holes and van der Waals have been recently generalized to the Joule-Thomson 
expansion [55]. For Joule-Thomson expansion in classical thermodynamics, gas at a high pres-
sure passes through a porous plug to a section with a low pressure (the pressure decreases by 
expanding thermal system) and during this process enthalpy is a constant. An interesting phe-
nomenon during Joule-Thomson expansion process is that T-P graph is divided into cooling and 
heating regions. They are separated by inversion curve. This process and corresponding curves 
are studied for charged AdS black holes [55], Kerr-AdS black holes [56], quintessence charged 
AdS black holes [57], holographic superfluids [58], charged AdS black holes in f(R) gravity [59], 
AdS black hole with a global monopole [60], AdS black holes in Lovelock gravity [61], arbitrary 
dimensional charge AdS black hole [62], hyperscaling violating black holes with spherical and 
hyperbolic horizons [63], Kerr-Newman-AdS black holes [64], Gauss-Bonnet AdS black holes 
[65]. The results show that while for van der Waals system, the inversion curves have both pos-
itive and negative slopes, the inversion curves for all black holes mentioned above have only 
a positive slope. Existence of such attractive thermodynamic behavior encourages us to study 
Joule-Thomson adiabatic free expansion phenomena for a new charged black hole with nonlin-
ear electrodynamics (NLED) in the framework of Einstein-Gauss-Bonnet gravity in AdS space.

In fact one problem in general relativity is the singularities in black hole solutions or cur-
vature singularities and also at the beginning of universe. Similar singularities are also present 
in Maxwell theory. One can use the modified Maxwell theory or nonlinear electrodynamics to 
remove these singularities, which keep Maxwell filed at weak field limits. Nonlinear electro-
dynamics could possibly help find corrections induced by quantum gravity to Maxwell fields. 
The Born-Infeld electrodynamics as a NLED theory [66] encodes the low-energy dynamics of 
D-branes, which includes maximal electric fields and eliminates the divergence of electrostatic 
self-energy of point-like charges. Also one can consider string corrections to thermodynamic 
properties of charged AdS black holes by introducing the Born-Infeld action. There have re-
cently been many studies concerned with nonlinear electrodynamics in black holes [67–73].

For example in Ref. [74], deflection angle of photon from magnetized black hole within non-
linear electrodynamics was analyzed. Authors found the corresponding optical spacetime metric 
and then calculated the Gaussian optical curvature. Using the Gauss-Bonnet theorem, they ob-
tained the deflection angle of photon from magnetized black hole in weak field limits and showed 
that the effect of nonlinear electrodynamics on weak gravitational lensing. In another work [75], 
the weak deflection angle of light from exact black hole within the non-linear electrodynam-
ics was explored. They calculated the Gaussian optical curvature using the optical spacetime 
geometry. With the help of modern geometrical way popularized by Gibbons and Werner, the 
deflection angle of light from exact black hole was examined. Also authors determined the opti-
cal Gaussian curvature and executed the Gauss-Bonnet theorem on optical metric and calculated 
the leading terms of deflection angle in the weak limit approximation. Furthermore, they studied 
the plasmamedium’s effect on weak gravitational lensing by exact black hole. In Ref. [76], au-
thors analytically presented an exact confining charged black hole solution to the scalar-tensor 
description of regularized 4-dimensional Einstein-Gauss-Bonnet gravity (4DEGBG) coupled to 
3
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non-linear gauge theory. Also some properties of this solution such as temperature, specific heat, 
shadow and quasinormal modes were studied. The results show that a confining charge gives 
a significant contribution to the shadow of the black hole as well as to the quasinormal modes 
frequencies.

An economical model to address some open cosmological problems such as the absence of 
the initial cosmological singularity, an early acceleration of the Universe and the generation 
of matter-antimatter asymmetry was proposed in Ref. [77]. This model is based on a scenario 
in which the early Universe consists of a non-linear electrodynamics fields. Authors show that 
the singularities in the energy density, pressure and curvature are absent at early stages. In this 
scenario, the baryon asymmetry is generated by the non-linearity parameter. Additionally, they 
calculated the resulting baryon asymmetry and discussed how a successful gravitational baryoge-
nesis is obtained for different values of the model’s parameter space. Also, the effects of nonlinear 
electrodynamics (NED) on non-rotating black holes, parametrized by the field coupling param-
eter and magnetic charge parameter P have been discussed in Ref. [78]. Authors survey a large 
range of observables and physical properties of the magnetically charged black hole, includ-
ing the thermodynamic properties, observational appearance, quasinormal modes and absorption 
cross sections.

In the context of Friedmann-Robertson-Walker (FRW) spacetime, authors in Ref. [79] have 
shown that singular behavior does not occur for a class of nonlinear generalizations of the elec-
tromagnetic theory for strong fields. A new mathematical model was proposed for which the 
analytical nonsingular extension of FRW solutions was obtained by using the nonlinear magnetic 
monopole fields. The analytic solution for Anti-de Sitter-Nonlinear electrodynamics (AdSNED) 
black hole in four dimensions was presented in Ref. [80]. Tunneling of vector particles from the 
AdS-NED black hole to find Hawking temperature as well as its thermodynamical properties in 
usual and extended phase space was studied. Then the properties of pressure-volume criticality 
was explored by analyzing the phase diagram and its free energy.

The authors of [81] found thermodynamic quantities of a new charged AdS black hole with 
nonlinear electrodynamics in framework of Einstein-Gauss-Bonnet gravity and studied the ex-
tended thermodynamics of these black holes. Here, as a further step in this direction, we intend 
to generalize the current research of Joule-Thomson expansion to the black hole solutions found 
in Ref. [81]. In this case there are some questions that might be noteworthy. By considering the 
model of NLED Lagrangian similar to that in relation (14) and solution of black hole as relation 
(22), how does inversion, isonthalpic curves and Joule-Thomson coefficient depend on nonlin-
ear electrodynamics parameter k? Where does the cooling/heating process occur? In this case 
is there any unexpected behavior of the nonlinear electrodynamics AdS black hole as compared 
to an ordinary charged AdS black hole case? We will try to answer such questions for further 
clarifications in this paper.

The outline of the paper is as the following: In Sec. 2, we briefly review charged AdS black 
hole with the nonlinear electrodynamics in framework of Einstein-Gauss-Bonnet gravity, we will 
also review the model of NLED Lagrangian which is similar to relation (14). Sec. 3 devotes to 
expressing some thermodynamic properties of our desired black hole. In Sec. 4, we study Joule-
Thomson effect and introduce some relevant quantities including: Joule-Thomson coefficient 
and inversion temperature. In Sec. 5, by considering the effect of nonlinear electrodynamics 
parameter, we will derive expression for Joule-Thomson coefficient (relation (55)), inversion 
pressure (relation (59)) and inversion temperature (relation (60)). We will try to investigate the 
effect of charge, Gauss-Bonnet parameter and the nonlinear electrodynamics parameter on T−P 
diagrams for inversion and isenthalpic curves. Of course, we have limited ourselves to Gauss-
4



M. Assrary, J. Sadeghi and M.E. Zomorrodian Nuclear Physics B 977 (2022) 115727
Bonnet parameter α > 0, nonlinear electrodynamics parameter k < 0 and D = 5 dimensional 
black holes. Our conclusion is presented in section 6. We will use the units GN = h̄ = kB = c = 1
and signature of the metric (−, +, +, +, +) in our paper.

2. Five-dimensional Einstein-Gauss-Bonnet gravity coupled to a nonlinear 
electromagnetic field

In this section, we will review solution of 5-dimensional Einstein-Gauss-Bonnet gravity cou-
pled to a nonlinear electromagnetic field with a negative cosmological constant [81]. The action 
of this system is given by

S =
∫

d5x
√−g

[
1

16π
(R − 2� + αLGB) − 1

4π
L(F )

]
, (1)

where � (negative cosmological constant which is related to the AdS curvature radius l) and 
LGB (the Gauss-Bonnet term) are given by

� = − 6

l2 , (2)

LGB = R2 − 4RμνR
μν + RμνρλR

μνρλ, (3)

α indicates the Gauss-Bonnet coupling constant (The Gauss-Bonnet term appears in the heterotic 
string theory at which α is regarded as the inverse string tension), and L(F ) is function of the 
invariant F ≡ FμνF

μν/4 where Fμν = ∂μAν − ∂νAμ is the field strength of electromagnetic 
field Aμ.

We have equations of motion by varying the above action,

Gν
μ + αHν

μ − 6

l2 δν
μ = 2

[
∂L(F )

∂F
FμρF νρ − δν

μL(F )

]
, (4)

∇μ

(
∂L(F )

∂F
Fνμ

)
= 0, (5)

with

Hν
μ ≡ 2

(
RRν

μ − 2Rμσ Rσν − 2RσρRν
σμρ + Rσρλ

μ Rν
σρλ

)
− 1

2
δν
μLGB. (6)

A two-form field strength P μν can be introduced as

P μν ≡ ∂L(F )

∂F
Fμν, (7)

whose (tr) component is related to the conjugate momentum of gauge field Aμ. For this field 
strength Pμν the square invariant will be

P ≡ 1

4
PμνP

μν =
(

∂L(F )

∂F

)2

F. (8)

It is usefull to introduce H(P ) which is related to the Lagrangian L(F ) of the gauge field by a 
Legendre transformation as [82]

H(P ) = 2
∂L(F )

F −L(F ). (9)

∂F

5
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The following relations are satisfied:

L = 2
∂H
∂P

P −H,
∂L
∂F

=
(

∂H
∂P

)−1

. (10)

So in terms of Pμν and H the equations of motion are obtained as

Gν
μ + αHν

μ − 6

l2 δν
μ = 2

[
∂H
∂P

PμρP νρ − δν
μ

(
2
∂H
∂P

P −H
)]

, (11)

∇μP νμ = 0. (12)

In the following, our aim is to find black hole solutions which contain a nonlinear electrodynam-
ics as

H(P ) = Pe−k0(−P)
1
3
. (13)

Corresponding to (13) the Lagrangian of nonlinear electrodynamics can be expanded

L(F ) = F

[
1 + k0 (−F)

1
3 + 23

18
k2

0 (−F)
2
3 +O(k3

0)

]
. (14)

It is possible to consider above Lagrangian as the effective Lagrangian of U(1) gauge field, 
where first- and higher-order terms in the nonlinear coupling constant k0 are the higher order 
derivative corrections of U(1) gauge field originating from the integration of UV energy modes. 
We see that in the weak field region and in the limit k0 → 0 usual Maxwell electrodynamics is 
approximately restored.

To find a static and spherically symmetric black hole solution, the following ansatz is consid-
ered:

ds2 = −f (r)dt2 + f (r)−1dr2 + r2d�2
3,

Ptr = φ(r). (15)

For electric-charge q we have

q = 1

2π2

∫
S∞

3

∗∂L(F )

∂F
F = 1

2π2

∫
S∞

3

∗P, (16)

in above relation F = 1
2Fμνdxμ ∧ dxν , P = 1

2Pμνdxμ ∧ dxν and S3 = 2π2 is the volume of unit 
3-sphere. From Eqs. (12) and (16) and using ansatz (15), we have

φ(r) = q

r3 , P = − q2

2r6
. (17)

The electrostatic potential At(r) of the black hole is gained as

At(r) = −
∫

Ftrdr = −
∫

∂H
∂P

Ptrdr = q

3

(
1

2r2 − 1

k

)
e
− k

r2 + q

3k
, (18)

with k ≡ k0

(
q2

2

)1/3
which is a fixed characteristic parameter of the non-linear electrodynamics. 

The integration constant is obtained by using the condition At(r) → q
2 as r → ∞.
2r

6
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The non-zero components of Eq. (4) are as follows

Ḡt
t = Ḡr

r = − 6

l2 − 6α[f (r) − 1]f ′(r)
r3 + 3[−2 + 2f (r) + rf ′(r)]

2r2 ,

Ḡ
ψ
ψ = Ḡθ

θ = Ḡ
φ
φ = − 6

l2 + −1 + f [r] + 2rf ′(r) + r2f ′′(r)/2

r2

− 2α{f ′(r)2 + [f (r) − 1]f ′′(r)}
r2 ,

T̄ t
t = T̄ r

r = −q2

r6
e
− k

r2 ,

T̄
ψ
ψ = T̄ θ

θ = T̄
φ
φ = q2(3r2 − 2k)

3r8 e
− k

r2 , (19)

where we have used

Ḡν
μ ≡ Gν

μ + αHν
μ − 6

l2 δν
μ,

T̄ ν
μ ≡ 2

[
∂H
∂P

PμρP νρ − δν
μ

(
2
∂H
∂P

P −H
)]

. (20)

The (t t) component of equations of motion (Eq. (4)), leads to

[
4αf ′(r) − 2r

]
[f (r) − 1] − r2f ′(r) + 4r3

l2 = 2q2

3r3 e
− k

r2 . (21)

By integrating the equation, the black hole solution is gained as

f (r) = 1 + r2

4α

⎛
⎝1 −

√
1 − 8α

l2 + 8α

r4

(
m + q2

3k
(e

− k

r2 − 1)

)⎞
⎠ . (22)

At last it is usefull to mention the curvature scalars R, RμνR
μν , and RμνρλR

μνρλ in term of the 
above function as

R = − 1

r2

[
r2f ′′(r) + 6rf ′(r) + 6f (r) − 6

]
,

RμνR
μν = 3

r4

[
rf ′(r) + 2f (r) − 2

]2 + 1

2r2

[
rf ′′(r) + 3f ′(r)

]2
,

RμνρλR
μνρλ = 1

r4

{
r4 [

f ′′(r)
]2 + 6r2 [

f ′(r)
]2 + 12 [f (r)]2 − 24f (r) + 12

}
. (23)

3. Thermodynamic properties

In this section, we briefly review thermodynamic quantities of the black hole under consider-
ation.

The relation between black hole mass m and horizon radius r+ can be obtained from equation 
of horizon, f (r+) = 0 (with the help of Eq. (22))

m = r2+ + 2α + r4+
l2 − q2

3k

(
e
− k

r2+ − 1
)
. (24)

Bekenstein-Hawking temperature is obtained from surface gravity at event horizon as [83]
7
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T = f ′(r+)

4π
= r4+

(
8πPr2+ + 3

) − q2e
− k

r2+

6πr3+
(
r2+ + 4α

) . (25)

For pressure, we use this fact that the cosmological constant plays the role of pressure in extended 
phase space as

P = − �

8π
= 3

4πl2 , (26)

ADM mass M and total electric charge Q of the black hole solution are related to the mass m
and the electric charge q as [50]

M = 3S3

16π
m , Q = S3

4π
q. (27)

Due to variable cosmological constant notion, the black hole mass in AdS space is identified with 
enthalpy. With this attitude, the first law of black hole thermodynamics is given by

dM = T dS + �dQ + V dP, (28)

where the chemical potential � and the thermodynamic volume V are conjugate variables to Q
and P respectively, so that

� =
(

∂M

∂Q

)
S,P

, V =
(

∂M

∂P

)
S,Q

. (29)

The black hole entropy can be calculated by Wald formula

S = −2π

∮
�

δL
δRμνρσ

εμνερσ dV3,

= −1

8

∮
�

[
δR

δRμνρσ

+ α
δLGB

δRμνρσ

]
εμνερσ dV3, (30)

the volume element on event horizon surface � and vector εμν related to � are defined by

εμν = δt
μδr

ν − δr
μδt

ν, dV3 = r3+d�3. (31)

With the metric ansatz given in Eq. (15), we have

δR

δRμνρσ

εμνερσ = gμρgνσ εμνερσ = −2,

δLGB

δRμνρσ

εμνερσ = −4R − 8
(
Rttgrr + Rrrgtt

) + 2
(
Rtrtr − Rrttr − Rtrrt + Rrtrt

)
= −24

r2+
. (32)

As a result, the black hole entropy is found as

S = S3r
3+

4

(
1 + 12

r2

)
, (33)
+

8
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the effect of Gauss-Bonnet term has appeared in second term. It is straightforward to check that 
this result for entropy and thermodynamic volume V can also be obtained by use of the first law 
as

S =
∫

1

T

∂M

∂r+
dr+ = 3S3

4

∫ (
r2+ + 4α

)
dr+ = S3r

3+
4

(
1 + 12α

r2+

)
. (34)

V =
(

∂M

∂P

)
S,Q

= V4r
4+, (35)

where V4 = π2

2 is the volume of unit 4-ball in flat space.
Reusing the first law of thermodynamics to calculate chemical potential � leads to

� =
(

∂M

∂Q

)
S,P

= q

6

(
2

k
− 2r2+ − k

kr2+
e
− k

r2+

)
. (36)

From Eq. (25), the equation of state P = P(T , V ) is given by

P = 3(r2+ + 4α)

4r3+
T − 3

8πr2+
+ q2

8πr6+
e
− k

r2+ , r+ =
(

2

π2 V

)1/4

, (37)

Here, the relation (35) is used for the thermodynamic volume, given in terms of event horizon 
radius r+.

The critical points [34] are obtained from

∂P

∂r+
= 0,

∂2P

∂r2+
= 0. (38)

The corresponding radius rc of the event horizon related to the critical temperature is determined 
as

q2
[
2k2(r2

c + 12α) + 3r4
c (5r2

c + 36α) − kr2
c (13r2

c + 132α)
]
−3r8

c (r2
c −12α)e

k

r2
c = 0. (39)

In terms of critical radius rc, the critical temperature Tc and critical pressure Pc are expressed as

Tc = 3r6
c − q2(3r2

c − k)e
− k

r2
c

3πr5
c (r2

c + 12α)
,

Pc = 3r6
c (r2

c − 4α) − q2
[
r2
c (5r2

c + 12α) − 2k(r2
c + 4α)

]
e
− k

r2
c

8πr8
c (r2

c + 12α)
. (40)

From these formulas, it is clear that the presence of nonlinear electromagnetic parameter affects 
both critical pressure Pc and critical temperature Tc.

In the next section, we will review Joule-Thomson expansion for van der Waals fluids and 
study Joule-Thomson expansion for the black hole considered above.

4. Joule-Thomson expansion

In this section, we review the well-known Joule-Thomson or Joule Kelvin expansion [55,84]. 
In Joule-Thomson expansion, gas from an initial smaller volume V1 at high pressure P1 and tem-
perature T1 passes through a porous plug or small valve to a section with a larger volume V2 with 
9
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lower pressure P2 at temperature T2 in a thermally insulated tube, while enthalpy remains con-
stant during expansion process. In this connection we are facing an important question, whether 
the temperature changes or not. We know that for an ideal gas, the temperature does not change, 
because for such a gas the internal energy is just dependent on temperature, but for van der fluids 
as a real hydrodynamic system, there are some ambiguities in its future. This is due to the fact 
that in real hydrodynamics systems there is a relationship between the temperature and at least 
one other state variable. To investigate the Joule-Thomson expansion, the Joule-Thomson coef-
ficient is an important physical quantity whose sign can be used to determine whether heating 
or cooling will occur. This coefficient is defined via the change of temperature with respect to 
pressure as follows

μ =
(

∂T

∂P

)
H

= ( ∂T
∂rh

)M

( ∂P
∂rh

)M
. (41)

In above relation the black hole mass is considered as enthalpy M = H and it will be constant 
throughout the adiabatic expansion. By evaluating the sign of Eq. (41), cooling or heating pro-
cess will be determined. In Joule-Thomson expansion, since fluid always expands, the pressure 
decreases, so change of pressure is negative but change of temperature may be negative or posi-
tive. If the change of temperature is positive (negative) μ is negative (positive) and so gas warms 
(cools).

We can obtain another form for the expression (41) in terms of volume and heat capacity at 
constant pressure. Using the first law of thermodynamics, for constant particle number N we 
have

dU = T dS − PdV . (42)

Since the process is adiabatic, using the first law of thermodynamic we can write for internal 
energy U

�U = U2 − U1 = P1V1 − P2V2 = 0 , (43)

which can be rewritten as

U2 + P2V2 = U1 + P1V1 . (44)

By defining enthalpy as H = U + PV , the above relation indicates H1 = H2 which means that 
the JT expansion is isenthalpic. Using enthalpy relation we also can rewrite Eq. (42) as

dH = T dS + V dP . (45)

As dH = 0, this gives us

0 = T

(
∂S

∂P

)
H

+ V . (46)

Since entropy is a state function, it can be viewed as the function of the Hawking temperature T 
and pressure P. In this case, one can express dS as

dS =
(

∂S

∂P

)
T

dP +
(

∂S

∂T

)
P

dT (47)

from which one can further derive
10
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(
∂S

∂P

)
H

=
(

∂S

∂P

)
T

+
(

∂S

∂T

)
P

(
∂T

∂P

)
H

. (48)

Using this expression and Eq. (46), the following relation can be obtained:

0 = T

[(
∂S

∂P

)
T

+
(

∂S

∂T

)
P

(
∂T

∂P

)
H

]
+ V . (49)

Substituting heat capacity at constant pressure CP = T
(

∂S
∂T

)
P

and inserting Maxwell relation (
∂S
∂P

)
T

= − 
(

∂V
∂T

)
P

into Eq. (49) we have

0 = −T

(
∂V

∂T

)
P

+ CP

(
∂T

∂P

)
H

+ V (50)

after some simple calculations we find Joule-Thomson coefficient:

μ =
(

∂T

∂P

)
H

= 1

CP

[
T

(
∂V

∂T

)
P

− V

]
. (51)

This definition has the advantage that allows us to define easily the inversion temperature (the 
particular point in the gradient of black hole temperature for which the system is changed from 
cooling to heating or vice versa). It is easy to check that equation μ(Ti) = 0 has a solution

Ti = V

(
∂T

∂V

)
P

(52)

the so called inversion temperature. Inversion temperature is an important quantity to probe 
Joule-Thomson expansion. In the following, we will study the inversion curves which show re-
lation between inversion temperature Ti and inversion pressure Pi intuitively.

5. The effect of nonlinear electrodynamics on Joule-Thomson expansion

In this section we consider the effect of nonlinear electrodynamics parameter (k) and derive 
expression for Joule-Thomson coefficient, inversion pressure and inversion temperature. We will 
try to investigate the effect of charge, Gauss-Bonnet parameter and nonlinear electrodynamics 
parameter on T−P diagrams for inversion and isenthalpic curves. Of course, we have limited 
ourselves to Gauss-Bonnet parameter α > 0, nonlinear electrodynamics parameter k < 0 and D 
= 5 dimensional black holes.

At first, we use equations (24), (25) and (26) to obtain an equation for temperature

T = 1

2πr+(4α + r2+)
[m − 2α + r4+

l2 + q2(e

−k

r2+ − 1)

3k
(1 − k

r2+
)]. (53)

Using equations (37) and (53) we can obtain an equation for pressure,

P = 1

8πr4+
[m − 2α + r4+

l2 + q2(e

−k

r2+ − 1)

3k
(1 − k

r2+
)] − 3

8πr2+
+ q2

8πr6+
e

−k

r2+ . (54)

Now by using equations (53) and (54) we plot isenthalpic, i.e. constant mass, curves in T − P

plane. This is done in Fig. 1 for various values of black hole mass by fixing electric charge q and 
GB parameter α. By looking at this figure one can see that the maximum is rising by increasing 
11
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Fig. 1. The isonthalpic curves for l = 10, q = 1 and α = 0.25 (a) k = −0.18 (b) k = −0.28 (c) k = −0.38.

both m and k parameters. This suggests that the maximum temperature, that increases monoton-
ically with mass (enthalpy), is higher for Joule-Thomson expansion with a larger enthalpy.

By considering equations (41), (53) and (54) we can calculate Joule-Thomson coefficient

μ = 2e

k

r2+ r3+(−12αkl2q2 + l2(12αk(2α − m) + (4α − 5k)q2)r2+ + 3l2(6αk − 3km + q2)r4+ + 36αkr6+ + 3kr8+)

3l2(4α + r2+)2(q2(k − 2r2+) + e

k

r2+ (−3kq2 + 2(6αk − 3km + q2)r2+ + 3kr4+))

+ −2l2q2r+(8αk2 + 2k(−10α + k)r2+ + (4α − 7k)r4+ + 3r6+)

3l2(4α + r2+)2(q2(k − 2r2+) + e

k

r2+ (−3kq2 + 2(6αk − 3km + q2)r2+ + 3kr4+))

. (55)

The behavior of μ versus the horizon r+ (by keeping GB parameter α, electric charge q and 
mass m as constants) is depicted in Fig. 2 with the help of Eq. (55). Both a divergent point 
and a zero point can be observed in graphs (a) to (d). The horizon radius corresponding to the 
zero point tends to increase as k parameter decreases. A similar behavior is observed in the 
behavior of horizon radius corresponding to the divergent point of μ. Here, the divergent point 
corresponds to the zero point of Hawking temperature while the zero point is the inversion point 
that discriminates cooling process from heating process.

The zero point of Joule-Thomson coefficient is of great physical significance in the study of 
Joule-Thomson Expansion. It is the inversion point that discriminate the cooling process from 
heating process (the subscript i is an abbreviation for “inversion” and the notation ri+ is used 
to indicate this horizon radius in our paper). According to Ti − Pi graphs and the definition of 
Joule-Thomson coefficient (Eq. (41)), μ > 0 corresponds to the cooling process while μ < 0
corresponds to the heating process. To plot Ti − Pi graphs, we have to know inversion tempera-
ture and inversion pressure functions. By using Eqs. (25), (35) and (52), inversion temperature is 
given by

Ti = − e

−k

r2
i+ kq2

12πr5 (4α + r2 )
+ ri+ + 4Piπr3

i+
2π(4α + r2 )

− −e

−k

r2
i+ q2 + 3r4

i+ + 8Piπr6
i+

12πr (4α + r2 )2

i+ i+ i+ i+ i+

12
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Fig. 2. Joule-Thomson coefficient μ for l = 10, q = 1, m = 2.1, α = 0.25 (a) k = −0.08 (b) k = −0.28 (c) k = −0.48
(d) k = −0.68.

− −e

−k

r2
i+ q2 + 3r4

i+ + 8Piπr6
i+

8πr3
i+(4α + r2

i+)
(56)

where Pi denotes the inversion pressure. From Eq. (25), we have

Ti = r4
i+

(
8πPir

2
i+ + 3

) − q2e
− k

r2
i+

6πr3
i+

(
r2
i+ + 4α

) . (57)

Subtracting Eq. (57) form Eq. (56) we obtain

− e

−k

r2
i+ kq2

12πr5
i+(4α + r2

i+)
+ ri+ + 4Piπr3

i+
2π(4α + r2

i+)
− −e

−k

r2
i+ q2 + 3r4

i+ + 8Piπr6
i+

12πri+(4α + r2
i+)2

− 7

24

−e

−k

r2
i+ q2 + 3r4

i+ + 8Piπr6
i+

πr3
i+(4α + r2

i+)
= 0 (58)

solving this equation for Pi gives

Pi = e

−k

r2
i+ (−3e

−k

r2
i+ r6

i+(12α + 5r2
i+) + q2(−8αk + 28αr2

i+ − 2kr2
i+ + 9r4

i+))

8πr8 (4α + 3r2 )
(59)
i+ i+
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Fig. 3. The inversion curves for (a) q = 1 and α = 0.25 (b) α = 0.25 and k = −0.38 (c) q = 1 and k = −0.38.

If we substitute above equation into Eq. (57), the inversion temperature is given by

Ti = −e

−k

r2
i+ kq2 − 3e

−k

r2
i+ q2r2

i+ + 3r6
i+

12απr5
i+ + 9πr7

i+
(60)

According to Eqs. (59) and (60), we have presented in Fig (3) the inversion curves of this black 
hole in Ti − Pi plane. These curves show the relation between inversion temperature Ti and 
inversion pressure Pi intuitively. Pay attention that for each curve, there is only a lower inversion 
curve. In contrast to van der Waals fluids, this curve does not terminate. In each case the inversion 
temperature Ti increases with inversion pressure Pi , the slope is rather different. To further probe 
the effect of nonlinear electrodynamic parameter k on inversion curves, we show in Fig. 3(a) the 
inversion curves for different k while q and α are chosen to be 1 and 0.25 respectively. As 
can be seen in this sub-figure, in contrast to the effect of electric charge, Ti tends to decrease 
as k increases for a given Pi . Fig. 3(b) shows the effect of electric charge on inversion curves 
while k and α associated with the black holes are fixed. The slope of inversion curves increases 
with charge, so, similar to RN-AdS black holes [55], by increasing electric charge, the inversion 
temperature for a given pressure, tends to increase. We can also see from Fig. 3(c) that the 
inversion temperature for a given pressure is lower for Joule-Thomson expansion by choosing a 
larger Gauss-Bonnet parameter α. So the effect of Gauss-Bonnet and nonlinear electrodynamic 
parameters is different from the effect of electric charge.

In Fig. 4, inversion curves (Dashed-line, Dotted-line and DotDashed-line) and isenthalpic 
curves (closed curves) are presented together to gain a deeper understanding of Joule-Thomson 
expansion. Each isenthalpic curve is divided into two branches by inversion curve. The branch 
above the inversion curve that has a positive slope represents the cooling process while the branch 
below the inversion curve that has a negative slope represents the heating process. It means that 
charged AdS black hole with nonlinear electrodynamics in the framework of Einstein-Gauss-
Bonnet gravity always cools above the inversion curve during the Joule-Thomson expansion, 
which is similar to other AdS black holes in the previous works. Moreover, Fig. 4(a) shows that 
the inversion points increase monotonically with enthalpy (mass). In T-P graphs (Fig. 4), the 
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Fig. 4. The isonthalpic and inversion curves for l = 10, α = 0.25 (a) q = 1 and k = −0.18 (b) m = 2.1 and q = 1 (c) 
m = 2.1 and k = −0.38.

cooling region decreases with charge, but increases with the mass and the nonlinear electrody-
namics parameter. Some works in these subjects can be found in Refs. [85,86].

6. Conclusion

We considered in this paper a new nonlinear electrodynamics (NLED) Lagrangian (relation 
(14)) for Einstein-Gauss-Bonnet gravity in AdS space and studied the black hole solutions (rela-
tion (22)) in an extended phase space. The effects of nonlinear electrodynamics parameter k on 
Joule-Thomson expansion are probed by employing various perspectives. The result is interest-
ing since all critical quantities Pc, Tc, equation of state (37), relations (53), (54), Joule-Thomson 
coefficient (55), relations for inversion temperature (60), inversion pressure (59) and all graphs 
are dependent on nonlinear electrodynamics parameter k. The results are as the following.

First, the well-known Joule-Thomson coefficient μ is derived. We studied its critical point, 
which occurs at divergent point of Joule-Thomson coefficient at a constant black hole mass, 
this is interpreted as enthalpy in the extended phase space. We showed that the horizon radius 
corresponding to the zero point, tends to increase as k parameter decreases. A similar behavior 
is observed in the behavior of horizon radius corresponding to the divergent point of μ.

Next, we investigated the effects of black hole characteristics such as mass (m), electric charge 
(q), GB coupling constant (α) and nonlinear electrodynamics parameter (k) on inversion temper-
ature, inversion pressure and inversion curves. It is shown graphically that the inversion curves 
are not closed. In fact we only found one inversion curve corresponding to the lower curve. Fur-
thermore, to probe the effect of nonlinear electrodynamic parameter k on the inversion curves, 
we showed in Fig. 3(a) the inversion curves for different k while q and α remained constant. 
We found that, in contrast to the effect of electric charge, Ti tends to decrease as k increases for 
a given Pi . The slope of inversion curves increases with electric charge, so, similar to RN-AdS 
black holes [55], by increasing electric charge, the inversion temperature for a given pressure, 
tends to increase. We also found out that the inversion temperature for a given pressure is lower 
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for Joule-Thomson expansion with a larger Gauss-Bonnet parameter. So the effect of Gauss-
Bonnet and nonlinear electrodynamic parameters are different from the effect of electric charge.

Finally, the isenthalpic curves are investigated. The inversion point is the maximum point 
for a specific isenthalpic curve, implying that during the full Joule-Thomson expansion process 
the temperature is highest at the inversion point. We plotted isenthalpic T − P curves which 
crosses the inversion temperature diagrams. We determined the cooling-heating regions. We 
found changes in this point of intersection in T −P diagram which depends upon characteristics 
of black hole, such as electric charge, mass, GB coupling constant and nonlinear electrodynamics 
parameter. By looking at the isenthalpic T − P diagrams we infer that by increasing the black 
hole mass (enthalpy) the maximum point moves to some larger values in T − P surface and 
so phase transition is taking place at higher pressures. It can be found that charged AdS black 
hole with nonlinear electrodynamics in the framework of Einstein-Gauss-Bonnet gravity is al-
ways cooling above the inversion curve during Joule-Thomson expansion, which is similar to 
other AdS black holes in previous works. Moreover, the inversion is rising monotonically with 
enthalpy (mass) while cooling region is reduced with electric charge, but tends to increase with 
mass as well as with the nonlinear electrodynamics parameter. In a nutshell our study shows that 
the nonlinear electrodynamics parameter plays an important role in Joule Thomson expansion.

Here, as a further explanation, it should be noted that the existence of a critical temperature 
and phase transition in Joule-Thomson expansion indicates that, the physical nature of this phe-
nomenon and all its configurations can be interpreted as the confinement/deconfinement phase 
transition of a gauge field from the AdS/CFT correspondence point of view. Also, study of phase 
transition of a gauge field helps to understand, what is the experimentally allowed range of k0 and 
α (we will consider these calculations in our next work). Of course here and in this theoretical 
study the values we have chosen for k0 and α are limited to the range of which, the corresponding 
black hole undergoes the Jules Thomson expansion phenomenon. It is worth mentioning that the 
Gauss-Bonnet term, appears in the heterotic string theory at which α is regarded as the inverse 
string tension. Motivated by this, we restrict to the case α > 0. In addition to this theoretical 
constraint, and to refer to some methods in order to experimentally determine α parameter, we 
can mention Aoki’s efforts. Aoki et al. studied the gravitational waves (GW) in EGB and found 
a bound for the EGB parameter as α̃ � O(1) eV−2 [88]; on the other hand, using the velocity 
propagation of GW, Clifton el al. show the bound at α ≈ 1049 eV−2 [76,89].

At last we suggest some ideas. Our model and all black hole systems have only positive slope 
for inversion curves, while for van der Waals system, the inversion curves have both positive 
and negative slopes. We are curious about the missing negative slopes of inversion curves in 
our model and all other black holes. We like to know whether quantum gravity effects or some 
physical characteristics for AdS black holes are able to solve this problem.

For more work, one can focus on effect of increasing the dimensions of space-time and choos-
ing different values for α and k parameters. In fact we restricted our study to a 5-dimension model 
with Gauss-Bonnet parameter α > 0, nonlinear electrodynamics parameter k < 0. But probably 
for a higher dimension with k > 0, the solutions will be less sensitive to the nonlinear electrody-
namics parameter. It is also interesting to use higher order corrections such as quadratic gravity 
[87] for a charged black hole with nonlinear electrodynamics to see if there are more structures, 
or if Jules Thomson expansion also appears in this model.
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