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 -.���/�0���1� 2�3�� �� 4�
� 
532�6 -������� ./ -/ 2�7�� �1 89�:  -2��/��� 8�;5< =�> +


"5�20. �/12?1@3 A����1 �B 12���(+ 2C��> ��< 4�D2? 2E��1 ��   
   

-��0/�3 
�0/�* ��"�           +���� +�,-��� .���� � �.���� �/��0� ���1�2�3 �/��0� ���-��� �/���  ��4-���� �5��
� ��0-   

F02� 2$��*
                                ����/�.���� �/��0� ���1 �2�3 �/��0� ���-��� ��/���  ��4-��� �5��
� ��0-�  

���H@�� ��;�                          ����-���.���� �/��0� ���1 �2�3 �/��0� ���-���5��
� ���3��1 ���6/� ��7� ��4-��� �   

   

���
H  

�3��
7 5���1��8 9�3� :
 ;��<� +7�/���
�� ���	� ����<� =
� �� �����/ ��  �5��7 �3 ��>�� ��8�� �3 +����<
��  5��7 �3 ��>�� �� .���  �� �
���?� +����

+���� .��4�/ ����� �4@AB  �/� �� ���C �/��3 ������ D�E�. ���	� �3 �G�� �3 D�	�/ 5��3 =����  �@H� I�E�
�� � �H ��@3 ����� +��DJ��  � 5��3 +��B

�3�K L3��� 7� D�	�/ ��	3 �<@M !/�� 5��3 N�� �/� . � :���� �@� ����?� ;�� '�� 7� ���O�/� P���� �3 �����7 ��8�� � Q��R� ��C ����<
�� �3 ���8�3 ��?�

 .�/� ��8�� �3 ��	3�� +���
��=
��3��3� ��SC +� =�AS� �0G D�	�/ +���
�� �	3 �<@M� �3 ��/� +��	��� +�E ��R �	
���� �T8 =����  9��U� �����R  �

��  �0G �����V
�A� �
�����  �
��� �3W
��� ���R�� �3 :���� =
� +���3 �+7�/� ���X� LG�J �?� �J�� 7�  +��� �	
�<������1 '�� =
� �7�M � ����� .

 �����8�� ���AX� +�0A�	�/ �����1�3��� �� �Y�8 +�0A�	�/ +��8 ���M �� ���1��Z ��8�� �3�/� . �� I68 �3 ����� �� .�AX� �
�� ����M +�S  +�0���

 [��\�/� �3��
7 5���1��8 9�3� :
 7� =��� ���� ��3 =��	\� +��3����  5� ;��<� +���
�� � �� �3 ]@�\� +�0��XK� ��=
�  ��SC �/��3��D���.  

 :-���( -�* �J/+� ��3��
7 5���1��8 9�3�+��	��� ����<
�� �(�O�H��) =��� D�	�/ ��T8��` .�  +�E�� �T8 ���	���+ �E +�	
����.  

  

Stabilisation a Class of Nonlinear Singular System in Presence of Time-Varying Delay in 
States, Uncertainty in Parameters and Actuator Constraints with its Application on 

AUV  
 

M. Hedayati Khodayari      Department of Electrical Engineering, Ferdowsi University, Mashhad, Ira 

N. Pariz                                            Department of Electrical Engineering, Ferdowsi University, Mashhad, Iran 

S. Balochian   Department of Electrical Engineering, Islamic Azad University, Gonabad, Iran  

  
Abstract 
In this assay, we investigate the problem of Autonomous Underwater Vehicle (AUV) robust stabilisation including time-varying 
delay, time-variable uncertainty in modeling, and input amplitude constraint of actuators. Due to system singularity, the main aim is 
not only stabilisation but also include regularity, and impulse free response for the closed loop system. Encountering methods to 
model uncertainty, saturation constraint and time-delay are norm bounded method, polytopic method, and delay-dependent criteria 
respectively. Here a new theorem is introduced and then is proved for the close loop stabilisation through Bilinear Matrix Inequality 
(BMI). We compare the superiority of this technique by some significant literature via simulation examples from conservativism 
aspect. Method scope includes both retarded and neutral time-delay systems with multiple delays in states. In continue, for the first 
time against of conventional state space model methods, we obtain a new descriptor model of an AUV and investigate its robust 
stability in different conditions based on presented theorem.  

Keywords: Autonomous Underwater Vehicle, nonlinear model, singular (descriptor) system, uncertainty, Bilinear Matrix 

Inequalities, Matrix Inequalities. 
 
 

 
1 - ���K�  

L
��H �
����� �7���� 0/����C� ���	1 �� �
�
��� �  �3 aM�/�� 

�0-��Z+ ��X��+  ��3���/� �3 7��� � �3��
7 5���1��8 +�0��3�1  ��

��3��� �0G 9�,� � ����� �I�-��� ��J� �
�E�  �T�?� �	
7 ac�	�

������
�����E P
��K ��/�?� +���R� .�/� ���A� 5���Z ��� 

���X��� �E � � �9�3� �B�/ �3 .�� +�E������� 5��3 ��	3� W
�N�

����
��0�2 � +��� ]@�\� d�<� �� +��1���3 ��4
� �
�/ 7�  ��G�

�3� 9��O�� '�-�`� L3��� a?� �� �
�0A�	�/ =��Z +7�/���
�� �

 �/� ���A� =�<<?� V��Z[1] =
� �� �� �1 9��H +�0�/��3 �Y�� .

                                                             
1 Autonomous Underwater Vehicle (AUV)   

2 Dynamic coupling 

 �� e�f8 .�����M +�S 3 �� �� �/� �� �1 9��H  �� �����


�<� e�8 ���M :
 � �H (�O�H��)=��� +�0A�	�/ +�S  �3 �	

 =���� 5��� � ���1 ��J��+��O�XK  +7�	��� ����  �����/� .

g�Z��Z ������ �?T/�
7 9�3� �� �� 5���  a�R h3�T�1  �3 �/ 

 �@H� D�	�/�
7 .���� � +�3��� ��
��E :��� D�	<�  ��f�8� �3 �
 
4
GNC.  

                                                             
3 State space 
4 Guidance-Navigation-Control 
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 '
�1- 
0��� 
�( /�* ./ 
"5�20. A��� L2��( + -2�+�� �80[2]. 

  

�
7 �
�/ �3 P/���� +���AE �� 9�3� .���� V\3 ��O���E �����/  �3

 �E��8 �
�N	3 V<� �
����� ��< �� �� D�M ��j�R��.  

 +�E D�	�/=��� D�	�/ �3 �A�AX� 5���B �3  �:�/6� +�E

�k
� ��4
�G .�� �� +�  5�����
�� a�@?� �  ;�@B �� ���l�� +�E

���� ���� �/��0�  .��� +���� �0�� +�E��3��� �3 �G�� �3 �0A�	�/ =
�

=
���B �O�H�� +�0A�	�/ ��J� +�4
�1�A�� �   ���M2+��G �
 �-

�@�	���O
�3 �� ��R�3.  

 ��n�3 ]�H�� 9��C � �0A�	�/ =
� +��3��� L�/� Q��� D`�6B

�0�����
�� ��Z .����1��l�� +���� �
�0A�	�/ =� � ���3 �H�8 +�0

�� �	
�3  ��J� +����� �3 +���
�� �3 ��6B g�@T� !/�� �3 a�� �0G

DJ�� 5��34 �3�K !/�� 7� 5��3 ��7� �5  �G�� N���R :
 D�	�/ �� �

7�,� D�	�/6 �k
� e��8 +���� =��� +�0A�	�/ .���1 �<@�  ��J� +�

�@B7 @AG ��Z +���� �
 � 5����� a
��� L3�� 5��3 +� (5���� ��/) 

�� ��R�3. �	�/ =
�A +���� ��/��� +���� +�7� �3 �/� =�A� �0

.��R�3 ��/����� �G��8 ���M +�S  .�� � �3 �
�0A�	�/ +�4\/��

���C +��G .���	�� �@	���O
� 9n��X� ������  � �0��3� �� ���AB

��X� �3 �0A�	�/�
7 +�0�����
� ������� +�0A�	�/ a�	���O
� 9n

 h
�j 7� �4
��
 �3 �0A�	�/�
7 d����� �3 d�3�� +�0�
���?� � =����

 +��G 9n��X��� q\-� ���R . ��G� ;�B �3 �G�� �3 ��XG ��N3�

� �� �E� �� ��O� +�0A�
��4�� � '7���� �7�M ��  ���R(1 +�E

�E� �� =�<<?� +�0R6� �/� ���3 �U� D� a�C +�E [3]+��3 . 3�/� 

5���� !/�� +�0A�	�/  =����� �	
�3 ��n��X� �3 ;�/�� 9n��X� 

a�	���O
� -  +��G8 aM �� ��A�. �� =�AE ��/�� ��G� 9n��X� +��G 

���� �� �@�	���O
� 9n��X� PG�� ���� +�0�1k
� 5�R  �3 �f?��

+��  +��3 =
� �0A�	�/ �� ��R a�@?� ���� �� �� �	��3 � 

+�0A�	�/ ���AX� ���l�� �� �� ���. 

 ���@AB ����?� ������
� +�0A�	�/ �� �@H� ���C 7� ��


 �E�4@AB�/�  �3 ���� �3 ��
��T3��M��  �T8��` 6��� D�	�/ Q��R�

�/� =�A� � ��R ���
����+ �R�3 ��R���3 �� ��. B���� +�0R6��  ��

�E� �� e�f8 =
�  �/� �� �1 9��H ��8� +�E ���A� 5���B �3

                                                             
1 Descriptor 
2 Semi-State 
3 Algebraic-Differential 
4 Regularity 
5 Impulse free 
6Admissible 
7 Casual 
8 Differential-Algebraic Equations 

��  '�� 7� 5���Anti-windup  �4
� '�� �
 �CNF
9  ��3 ;��[4] r�
� .

�@H� �	\� '�� ����� �3 �
��� +�E��\	� ��A� �3 ����H �/� 

�� �� �
�0� s�?� �� 7�,� r���?� �C�3 ��8 .���A3 =
��3��3 ��Z�E 

=
� '�� ���AB LC��� ��-�3 �� ��� t�<��� �  ��E���� +�0f8�R 

+���
�� �� 5���Z �A� ���Y� ���  � �4�	3�� ����� u
��R �3 ��	� �

���� +��-�3 ��/�	M�� . '�� CNF:
 9���B �T8��` �3  5���C

������ �T8 � �K� �� ��R  =
� .�-\3 t�<�� �� D�	�/ +��(1 ��� � ��

 +�0A�	�/ 7� +���	3 �� '��+��3��� �� ���O�/� ��R  d�<� ��Z �E

.���� ���AE �3 5�R �T8��` �3 �G�� �3 �� �OXK  ��R ���O�/� '��

 '�� ���<� =
� �� Q��R� �
�
�� �0G+� ���<� ��Z10 �/�.  �3

 '�� =
� 7� ���O�/� �@� 9��H �3��` D�	�/ Q��R� L3�� +���� �T8� 

 �E��8 a
��� �T8 L3�� :
 �3�R.  

����7 ��8�� 5���B �3 ����AE � +�G +�0-��Z 7� ��
<?� =�<

�� ��
��T3 �/� ���3 v�T�  7� �SX3 �� ����������/ �E  =�
�� �3 �,��

 +���
���� ��M � 5�/�� ����@AB 5�����R  ����� 7� �SX3 �� ��Z �E

 :
 ������?� �� q\-� +���
�� �3 �,�� ����� ��03  N�����1 [5] .

��4�E ��8�� ��R�� ��G� D�	�/ �� 5��7 �3 ��>�� 9��H �3 �� �

 ��A� �E��8 P���� +7�/���
�� �0G �� +��-�3 9���0A� �R�3

+����w��� +�E ���R :� ��� .���� ��J� +����� �� �H�f811 �� .

 :
 � ��4���/�  �3 ��	3�� ��/� �� �3 �0A�	�/ =
� .���� �@� +��3

��8��12 ��8�� 7� a<�	� �13 �� D�	<� ���R ;�� ���M ����� . �H�f8

 :Z�� 9���8�� �� +�����J �?� +���  =
� .��3 �E��8 +��n�3

 ���C (�O�H��) =��� ���M �� D�	�/ �� ���4�E �1��l�� ���1

 ������ +���R� +��-�3 �0A�	�/ =
� �/��3 .�R�� �E��8 ���AE �3

 '�� �� 7�1 - I�������  �X3��) 5��7 �7�M LKF
14 L3�� � (

��=�\���715 =��lAE � (2 -  �@�@?� '��) x����  �7�M16  �


D�<�	���3 �E��8 ;�,�� a3�C ( [6] .'�� �� �/� ���O1   ����?�

�	����  �0�� +��3 +�0A�	�/ �����8�� �3 ����7��8�� �3�U �
���� 

+��03 �����7 ��8�� �1� �� ��
7 ����� ;�@X��� �
 ��>�� �3 5��7 �R�3 

=� �
 �-
� +�E ����X� �f\-� � =��X� ��6B �0�� ���R� �� ��R.  

 �4\/�� �0A�	�/ 7� +��X�/� ��/� �� =�\���7�� '���/�  ��

M� ���� ��	 �/��� I������� '�� �0�� 7� +���X� �� �/� =�A�

 9�B6j� 7� ��-�3 ���O�/� �3 �G�� �3 ��� ��R��� �4\/�� ��8�� ��

�/��� '�� '�� =
� ��	  �+���
�� u
��R 5���� �/�3 �� +����

 +��A� +��� �J �?��/� .  

 ���R 5���B +�0R�� P
�X�� � �
�N� �3 �G�� �3 �� +��8�� �7�M

 ��	3�� 9��f3 � 5��7 �3 ��>�� ��/��� 9���8�� ��/� �� ���<� =
� �J�

 � ���3:���� ���R �� �1 �J� �� ����7 '�� I������� �X3�� �/� .  

 �3 �G�� �3 �3��
7 5���1��8 9�3�u�?�  ���3 +��0� �3 �3�

 ��4�	
� 7� .��4�/ � �
�� �� �� �(� �/��3�� d����� �� +���?�

 5�4AE�� ����7 ��8�� +���� ��� aH��  �� .�����/� �3 Q�K�� =
� .

 �.���� N��� ���	�� ��8�� ��E�4@AB �� .����� +�E��8�� 7� ��`

                                                             
9 Composite Nonlinear Feedback 
10 Polytopic 
11 Network Control System 
12 Delay-Dependent 
13 Delay-Independent 
14 Lyapunov Krasovskii Functional 
15 Razumikhin Theorem 
16 Analytical Method 
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�/�	M  6Y�) �E��
�G– PTC  �(�A�V��� D�	�/  �0�N����� �
�/ �

�/�.  

 ���<
�� P	M �������
�����E P
��K 9��/�?� ��  9�3�

;�� �� � �-�� ��G� �3 ��M �?T/�
7  ��E��N � ��XG � �E��N3�


�0R�� ��J� �����/�?� 9n��/ :����
� 1  +�0�	� W
��� �� DE 7�3

�T8 �0
7�/ ���R �  9��/�?� �3 ������ ���M 7� �
�E15  ��100 

�� a��R �� �H���R �[7] h�C��� ���� �3 �,�� ��8 Q�K�� =
� .

��R �� �(� .���� .���� �3 �� ���@AB VE�� � =
� �� �	
�3  e�f8 �

 �SX3 �� .�R�� �J� �� D�	�/ �M��j +�E������� �� �� ���<
�� a��B

�?� I6�8� LG��� 7� :����
�����E P
��K 9��/AUV  �3 W
���

 7� V�3 �3 ������ +�0�	�100  �H�� N���/� ���/� [7].  

 �3 �G�� �3 =
��0-��Z�  �3 �0G��� �� +��
7 �1��l�� .���� :


 �O�H�� D�	�/� N�� �4@AB �
���?� +���� �� ���<
�� +���� +��8�

�/� R�� �E��8 ��G��.  :
 ��J� +���� D�	�/ =
� �1� e�f\3

 :	
� ������� � '�-�`� ��J� �0-��Z �
�/ �3 �� �R�3 �?T/�
7 9�3�

 ��R 5���B +�0�
���?� ��@� �3 �G�� �3 .�/� ��3�� N�� =� � �/� 7�

 �3 �<�<?� � LG�� 5����� ����<� =�O��� �/��3 �3 �G�� �3 �

��8 9�3� :
 +��3 ��R ��y +�0�
���?� ��G� �?T/�
7 5���1

.�/� ��R���  

�G� �3 �/� ��
��1 �X/ ���<� =
� �� =�4�/ 9��/�?� 7� g��

+��� �J �?� aC��M =� �1 �J� �� � =��� D�	�/�  �3 �� ���	�

��R +�0
��	��� +�0����� 7� ���O�/�  ���C 9���N�� � ���� VR�� �T8

�� g�@T��� ��U� �D�	�/ �� �3�K !/�� ��G� ��E�4@AB � ��>�� ��8

 .D�
�A� LO��� 5��NAE 9��H �3 �� 5��3 ;��<�  

�� ���	� 9��H ����AB �3 �G�� �3  v�T� �� Q�K�� =
� 5���

 �� ��A� ��SC +�E�����/� ���<� =
� �3 ��6BAUV �
�/ �3  �

 � ���3 D�AX� a3�C �3�-� �4
� +�0�����
� 5���B +�0-��Z +�-4E��

 =
� �
����� �� ��R�����/  �E .��3 �E��8   

 v�R =
�3 ����� �� ���<� +��3 ������/�:  V\3 ��2  z
�-�

���8�/  7��� ���� �K�
� 9���<� � ���	��� �
��� ��R � ��SC 5��3 .

 V\3 �� 5� 9��U�3  =������ ��R  5� .���� �3 � �3 � +��B +�0��Y�

���R  +7�/.�/� ��R ;�,�� LG��� �
�/ �3 �	
�<�  V\3 ��4 .�� 

?T/�
7 5���1��8 9�3� =���V\3 �� ����� �� � ��R [��\�/� � 5 

���R  ���� V
�A� .�� =
� +�� �3 ��SC +7�/����R V\3 �� �6 

�,���  V\3 �� �
�0� �� � �/� ���� +��17  �@H� +�E��A� � Dc6B

 �
��� ��R ���O�/���R ��.  

  

2 -  N02)� A�@$�9���� ��9+/ A���K� + O0��;�  

=
� ��  ]
�X� ��Z V\3D� �   �J��� �
�� D�	�/ � 7��� ���� +�E

�� � �X�  .��R  

��` =��� D�	�/Q��R� ��C �3 � ���<
�� +���� +��8�� �T8 

�4@AB  ����X� h3�T�)1:�
��43 �J� �� �� (  
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   − −   

= −  & )27(                  

 ����X� h3�T�) ��8�27 D� � (2 :�R�� D�E��8  

  

1

2

1 1

1 2
2

( )

( )

2 ( ) ( )

( ) ( ) ( ) ( ) ( )T T

tMT

M t h t

tMT T
M M

M t h t

t x s ds

h t t R t x s Rx s ds

ζ

ζ ζ−

 
 
  − 

 
   

   − 

− ≤

+ 

&

& &

 )28(        

:�4
� 9���B �3 �
 �  

1 1

1 2

2

1

2

( )

( )

( ) ( ) ( ) ( ) ( )

2 ( ) ( )

T T T T

T

t M
M M

Mt h t

M

M t h t

x s Rx s ds h t t R t

t
t x s ds

ζ ζ

ζ

−
 
   

  −  

 
 
  − 

≤ −



& &

&

)29(   

                       
� �K� ��A� +�E��>�� 7� ���O�/� �3 .�M

1 2
,L L�� 

1, 2) 0(
j

jL = ≠:�R�� D�E��8 

1 2

1

2

1

2[ ( ) ] ...

... [ ( ) ( ( )) ( ) ( ( )) ] 0

0 closeloop Equation(18)

m

j j

T T

j

x t L x L

A x t A x t h t x t Cx t tλ τ
=

+ ×

 + − − + − =

≈

&

)
& &

144444424444443

)30(           

                                                             
4 Newton-Leibniz 
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) ����X� �,�
� ��30 �/�� �A/ �3 �� ���� �OH .��X� +���<� �� �� (

) ����X�23( �� � �K� ) ����X� 7� ���O�/� �3 ����� �� D���24 � (

) ����X� ��
N4
�G29) ����X� �� (23(� ) ����X�23 ����X� 5�AE �
 (

 h�-� I������� L3��
y 9��H �3�� ���>� a :�3�
  

max

1

2

1 2

1

1 1

2 2

2

1

( ) 2 ( ) ( ) ( ) ( )

(1 ) ( ( )) ( ( )) ( ) ( )

(1 ) ( ( )) ( ( )) ( ) ( )

2[ ( ) ( ) ] [ ( )

( ( )) ( ) ( ( ))]

2 ( )

T T

T T

T T

m
T T

j j

T

j

M M

M M

V t x t Px t h x t Rx t

d x t h t Qx t h t x t Qx t

d x t t Wx t t x t Wx t

x t L x t L A x t

A x t h t x t Cx t t

t

τ τ

λ

τ

ζ

=

−

−

≤ + −

− − − + +

− − − + +

+ × +

− − + − +

& & & &

& & & &

)
&

& &

1 1

1 2max
2

( )

( ) ( )
T T T

M
M M

M

t

h t R tζ ζ−

 
 
 
 

 
   

  
 

+

)31(             

  

�C�?�� ���M ����3 � �X� �3 5����( )
T

tξ x
���� �ψ :D
���  

 
( ) [ ( ) ( ) ( ( )) ( ( ))]

T T T T
t x t x t x t h t x t tξ τ= − −& & )32(               

  

11( )

21( ) 22

31( ) 32 33

1 2 2

* * *

* *

*

0 (1 )

j

j

j
T T T T

C L C L d W

φ
φ φ

ψ
φ φ φ

=

− −

 
 
 
 
 

)33(                    

 ����X�)31( �� ���� ����X� a�R �3 �34 .���1 �H68  

1 1

1 2max
2

( ) ( ) 0
T T TT T

M
M M

M
h t R tξ ξ ξ ψξ−

 
   

  
 

+ < )34(                     

 ����X� �	
�<� �3)34(  D�) ��R aA�� D� �1 (�� 5���  �,��� =
� �3

) ����X� �� ����H �� �� ��/�20 9��U� ��SC �R�3 =�X� �O�� (

9��U� P���� =
�3 .�/� ��
��1  ��SC�/� �
�0�.  

  

1-3 : S0���-.�� ��Q� -1�>  ��0�K� + �ED�"� 2E�� ./

 -��(T�/2� 20�� ��  

L�U�1 - :�
��43 �J� �� �� a
y ����X� �3 �Y�8 D�	�/  

0 0

ˆ( ) ( ( )) ( ( ))

ˆ ˆ ˆ ˆ( ) ( ) ( ( )) ( ( ))
d d

x t C C t x t t

A A x t A A t x t h t

τ− + ∆ − =

+ ∆ + + ∆ −

)
& &

)35(                        

               

0

2 0 1 0 0
,

0 1 1 1 0
, , 0 1

d

c

c
A A C c

     − −
     
     − − −     

= = = ≤ ≤
) ) )

  

���<
�� ���X� h3�T� �E) ��10:�/� a
y a�R �3 (  

{ } { }0 1 2
, 1.6 0.05 , 0.1 0.3 , 0D I E diag E diag E= = = =  

.��G W
��� 7� �� ��T��AE1  W
��� �/� ��0-��J �?� +���  ��

 +���3 =
� .�/� +��3�@T� ���	3 u
��R +���� LG��� �
�/ �3 �	
�<�

 .�Y� �� +�4
� D�	�/ e�f8 ��2 .��R �� ��
�  

L�U�2 - ) ����X� D�	�/35 �
��43 �J� �� �� (  +�0	
���� ��
��T3

:7� ������B D�	�/ �@H�  

{ }
0

0 1 2

2 0 1 0 0

0 0.9 1 1 0
, ,

1, , 0.2 0.2 , 0

d

c

c
A A C

c D I E E diag E

     − −
     
     − − −     

= = =

< = = = =

) ) )

  

 .��G h3�T� �� ��T��AE2  ��E�-��� ���1  .�Y� ��2  u
��R N��

�J �?� +���  .�/� ��03 LG��� �
�/ �3 ��	� �3 .��G a8�� �
��<�

.�/� ����U P	M  

  

L+��1-  L�U� S0���1 +  T�/2� 20��./.�	� 2�3�� ��?�01   

0.7 0.6 0.5 0.4  0.3  0.2 0.1  0  c  

0.12 0.23 0.34 0.46 0.59 0.75 0.92 1.07 [15] 
0.13 0.23 0.34 0.47 0.61 0.77 0.96 1.16 [16] 
0.13 0.24 0.34 0.47 0.61 0.78 0.96 1.17 [17] 
0.13 0.24 0.36 0.49 0.65 0.83 1.03 1.27 [18] 
0.14 0.24 0.35 0.51 0.68 0.87 1.07 1.32 [19] 
0.13 0.25 0.36 0.66 0.66 0.85 1.08 1.34 [20] 
0.13 0.26 0.38 0.53 0.70 0.89 1.11 1.35 [21] 
0.14 0.26 0.44 0.67 0.95 1.30 1.71 2.21 [22] 

0.65 0.86 1.35 2.35 2.75 3.19 4.75 6.63s ��P<  

  

L+��2- + L�U� S0���  .�	� 2�3�� ��?�01 ./ T�/2� 20�� ��  

0.35 0.3 0.25  0.2  0.15  0.1  0.05  0  c  

1.31 1.26 1.41 1.57 1.74 1.93 2.15 2.39 [23] 
1.01 1.16 1.31 1.49 1.68 1.89 2.13 2.40 [24] 
1.10 1.19 1.35 1.52 1.72 1.93 2.17 2.44 [25] 
1.93 2.12 2.31 2.49 2.66 2.83 2.98 3.13 [26]  
2.23 2.51 2.54 2.62 2.88 3.02 3.21 3.45 [27] 
1.54 1.84 2.17 2.55 3.00 3.51 3.73 4.00 [28]  

2.00 2.4 2.45 2.95 3.24 3.63 4.37 4.80s ��P<  

  

 .��G �� �E �
�0��� ]
�� 7� �� ��T��AE1 �2  ��0-��/�  +�7� �3

 ]@�\� �
��<�c :����
� � �
�G D�	�/ :
 �4���3 ;��� �E �� �

 VE�� e�f8 �� �� �/�	?� +���3 ��R �
��� :���� ��/� 9��O��

�J �?�  ���	� ���C �
�/ ���� �� +���0�����
� ��@� �� �.�/� ��R��  

L�U�3 - ) =��� D�	�/1:�
��43 �J� �� �� a
y +�0	
���� �3 (  

0 0 1

1 0 0.5 0 1 0
,

0 0 1 1 0 0
, , 0

d d
E A A A A d B

     −
     
     − −     

= = = ∆ = ∆ = = =

 ]
�X� ��/� �31�2  D�	�/ �� �/� q\-�DJ��  ��7� �3�K �

 D� ��/� �3 .�/�3  �
(� ���X� x
���� ��M  �N  � ���\�� �3 ��

Y�8 ���  �� �� D�	�/ � D��� �� g�\��� a
y P���� �
�G ;�  � �

:�R�� D�E��8  

1 0 1 0

1 1 0 1
,N M

   
   
   − −   

= =  

1 0 0.5 0 0.5 0

0 0 0 1 0 1
, ,

d
MEN MAN MA N

     
     
     
     

= = =  

:D
��� =
��3��3  

0.5 0 1 0 0 0

0 1 0 0 0 0
, ,dA A C

     −
     
     −     

= = =
) ) )  

 LG�� � (�	���� ) �@�@?� '�� ��/� �3[8]  ��8�� �Y���M �,���

�3 �3��3 7�,�
max

1.2092h s= � � ���3 =
� '�� h3�T� 7�,� ��8�

 �3��3 ���<�1,1547  ����U�/�  ���M ��95,49�@�@?� ���<� 7� %  ��

 ���� VR�� 5� �3 :
�N� ���	3 ��/�.   

L�U�4-  .�Y� �3�-�3  Q��R� 5� �� �� �
��43 �J� �� �� a
y D�	�/

:�/� ��R �� �1 �J� �� N�� �4@AB  
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1 2

0.5 1 0.6 0.4 1
,

0.5 0.5 0 0.5 1
, , 0, 5

d i
A A B C d d u

     −
     
     − −     

= = = = = = =
) ) )  

  

L+��3- 0��� L�U� S4 + 2Q�;� T�/2� 20��  

LG�� 
max

h (s) K 
[29] 2.248 ��-� '��N1  

[30] 2 [-5.7702   -0.9754] 
[31] 1.854 [-1.7008   0.2776] 
[32] 3.310 [-605.9023 -401.8906] 
��P<  3.3153 [-261.7116 -172.8281] 

  

 .��G W
���3  +�0R�� �Y�� �3 �� '�� +���3 � ��0-� I6�8�

.�/� ���� 5�-� ��R �
���  ��C �@�C +�0��Y� I68 �3 .�Y� =
� ��

�J� �� N�� +���� ����3 � �4@AB Q��R�  �� ��T��AE � �/� ��R �� �1

 ��E�-��� ���1  �
�/ �3 �	
�<� �� �
�G u
��R �� D�	�/ ���3��

 7� +��3�@T� ���@AB LG�����J �?� �J�  �3 � �/� ��R�� +���

�� aA?� �� +��-�3 ��8�� 5��7 �Y���M �4
� 9���B .�
�A�  

  

4 - 
"5�20. �/12?1@3 A��� 4�
� L��  

 �
7 �@�/� :
 +7�	��� +�E���� �/��3 .�A-� 5���1��8 �3�

 �� D	G .��X� �3 d�3�� :����/� �?3 .�/� 5� :����
� � :����/�

g��R ���M �3 d�3�� :����
� �?3 � �3�U �B�/ �3 ���M  5� ���

�� �@�/� .��R ��4�/� ��H68 � �@� 9��H �3  ���� 9�f�\� +�E

�4�/� �� +��7� �G�� VR D	G :
 +�3��� �� ���O�/� 9�f�\� �

=��7 �3 af��1���3 9�f�\� ��4�/� �2  .�/� (D	G �3 af��)+��3 

:
 ����R �?T/�
7 5���1��8 [��\�/� 9n��X� ���M �� D�	�/ 

9�f�\� ���3 ��3�@T� �/� �E���� ��
7 � +�E����-1 ������
�����E 

� ������/�����E �3 ��M�� �� =
� D�	�/ 9�f�\� 5��3 �� ���R.  

 =
��3��3B ���A+��3 [��\�/� .��  9�3��?T/�
7 5���1��8 7� 

.���  +��3 ������ ���O�/� �� +k���1n �� ��R  +���� I6�8�)

(a�	���� � �-��G . ���AB � �@� 9��H �3 :
 9�3� g� �
7 ��

 +����6  =
��3��3 .�/� +��7� �G��6  =��X� +��3 a<�	� 9�f�\�

.�/� 7��� ���� D	G �0G � ��XC�� �T�a�R h32�/ �  .�� �f�\�

 � �T8 ���M � ��XC�� +��3 �0�� ����7 9�<�-� ��/  � �8� �f�\�

�
��7 �0G � ���M ����� 5��3 �0�� ����7 9�<�-�  ���3 ���3 +�

�� .��R  

  

  
'
�2- 8(2: V� ���1 -1/.B + ��C��1 -�* A�W�X�  

                                                             
1
 Earth-fixed frame 

2
 Body-fixed frame 

 
 �9���M ;�� Dc6B ���M �E ��XC�� � �B�/ ����AB� +�E���� ��

�.�/� ���� ����  

1 2

1 2

1 2

Positions , Euler angles

Linear velociti

E

es, Angular velocities

forcexternal Ext sns, momenter al

T T
x y z

T T
u v w p q r

T T
X Y Z K M N

η η φ θ ψ

ν ν

τ τ

      

      

      

= =

= =

= =

 9�3� +��3 ���M +�S  �� +��7� �G�� VR .�� a��� [��\�/�

 � �� �1 9��H z
�-� �3 =�<<?� �@�C 9n�<� �� �3��
7 5���1��8

����� Q�� ��4 =
�� ��<��T� -  +7� [33] +�	� ����� � - +7�  

[34]  �3 I�TX� � �H ���<� =
� �� �(� �/� ��R +��1���3 �0�� ��

���/ �� =��� .�� [��\�/� .D�R�3 �� =�A� ;�  =
�� .��  �J� ��

 g�\��� +��3 ��R �� �1AUV  �� +�G +�0�
���?� �3 �G�� �3

.�� �/��/� e�f8� REMUS100
3  �XG�� 5���B �3 �� ���3

n�<� �� ���X����C ���O�/� ���� �A@B 9 �� ���1 P
��K ��@� .

 ������
�����E ������
� � ������/� 9��K�  �LG�� h3�T� N�� 5� 

[7] �/� .�3 �G�� �3 5��<� =
� �@�/� � �B�/ =�
�� +��� �� 5��� �� 

�?OH �@H� �< � � Dc�C �� �N,� �	��� � �3 �G�� �3 �03�-� � ��AE� 

��-�3 N��A� �3 +�� .���� hAB 9��H �� ���1. �� =
� .���� 

+�E�������, , , , , ,p q u v w Z M����  ���O�/� ��E��8 .��3  �3 �3 �G��

.�AX� +�0�B�/ �� Dc�C � �< � �?OH �� :��O� 5���� =�
�� � +��3 �

 ���M 9n��X� �3 7��� � �H Dc�C �?OH �� ���MPitch  �Heave 

.���� ��G� =
��3��3 �� �J� �� �4@AB :
 N�� 5� .���� +��3 .D
��1  ��

�
�G ������� �/ �@M�� =
�, ,
r e

ξ ξ ξ  =��� �Z 7� P���� �3 �� ��

 hAB +�T8 � ���\�� hAB ��@X  hAB���	E �� ]
�X�  .�M .����1

������� +��3 a
y u3��� h3�T� Heave :D
���   

2 2

4 2

3

2 2

2 2

Heave:

[ ( ) ( ) ( )]

0.5 ( )

0.5 ( )

0.5 ( )

0.5 ( ) cos cos
S

m uq p z p q x rp q y rp pg g g

L Z q Z p Z q q Z rppp rpq q q

L Z Z vp Z q Z uqvp uqq

L Z u Z uw Zuu uw

L Z u W Bs

ω ν

ρ

ρ ω ωω ω

ρ ω ωω ω

ρ δ θ φδ

− + − + + − + + =

+ + +

+ + + +

+ + +

+ + −

& & &

&&
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)36(        

������� �� =��lAEPitch(θ) D0� +�E������� 7� �4
� ��
 5���B �3

:D
��� hAB .����  
Trim(Pitch):

( ) [ ( ) ( )]

5 2 2
0.5 [ ]

4
0.5 [ ]

3 2
0.5 [ ]

3 2
0.5 sin( )

I q I I rp m z u q r x vp uqy x z g g

L M q M p M r M rp M q qpp rr rpq q q

L M M vr M vp M uq M qvr vp uq w q

L M u M u Muu u

L M u Z Bs BS

ω ν ω

ρ

ρ ω ωω

ρ ω ω ωω ω ω

ρ δ θδ

+ − + + − − + − =

+ + + +

+ + + + +

+ + +

+ +

& &&
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)37(            

�� ���� ����X� �3��3 h�-� ���AB ]
�X� h�j �� hAB +�T8 h�-� D�

)38.D�
�A� ]
�X� (  

( )
r

e

d

dt

ξ ξ
ξ ξ

−
= = −& & )38(                                         

 ��/�?� � ]
�X� a3�C � �j 7��/� :��  

                                                             
3
 Remote Environmental Monitoring Units 
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cos sinq rθ θ φ= −& )39(                                         
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1 2
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