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1. Introduction 
 

Advances in nanotechnology and the increase in the use 

of nano-scale structures in applications such as measuring 

equipment and medicine have led to extensive research into 

micro- and nano-electromechanical systems (MEMs/ 

NEMs). These systems have many applications in various 

industries such as aerospace, robotic, electronic, and 

military. Attention to the flexo effect in the industry has 

increased rapidly because it is not restricted to the 

crystalline structure of materials, unlike the piezo effect 

which is restricted by the crystal symmetries. This indicates 

the potential for the development of piezomagnetic-like 

structures without the use of any conventional piezomagnetic 

(PM) materials. Like the important applications of the PM 

effect on nano-motors, nano-memories, nano-sensors, nano-

actuators, and energy harvesters, in the future, the 

flexomagnetic effect may also play such an important role 

in the construction of these small-scale devices. They can 

be utilized as nano-sensors to measure magnetic potentials/ 

mechanical deflections or as nano-actuators to apply 

magnetic loads in such devices (Bagheri and Tadi Beni 

2021, Eliseev et al. 2009, 2019, Fahrner 2005, Lee et al. 

2011, Lukashev and Sabirianov 2010, Moosavi et al. 2017, 

Shingare and Kundalwal (2019). 

Post-buckling analysis of nanostructures with and 

without geometrical imperfection is of interest to researchers 

 

Corresponding author, Professor, 

E-mail: mtahani@um.ac.ir 
aPh.D. Student,  

E-mail: hamedmomeni-khabisi@mail.um.ac.ir 

 

 

(e.g., Asrari et al. 2020, Barati and Zenkour 2019, Reddy 

2010, Mohamed et al. 2019). At nano-scales the effect of 

size is more important in buckling analysis. Because of 

discontinuity in the structures at nano-scale, the size-

dependent theories are employed to develop an equivalent 

continuum model for these nanostructures. Indeed, in 

continuum theories, the space between the atoms compared 

to the main dimensions of the structure is ignored. One of 

the best and most widely used theories to take into account 

the size-dependency at micro/nano scales is the nonlocal 

strain gradient (NSG) theory proposed by Lim et al. (2015). 

This model couples Eringen’s nonlocal theory and strain 

gradient theory of Mindlin. The NSG theory has been 

incorporated in a lot of research in the field of 

nanostructures (e.g., Fenjan et al. 2020, Mir and Tahani 

2020, Radgolchin and Tahani 2021). 

The piezomagnetic/piezoelectric effect is the coupling 

between uniform mechanical strain and magnetic/electric 

potential. The coupling between non-uniform mechanical 

strain and the induced magnetic/electric field is defined as 

the flexomagnetic/flexoelectric effect. The flexo effect is 

negligible at the macro-scales, but at micro/nano structures, 

it gains significance and becomes dominant (Eliseev et al. 

2009, 2019, Kundalwal et al. 2019, Lukashev and Sabirianov 

2010).  

Indeed, for centrosymmetric crystals that have no PM 

properties, the FM properties provide the magneto-elastic 

coupling. The direct flexomagnetic (DFM) effect is referred 

to the induced magnetic polarization due to the non-uniform 

mechanical strain, and the converse flexomagnetic (CFM) 

effect is the generation of non-uniform strain in the 

presence of the magnetic field (Sidhardh and Ray 2018, 

Zhang et al. 2019). 
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Although a lot of research has been done in piezo effect 

(e.g., Kundalwal and Ray 2016, Mirjavadi et al. 2019, 

Moradi et al. 2020, Sun et al. 2017), there is little research 

on the FM effect and this field is still in its infancy. Some 

research works presented experimental evidence supporting 

the FM effect. For example, Belyaev et al. (2020) 

experimentally studied the flexomagnetic effect in 

nanocrystalline thin permalloy film. They induced the strain 

gradient in the film and observed the unidirectional 

magnetic anisotropy that can be explained by the FM effect. 

The value of the FM coefficient was obtained 1.5 ×
 10−3 Tm for the Ni71.5Fe28.5 wt.% film that shows the 

significant role of the FM effect. Zhang et al. (2012) 

proposed that the flexoelectric and flexomagnetic effects 

may be responsible for the giant piezoelectricity and the 

enhanced magnetism across the phase boundaries of BiFeO3 

films. Also, based on measurements of atomic force 

microscopy and transmission electron microscopy they 

indicated that the role of the phase boundaries in the 

enhanced piezoelectricity is crucial. 

Eliseev et al. (2009) investigated the spontaneous 

flexoeffect on the nanoferroics. In case of nanorods and thin 

pills, they found an exact solution for the spatially 

inhomogeneous mechanical displacement vector. As they 

discussed, the flexoeffect is the reason for the symmetry 

changes that lead to the phase-transition temperature change 

and the nanoparticle shape distortions. Pyatakov and 

Zvezdin (2009) studied dynamic behavior of magnon 

spectra due to inhomogeneous magnetoelectric interaction. 

In their research, they found a relationship between the 

flexo-magnetoelectric interaction and the effect of 

ferroelectric domain structure on antiferromagnetic 

structure. Lukashev and Sabirianov (2010) investigated the 

DFM effect in Mn3GaN, and they found a linear 

dependency between the magnetization and the flexure. 

They estimated the flexomagnetic coefficient and compared 

the contribution of the FM effect to the induced 

magnetization with the case of nonlinear effect. In bulk and 

nano-scale materials, Eliseev et al. (2011) showed that the 

flexomagnetic effect leads to a new linear flexo-

magnetoelectric coupling. Also, they demonstrated the 

proportionality between the linear flexo-magnetoelectric 

coupling and the product of the gradients of (anti) 

magnetization, polarization, flexomagnetic, and flexo-

electric tensors. They found that the improper 

ferroelectricity in both bulk and nano-scale (anti) 

ferromagnetics may be due to the FM effect. Using the 

symmetry theory, they showed that the FM effect strongly 

increases the number of the magnetoelectric multiferroic 

materials. Shi et al. (2019) proposed a way to enhance the 

functionality of devices at the nano-scale. Their 

investigation on VSe2 monolayers showed that structural 

wrinkling or corrugation causes a large strain gradient and 

induces the flexomagnetic and flexoelectric effects 

simultaneously. 

Sidhardh and Ray (2018) using the variational principle 

and the strain gradient theory of elasticity, derived the 

general tensorial form of the governing differential 

equations and corresponding end conditions for the linear 

bending analysis of a cantilever piezo-flexomagnetic (PFM) 

Euler-Bernoulli nanobeam. They solved these equations for 

both direct and converse FM effects, and presented the 

analytical expressions for the ME response. They showed 

that the FM effect is more important at low dimensions. 

Zhang et al. (2019) investigated the linear static bending of 

piezomagnetic Euler-Bernoulli nanobeam based on the 

strain gradient theory considering the flexomagneticity and 

surface effects. They used the Hamilton principle to derive 

the governing equations and associated boundary 

conditions. They presented the analytical expressions for 

DFM and CFM effects for different boundary conditions 

and demonstrated that the flexomagnetic effect is dependent 

on size. Malikan et al. (2020) using the nonlocal strain 

gradient theory of elasticity, analyzed the post-buckling of 

piezo-flexomagnetic nanobeams with various boundary 

conditions. They used the Euler-Bernoulli beam theory and 

von-Kármán strains in a closed-circuit state (converse FM) 

to derive a mathematical model. From their results, one can 

find that the FM effect in nanobeams with lower degrees of 

freedom in the boundary conditions is more pronounced. 

Furthermore, Malikan and Eremeyev (2021a) presented the 

effect of converse flexomagneticity on the biaxial buckling 

of a piezomagnetic nano-plate. Using the classical plate 

theory, infinitesimal strains, NSG theory, and with the 

application of Hamilton’s principle, the governing 

equations of equilibrium were derived and then solved for 

simply supported and clamped boundary conditions. 

Another research on piezo-flexomagnetic nanostructures 

was performed by Shi et al. (2021) in which they studied 

the piezo-flexoelectric and piezo-flexomagnetic effects to 

analyze nanocomposites. The governing differential 

equations and related boundary conditions in the tensorial 

form were derived. As an example, they investigated the 

magnetoelectric response of bilayer cantilever nanobeams, 

considering the piezoeffect and flexoeffect with the 

application of classical theory and a closed-form expression 

for magnetoelectric voltage was presented. Sladek et al. 

(2021) investigated the direct FM effect on a cantilever 

nanobeam considering the Timoshenko beam theory with 

linear strains. One of their noteworthy achievements was 

reducing the rotations and transverse deflections due to the 

FM effect. Malikan and Eremeyev (2021b) reported an 

investigation on the influence of the flexomagnetic effect in 

a shear deformable piezomagnetic nanostructure. The 

Timoshenko beam model with converse flexomagnetic 

effect and linear strains was used, and the effect of size was 

implemented by the NSG theory. After derivation of the 

governing differential equations of equilibrium, the 

Galerkin weighted residual method was used to evaluate the 

critical buckling load in case of the simply supported end 

conditions. Cai et al. (2020) by relying on finite element 

simulation and experimental approach, showed that very 

large strain gradients can be obtained at moderate 

temperatures, causing the effects of flexomagnetic and 

flexoelectric. 

Based on the reviewed paper, the buckling and post-

buckling analysis of piezo-flexomagnetic nano-plate strips 

have not been done yet. Furthermore, both direct and 

converse flexomagnetic effects, thermal environment and, 

the geometrical imperfection are considered simultaneously. 
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To derive the nonlinear size-dependent governing equations, 

von-Kármán strains, NSG theory and, the principle of 

minimum total potential energy are used. It is assumed that 

the nano-plate strip is simply supported at the ends. A 

closed-form solution is presented, and the effect of several 

parameters such as temperature, nonlocal and strain 

gradient parameters, plate slenderness ratio, the mid-plane 

initial rise, flexomagnetic coefficient, different temperature 

distributions, and magnetic potential on buckling and post-

buckling loads is studied. 

 

 

2. Mathematical formulation 
 
2.1 Preliminaries 
 

The free energy density of a PFM structure can be 

expressed as follows (Sidhardh and Ray (2018)): 

𝑈 = 𝑈(𝜀, 𝜂, 𝐻) = −
1

2
𝐇. 𝐚. 𝐇 +

1

2
𝛆: 𝐂: 𝛆 +

1

2
𝛈 ⋮ 𝐠 

⋮ 𝛈 + 𝛆: 𝐫 ⋮ 𝛈 − 𝐇. 𝐝: 𝛆 − 𝐇. 𝐟 ⋮ 𝛈 
(1) 

where ε is the strain tensor (second-order), η is the strain 

gradient tensor (third-order), H is the magnetic field vector, 

a is the magnetic permeability tensor (second-order), d is 

the piezomagnetic tensor (third-order), f is the 

flexomagnetic tensor (fourth-order), C is the elasticity 

coefficient tensor (fourth-order), r is the coupling tensor 

between the strain and strain gradient tensors (fifth-order), 

and g is the strain gradient elasticity tensor (sixth-order). 

The Green-Lagrange strain tensor and the strain gradient 

tensor in terms of the displacement vector are presented as: 

𝛆 =
1

2
[∇𝐮 + (∇𝐮)𝑇 + ∇𝐮. (∇𝐮)𝑇], 𝛈 = ∇𝛆 (2) 

The relation between the magnetic field vector and the 

scalar magnetic potential is expressed as: 

𝐇 = −∇𝜓 (3) 

With consideration of the variables ε, η, and H, the 

constitutive equations can be written as (Sidhardh and Ray 

2018): 

𝛔 =
𝜕𝑈

𝜕𝛆
= 𝐂: 𝛆 + 𝐫 ⋮ 𝛈 − 𝐇. 𝐝

𝛕 =
𝜕𝑈

𝜕𝛈
= 𝐠: 𝛈 + 𝛆: 𝐫 − 𝐇. 𝐟

𝐁 = −
𝜕𝑈

𝜕𝐇
= 𝐚.𝐇 + 𝐝: 𝛆 + 𝐟 ⋮ 𝛈

 (4) 

where σ is the Cauchy-stress tensor (second-order), τ is the 

higher-order stress tensor (third-order), and B is the 

magnetic induction (or flux) vector. 

 
2.2 Variational formulation 
 

The principle of minimum total potential energy is 

defined as: 

𝛿Π = 0 (5) 

where Π = U + V is called the total potential energy of the 

elastic body, and 

𝛿𝑉 = −𝛿𝑊𝐸 = −∫ 𝐟. 𝛿𝐮d

Ω

𝑣 − ∫ 𝐭. 𝛿𝐮d

Γ

𝑠 (6) 

𝛿𝑈 = ∫(𝛔: 𝛿𝛆 + 𝛕 ⋮ 𝛿𝛈 − 𝐁. 𝛿𝐇)d𝑣

Ω

 (7) 

where WE is the work done by external forces in a body Ω. 

Using the principle of minimum total potential energy, one 

can get the following governing equations: 

𝛿𝐮: ∇. (𝛔 − ∇. 𝛕) = −𝐟 (8) 

𝛿𝜓:   ∇. 𝐁 = 0 (9) 

and related boundary conditions: 

𝛿𝐮 = 0      or      𝐧. (𝛔 − ∇. 𝛕) = 𝐭      on      Γ1 (10) 

𝛿𝜓 = 0         or          𝐧. 𝐁 = 0          on          Γ2 (11) 

where Γ1 denotes the portion of the boundary on which 

stresses or displacements are specified and Γ2 denotes the 

portion of the boundary on which magnetic potential or 

magnetic induction are specified. 

 

2.3 Modeling of PFM nano-plate strip in thermal 
environment 

 

For a rectangular plate in the x-y plane, when the 

dimension along the y-axis (i.e., width b) is very long 

compared to the dimension along the x-axis (i.e., length a), 

it is treated as a plate strip. Fig. 1 shows a schematic of the 

problem. It is worth mentioning that two cases of 

rectangular plates can be treated as one-dimensional 

problems: beams and cylindrical bending of plate strips. 

When the width b (i.e., length along the y-axis) of a plate is 

very small compared to the length a along the x-axis, it is 

treated as a beam. In cylindrical bending, the plate is 

assumed to be a plate strip that is very long along the y-axis 

and has a finite dimension a along the x-axis. (Reddy 2006). 

The displacement components according to the FSDP 

theory are given by: 

𝑢(𝑥, 𝑧) = 𝑢0(𝑥) + 𝑧𝜙(𝑥)

𝑤(𝑥, 𝑧) = 𝑤0(𝑥)
 (12) 

Based on the von-Kármán nonlinear strains we obtained: 

𝜀𝑥𝑥 = 𝜀𝑥𝑥
0 + 𝑧𝜀𝑥𝑥

1

𝛾𝑥𝑧 = 𝛾𝑥𝑧
0

𝜀𝑦𝑦 = 𝜀𝑧𝑧 = 𝛾𝑥𝑦 = 𝛾𝑦𝑧 = 0

𝜂𝑥𝑥𝑧 =
d𝜙

d𝑥
𝜂𝑦𝑦𝑧 = 𝜂𝑥𝑦𝑧 = 0

 (13) 

where 
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(a) Direct flexomagnetic effect 

 
(b) Converse flexomagnetic effect 

Fig. 1 Schematic of a piezo-flexomagnetic nano-plate 

strip 

 

 

𝜀𝑥𝑥
0 =

d𝑢0
d𝑥

+
1

2
(
d𝑤0
d𝑥

)
2

𝛾𝑥𝑧
0 = 𝜙 +

d𝑤0
d𝑥

𝜀𝑥𝑥
1 =

d𝜙

d𝑥

 (14) 

From Eq. (4) one can write (Reddy 2006, Shi et al. 

2021, Sidhardh and Ray 2018, Wang and Li 2021): 

𝜎𝑥𝑥 = 𝑄11(𝜀𝑥𝑥 − 𝛼Δ𝑇) + 𝑄12(𝜀𝑦𝑦 − 𝛼Δ𝑇) − 𝑑31𝐻𝑧
𝜎𝑥𝑧 = 𝐶55𝛾𝑥𝑧
𝜏𝑥𝑥𝑧 = 𝑔113113𝜂𝑥𝑥𝑧 − 𝑓14𝐻𝑧
𝐵𝑧 = 𝑎33𝐻𝑧 + 𝑑31𝜀𝑥𝑥 + 𝑓14𝜂𝑥𝑥𝑧

 (15) 

where Qij are the plane-stress reduced stiffness coefficients 

and are given in Appendix A. 

The simplified form of Eq. (7) with combination of Eq. 

(15) can be written as: 

𝛿𝑈 = ∫
𝐴
∫
−ℎ 2⁄

ℎ 2⁄
(
𝜎𝑥𝑥𝛿𝜀𝑥𝑥 + 𝜎𝑥𝑧𝛿𝛾𝑥𝑧
+𝜏𝑥𝑥𝑧𝛿𝜂𝑥𝑥𝑧 − 𝐵𝑧𝛿𝐻𝑧

) d𝑧d𝐴 (16) 

By substituting Eqs. (3), (13), and (14) into Eq. (16) and 

using the divergence theorem, one can write:  

𝛿𝑈 = −∫𝐴
d𝑁𝑥𝑥
d𝑥

𝛿𝑢0d𝐴 − ∫𝐴
d

d𝑥
(𝑁𝑥𝑥

d𝑤0
d𝑥

) 𝛿𝑤0d𝐴 − ∫𝐴
d𝑀𝑥𝑥

d𝑥
𝛿𝜙d𝐴

+∫𝐴 𝑄𝑥𝛿𝜙d𝐴 − ∫𝐴
d𝑄𝑥
d𝑥

𝛿𝑤0d𝐴 − ∫𝐴
d𝑁𝑥𝑥𝑧
d𝑥

𝛿𝜙d𝐴 − ∫𝐴 ∫−ℎ 2⁄

ℎ 2⁄ 𝜕𝐵𝑧
𝜕𝑧

𝛿𝜓d𝑧d𝐴

+ [∫0
𝑏
𝑁𝑥𝑥𝛿𝑢0d𝑦]

𝑥=0

𝑥=𝑎

+ [∫0
𝑏
𝑁𝑥𝑥

d𝑤0
d𝑥

𝛿𝑤0d𝑦]
𝑥=0

𝑥=𝑎

+ [∫0
𝑏
𝑀𝑥𝑥𝛿𝜙d𝑦]

𝑥=0

𝑥=𝑎

+ [∫0
𝑏
𝑄𝑥𝛿𝑤0d𝑦]

𝑥=0

𝑥=𝑎

+ [∫0
𝑏
𝑁𝑥𝑥𝑧𝛿𝜙d𝑦]

𝑥=0

𝑥=𝑎

+ [∫𝐴 𝐵𝑧𝛿𝜓d𝐴]𝑧=−ℎ 2⁄

𝑧=ℎ 2⁄

 (17) 

Note that only the z-component of the magnetic field is 

considered in this study. Finally, by applying the principle 

of minimum total potential energy, the mechanical and 

magnetic differential equations are obtained as: 

𝛿𝑢0:     
d𝑁𝑥𝑥
d𝑥

= 0 (18) 

𝛿𝑤0:    
d

d𝑥
(𝑁𝑥𝑥

d𝑤0
d𝑥

) +
d𝑄𝑥
d𝑥

= 0 (19) 

𝛿𝜙:     
d𝑀𝑥𝑥

d𝑥
+
d𝑁𝑥𝑥𝑧
d𝑥

− 𝑄𝑥 = 0 (20) 

𝛿𝜓:      
𝜕𝐵𝑧
𝜕𝑧

= 0 (21) 

The boundary conditions involve the specification of 

𝛿𝑢0 = 0    or    𝑁𝑥𝑥 = 0    at    𝑥 = 0, 𝑎

𝛿𝑤0 = 0    or    𝑁𝑥𝑥
d𝑤0
d𝑥

+ 𝑄𝑥 = 0    at    𝑥 = 0, 𝑎

𝛿𝜙 = 0     or     𝑀𝑥𝑥 + 𝑁𝑥𝑥𝑧 = 0     at    𝑥 = 0, 𝑎

𝜓 = Ψ1    or    𝐵𝑧 = 0    at    𝑥 = ±
ℎ

2

 (22) 

where the stress resultants are defined as: 

(𝑁𝑥𝑥 , 𝑀𝑥𝑥) = ∫−ℎ 2⁄

ℎ 2⁄
𝜎𝑥𝑥(1, 𝑧)d𝑧

𝑄𝑥 = 𝐾𝑠∫−ℎ 2⁄

ℎ 2⁄
𝜎𝑥𝑧d𝑧,      𝑁𝑥𝑥𝑧 = ∫

−ℎ 2⁄

ℎ 2⁄
𝜏𝑥𝑥𝑧d𝑧

 (23) 

with Ks = 5/6 is the shear correction factor (Reddy 2006). 

 

2.4 Direct flexomagnetic effect 
 

Using Eq. (21) and the boundary condition of the 

magnetic induction vector, we conclude that: 

𝐵𝑧 = 0      throughout   Ω (24) 

The magnetic potential and the z-component of the 

magnetic field are determined by using Eqs. (3), (13), (14), 

(15), and (24) as follows: 

𝜓(𝑥, 𝑧) =
𝑑31
𝑎33

[
d𝑢0
d𝑥

+
1

2
(
d𝑤0
d𝑥

)
2

+
𝑓14
𝑑31

d𝜙

d𝑥
] 𝑧 

+
𝑑31
𝑎33

d𝜙

d𝑥

𝑧2

2
+ 𝐶0 

(25) 

𝐻𝑧 = −
𝜕𝜓

𝜕𝑧
= −

𝑑31
𝑎33

[
d𝑢0
d𝑥

+
1

2
(
d𝑤0
d𝑥

)
2

+ 𝑧
d𝜙

d𝑥
] 

−
𝑓14
𝑎33

d𝜙

d𝑥
 

(26) 

Therefore, the higher-order stress and the component of 

classical stresses are determined as follows: 

𝜎𝑥𝑥 = (𝑄11 +
𝑑31

2

𝑎33
) [
d𝑢0
d𝑥

+
1

2
(
d𝑤0
d𝑥

)
2

] 

+(𝑄11 +
𝑑31

2

𝑎33
) 𝑧

d𝜙

d𝑥
− (𝑄11 + 𝑄12)𝛼Δ𝑇 +

𝑓14𝑑31
𝑎33

d𝜙

d𝑥
 

(27) 

𝜎𝑥𝑧 = 𝐶55 (
d𝑤0
d𝑥

+ 𝜙) (28) 

𝜏𝑥𝑥𝑧 = (𝑔113113 +
𝑓14

2

𝑎33
)
d𝜙

d𝑥
 

+
𝑓14𝑑31
𝑎33

[
d𝑢0
d𝑥

+
1

2
(
d𝑤0
d𝑥

)
2

+ 𝑧
d𝜙

d𝑥
] 

(29) 

By substituting Eq. (27) into Eq. (23) and using Eq. (18) 

one can write: 
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𝑢(𝑥) =
𝑎33

𝐴11𝑎33 + ℎ𝑑31
2 (∫0

𝑥
𝑁𝑥𝑥
𝑇 d𝑥 −

ℎ𝑓14𝑑31
𝑎33

𝜙)

             −
1

2
∫0
𝑥
[(
d𝑤

d𝑥
)
2

− (
d𝑤∗

d𝑥
)
2

] d𝑥 + 𝐶1𝑥 + 𝐶2

 (30) 

where w∗ is the mid-plane initial rise. Using Eq. (30) and 

the essential boundary conditions of Eq. (22), the gradient 

of the axial displacement is obtained as: 

d𝑢

d𝑥
= −

ℎ𝑓14𝑑31

𝐴11𝑎33 + ℎ𝑑31
2

d𝜙

d𝑥
−
1

2
[(
d𝑤

d𝑥
)
2

− (
d𝑤∗

d𝑥
)
2

]  

+
𝑎33

𝐴11𝑎33 + ℎ𝑑31
2 (𝑁𝑥𝑥

𝑇 −
1

𝑎
∫0
𝑎
𝑁𝑥𝑥
𝑇 d𝑥)

+
1

2𝑎
∫
0

𝑎
[(
d𝑤

d𝑥
)
2

− (
d𝑤∗

d𝑥
)
2

] d𝑥 

(31) 

Therefore, the stress resultants can be expressed as: 

𝑁𝑥𝑥 = 𝑁̂𝑥𝑥 =
𝐴11𝑎33 + ℎ𝑑31

2

𝑎33

1

2𝑎
∫0
𝑎
[(
d𝑤

d𝑥
)
2

− (
d𝑤∗

d𝑥
)
2

] d𝑥

              −
1

𝑎
∫
0

𝑎
𝑁𝑥𝑥
𝑇 d𝑥

 (32) 

𝑀𝑥𝑥 = (𝐷11 +
ℎ3

12

𝑑31
2

𝑎33
)
d𝜙

d𝑥
−𝑀𝑥𝑥

𝑇  (33) 

𝑁𝑥𝑥𝑧 = 𝑔̅
d𝜙

d𝑥
+
ℎ𝑓14𝑑31
𝑎33

1

2𝑎
∫
0

𝑎
[(
d𝑤

d𝑥
)
2

− (
d𝑤∗

d𝑥
)
2

] d𝑥

           +
ℎ𝑓14𝑑31

𝐴11𝑎33 + ℎ𝑑31
2 (𝑁𝑥𝑥

𝑇 −
1

𝑎
∫
0

𝑎
𝑁𝑥𝑥
𝑇 d𝑥)

 (34) 

𝑄𝑥 = 𝐾𝑠𝐴55 (
d𝑤

d𝑥
−
d𝑤∗

d𝑥
+ 𝜙) (35) 

where 𝐴11, 𝐴55, and 𝐷11 are given in Appendix A. 

𝑁𝑥𝑥
𝑇 = ∫

−ℎ 2⁄

ℎ 2⁄
(𝑄11 + 𝑄12)𝛼Δ𝑇d𝑧, 

𝑀𝑥𝑥
𝑇 = ∫

−ℎ 2⁄

ℎ 2⁄
(𝑄11 + 𝑄12)𝛼Δ𝑇𝑧d𝑧, 

(36) 

𝑔̅ = 𝑔̂113113 +
ℎ𝑓14

2𝐴11

𝐴11𝑎33 + ℎ𝑑31
2,       

𝑔̂113113 = ∫−ℎ 2⁄

ℎ 2⁄
𝑔113113d𝑧 = 𝑔113113ℎ 

(37) 

Using Eq. (18) and implementing NSG theory (Li and 

Hu 2017, Lim et al. 2015) into Eqs. (19) and (20) and then 

by substituting Eq. (32), the size-dependent governing 

differential equations of the shear deformable PM nano-

plate strips by considering the DFM effect and 

geometrically imperfection are obtained as: 

𝐾𝑠𝐴55 (
d2𝑤

d𝑥2
−
d2𝑤∗

d𝑥2
+
d𝜙

d𝑥
) − 𝑙2𝐾𝑠𝐴55 (

d4𝑤

d𝑥4
−
d4𝑤∗

d𝑥4
+
d3𝜙

d𝑥3
) 

+(
d2𝑤

d𝑥2
− 𝜇

d4𝑤

d𝑥4
) × {

𝐴11𝑎33 + ℎ𝑑31
2

𝑎33

1

2𝑎
∫
0

𝑎
[(
d𝑤

d𝑥
)
2

− (
d𝑤∗

d𝑥
)
2

] d𝑥 −
1

𝑎
∫
0

𝑎
𝑁𝑥𝑥
𝑇 d𝑥} = 0 

(38) 

−
d𝑀𝑥𝑥

𝑇

d𝑥
+ 𝐷̃

d2𝜙

d𝑥2
− 𝐾𝑠𝐴55 (

d𝑤

d𝑥
−
d𝑤∗

d𝑥
+ 𝜙) (39) 

−𝑙2 [−
d3𝑀𝑥𝑥

𝑇

d𝑥3
+ 𝐷̃

d4𝜙

d𝑥4
− 𝐾𝑠𝐴55 (

d3𝑤

d𝑥3
−
d3𝑤∗

d𝑥3
+
d2𝜙

d𝑥2
)] = 0 

where 

𝐷̃ = 𝐷̃ − 𝑔̂113113 + 𝑔̅ = 𝐷11 +
ℎ3

12

𝑑31
2

𝑎33
+ 𝑔̅ (40) 

The temperature distribution through the thickness of 

the plate is presented as below: 

Δ𝑇(𝑧) = (
𝑧 +

ℎ

2

ℎ
)

𝑛

(𝑇 − 𝑇0),     

−ℎ/2 ≤ 𝑧 ≤ ℎ/2,    0 ≤ 𝑛 ≤ ∞ 

(41) 

Fig. 2 shows the uniform, linear, and parabolic 

temperature distributions through the thickness. By 

substituting Eq. (41) into Eq. (36), the thermal resultants are 

written as: 

𝑁𝑥𝑥
𝑇 = 𝐴𝑇(𝑇 − 𝑇0),        𝑀𝑥𝑥

𝑇 = 𝐷𝑇(𝑇 − 𝑇0) (42) 

where (𝑇 − 𝑇0)  is temperature rise from the reference 

temperature T0 at which there is no thermal strains 

𝐴𝑇 =
𝑄11𝛼(1 + 𝜈)ℎ

1 + 𝑛
,      𝐷𝑇 =

𝑄11𝛼(1 + 𝜈)ℎ
2𝑛

2(1 + 𝑛)(2 + 𝑛)
 (43) 

Using Eq. (42), Eqs. (38) and (39) are simplified to 

𝐾𝑠𝐴55 [
d2𝑤

d𝑥2
−
d2𝑤∗

d𝑥2
+
d𝜙

d𝑥
− 𝑙2 (

d4𝑤

d𝑥4
−
d4𝑤∗

d𝑥4
+
d3𝜙

d𝑥3
)] 

+(
d2𝑤

d𝑥2
− 𝜇

d4𝑤

d𝑥4
) × {

𝐴11𝑎33 + ℎ𝑑31
2

𝑎33

1

2𝑎
∫0
𝑎
[(
d𝑤

d𝑥
)
2

− (
d𝑤∗

d𝑥
)
2

] d𝑥 − 𝑁𝑥𝑥
𝑇 } = 0 

(44) 

𝐷̃ (
d2𝜙

d𝑥2
− 𝑙2

d4𝜙

d𝑥4
) − 𝐾𝑠𝐴55 [

d𝑤

d𝑥
−
d𝑤∗

d𝑥
+ 𝜙

− 𝑙2 (
d3𝑤

d𝑥3
−
d3𝑤∗

d𝑥3
+
d2𝜙

d𝑥2
)] = 0 

(45) 

  

2.5 Converse flexomagnetic effect 
 

In this section the CFM effect is studied with the 

essential boundary conditions presented in Eq. (22), that is 

𝜓(𝑥, 𝑧 = ℎ/2) = Ψ1,       𝜓(𝑥, 𝑧 = −ℎ/2) = 0 (46) 

Substituting Eqs. (13) and (14) into Eq. (15) and 

combining with Eqs. (21) and (3) and then by applying the 

boundary conditions of Eq. (46), the magnetic potential and 

the z-component of the magnetic field vector are 

determined as: 

𝜓(𝑥, 𝑧) =
𝑑31
2𝑎33

(𝑧2 −
ℎ2

4
)
d𝜙

d𝑥
+
Ψ1
ℎ
(𝑧 +

ℎ

2
) 

𝐻𝑧 = −𝑧
𝑑31
𝑎33

d𝜙

d𝑥
−
Ψ1
ℎ

 

(47) 

Similar to the procedure presented in section 2.4, the 

gradient of the axial displacement is obtained as: 
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d𝑢

d𝑥
=

1

𝐴11
(𝑁𝑥𝑥

𝑇 − 𝑑31Ψ1) −
1

2
[(
d𝑤

d𝑥
)
2

− (
d𝑤∗

d𝑥
)
2

] 

+
1

2𝑎
∫
0

𝑎
[(
d𝑤

d𝑥
)
2

− (
d𝑤∗

d𝑥
)
2

] d𝑥 +
𝑑31Ψ1
𝐴11

−
1

𝑎𝐴11
∫
0

𝑎
𝑁𝑥𝑥
𝑇 d𝑥 

(48) 

and by considering the geometrical imperfection, the stress 

resultants are determined as follows: 

𝑁𝑥𝑥 = 𝑁̂𝑥𝑥 = −
1

𝑎
∫0
𝑎
𝑁𝑥𝑥
𝑇 d𝑥

             +
𝐴11
2𝑎

∫0
𝑎
[(
d𝑤

d𝑥
)
2

− (
d𝑤∗

d𝑥
)
2

] d𝑥 + 𝑑31Ψ1

𝑀𝑥𝑥 = −𝑀𝑥𝑥
𝑇 + (𝐷11 +

ℎ3

12

𝑑31
2

𝑎33
)
d𝜙

d𝑥

𝑄𝑥 = 𝐾𝑠𝐴55 (
d𝑤

d𝑥
−
d𝑤∗

d𝑥
+ 𝜙)

𝑁𝑥𝑥𝑧 = 𝑔̂113113
d𝜙

d𝑥
+ 𝑓14Ψ1

 (49) 

Eqs. (A2), (36), and (37) are also valid for the DFM 

effect. 

By applying the NSG theory to the equilibrium 

equations and considering the converse flexomagnetic 

effect and geometrically imperfection, the size-dependent 

governing differential equations of the shear deformable 

piezomagnetic nano-plate strips are obtained as: 

𝐾𝑠𝐴55 (
𝑑2𝑤

𝑑𝑥2
−
𝑑2𝑤∗

𝑑𝑥2
+
𝑑𝜙

𝑑𝑥
) − 𝑙2𝐾𝑠𝐴55 (

𝑑4𝑤

𝑑𝑥4
−
𝑑4𝑤∗

𝑑𝑥4
+
𝑑3𝜙

𝑑𝑥3
)

+(
𝑑2𝑤

𝑑𝑥2
− 𝜇

𝑑4𝑤

𝑑𝑥4
) ×

{
 
 

 
 𝐴11
2𝑎

∫
0

𝑎
[(
𝑑𝑤

𝑑𝑥
)
2

− (
𝑑𝑤∗

𝑑𝑥
)
2

] 𝑑𝑥

            −
1

𝑎
∫
0

𝑎
𝑁𝑥𝑥
𝑇 𝑑𝑥 + 𝑑31Ψ1

}
 
 

 
 

= 0

 (50) 

−
d𝑀𝑥𝑥

𝑇

d𝑥
+ 𝐷̃

d2𝜙

d𝑥2
− 𝐾𝑠𝐴55 (

d𝑤

d𝑥
−
d𝑤∗

d𝑥
+ 𝜙) 

−𝑙2 [−
d3𝑀𝑥𝑥

𝑇

d𝑥3
+ 𝐷̃

d4𝜙

d𝑥4
− 𝐾𝑠𝐴55 (

d3𝑤

d𝑥3
−
d3𝑤∗

d𝑥3
+
d2𝜙

d𝑥2
)] = 0 

(51) 

When the temperature distribution is not the function of 

in-plane coordinates (i.e., Eq. (41)), Eqs. (50) and (51) can 

be written as: 

𝐾𝑠𝐴55 [
d2𝑤

d𝑥2
−
d2𝑤∗

d𝑥2
+
d𝜙

d𝑥
− 𝑙2 (

d4𝑤

d𝑥4
−
d4𝑤∗

d𝑥4
+
d3𝜙

d𝑥3
)] 

+(
d2𝑤

d𝑥2
− 𝜇

d4𝑤

d𝑥4
) 

× {
𝐴11
2𝑎

∫0
𝑎
[(
d𝑤

d𝑥
)
2

− (
d𝑤∗

d𝑥
)
2

] d𝑥 − 𝑁𝑥𝑥
𝑇 + 𝑑31Ψ1} = 0 

(52) 

𝐷̃ (
d2𝜙

d𝑥2
− 𝑙2

d4𝜙

d𝑥4
) − 𝐾𝑠𝐴55

[
 
 
 
 

d𝑤

d𝑥
−
d𝑤∗

d𝑥
+ 𝜙

−𝑙2 (
d3𝑤

d𝑥3
−
d3𝑤∗

d𝑥3
+
d2𝜙

d𝑥2
)
]
 
 
 
 

= 0 

(53) 

 
 
3. Solution procedure 
 

Analytical solution of the nonlinear governing 

differential equations of DFM and CFM effects is presented 

in this section. The transverse deflection, initial deflection, 

and rotation of the nano-plate strip are considered as below: 

𝑤(𝑥) =∑

𝑖=1

∞

𝑊̃𝑁𝑖(𝑥),       𝑤
∗(𝑥) = 𝑊∗ℎ(𝑥),        

𝜙(𝑥) = ∑
𝑖=1

∞

𝜙̃Θ𝑖(𝑥) 

(54) 

where Ni, h, and Θi are the shape functions which for the 

case of simply supported end conditions are presented as 

follows (Barati and Zenkour 2019, Malikan et al. 2020): 

𝑁𝑖(𝑥) = sin (
𝑖𝜋𝑥

𝑎
) ,        ℎ(𝑥) = sin (

𝜋𝑥

𝑎
) ,        

Θ𝑖(𝑥) = cos (
𝑖𝜋𝑥

𝑎
) 

(55) 

By multiplying the residuals of the governing equations 

by the appropriate shape functions and then integrating over 

the length of the plate strip, one can obtain the following 

nonlinear equations: 

𝑃1𝑊̃ +𝑀1𝑊
∗ + 𝑁1𝜙̃ + 𝐾1𝑊̃

3 + 𝐺1𝑊̃𝑊
∗2 = 0 (56) 

𝑃2𝑊̃ + 𝑀2𝑊
∗ + 𝑁2𝜙̃ = 0 (57) 

where the coefficients of the above equations in case of the 

DFM and CFM effects are defined in Appendix A. 

After some mathematical manipulations, the closed-

form solution of the post-buckling load-deflection 

relationship is presented for the simply supported case for 

the DFM effect as: 

𝑁𝑀𝑒𝑐ℎ =
𝐷̃𝛼𝑖

2𝜆𝑙𝑖
Λ1𝜆𝜇𝑖

𝑊̃ −𝑊∗

𝑊̃
 

+
𝐴11𝑎33 + ℎ𝑑31

2

4𝑎33
𝛼𝑖
2(𝑊̃2 −𝑊∗2) − 𝑁𝑥𝑥

𝑇  

(58) 

and, for the CFM effect the closed-form solution is: 

𝑁𝑀𝑒𝑐ℎ =
𝐷̃𝛼𝑖

2𝜆𝑙𝑖
Λ2𝜆𝜇𝑖

𝑊̃ −𝑊∗

𝑊̃
+
𝐴11
4
𝛼𝑖
2(𝑊̃2 −𝑊∗2) 

+𝑑31Ψ1 − 𝑁𝑥𝑥
𝑇  

(59) 

where 

𝛼𝑖 =
𝑖𝜋

𝑎
, 𝜆𝑙𝑖 = (1 + 𝑙

2𝛼𝑖
2), 𝜆𝜇𝑖 = (1 + 𝜇𝛼𝑖

2), 

Λ1 = 1 +
𝐷̃𝛼𝑖

2

𝐾𝑠𝐴55
, Λ2 = 1 +

𝐷̃𝛼𝑖
2

𝐾𝑠𝐴55
 

(60) 

In the linear case and without geometrical imperfection, 

Eqs. (58) and (59) can be expressed as: 

𝑁𝑀𝑒𝑐ℎ =
𝐷̃𝛼𝑖

2𝜆𝑙𝑖

Λ1𝜆𝜇𝑖
− 𝑁𝑥𝑥

𝑇  (61) 

𝑁𝑀𝑒𝑐ℎ =
𝐷̃𝛼𝑖

2𝜆𝑙𝑖

Λ2𝜆𝜇𝑖
+ 𝑑31Ψ1 − 𝑁𝑥𝑥

𝑇  (62) 

 

 

4. Validation 
 

For Timoshenko beams without considering the PFM 

effects, the critical buckling load in Eqs. (61) and (62) can 
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can be simplified to that derived by Xu and Zheng (2019). 

By ignoring the strain gradient parameter (l = 0) and 

without the PFM effects, the critical buckling load in Eqs. 

(61) and (62) can be simplified to that derived by Reddy 

(2007). 

For Euler-Bernoulli (EB) beams without considering the 

PFM effects and geometrical imperfection, the critical 

buckling and post-buckling loads in Eqs. (58) and (59) can 

be simplified to that derived by Li and Hu (2017). By 

ignoring the nonlocal and strain gradient parameters (µ = l 

= 0) and without geometrical imperfection and the PFM 

effects, the critical buckling and post-buckling loads by 

Eqs. (58) and (59) can be simplified to that derived by 

Gupta et al. (2010). Note that, in case of EB theory, Λ1 = Λ2 

= 1. 

Furthermore, to verify the efficiency and accuracy of the 

present model, some numerical results are tabulated and 

compared with those existing in the literature. In Table 1, 

dimensionless linear buckling loads of the strip without 

geometrical imperfection and the PFM effects are presented. 

The material properties used in Table 1 are E = 30 × 106  

si and ν = 0.3. The ratio of dimensionless post-buckling  

 

 

 

 

loads to dimensionless linear buckling loads of the strip 

without geometrical imperfection and the PFM effects are 

presented in Table 2. In this table, β = L/r is the slenderness 

ratio of the beam, r is the radius of gyration, and λL = 

(PLL2)/EI and λNL = (PNLL2)/EI are, respectively, 

dimensionless buckling and post-buckling loads. 

 

 

5. Numerical results and discussion 
 

In this section, various numerical results are presented. 

The effects of numerous parameters on buckling and post-

buckling loads are investigated. The material properties for 

numerical investigations are listed in Table 3 and are used 

in the present study, unless otherwise stated. 

Table 4 presents a comparison between critical buckling 

loads (linear) and post-buckling loads (nonlinear) of strips 

under uniform, linear, and nonlinear temperature distributions 

for different slenderness ratios. In both direct and converse 

flexomagnetic effects, the nonlinear temperature distribution 

increases the values of the buckling and post-buckling loads 

while the slenderness ratio has the opposite effect. In case 

Table 1 Comparison of nondimensional critical buckling loads 𝑵̅𝒄𝒓 = 𝑵 × (𝑳
𝟐/𝑬𝑰)  of simply-supported 

Timoshenko nanobeams 

𝒆𝟎𝒂 CBL L/h=10 L/h=50 

(nm)  l=0 nm l=1 nm l=2 nm l=0 nm l=1 nm l=2 nm 

0 

Lu et al. (2017b) 9.6227 10.5724 13.4216 9.8595 9.8984 10.0152 

Present (Eq. 58) 9.6227 10.5724 13.4216 9.8595 9.8984 10.0152 

Present (Eq. 59) 9.6227 10.5724 13.4216 9.8595 9.8984 10.0152 

1 

Lu et al. (2017b) 8.7583 9.6227 12.2159 9.8207 9.8595 9.9758 

Present (Eq. 58) 8.7583 9.6227 12.2159 9.8207 9.8595 9.9758 

Present (Eq. 59) 8.7583 9.6227 12.2159 9.8207 9.8595 9.9758 

2 

Lu et al. (2017b) 6.8990 7.5800 9.6227 9.7062 9.7445 9.8595 

Present (Eq. 58) 6.8990 7.5800 9.6227 9.7062 9.7445 9.8595 

Present (Eq. 59) 6.8990 7.5800 9.6227 9.7062 9.7445 9.8595 

Table 2 Comparison of nondimensional post-buckling load to non-dimensional buckling load ratio (𝝀𝑵𝑳/𝝀𝑳) of 

simply-supported Timoshenko beams (𝝂 = 𝟎. 𝟑, 𝑲𝒔 = 𝟓 𝟔⁄ ,  𝑾̃/𝒓 = 𝟏. 𝟎) 

 Present Eqs. (58) and (59) Gunda (2014) 

𝜷 = 𝟐𝟓 1.2623 1.2623 

𝜷 = 𝟓𝟎 1.2531 1.2531 

𝜷 = 𝟏𝟎𝟎 1.2508 1.2508 

𝜷 → ∞ 1.25 1.25 

Table 3 Magneto-mechanical coefficients of material properties (Malikan et al. 2021, Pan and Han 2005) 

CoFe2O4 

𝑬 = 𝟐𝟖𝟔 𝐆𝐏𝐚, ν=0.32 

𝒅𝟑𝟏 = 𝟓𝟖𝟎. 𝟑 𝐍 (𝐀.𝐦)⁄ , 𝒂𝟑𝟑 = 𝟏𝟓𝟕 × 𝟏𝟎
−𝟔  𝐍 𝐀𝟐⁄  

𝒇𝟏𝟒 = 𝟏𝟎
−𝟗  𝐍 𝐀⁄ , 𝒉 = 𝟏 𝐧𝐦 

𝜶 = 𝟏𝟏. 𝟖 × 𝟏𝟎−𝟔  𝟏 𝐊⁄  
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of the CFM effect, at a constant slenderness ratio, the 

minimum discrepancy between the buckling and post-

buckling loads occurs at nonlinear thermal loads. Also, by 

increasing the length of the plate strip, the difference 

between the buckling and post-buckling loads reduces. It is 

remarked that by increasing the ratio of length to thickness 

of nano-plate strip to 50, the critical and post-buckling loads 

take a negative value, thus, buckling occurs for traction 

 

 

 

 

loads instead of compression. It should be noted that the 

differences between the buckling resistances under direct 

and converse FM effects are due to a non-zero increment in 

the buckling load that is induced by the external magnetic 

potential. This response to an external magnetic potential is 

the CFM effect, in line with the converse piezomagnetic 

effect causing an additional term due to the external magnetic 

potential. Table 5 shows the effect of dimensionless 

Table 4 Comparison of buckling and post-buckling loads of PFM nano-plate strip (𝑾̃ 𝒉⁄ = 𝟎. 𝟏, 𝑾∗ = 𝟎, 𝒍 𝒉⁄ =

𝟏, 𝒆𝟎𝒂 𝒉⁄ = 𝟏, 𝜳𝟏 = 𝟏 𝒎𝑨, 𝐓 − 𝐓𝟎 = 𝟏𝟎𝟎 𝐊)
 

Temperature distribution PL
 

PNL
 

 L/h=10 L/h=20 L/h=50 L/h=10 L/h=20 L/h=50 

DFM 

Uniform (φ=0) 2.0670 0.1585 -0.3909 2.1462 0.1783 -0.3877 

Linear (φ=1) 2.3152 0.4066 -0.1427 2.3943 0.4264 -0.1396 

Nonlinear(φ=2) 2.3979 0.4893 -0.0600 2.4771 0.5091 -0.0569 

CFM 

Uniform (φ=0) 2.6473 0.7388 0.1894 
2.7260 

(2.973%)* 

0.7584 

(2.653%) 

0.1926 

(1.690%) 

Linear (φ=1) 2.8955 0.9869 0.4376 
2.9741 

(2.715%) 

1.0066 

(1.996%) 

0.4407 

(0.708%) 

Nonlinear(φ=2) 2.9782 1.0696 0.5203 
3.0568 

(2.639%) 

1.0893 

(1.842%) 

0.5234 

(0.596%) 

*Discrepancy between the buckling and post-buckling loads (
𝟐.𝟕𝟐𝟔𝟎−𝟐.𝟔𝟒𝟕𝟑

𝟐.𝟔𝟒𝟕𝟑
× 𝟏𝟎𝟎%) 

Table 5 Dimensionless size-dependent buckling ratio (𝑷𝑵𝑳 𝑷𝑳⁄ )  of PFM nano-plate strips (  𝑾∗ = 𝟎, 𝒍 =

𝟏 × 𝟏𝟎−𝟗, 𝒆𝟎𝒂 = 𝟏 × 𝟏𝟎
−𝟗, 𝜳𝟏 = 𝟎 𝒎𝑨, 𝑻 − 𝑻𝟎 = 𝟎) 

𝑾̃/𝒉 
DFM CFM 

L/h=10 L/h=20 L/h=50 L/h=10 L/h=20 L/h=50 

0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

0.1 1.0309 1.0302 1.0300 1.0307 1.0300 1.0298 

0.2 1.1235 1.1209 1.1201 1.1227 1.1201 1.1193 

0.3 1.2779 1.2720 1.2703 1.2760 1.2702 1.2685 

0.4 1.4940 1.4835 1.4806 1.4907 1.4803 1.4773 

0.5 1.7719 1.7555 1.7509 1.7668 1.7504 1.7459 

Table 6 Effect of strain gradient on linear and nonlinear buckling loads of PFM nano-plate strips (𝑻 − 𝑻𝟎 = 𝟎,

𝜳𝟏 = 𝟏 𝒎𝑨, 𝑾∗ = 𝟎, 𝑳 𝒉⁄ = 𝟏𝟎) 

 

𝑒0𝑎 ℎ⁄ = 0 𝑙 ℎ⁄ = 0 

𝑙

ℎ
 DFM CFM 

𝑒0𝑎

ℎ
 DFM CFM 

𝑾̃ 𝒉⁄ = 𝟎 
(Linear case) 

0 2.5633 3.1436 0 2.5633 3.1436 

0.5 2.6266 (+2.47%) 3.2069 (+2.01%) 0.5 2.5016 (-2.407%) 3.0819 (-1.96%) 

1.0 2.8163 (+9.87%)* 3.3966 (+8.05%) 1.0 2.3331 (-8.981%) 2.9134 (-7.32%) 

𝑾̃/𝒉 = 𝟎. 𝟓 

0 4.5420 5.1091 0 4.5420 5.1091 

0.5 4.6053 (+1.39%) 5.1723 (+1.24%) 0.5 4.4803 (-1.36%) 5.0474 (-1.21%) 

1.0 4.7950 (+5.57%) 5.3621 (+4.95%) 1.0 4.3118 (-5.07%) 4.8788 (-4.51%) 

𝑾̃/𝒉 = 𝟏 

0 10.4781 11.0055 0 10.4781 11.0055 

0.5 10.5413 (+0.60%) 11.0687 (+0.57%) 0.5 10.4164 (-0.59%) 10.9437 (-0.56%) 

1.0 10.7311 (+2.41%) 11.2584 (+2.30%) 1.0 10.2478 (-2.20%) 10.7752 (-2.09%) 

*
(𝟐.𝟖𝟏𝟔𝟑−𝟐.𝟓𝟔𝟑𝟑)

𝟐.𝟓𝟔𝟑𝟑
× 𝟏𝟎𝟎% 
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Fig. 2 The uniform, linear, and parabolic temperature 

distributions through the thickness 

 

 

( 𝑊̃/ℎ) on the dimensionless buckling load ratio (PNL/PL) 

considering the size-dependency. By increasing the 

maximum deflection, the dimensionless buckling load ratio 

increases while the slenderness ratio has the opposite effect. 

In Table 6, the size-dependent in-plane loads associated 

with different dimensionless amplitudes are tabulated for 

PFM nano-plate strips with both direct and converse effects 

corresponding to various values of the strain gradient and 

nonlocal parameters. It is shown that by moving to a deeper 

part of the post-buckling domain, the role of both strain 

 

 

 

Fig. 3 The effective stiffness of PM nano-plate strips with 

and without FM effect vs. thickness 

 

 

gradient and non-local parameters decreases. 

Table 7 shows the buckling and post-buckling loads of 

PFM nano-plate strips for different values of applied 

magnetic potentials and size-effect parameters. It is 

demonstrated that as the strain gradient parameter increases, 

the values of the linear and nonlinear loads increase while 

the nonlocal parameter has the opposite effect. It is also 

shown that the buckling and post-buckling loads increase as 

the externally applied magnetic potential is increased. 

Table 8 shows the effect of flexomagneticity and size- 

Table 7 Buckling and post-buckling loads of PFM nano-plate strips for different magnetic potentials and size-

effect parameters (𝑻 − 𝑻𝟎 = 𝟎, 𝑾
∗ = 𝟎, 𝑳 𝒉⁄ = 𝟏𝟎, 𝑾̃ 𝒉⁄ = 𝟎. 𝟓) 

𝒍/𝒉 𝑒0𝑎/ℎ 
PL PNL 

Ψ1 = −2 𝑚𝐴 Ψ1 = 0 𝑚𝐴 Ψ1 = 2 𝑚𝐴 Ψ1 = −2 𝑚𝐴 Ψ1 = 0 𝑚𝐴 Ψ1 = 2 𝑚𝐴 

0 

0 1.4027 2.5633 3.7239 3.3682 4.5288 5.6894 

0.5 1.3410 2.5016 3.6622 3.3065 4.4671 5.6277 

1 1.1725 2.3331 3.4937 3.1379 4.2985 5.4591 

0.5 

0 1.4660 2.6266 3.7872 3.4314 4.5920 5.7526 

0.5 1.4027 2.5633 3.7239 3.3682 4.5288 5.6894 

1 1.2300 2.3906 3.5512 3.1955 4.3561 5.5167 

1 

0 1.6557 2.8163 3.9769 3.6212 4.7818 5.9424 

0.5 1.5879 2.7485 3.9091 3.5534 4.7140 5.8746 

1 1.4027 2.5633 3.7239 3.3682 4.5288 5.6894 

Table 8 Effect of flexomagneticity and size-effect parameters on dimensionless buckling ratio (𝑷𝑵𝑳 𝑷𝑳⁄ ) of 

piezomagnetic nano-plate strips under direct FM effect. (𝑻 − 𝑻𝟎 = 𝟎, 𝑾∗ = 𝟎, 𝑾̃ 𝒉⁄ = 𝟎. 𝟓, 𝑳 𝒉⁄ = 𝟓) 

𝒆𝟎𝒂/𝒉 
Without flexomagneticity 

With flexomagneticity 

(𝑓14 = 10
−9  N A⁄ ) 

With flexomagneticity 
(𝑓14 = 10

−7  N A⁄ ) 

𝑙 ℎ⁄ = 0 𝑙 ℎ⁄ = 1 𝑙 ℎ⁄ = 2 𝑙 ℎ⁄ = 0 𝑙 ℎ⁄ = 1 𝑙 ℎ⁄ = 2 𝑙 ℎ⁄ = 0 𝑙 ℎ⁄ = 1 𝑙 ℎ⁄ = 2 

0 1.8377 1.6006 1.3248 1.8377 1.6006 1.3248 
1.8359 

(-0.098%)* 

1.5993 

(-0.081%) 

1.3241 

(-0.053%) 

1 2.1684 1.8377 1.4530 2.1684 1.8377 1.4530 
2.1659 

(-0.115%) 

1.8359 

(-0.098%) 

1.4521 

(-0.062%) 

2 3.1605 2.5490 1.8377 3.1605 2.5490 1.8377 
3.1559 

(-0.145%) 

2.5457 

(-0.129%) 

1.8359 

(-0.098%) 

*
(𝟏.𝟖𝟑𝟓𝟗−𝟏.𝟖𝟑𝟕𝟕)

𝟏.𝟖𝟑𝟕𝟕
× 𝟏𝟎𝟎% 
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Fig. 5 Effect of nonlocal and strain gradient parameters 

on the non-dimensional buckling and post-buckling loads 

of PFM nano-plate strips 
 

 

effect parameters on dimensionless buckling ratio of 

piezomagnetic nano-plate strips under direct FM effect. As 

the dimensionless strain gradient parameter increases, the 

buckling ratio and the role of flexomagneticity decrease. 

Also, it is demonstrated that the buckling ratio and the role 

of flexomagneticity increase by increasing the nonlocality. 

Using Eq. (40), the effective flexural stiffness of PM 

and PFM nano-plate strips versus the thickness is 

demonstrated in Fig. 3. It is seen that the effective stiffness 

obtained by the classical piezomagneticity theory is smaller 

than that calculated from the current theory for small 

thicknesses. Also, increasing the thickness decreases the 

differences between the two theories. This result affirms 

that the FM effect is more significant at small scales. 

The effect of the flexomagneticity on the dimensionless 

buckling ratio is studied in Fig. 4. The buckling load ratio 

 

 

Fig. 6 Post-buckling path at different magnetic fields for 

the CFM case 
 

 

predicted by the FM effect is smaller than that calculated by 

the PM effect. By increasing the thickness of the PFM 

nano-plate strips, the effect of FM decreases, and the 

difference between the values predicted by the PM model 

and the PFM model is much smaller and so the 

flexomagneticity can be neglected. Figs. 3 and 4 affirm the 

size-dependency of the flexomagnetic effect. 

Buckling and post-buckling behaviors of piezomagnetic 

nano-plate strips with converse FM effect are demonstrated 

in Fig. 5 for (𝑇 − 𝑇0 = 0, 𝐿 ℎ⁄ = 10,𝑊∗ = 0, 𝑊̃ = 0.5ℎ,  
𝛹1 = 1 𝑚𝐴). At a constant nonlocal parameter, increasing 

the strain gradient parameter leads to increasing the 

dimensionless buckling and post-buckling loads, and the 

PFM nano-plate strips will be stiffer. The linear and 

nonlinear buckling behaviors of the simply supported PFM 

nano-plate strips show a stiffness-softening effect for e0a > 

l, and a stiffness-hardening effect for e0a < l. 

    
(a) The piezomagneticity (b)-(d) The flexomagneticity 

Fig. 4 Dimensionless buckling ratio vs. slenderness ratio and thickness (𝑓14 = 4 × 10
−6, 𝑒0𝑎 = ℎ, 𝑙 = ℎ,𝑊

∗ =
0, 𝑊̃ = 0.5ℎ, 𝑇 − 𝑇0 = 0,Ψ1 = 0) 
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Fig. 7 Post-buckling path at 200 K and various 

temperature distribution for the CFM case 

 

 

Fig. 8 Post-buckling path at different temperatures and 

linear thermal environment for the DFM case 

 

 

The effects of magnetic potential and geometrical 

imperfection on the nondimensional nonlinear buckling 

load of PM nano-plate strips with CFM effect are indicated 

in Fig. 6 at 𝑒0𝑎 = 𝑙 = ℎ,𝑊
∗ = 0.1ℎ. Positive values of the 

magnetic potential increase the post-buckling load in both 

perfect and imperfect configurations. As expected, the post-

buckling load grows as 𝑊̃/ℎ  is increased. In case of 

perfect nano-plate strips, the critical buckling load 

corresponds to zero amplitude 𝑊̃/ℎ = 0, and in case of 

nano-plate strips with the initial rise (imperfect), there is no 

critical load. 
The effect of temperature distribution on dimensionless 

post-buckling behavior of PFM nano-plate strips is 
indicated in Fig. 7 (𝐿 ℎ⁄ = 10, 𝑒0𝑎 = 𝑙 = ℎ,𝑊

∗ = 0.1ℎ,  
 𝛹1 = 1 𝑚𝐴, 𝑇 − 𝑇0 = 200 𝐾) . It can be seen that by 
increasing the dimensionless amplitude, the values of the 
dimensionless post-buckling loads in both perfect and 
imperfect configurations get closer. This is due to that 
increasing the dimensionless amplitude decreases the 
contribution of the mid-plane initial rise. When the 
temperature distribution varies from uniform to nonlinear 
regime, the thermal forces reduce, therefore the nonlinear 
buckling load increases. 

 
Fig. 9 Equilibrium paths of nonlinear buckling of size-

dependent PFM nano-plate strips with geometrical 

imperfection for the DFM case 

  

 

Fig. 10 Buckling and post-buckling loads vs. 

flexomagnetic coefficient at different slenderness ratios 

for the DFM case 
 

 

To study the effect of temperature on buckling load, 

linear distribution of temperature is used in Fig. 8 (𝐿 ℎ⁄ =
10, 𝑒0𝑎 = 𝑙 = ℎ,𝑊

∗ = 0.1ℎ) . It is well-known that the 

larger values of temperature increase the thermal forces, 

therefore, as illustrated in Fig. 8 the dimensionless post-

buckling load decreases.  

The effect of the mid-plane initial rise (imperfection) is 

studied in Fig. 9 (𝐿 ℎ⁄ = 10, 𝑒0𝑎 = 𝑙 = ℎ, 𝑇 − 𝑇0 = 0). As 

illustrated in this figure, there is no critical buckling load 

for the case of imperfect PFM nano-plate strips, and the 

nano-plate strip is at its initial configuration. It means at the 

starting point of an imperfect nano-plate strip, the critical 

buckling load is zero. 

The effect of the flexomagnetic coefficient on the linear 

and nonlinear buckling loads at different slenderness ratios 

is presented in Fig. 10 (𝑒0𝑎 = 𝑙 = ℎ, 𝑊∗ = 0, 𝑇 − 𝑇0 =
0, 𝑊̃ ℎ⁄ = 0.5). Increasing the FM coefficient leads to 

increasing the stiffness and, therefore, increasing the 

buckling loads. Also, decreasing the slenderness ratio has a 

similar effect, increasing the stiffness and buckling loads. 

From this figure, it can be seen that by increasing the 
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Fig. 11 Dimensionless post-buckling loads vs. 

dimensionless amplitude at different small-scale 

parameters for the CFM case 

 

 

Fig. 12 Dimensionless post-buckling loads vs. 

dimensionless amplitude at different small-scale 

parameters for DFM case 
 

 

slenderness ratio, the discrepancy between linear and 

nonlinear buckling loads decreases, which means at large 

values of slenderness ratios, the failure of the material 

occurs faster. 
The effect of the nonlocality and the strain gradient 

parameter on the nonlinear post-buckling behavior of the 
PFM nano-plate strips is studied in Figs. 11 and 12 for 
direct and converse FM effects, respectively. It is seen that 
the curves converge as the dimensionless amplitude is 
increased. It means that the role of small-scale parameters 
reduces. Also, one can find that the nonlocal and strain 
gradient parameters increase or decrease the stiffness 
depending on the relation between the scale parameters. 
The stiffness-softening and stiffness-hardening can be 
found when e0a > l and e0a < l, respectively. It is important 
to note that in case of e0a = l, there are no stiffness-
softening and stiffness-hardening effects. 

 

 

6. Conclusions 

 

Linear and nonlinear buckling behaviors of 

piezomagnetic nano-plate strips considering the direct and 

converse flexomagnetic effects are studied. The first-order 

shear deformation plate theory combining with the von-

Kármán strains is used. The Nonlocal strain gradient theory 

is used to take into account the effect of size. The governing 

differential equations of equilibrium and associated 

boundary conditions are derived based on a variational 

method. A closed-form solution is presented and the effects 

of vital parameters such as imperfection, magnetic field, 

temperature, temperature distribution, and the scaling 

parameters with and without the flexomagnetic effect are 

studied. It was found that nonlinear thermal loads and larger 

slenderness ratio, decreases the difference between the 

buckling and post-buckling loads and the nonlinear 

buckling load increases as the temperature distribution 

varies from uniform to nonlinear regime. Increasing the 

thickness, decreases the discrepancy between the effective 

stiffness of a PM and PFM nano-plate strips and the 

flexomagneticity can be negligible. At the starting point of 

deflection, the geometrical imperfection has an enormous 

influence on the post-buckling path. By moving to deeper 

parts of post-buckling region the role of small-scale 

parameters and geometrical imperfection reduces. Depending 

on the relation between the scaling parameters, the linear 

and nonlinear buckling behaviors of the simply supported 

PFM nano-plate strips show a stiffness-softening or a 

stiffness-hardening effect. Also, increasing the FM 

coefficient leads to increasing the stiffness. The nonlocality 

causes the stiffness-softening and reduces the post-buckling 

load while the strain gradient parameter has the opposite 

influence. Positive values of the magnetic potential increase 

the post-buckling load in both perfect and imperfect 

configurations. In case of nano-plate strips with geometrical 

imperfection there is no critical load. 
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Appendix 
 

The plane-stress reduced stiffnesses and extensional and 

bending stiffness coefficients appearing in Eqs. (15), and 

(32)-(35) are defined as: 

𝑄11 =
𝐸

1 − 𝜈2
,  𝑄12 =

𝐸𝜈

1 − 𝜈2
 (A1) 

𝐴11 = ∫
−ℎ 2⁄

ℎ 2⁄
𝑄11𝑑𝑧 = 𝑄11ℎ, 

𝐴55 = ∫
−ℎ 2⁄

ℎ 2⁄
𝐶55𝑑𝑧 = 𝐶55ℎ, 

𝐷11 = ∫
−ℎ 2⁄

ℎ 2⁄
𝑄11𝑧

2𝑑𝑧 =
𝑄11ℎ

3

12
 

(A2) 

Also, the coefficients appearing in Eqs. (56) and (57) for 

the DFM effect are defined as: 

𝑃1 = 𝐾𝑠𝐴55(𝐼20 − 𝑙
2𝐼40) + 𝑁𝑥𝑥

𝑇 (−𝐼20 + 𝜇𝐼40) 

(A3) 

𝑀1 = 𝐾𝑠𝐴55 (𝑙
2∫

0

𝑎 d4ℎ

d𝑥4
𝑁𝑖d𝑥 − ∫0

𝑎 d2ℎ

d𝑥2
𝑁𝑖d𝑥) 

𝑁1 = 𝐾𝑠𝐴55 (∫0
𝑎 dΘ𝑖
d𝑥

𝑁𝑖d𝑥 − 𝑙
2∫

0

𝑎 d3Θ𝑖
d𝑥3

𝑁𝑖d𝑥) 

𝐾1 =
𝐴11𝑎33 + ℎ𝑑31

2

𝑎33

1

2𝑎
𝐼11(𝐼20 − 𝜇𝐼40) 

𝐺1 =
𝐴11𝑎33 + ℎ𝑑31

2

𝑎33

1

2𝑎
(𝜇𝐼40 − 𝐼20)∫0

𝑎
(
dℎ

d𝑥
)
2

d𝑥 

𝑃2 = 𝐾𝑠𝐴55 (𝑙
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0
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d𝑥3
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d𝑥3
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𝑁2 = 𝐷̃(𝐽20 − 𝑙
2𝐽40) + 𝐾𝑠𝐴55(𝑙

2𝐽20 − 𝐽00) 

and, for the CFM effect these coefficients are defined as: 

𝑃1 = 𝐾𝑠𝐴55(𝐼20 − 𝑙
2𝐼40)
+ (𝑁𝑥𝑥

𝑇 − 𝑑31Ψ1)(−𝐼20 + 𝜇𝐼40) 
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