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charge k, is equal to the stringy instanton charge ks;. This property of gauge-stringy
instantons leads to having equal contributions from all instanton charges ks = k; = k in
the effective action. We derive the gauge-stringy instanton partition function and calculate
the corrections to the prepotential due to &k = 1,2 gauge-stringy instanton charges. As a
by-product the partition function for gauge k-instanton is obtained which coincides with
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Introduction

Exploiting the localization technique pioneered by N. Nekrasov [1], multi-instanton calculus

in supersymmetry field theories in recent years has received remarkable achievements (see

for instance [5, 7]). On the other hand, string theory beside giving a realization of the gauge

instantons [4, 12, 13] has also revealed new features of non-perturbative effects through the



introduction of the so-called stringy instantons [8, 9]. In string theory the instantonic
configurations can be engineered by Dp/D(p — 4) brane set-ups. For the cases that p
is greater than three one needs to compactify along some directions of the brane world-
volume in order to have supersymmetry gauge theories in four dimensions. The simplest
example that does not need any compactifications in these group of set-ups is D3/D(-1)
system that we will consider thoughout this article. Having picked the D3/D(-1) brane
set-up, the N/ = 2 gauge theories which is of our interest in this work is provided when
among other mechanisms we reduce the number of supersymmetries (from N = 4 living
on D3 branes) by including an orbifold in the background. In the presence of orbifold the
fractional branes are defined [10, 11], and though their existence there will be geometrically
different arrangements of D3 and D(-1) branes which lead to non-trivial gauge and stringy
non-perturbative effects in the effective action of the theory.

There are some works in the literature that study the stringy instanton effects in the
low-energy effective actions (see e.g. [3, 14, 16]) and some of their applications from the
phenomenological point of view [15, 23-25]. It turns out that stringy instanton corrections
in the effective action from instantons with charge k are suppressed by powers of string
length scale o/ when the instanton charge k increases [3]. There are some exceptions that
effective action corrections do not depend on o’ even if the corrections stem from a com-
pletely stringy nature. One example is given in [3] where the stringy instanton effects in the
effective action of N' =2 SU(2) with a matter hypermultiplet in symmetric representation
has been calculated. In that model although D-instantons posses a pure stringy charac-
teristic, for one special gauge group i.e. SU(2) the corrections lose the dependency on the
string parameter o’. It is known that this certain theory has a vanishing one-loop coeffi-
cient of the S-function (and the only S-function coefficient due to the non-renormalization
theorem for N/ = 2 supersymmetry [17]) for the group SU(2). The reason that in the
special model used in [3], stringy instantons contribute equally in all orders in the effective
action, is that the measure of the moduli space happens to be dimensionless for the gauge
group SU(2). One is then allowed to sum up the contributions from all instanton charges
leading to an exact determination of the effective action from stringy corrections. In [3]
the stringy corrections in the prepotential function was calculated up to k = 5 instanton
charge. From the form of the corrections it was easy to conjecture that corrections due to
different instanton charges are the expansion terms of a closed form given by:

FP)(®) = —Trd? log (1 + Aglq>

where N7 is the normalization constant for 1-instanton partition function and ¢ = exp(277)
with 7 being the complex coupling constant, is a dimensionless quantity. Using a relation
between the elementary symmetric polynomials and power sums (see for instance [18])
one is able to generalize the results in [3] to the gauge group SU(N) [2]. However for a
generic SU(N) gauge theory the stringy corrections in the prepotential will depend on the
parameter o’.

A question that may arise is that under what conditions we may obtain a closed form
for the instanton corrections in the effective action in all orders of instanton charges for



a general gauge group SU(N) or even other supersymmetry gauge theories. This requires
having a dimensionless moduli measure for the moduli space of the given theory. In the
current work we try to answer this question by introducing a model of the same D3/D(-1)
system that we explored in [2, 3]. Our answer therefore will be suitable only for N = 2 U(N)
gauge theories with one matter in symmetric representation. However similar approach may
be taken for other supersymmetry gauge theories.

The model we use here is simply the combination of gauge and stringy instanton
brane set-ups in type IIB. One may expect that zero modes in the theory consists of only
the combination of the gauge instanton and stringy instanton zero-modes, but in fact it
turns out that in addition to these moduli there exist extra zero-modes in the spectrum
that we refer to as gauge-stringy neutral moduli. In the language of the states in the
D3/D(-1) brane set-up, the new zero-modes correspond to bosonic and fermionic neutral
string states stretching between D(-1) branes sitting in two different representations of the
orbifold group. The main issue we concern in this paper is regarding the role of the gauge-
stringy moduli in the measure of the moduli space and their contribution in the instanton
partition function.

The content of this paper is as the following: In the next section we describe the
model in the D3/D(-1) brane set-up. In section 3 the spectrum of the moduli space and
their Chan-Paton structure are discussed. We also define the auxiliary moduli that are
necessary in writing the moduli action as a BRST @Q-exact action. In section 4 we present
the full action for the current model. The action can be decomposed into different parts of
gauge, stringy and gauge-stringy actions. In section 5 we show that under some conditions
the measure of the moduli space becomes dimensionless. Then in section 6 we turn into
calculating the instanton partition functions for different types of instantons, in particular
the gauge-stringy partition function. Finally in section 7 we calculate the prepotential
corrections from gauge-stringy instantons with charges £ = 1,2. In 8 we conclude with a
summary of the results and a discussion on the prospective of the future work.

2 Gauge-stringy set-up

The D3/D(-1) set-up consists of N D3-branes extended along first four coordinates of 10-
dimensional space-time together with k£ D(—1) branes localized in all space-time directions.
Table 1 shows the boundary conditions on string endpoints in the presence of D3/D(-1)
branes. The stack of D3-branes on its own leads to N' = 4 U(N) gauge theory in the
low-energy regime. Our goal in this work is to study different types of instantons in N' = 2
supersymmetries. We therefore need to reduce somehow the number of supersymmetries.
One way to break supersymmetry is to invoke extra symmetries in certain directions of
space-time. In other words, we may reduce the number of supersymmetries by means of
orbifold background in the space-time. In order to study instantons in N = 2, following the
model described in [2, 3] we act the orbifold group Zs = {1,¢£, 61} with & = ¢>™/3 on the
first two complex internal coordinates, so that the geometry of the internal space becomes
C? /73 x C; the third complex coordinate in the internal space therefore remains unchanged
by orbifolding. In addition to the orbiforld background in the space-time we project out



Figure 1. Quiver diagram for the most general gauge-stringy instanton configuration.

further string states by including orientifold O3-plane in the background. If the orientifold
plan lies along the same directions as D3-branes, no more supersymmetry breaking takes
place, instead some degrees of freedom discarded out from the spectrum. It is elaborated
in [8] that it is exactly the absence of these states that leads to the so-called stringy
instantons. The Chan-Paton matrices of the string excitations on D-branes/D-instantons
can now transform in three ways corresponding to three representations of the orbifold
group Zs. N D3-branes (k D-instantons) split into three sets of Ny, Ny and N3 fractional
D3-branes (ki, ko and k3 fractional D-instantons) each being in one representation of the
orbifold group. The gauge/instanton groups living on three different sets of branes are
schematically illustrated by gauge-quiver diagram in Figure 1. The quiver for instantons
on C?/Z;3 was proposed in [26] (The idea of quiver for instantons in ALE spaces was
introduced earlier by Douglas and Moore [27]).

In the gauge-quiver language the gauge instanton is the configuration of sitting D3-
branes and D-instantons on the same node of the quiver diagram, say node 2. The stringy
instanton on the other hand is the configuration that D3-branes and D-instantons lie on two
different nodes of the quiver diagram, e.g. D-instantons on node 1 and D3-branes on node
2. The most general case is obviously when all the nodes are occupied by D3-branes/D-
instantons (see figure 1). Let us remind that due to the existence of the O3-plane along
the four first coordinates there will be an identification between gauge groups U(N2) and
U(N3) on nodes 2 and 3. The same happens for the gauge instanton groups U(ky) and
U(ks). The gauge group U(NN;) on node 1 after orientifolding reduces to O(/N1). As we are
interested in studying the instantons in U(/V) gauge theories we assume only N D3-branes
being on node 2 (and the same numbers of them on node 3 because of orientifolding) and
no such gauge branes on node 1. However to see the effect of both gauge and stringy
instantons in the same time we consider ks D-instantons on node 1 and k, D-instantons on
node 2 (and equivalently on node 3).

The string states living only on D3-branes on node 2 constitute the pure N'= 2 U(N)
supersymmetry. The strings which stretch between D3-branes on nodes 2 and 3 make a
matter hypermultiplet in the symmetric representation of the gauge group. The details
about the supersymmetry content in this model can be found in [3]. In the next section
we study in detail the spectrum of the gauge-stringy configuration.
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Table 1. The symbols — and x respectively denote the Neumann and Dirichlet boundary conditions
that the string endpoints on D3 or D(-1) branes satisfy.

3 Gauge-stringy moduli spectrum

The moduli spectrum in the D3/D(—1) system stem from all string states living solely
on D(-1)-branes or the string excitations stretching between D3-branes and D(-1)-branes.
In our model with the arrangement (ks,k,) for D-instantons and (0,N) for gauge branes,
the moduli are divided into different classes. They are stringy (gauge) neutral moduli
corresponding to the states arisen from D-instantons at node 1 (2), and the gauge-stringy
neutral moduli which are characterized by the states between D-instantons on nodes 1 and
2. The stringy (gauge) charged moduli are the states between D-instantons on node 1 (2)
and the gauge branes on node 2.

The Chan-Paton factors are 3 by 3 block matrices. The entry (ij) of a Chan-Paton
matrix represents the string state with an endpoint attached to gauge brane or D-instanton
on node ¢ and another endpoint attached to gauge brane or D-instanton on node j.

3.1 Neutral bosonic moduli

The NS sector of the string state on D-instanton is a boson in ten dimensions. We conven-
tionally split the boson into one part along the D3-brane world-volume and another part

transverse to it, i.e.
dM — au D Xp (3.1)

where M =0,...,9; u=0,...,3 and p = 4,...,9. Instead of the six real scalars in the
internal space we work with three complex scalars because their transformations under
orbifold group is simpler. We define the complex scalars as x1 = x4 + iX5, X2 = X6 — X7,
X = X3 = X8 + X9 and so on. The bosonic moduli a, and the complex scalars y; with
i = 1,2,3, get affected differently from the orbifold and orientifold actions. Taking into
account the consistency condition that guarantees the commutativity of the orbifold and
orientifold transformations [19], neutral bosonic moduli must satisfy the following relations:

ay =(9) au v(g)™"! ay =74(Q) ap) y+(Q) (3.2a)
xi =& v(g) xi v(9) " Xi = —7+(Q) X7 ()7 (3.2b)
where
L, 0 0 I, 0 0
Yg)=10 &L, O 1+(@Q) =10 0 1, (3-3)
0 0 &', 0 Iy O



being 3 x 3 block matrices, are the representations of the orbifold and orientifold groups act-
ing on moduli Chan-Paton matrices. ks and k4 are respectively the number of D-instantons
on node 1 and 2, g € Z3 and Q = w (—1)fL Ty5e789 is the orientifold operator acting on
string states. Note that the matrix representation of the orientifold group in (3.3) acts only
on the endpoint of the string in the Chan-Paton matrix that is attached to D-instantons.
The matrix representation of the orientifold group which acts on the string endpoint sitting
on gauge branes is different from that of (3.3) and is given in subsection (3.3) where we dis-
cuss the charged moduli. The bosonic Chan-Paton matrices satisfying the conditions (3.2)
take the following forms:

a’(”s) 0 0 X(s) 0 0
a=1| 0 a?g) 0 . xs=x=| 0 xq O . (3.4)
0 0 a’(g) 0 0 =X
with a?s) = a’{S)T, X(s) = —X(S)T, and
1 2
1 0 Xw 9 ) ST 0 X(gs)

X = ? . 0 X(g) X = —X{gs) (2) 0 (3.5)

X V0 0 Xy O

(AP} ({9}

where X%g) = —X%Q)T and X%g) = —X?g)T. The subscripts “g”, “s”, and “gs” denote respec-
tively the gauge, stringy and gauge-stringy characteristics of the moduli in the entries of
the Chan-Paton matrices. The instanton symmetry group is the product of the stringy

and gauge instanton groups, i.e. SO(ks)xU(k,). The moduli a’('“s),x(s) and at‘g), X(g) are

9)
respectively in the adjoint representations of the groups SO(ks) and U(k,). The moduli
Xig) and X%g) are in the antisymmetric representation of the group U(k,) while X(lgs) and

X{,s) are in the bi-fundamental representation of the groups SO(ks) and U(ky).

3.2 Neutral fermionic moduli

Similar to the neutral bosonic moduli, in the presence of D3-branes, the spinors in 10-
dimensions are also split into spinors in directions along and transverse to the world-volume
of D3-branes:

Aj = daa ® M4 (3.6)

where A ; with A =1,...,16 is the anti-chiral spinor in 10d, o, & = 1,2 are the left and
right handed spinor indeces in the Lorentz space (D3-brane world volume), and A = 1,...,4
is the spinor index in the 6d internal space. The 10d chiral spinor is discarded due to the
GSO projection in type II. The modulus A\ga (M®4) is anti-chiral in 10d because it is
anti-chiral (chiral) in the Lorenz space and chiral (anti-chiral) in the internal space. Note
that the orbifold group acts only on the first two complex coordinates in the internal space.
The symmetry group associated to the internal space is SO(6) which is homomorphic to
SO(4)xSO(2) ~SU(2)1,xSU(2)gxSO(2). The index A therefore can be split into left and
right handed SU(2) group indices, a,a = 1,2, plus the SO(2) helicities.



Let us remind that these moduli are again 3 x 3 block matrices which transform
under orbifold and orientifold groups. The orbifold group acts only on the spinor index
in the internal space and leaves the spinor in the Lorentz space invariant. The orientifold
background put extra constraints on the entries of the Chan-Paton matrices. The Chan-
Paton matrices of neutral fermionic moduli then should satisfy the following conditions:

M4 = R(Q) By () (M) Ty ()7

M** = R(g)“v(9)M*P~(g)" )~
Aia = Y4 (Q)Nap) 74 () TTR(Q)E,

Aaa = Y(9)Nanv(9) " R(9)?

2mi 745 —2mi 767
SJ 3J

where R(g) = e e with J4 and J® being the rotation generators along the
first two complex coordinates, is the orbifold action in the spinor representation. ~y(g)
is the orbifold matrix representation acting on the Chan-Paton matrices. The orientifold
acts only on the internal space spinors through R(Q) = —I'*56789 which is a reflection in all
internal coordinates and reveals the chirality of the spinors in the internal space. Using v(g)
and v4(Q) given in (3.3) the fermionic neutral moduli which satisfy the conditions (3.7)

have the following Chan-Paton forms:

Mea 0

. (s) . )‘(s)da 0 0
M™ = 0 M(g) O-T Aaa = 0 )‘(g)da 0 . (38&)
0 0 M(O;‘i 0 0 —Ayaa
0 M(O;S) 0 0 0 Ags)a
M¥ = 0 0 M Mz = | “Agea’ 00 (3.8b)
Mgt o000 0 Aga O
IO( ’
/0 ; 0 Mgs) 0 )‘(gs)a 0
M= MEt 00 Aas = 0 0 Xga (3.8¢)
el Y T
0 Mg O Mg 0 0
where o, &,a = 1,2 and
aa __ aaT _ T
Mgy = M) As)aa = —A(s)aa (3.9a)
« a T T
Mgy = Mg, Agla = ~Ag)a (3.9b)
‘o _ apal / . ;T
Mgy = M, Agra = ~ANg)a (3.9¢)

3.3 Charged bosonic moduli

The charged bosonic moduli are denoted by wgs and w4 and are basically the NS sector of
the string states stretching between D3-branes and D-instantons. These moduli experience
two different boundary conditions at the string endpoints. The NS sector with such mixed
boundary conditions is a Weyl spinor state in the Lorentz space and a boson from the
internal space point of view. It is then invariant under the orbifold transformations. The
charged bosonic moduli are ruled out in the spectrum of pure stringy set-up discussed in
detail in [3]. They are however present in the gauge instanton configuration and play the
role of the size of the instanton. As mentioned in the paragraph before equation (3.2) the



orientifold action on Chan-Paton factors with at least one endpoint on D3-brane is given

by an antisymmetric matrix denoted by v_(€2):

€N1><N1 0 O
@@= o 0 Tyxy (3.10)
0 —1Inyxn O

where € is an antisymmetric matrix with €2 = —1. The matrix € however do not enter in the
calculations because in our model we do not have any gauge branes on node 1. The modulus
W, (W) is in the fundamental (anti-fundamental) representation of gauge instanton group,
i.e. U(ky) and in anti-fundamental (fundamental) representations of the gauge group U(V).
Therefore the Chan-Paton matrices should satisfy the following conditions:

o =7 (9 way(9) ™", @a =4 (Qwivo ()7 (3.11)
where
0 0 0 0 0 0
we= [ Owga 0 |, wa=|0w,," 0 : (3.12)
/
00 wyq 0 0 _w(g)dT

There are two independent entries w(g)

are both kg, x N matrices. The entries in matrix wg are N x k; matrices which are related

5 and wzg)d in the Chan-Paton matrix wg which

[Tl

to w(g)q and wgg)d. The subscript “g” again emphasizes the gauge characteristics of these

g)é
moduli.

3.4 Charged fermionic moduli

The charged fermionic moduli are denoted by p# and i with A = 1,...,4 and stem from
the R sector of the open string state with mixed Neumann-Dirichlet boundary condition
at the string endpoints. The orbifold and orientifold backgrounds impose the following
conditions on the Chan-Paton factors:

it = R(9) sy (@)uPv(9)t it = RQ) By () (nP) () (3.13)

The Chan-Paton matrices which survive the above conditions are:

00 0 0 0 0
a a _a a T
00 #) 00 =
T
X 0 0 0 I O/L(s) 0 .
n = 0 O,U,(g) = 0 0 —H(yg) (3.14b)
u(s)o 0 0 0 0
0 0 0 0 0 —;/(S)T
pt=1 1y 00 =10 0 0 : (3.14c)
/ ;T
0 #g 0 Ongy 0



where @ = 1,2 denotes the index of SU(2), in the internal space. The moduli in this sector
are either of stringy or gauge type. Despite the charged bosonic moduli, the Chan-Paton
matrices in the charged fermionic sector can be both diagonal and off-diagonal. For generic
kg (ks) the entries of % and % with a = 1,2 are respectively ky x N (ks x N) and N x k,
(N x ks) matrices.

3.5 Auxiliary moduli

In order to reduce the quartic terms in the action into quadratic terms and construct the
BRST pairs we define some auxiliary moduli. Their Chan-Paton factors are determined
by means of their definitions in terms of the moduli. For quartic terms in a* and x™ with
m =4,5,6,7 we define:

D° =1, [a”,a”] + G X, X (3.15)
We will address the tensors 7, and ¢¢,, in appendix (B.1). The Chan-Paton matrix for
D reads:

Dfs) 0 0
D¢ = 0 Dgg) 0 . (3.16)
0 0 -Df,"
where Dfs) = —DES)T. The auxiliary moduli that pairs up with the off-diagonal moduli
M is defined as:
C = (ou)g" [a”,xda] (3.17)

where a = 3,4 and (7,,)* has been defined in appendix A in [4]. The Chan-Paton matrices
for C** read:

. 0 Chs O ) o0 Cgs)
ces— | o ) 0 oo =gy 00 (3.18)
with .
v T ' A
Cloy = Clo) Co) = Clo) (3.19)

where a = 1,2 stands for SU(2) subgroup of the Lorentz space. As seen from the sub-
scripts of the entries there are gauge and gauge-stringy types for this auxiliary modulus.
The auxiliary moduli which pair up with charged moduli p? is

ha = ©0%Ga (3.20)

The corresponding Chan-Paton matrices takes the same structure as moduli p®:

000 Ohg) 0

h3 = 0 Oh(g) =10 o0 —h(g)T (3.21a)
hiy 0 0 00 0
0 00 0 0 —h"

h'=|hiy 00 =10 0 0 . (3.21b)
0 hi, 0 on.T 0

(9)



4 Gauge-stringy moduli action

The instanton moduli action is known from the ADHM instanton construction. It can also
be derived from string theory framework [4, 5] by calculating the various disk amplitudes to
find all possible couplings. In appendix B.1 the general action of the moduli in D3/D(-1)
system has been given. The full action for such a set-up is described by fields with indices
being either along the D3-brane world volume (Lorentz space) or orthogonal to it (internal
space). In our particular model due to the presence of the orbifold background Zs acting
on the first two complex internal directions we need further split of internal coordinates in
the action. This has been done as well in appendix B.1.

The generic moduli action after applying the localization (see B.4) reads:

1 1 ) 1
S = §th — 5tC*Coa — itAQ (N°) — 5tJW@Qg (Maq)

— 2ith®hg + 2ita" Q% (11a) + ufu MPMY + uf,,a"Qf (a”)

+fu (5) o B 4w fi (5) 45 07 Q3 (wﬁ)

i (0% Xaah + ufn () Xaa @ (x70)
where t = z*/ g3 and u = z/x%g3. The subscript Q denotes the presence of the (-
background that in our set-up is the Ramond-Ramond 3-form. The BRST-charge Qgq
transformation is given in (B.21). Note that in eq. (4.1) the moduli are 3 x 3 block ma-
trices. To calculate the partition function one has to expand the action in terms of the

Chan-Paton entries which are gauge, stringy or gauge-stringy moduli. The action can then
be decomposed into three parts:

4.1 Gauge moduli action

S§ = tD{) Digye = 2itA5) Q% (Mg)°)
- %tc(ag)cfg)a — itMg) Q4 (M (g)a)
it (Wl i + Highlyy ) =20t |l Qh (i) + 1@ ()]
+ufu Mg Mg + “fl“’a(g)uQ?? (ag)”)

— fu (7)o iy by = uFin (6" 550 Q2 ()

(4.2)

o wfu ()5 AgraN(g) + i () X900 X

This action is obtained by setting to zero all the entries of the moduli Chan-Paton matrices
except those with subscript "g“. The BRST Qq transformation is still given by eq. (B.21)
replacing only the 3 by 3 Chan-Paton matrices by the gauge moduli entries.

,10,



4.2 Stringy moduli action
(5) _ L e , 2 (e
SQ = *tD(S)D(S)C — Zt)\(S)CQQ ( (S))
/ T 2 /

+ ufu M, oMy + uf,wa rQE (a(S )

This action is similarly obtained by keeping only the stringy moduli entries in the Chan-
Paton matrices. The BRST charge Qq acts as well only on stringy matrices. This result
was obtained and used in stringy multi-instanton calculus in [3].

4.3 (Gauge-stringy moduli action
S = 59 + 55 — t|ClanaClr + CEE Clasyal
—is [M(gs Q% <M/T Ja ) My @5 (M’ gs)a)}
- uf/w( ) ()‘(gs)a)‘(gs) A2§S)0A?98))

- uf,ul/( ) (X(gs QQX (gs) X/(Z;S)O'CQ%X?QS))

The gauge-stringy action is actually obtained by keeping all the entries in the Chan-Paton
matrices. As we see this is not only the sum of gauge and stringy actions but it contains
new interactions due to the extra gauge-stringy zero modes that play a crucial role in
gauge-stringy instanton calculus.

5 Dimensionless moduli measure

The moduli action should be a dimensionless quantity. Each modulus in the action then
acquires a canonical dimension in general. The canonical length dimensions of the moduli
appeared in the action and that of the auxiliary moduli are demonstrated in table 2 . Recall
that the Chan-Paton factors are 3 x 3 block matrices whose entries are the gauge, stringy
or gauge-stringy moduli matrices. In order to count the number of degrees of freedom for
Chan-Paton entries one should be careful about the associate group representation each
entry belongs to. In table 2 considering this point the number of degrees of freedom for
different types of moduli is presented. Note that in this table we have not considered the
number of degrees of freedom coming from the moduli indices. However to obtain the
dimension of the measure of the path integral one should keep in mind to consider the
indices too, as well as different length dimensions in each BRST pair.

To see how instantons contribute in the low-energy effective action one needs to inte-
grate out all moduli present in the theory. Through the interactions of the gauge sector of
the supersymmetry theory with the changed moduli (and therefore indirectly interacting
with neutral moduli) the instantonic effects in the effective action of the theory (here the
prepotential of N/ = 2) can be extracted. One therefore deals with the evaluation of the

— 11 —



instanton partition function in the following general form:
Zkg7k5 — M’Y(k?g7kfs)e—scl /dM e—SQ (51)

where dM denotes the moduli measure of integral which contains the eight superspace
coordinates z# = diag(a*) and %% = diag(M°%). S, = —872k/gs is the instanton classical
action with g5 = g}% s being the string coupling constant. Sg is either the gauge, stringy or
gauge-stringy moduli action in the presence of the {2-background, given in equations (4.3)—
(4.4) for the theory we discuss in this article. The instanton moduli measure is usually
dimensionful. The factor p?*s#s) in front of the integral is a dimensionful parameter in
order to compensate the dimension of the moduli measure dM to have in the end of the
day a dimensionless partition function Z,_ ..

In the most general case Zj, k, is the partition function of the gauge-stringy instanton.
One can obtain the gauge (stringy) partition functions by setting ks = 0 (k; = 0). This
will discard all the stringy (gauge) moduli as well as the gauge-stringy zero modes from
the moduli action.

From table 2 it is easily seen that the appropriate dimensionful factor in (5.1) to
compensate the dimension of the total moduli measure dM is:

u = b ko—ks) (5.2)

where by = N — 2 is the one-loop coefficient of the S-function for N' = 2 SU(N) SYM
theory with one matter multiplet in symmetric representation.

To get (5.2) one should note that the dimension of the differential of a fermionic
modulus, dF, is the inverse of the dimension of the fermionic modulus F. An interesting
observation is that despite introducing four new gauge-stringy zero modes (M, C*%)
and (Xaa, Aaq) their dimensions in the measure cancel out among themselves so that the
dimension of the gauge-stringy measure is simply the sum of the dimensions of the gauge
and stringy moduli measures. Let us investigate the situation that k, and k, take different
values in (5.2).

If we put ks = 0 we are left with a pure gauge instanton partition function. In this
case Sq is the gauge instanton moduli action and the dimensionful parameter ¥ = p b1
corresponds to the Pauli-Villars renormalization mass scale. The combination of this factor
and classical instanton action describes the renormalization group invariant A-parameter
(see e.g. [7] and [2]).

For the case of the pure stringy instanton set-up i.e. when k; = 0 the interpretation
in the above paragraph is no more valid. The dimensionful parameter in (5.1) is given

ksbiwhere p is proportional to 1/v/a/, the string tension. The stringy

now by p? = pu~
corrections to the low-energy effective action carry therefore the string theory parameter
o'. Any choice k; > ks (kg < k) is equivalent to gauge (stringy) instanton cases.

The most interesting choice takes place when k; = k. In this case that the number of
D-instantons on nodes 1 and 2 (3) is equal, the total moduli measure becomes dimension-

less. The prepotential corrections due to various instanton charges should be considered
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| BRST pairs | moduli — gauge stringy gauge-stringy L]
(o, M*) kg sks (ks +1) X (L,L?)

() kg zhs (ks — 1) x (L', L2)

(A, D°) k2 Ly (kg — 1) » TR
(u?, 1), (A%, 1) kg N ksN X (L3, LO)
(w®, 1), (@a, fia) kg N « y o)
(M2, C%%) akg (kg +1) X kgks (L3, L0)

(Xaa, Aaa) sk (kg — 1) X kgks (L71,L73)

Table 2. Number of degrees of freedom for gauge, stringy and gauge-stringy BRST pairs and the
canonical length dimension for each pair. For a given BRST pair (Vg, U1) where ¥; = Q¥ the

1

length dimension is given by (L?, LA~2) with A being the length dimension of Wy.

on the same foot; they contribute equally in the effective action. The string theory pa-
rameter o/ do not enter in the prepotential corrections. Having a dimensionless measure
happens alternatively when b; = 0, i.e. where the theory is superconformal. An example
of such a model was introduced in [3]. There the stringy corrections to the prepotential
in N'= 2 SU(2) with symmetric matter (which turns out to be a superconformal theory)

was calculated.

6 Partition functions

The total partition function is obtained by summing over all k-instanton partition functions.
For our gauge-stringy model the total partition function reads:

oo
7 — § Mbl (1697165)627ri7'(kg,ks)Zkg’kS
kg,ks=1

(6.1)

where by = N — 2 and 7 is the complex coupling constant depending on both gauge and
stringy instanton charges, k, and k,. We will assume in all our calculations the special
case ky = ks = k, the partition function then simplifies to

e27rz’r Zka

Nk

Z= (6.2)

=
Il

1

where £ is the gauge-stringy winding number and Zj; is the dimensionless k-instanton
partition function. From (5.1) we have

Z]ggS) — /dM(g)dM(s)d/\/l(gs)e_s<9)_S“)_S(gs) (6.3)
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where Sg), S(s) and S(4,) are given in (4.2)-(4.4) and

dMg) = dx(g) da?g)dMé)dD fg)d)‘fg) d'“(g)d“/(g) dh<g>dh?g>d><?g>d><'@)

e I & 126 & 1cx o I « I
X dA () A gy dw(g dw(gydpig)dpig) AT, dC gy dMgy dM ) (6.4a)
M) = dx(sydalty M ADGy AN dpigs)dil g dhydhl (6.4D)
dM (g5) = dx(g)dx (5)dC ) AC G AM G AM (. (6.4c)

The primed and unprimed moduli have been introduced in the entries of the Chan-Paton
matrices in section 3. The integration over all moduli except the unpaired moduli x4
and x(s) can be performed easily. The integration over paired moduli is of Gaussian type
so the result is the determinant of the BRST charge in the appropriate symmetry group

representation. The results of the integral (6.3) can be summarized as follows:

7 = / dxdx L) L(s) Ligs) (6.5)

where

Ty = —~ - = 6.6
7 Q) (L) IWie) (V) (66)
Ps) 0OR5)(x)
I =~ .
(s) Q) (x (6.7)
C(gs)(f(vX)
Ligs) = 5t 6.8
(ge) E(gs)(X7X) ( )

For simplicity we relabel the gauge instanton parameter as x = x(4). The functions in the
numerator and denominator of egs. (6.6) and (6.7) are defined in the same way for gauge
and stringy subscripts are:

Q(g)(f()aQ(s)(X) = /daudMM

x exp {ufu[a, Q4 (ay) + M,M,|} = det(au7Mu)(Q%2)_1/2 (6.9)
Pg)(X), Pisy)(x) = / dDcd.

xexp{ = SNQH () + DD | =Plucpo(@8) (610
Ry (0 R () = [ dudhaylan’

x exp {—th"h' +tp" Q3 (1) } = det,.1)(Q3) (6.11)

The gauge or stringy subscripts is understood in the right hand side of equations (6.9)—
(6.11). Note that the functions P, Q and R for gauge instanton are functions of modulus
X = X(g) While those of stringy type are functions of x = x(,). Consequently the result
of the above integrations, say function P, is different for gauge and stringy functions and
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depends on the group representation the moduli in the function belong to. The functions
which are defined similarly for gauge and gauge-stringy instantons are as the following:

ﬁ(g)()%)vﬁ(gs)()a)() = /dde)\ddX/o‘éd)\/d (612)
x exp{uf (@) PN, + X Q@ 0)]} = det(ya xe (Q3) "
Clg)(X), Cgs) (X, x) = / dCodM*dCy,dM" (6.13)

t
cexp { = JTQA(ML) + O™ | = detre ooy (@R)

For gauge instantons, the above functions depend only on y and for gauge-stringy instan-
tons they are functions of both y and x. The function which appears only in the integrand
of gauge instanton partition function is

Wi (X) = /dwdd,uddw/ddu/d

X exp {Ufw/ (5'MV)CYB HQT,U/B + wdTQ?l (U}/d)] } = det(wdvua)(Q%)il
(6.14)

To perform the above integrations one needs to know the transformation properties of each
BRST pair. The determinant of the BRST operators may be interpreted as the product of
all non-zero eigenvalues in a certain symmetry group representation. One therefore needs
to know the weight vectors of all symmetry groups in the theory. In table 2 the symmetry
group and the representation of each pair has been demonstrated.

The integrals above get most simplified if one uses the basis of the Cartan subalgebras
of the symmetry groups in which the determinant of the Qq squared should be calculated.
Using equations (6.9)—(6.14) and table 3 one can write the integral for the gauge instanton
partition function as:

r{U( /f)]

73(g)( 1)R(g)(X1)Cg)(XT)
/ H 27” Q(g)(X~ )L gy (X)W (g)(XT) (6.15)

where r[U (k)] is the rank of the gauge instanton group, A(x) is the Vandermonde deter-
minant which is in fact the Jacobi factor for going from the former basis to the Cartan
basis. The functions in the integrand are expressed in terms of the weight and root vectors
of the associate symmetry groups. Let us introduce all the integrand functions in the new
basis. The Vandermonde (Jacobi) determinant is given by

r[U(k)] k
i — L
Axn= J] 7=]]Cu-x)? (6.16)
7 cadj#0 1<J

where 7 is the root vector of the group U(k) in the adjoint representation. See appendix C
for weights and roots of the group U(k) in different representations. The function P(x7)
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(W, Uy) SO(ks) | U(ky) | SUN) | SU2)xSU(2)
(ay, M(;)) m | e . (2,2)
(D) A(y)) H . . (1,3)
(Bs)s Pis))s (1) ) 0.0 . 0.0 | (L), (L)
(afg) Mig) o | m | e (2,2)
(D) X)) . R . (1,3
(1(g), hig))s (1) Pl y) e | 00| oo | @D,
(wiyy o) (W) K () . H H | GG
(Cly, M3, (C'e), M) . En . (1,1),(1,1)
(Closy Migo)): (Cluey M'Gg9) | DO | DO | @ (1,1),(1,1)
(X?g)’ )‘?g))’ (X/?g)’ )‘/?g)) ° H ° (%7 1), (%7 1)
(X?gs)’ A?QS))’ (deQS)’ X?gs)) 0.0 0.0 ° (%> 1), (%7 1)

Table 3. All symmetry groups in the theory and the representations of the BRST pairs is demon-
strated.

is given by the following expression

k
Po =TI (X7 —¢) = [T -0" [ —x)* = €] (6.17)
?eadj I<J

where € = E1 + Fy with E4, A = 1,2 are defined below. The function R(g)
vev of scalar field ¢, the bosonic part of the chiral superfield. It is given by

k N
Ry (X1) = H H (?? + $7> = H H (X1 + 1) (6.18)

TEF N EF I=11=1

(x) involves the

with 7 being the weight vector in the fundamental representation of the gauge instanton
group U(k) and ~ the weight in the fundamental representation of the gauge group U(N).
The function Q4 (Xr) associates with the determinant of BRST charge squared of the
moduli a‘(‘g). As a‘(‘g) is in the antisymmetric representation of the gauge instanton group
U(k), in the Cartan basis it takes the following form:

k 2
Q= I H X5 f8) =@E) I [ -E3 (6.19)

where & stands for the weights of the U(k) group in the antisymmetric representation,
is the positive weight of the twisted group SU(2)xSU(2)" and E4 with A = 1,2 are
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the eigenvalues of graviphoton field strength matrix. The determinant of Q% acting on
the charged bosonic modulus w® involves the vev of the scalar field as well as the field
strength of the graviphoton background. As the pairs (w®, u®) and (g, fig) belong to the
fundamental representations of the groups U(k) and U(N) the integral (6.14) reads:

kN
Wig)(X1) = H H (;? - 37 - ?3) = HH X1 — ¢t e (6.20)
Il

7eF yeF

The functions W) (Xr) and R4 (X) appear in the integrand of the gauge instanton par-
tition function due to respectively bosonic and fermionic moduli states stretching between
gauge branes and D-instantons on node 2 (3). Note that the orientifold projection acts
similarly on the gauge branes and D-instantons sitting on node 2, because the matrix
representation of the orientifold group on node 2 is antisymmetric and is given by (3.10).
However the matrix representation of the orientifold acting on states on node 1 is sym-
metric (see equation (3.3)). The function L, (X7) and C(, (X7) are linked to bosonic and
fermionic string states between D-instantons on node 2 only. They are therefore in the
bi-fundamental representation of the group U(k):

Ci) (X1) = H H X- C+7B HH (2xX1 + Ea) (X1 +XJ + Ea) (6.21)

C €sym ?6\/ I<J A
k
Loen = [I & +n=TT0a+x)?-F (6.22)
?Easym I<J

Putting all functions together in equation (6.15) the partition function for gauge k-instanton
in A= 2 U(N) with a matter multiplet in symmetric representation reads

(2X1r + Ea)(X1 + ¢1)
Z9 = d
E1E2 /H Xlll_[l}_[l (X1 + &1 =€) (X1 + ¢+ €)

(X1 = X2)*[(x1 = x0)* = €](Xr + Xxs + Ea)
(X1 —x7)? = B3 (X1 + x)* — €]

(6.23)

X

This result has been obtained already by ADHM instanton construction (see e.g. [21]
and [22] for the results with different conventions).
The partition function for stringy instanton with charge k is given by:

r[SO(k ) ]
(27”) Z)P(s)(xl),R/(s)(Xz) (6.24)

S) / H Q(s)(xi)

where r[SO (k)] is the rank of group SO(k). All functions P4 (xi), Rs)(x:) and Qs (xi)
are defined similarly as in the gauge instanton partition function. The difference is that

now the weight vectors should be calculated in the representations of the stringy instanton
group, i.e. SO(k). For functions P, (xi) and R (x;) the weights are in the same repre-
sentations as their gauge partner i.e. respectively in the adjoint representation of SO(k)
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and bifundamental representation of the groups SO(k) and U(N). However the weight
vector in the function Q) (x;) as opposed to its gauge partner should be in the symmetric
representation of the group SO(k). These functions have been elaborated in appendix A
of [2]. The stringy partition function for odd and even instanton charge k is given by:

e k=odd
)k=1)/2 (k—1)/2 2 N o .,
(s) _ ¢l( : (Xz P )
Z, = (k+1 / H dxi 1;[ ll:! (XZQ - E 4Xi — EE‘)
(h— 1/2 ) , , o (6:25)
X H = x3)?[06 +x5)? = 206G — xg)? — €]
i<j=1 [(xi +x5)% = B30 — x5)? — B3
e k= even
€)k/2 k/2 N
- k/2 /Hd H
S (6.26)
T o —Xl06 + x0) — €l = x0) = €]
oz e+ ) = EAllGG — x5)? — B3

The gauge-stringy instanton partition function in addition to the gauge and stringy
parts consists also of a gauge-stringy part which includes the moduli C(x;, x7) and £(x, x1)-
We have

Z]E;gS) — /

r[SO(K)] r{U (k)]

<d><%> (d*f.)A(x@-)A(xI)z(s)(xi)z(g) ()T (i X1) (6.27)

, 2mi 2mi
i=1 I=1
where o )
~ Xiy X1
T, Xp) = X0 XD 6.28
(i) = s (6:29
A(x;) and A(xs) are defined respectively in (6.16) and appendix A in [3]. Also:
e k=odd
(k=1)/2 k2
Chux) == I TITI [06+ %0~ Ea] [a—x0)*~ B3] (33 - B%) (6:29)
i=1 I=1A=1
(k=1)/2 k
L) == I TT |0+ =] e =%’ = 2] G- (6.30)

@
i
1L
T
I

e k= even

k/2 2

Couxn) = [TTI 11 [(Xi +x1)% - E,%x} [(Xi —X1)* - Ei] (6.31)
1=11=1 A=
o Ikl 1

i) = [TTT |06+ %00 = 2] [ 0w =507 = 2] (6.32)
i=11=1
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The gauge-stringy k-instanton partition function then takes the following form:

e k= odd
k— ~ ~ -
7(99) _ /( DR Cdy (din\ 208 = X2 — X0)P (3 - ER)
k b 2w )\ 2mi -
~ . (6.33)
(kl)mﬁ [(Xi +x1)° — Ef;] [(Xi —x1)? - Eﬂ
X
=1 =1 [(Xi +x0)? - 62] [(Xi —x1)? - 62]
e kL = even
(95) A7
7°9%) — v ZAL 2 22050 o )2
g / 131 [1;[1 (2m‘ (27m'>(XZ X;) 0 = %)
(6.34)

|6+ %0 = B3] |6 - x0) - B3

=1 I=1 [(Xz +x1)° - 62} [(Xz -x1)’ - 62}

7 Prepotential corrections

The integration of prepotential over the superspace coordinates gives rise to N' = 2 effective
action. The gauge-stringy prepotential corrections in the presence of the Q-background
that is the Ramond-Ramond 3-form in our model is given by the logarithm of the total
partition function:

FOP)(®) = elog Ziot |54 50 (7.1)
where Zi. is given by
Zhot = Z quk- (7.2)
k
The prepotential can be expanded in powers of ¢:
0o
FOP) =3 " Fig o020 (7.3)
k=1

where g = exp(2miT) is dimensionless. Uning (7.1) and (7.3) the prepotential factors Fj
are related to the partition functions Z;. For k = 1,2 we have,

Fl(gS) — 62{95)
(95) (95) (95)2 (7:4)
FYY = eZ2y? — F17 ) 2€.

In the partition function integrations we obey the requirement that Ey + Ey = 0 (see
e.g. [21]) which should be held for the eigenvalues of the field strength of the graviphoton
background. The result of the £ = 1 partition function for an arbitrary gauge group U(k)

turns out to be
(-~
2

Z099) = N E2, (7.5)
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and for k = 2 we have,
(gs) _ (-~ 4 4 a2 a2 4
7y = S NoEY (8tr®* — 4E7tr®? + 5/16 EY) (7.6)
where N7 and N, are overall factors. As seen from equations (7.5) and (7.6) the first two

partition functions do not have any singularity in the £y and Es after setting £y 4+ Fo = 0.
The prepotential corrections given by (7.4) are the following

S -1 N
Fov = 2) ME} (7.7)
and N )
(gs) _ (=1) 6 4 22 o M 6
Fy7 = 3 NoE? (8tr®* — 4ETtr®” + 5/16E7) < E} (7.8)

Again clearly no singularity occurs in F; and F to be fixed by coefficients N7 and M.
Moreover although in the presence of the graviphoton field strength the corrections depend
on the chiral superfield ®, in the flat limit where Fy, Fo — 0, at least the first two gauge-
stringy instanton corrections are vanishing. The calculations to take the counter integrals
for k > 2 become very involved and we refrain from doing that.

8 Conclusions

In this work we have considered the well-studied D3/D(~1) brane set-up at the singularity
of the orbifold C2?/Z3 x C in the presence of an O3-plan. In this set-up we have introduced
the gauge-stringy instantons in a particular supersymmetry theory i.e. the N' = 2 U(N)
gauge theories with one matter multiplet in the symmetric representation of the gauge
group U(N). The gauge-stringy set-ups defined here are simply the combinations of the
gauge and stringy instanton set-ups in D3/D(—1) brane system. We remind that the gauge
instanton configurations in D3/D(-1) branes corresponds to the arrangement of D3 and
D(—1) branes such that they lie on the same representation of the orbifold groups. In the
quiver diagram figure 1 it means that both D3 and D(-1) stacks of branes are put e.g. on
node 2. The stringy instanton arrangement is the situation that D3 and D(-1) branes are
put in different representation of orbifold group which means having D(-1) branes e.g. on
node 1 and D3 branes on node 2 in the quiver diagram. In this work we have assumed that
the stacks of D(~1) branes can occupy both nodes 1 and 2 (and therefore node 3 due to the
presence of the orientifold plane). We however choose only one stack of gauge branes D3 to
be on node 2 (3) because we are interested in having a simple gauge group U(NV). Clearly
the model can be more complicated by considering gauge branes also on node 1, That would
have led to gauge-stringy instantons in U(N)xSO(N’) gauge group. But what is important
in gauge-stringy models, is the presence of D-instantons in different representations of the
orbifold group. Our focus in the current work has been on gauge-stringy effects in the
effective action with gauge group U(N). Having chosen gauge-stringy configuration it is
easily seen that in addition to the gauge and stringy moduli there are extra states that can
be found neither in gauge nor in stringy moduli. These are in fact D(~1)/D(~1) bosonic
and fermionic neutral states. We have shown that the new zero-modes do not change the
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length dimension of the moduli measure, although they do contribute in the corrections of
the prepotential. The dimension of the moduli measure turns out to be

[AM (101)] = (N = 2)(kg — ks) (8.1)

We see that the moduli measure happens to be dimensionless in two cases. When N = 2
i.e. choosing gauge group SU(2) regardless of the values of gauge and stringy charges
ks and kg the measure is dimensionless. This case which was studied in details in [3]
is a superconformal theory. Another choice is when k;, = k, i.e. when the gauge and
stringy instanton charges are equal. Having satisfied this condition in our model, for any
gauge group U(N) the measure is dimensionless. In this paper we have set k, = ks = k
and calculated the leading corrections to the prepotential due to k = 1,2 gauge stringy
instanton. It turns out that in the zero limit of the graviphoton background the gauge-
stringy instanton corrections for k = 1,2 are vanishing. The higher order corrections are
very involved and it is not obvious if this result can be true for all instanton charges.

We have built our brane set-up at the singularity of a specific orbifold group, Z3. The
reason is that we needed to merge stringy instantons with unusual instanton group SO(k)
and ordinary instantons in one single model. Choosing a certain representation of the
orientifold plan on one node of the quiver allows us to project U(k) instantons into O(k)
instantons while leaving U(k) instantons on the other nodes unchanged. In the end of the
day one is left with a model consisting of both ordinary and stringy instantons and their
interactions which are described by the new zero modes called gauge-stringy neutral moduli
in this paper. It is however interesting to find sophisticated models at the singularity of
the more general orbifold, C? /Zom+1. In such a background the number of nodes in the
quiver diagram increase to 2m + 1. Therefore to build the same model which combines the
instantons with instanton groups O(k) and U(k) one should be careful about the group
representations of the orientifold acting on different nodes. Filling some nodes of C2/Zgy, 1
quiver with gauge branes and D-instantons together with appropriate orientifold plans may
provide us with more general gauge-stringy models with larger gauge and instanton groups.

It is also worthy to investigate if gauge-stringy configurations may lead to a dimension-
less moduli measure also in other supersymmetry theories. In particular it is interesting to
verify the vanishing non-perturbative corrections for other gauge-stringy models.

Acknowledgments

I am specially grateful to Alberto Lerda and Niclas Wyllard for very fruitful comments
and discussions. I would like to thank Daniele Musso for many useful conversations we
had about instantons in string theory during my stay in Torino. I would also like to thank
Marco Bill6 and Michael Wohlgenannt for discussions.

A (z?)*P and (2?) . in terms of pauli matrices in 4d

. AB S
The matrices (X7)"” and (X?) AB
the components of gamma matrix in 6-dimensions:

, [0
7 — (ip 0). (A1)

— 21 —

are similar to the Pauli matrices in 4-dimensions being



The gamma matrix should satisfy the Clifford algebra hence the sigma matrices are express-
ible by the 't Hooft (anti-)selfdual matrices. See for example appendix A in [4]. (£P)AB
and (f]p) 4 however can be presented in terms of the Pauli matrices in 4-dimensions which
is more convenient for our purposes:

(ab (08 —idh) (™) b, )

yP\AB . N
(&) (o) b, € (68 + ioh)

P _ €ab (554‘“55) (5m*)ab (5%
= (W ) 83)

where m = 4,5,6,7 is the first four real coordinates in the internal space and,
(0™)p = (7%41) (@"™) gy = (—7¢,41) (A.4)

with 7¢ being the Pauli matrices in 4-dimensions. The following equalities hold for bared

and unbared sigma matrices:
(@™ )ap = = (0" )a (@™ ) ey = —(6")jy - (A.5)
B (@Q-exact moduli action

In this appendix we briefly explain how the moduli action of the N' = 2 U(N) can be
expressed in terms of a singlet supercharge Q-exact action. The singlet supercharge can
be obtained out of the doublet supersymmetry charges by imposing a topological-twist be-
tween a Lorentz SU(2) subgroup and the internal SU(2). Then we switch on a graviphoton
background and redefine the BRST charge transformations by studying the moduli inter-
actions with graviphoton field. Finally we show that in a certain localization limit one can
get rid of all non-Gaussian terms in the integrand of the partition function.

B.1 Moduli action

We take the action from [4] by slightly modifying the definition of the auxiliary modulus
De¢. The total moduli action can be decomposed as:

S = Scubic + Squartic + Scharged~ (B'l)

The action in quartic part is:

1 2 1 2 1 2
9(2) Squartic - _Z [aua al/] - 5 [auv Xp] - Z [th Xq] (B2)
where p, v are the Lorentz indices and p,q = 1,...,6. We define the auxiliary modulus D¢
as follows: ] 1
D = =5, [0, a”] = 5 Gon X X" (B.3)

with 77, being the 't Hooft anti-selfdual matrix (see the appendix in [6]) and ¢S, a two-
tensor satisfying
CCn 15, = 0. (B.4)

mn luv
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The quartic part of the action then takes the form:

1 1 _ - 1 _
98 Squartic = iDz + §Dc (ﬁfw [a#7 ay] + Cﬁzn [Xma Xn]) - 1 [a;u X} [a’;m X] ( )
B.5
1 . 1 _ L1 val 1
=5 [0 x*] lan, xaal = 7 Do X e X = 7 Do X [X Xaal
where n,m =4, ..., 7 are the indices of the first four real coordinates in the internal space.

The cubic and charged parts of the action are the following:

B Seuvic = i(0)as [ M, 0] Xy = 2 (57)4 At [xp X' (B.6)
B % (%) a MO [xp, M,
g8 Scharged = 21 (ﬂAwd + QT)CWA) & — 2D (Tc)'i wp (B.7)
+ 2xWaw Y + 2X ™D w X m + (E_Jp) AB /]AMBXP,

where the matrices (37)*# and (£?) ,5 has been introduced in appendix A. Using (A.2)
and (A.3) the cubic and charged actions can be expressed as follows:

08 Seuvie = 40" )ap | M7, ay| A% + 4(0")a | M2 0| XS, (B.8)
- %Ada [x, %] — %Aaa [0, A% = idaa [dev Adb]
— SM 3, Maa] — MO [, Mag] = iM% [, M|

98 Scharged = 2i (A"wg + Wapu®) X% + 2i (A we + wap®) A%
— iDw® (TC)Bd wg — X waw s + 2XWaw X
i + ity + 1 (B = B X
where we have defined,
X* = (™) xm Xap = (0™) 4 Xm- (B.9)

In order to exploit the localization technique in multi-instanton calculus we need to
construct the BRST structure of the action. First step toward this goal is to extract a
BRST-like charge among four N' = 2 supersymmetry charges. That is possible by making
a topological twist between e.g. the SU(2)z subgroup of the Lorentz group and a SU(2);
subgroup in the internal space:

SU (2)p x SU (2); — SU (2)". (B.10)

This is equivalent to the substitution
a— & (B.11)
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in the expressions (B.8) and (?7). As a result of the above substitution the moduli A4
and M®% decompose into

1 . ! -
Naa = Aag = 5 (T)a5 e 56447 Mee — MP = 5 ()P M, (B.12)

[NOREEN

After the topological twist the cubic and charged actions take the following form:

.= a & i i c i
G Seuvic = 1(0")ag [ M, 0| N + T " auln + A D6 X = Znbon] (B.13)
i aa 1 c 3 & 4 &
2)\aa [Xv)\ } 9 (T )dg' Ac {Xﬁba A b} + 577 [X bu Aab] (B.14)
Z Z aa — 3 aa
= M 0 MY = M Mol 44157 M g Mu| (B3
g(%scharged = < + w :U/B) ( )dﬁ' Ae — (ﬂdwd =+ u_]d:ud) n (Blﬁ)

— (B w® + @u) Aag = D@ (79) 45 w” + 10 ws (XX + XX)
- Xdau_)dha - Badead + Bahu
+ 201% X — A o X + (A1 — A1) Xaa

where we have made use of

(6#)aﬁ (JV)BW./ - _26;11160'7 O'L —0pu (Bl?)

B.2 BRST structure

In this subsection we discuss on the BRST structure of the action with and without the
graviphoton background. The graviphoton background (the massless RR string state)
which interacts with some of the moduli play the réle of a regulator in partition function
integral. The graviphoton background is in fact equivalent to the €2 background introduced
by Nekrasov in the localization technique. The action after the topological twist can be

rewritten as a Q-exact expression, i.e. it can be written as the action of () on an expression:
S=Q= (B.18)

where Q) = 4B Q, ! and Z is the so-called gauge fermion and is given by:
i 1 : : . .
E= ZM“ X an] + S AT A" [an, au] = 0% (7%) 45 wA + (i ws + wap®) X
; 1 . A
+ ACDC [X Xln— 5 (u ha 4+ ha) — (0 + GW®) Xaa

; (B.lg)
+4 (0'#) [Xaaa a,u] M + Maacaa - §>\da [Xaa’ X]

1 -~ B .
5 (70" A [ xBa}
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The action of BRST charge @ on various moduli is as follows,

Qx =0, QX =1 Qn=1[x, x|
Qat = M* QM" =i[x,a"]
QN = D° QD" =[x, \]
Qu® = p° Qu* = —iw*x

We = M [be = TXWe
Q aa ’uda Qlloia 'X aa (BQO)

QX" =\ QA =i [x, x*]
QXad = )\ad Q)\ad =1 [X7 Xad]
QMO[CL — CO[CL QCO[G, — /L [X, MCY(Z]

Qu® = h" QL =ipx
Qp" = h* Qh® = —ixp*

B.3 BRST structure in graviphoton background

We switch on the Ramond-Ramond 3-form graviphoton field strength F,,, with holo-
morphic and anti-holomorphic components f,, = F,,. and f/w = Fuz (2 is the third
complex coordinates in the internal space) being invariant under the orbifold group. The
new graviphoton background interacts with the moduli through both holomorphic and
anti-holomorphic parts. The BRST transformations though modifies only through the
holomorphic part of the graviphoton field strength:

Qax =0, Qax=n  Qan=1il[x,x]
QQQ'U' =M+ QQMM =1 [Xv a,u] - ifuyay

QoA = D* QoD =[x, X + €™ Nafe

Qo =t Qop® = —iwlx +iguw® — = fu ()% v
L . _a 1 —pnG -
QRQaws = i Qofia = ixWa — 0% = 3 fu (6")% @’
. . . . 1 o (B.21)
Qax™* = A" QX =i [x, x™] = S S (6" X
. 1 _ ;
QQXao'c = )\ad QQAad =1 [Xu Xaéc] - §fuu (U“y)f XGB
1
QQMO{Q — COé(l QQCO[CL — 7: [X7 MO((I:I o 5‘](‘ILLI/ (O_MV)OCB M/Ba
Qap® = h* Qah® =ip"x —igp”
Qi =h"  Qoh® = —ixfi" +ifi"¢
which is responsible for the holomorphic part of the gravity-moduli interactions:
Qo=E=Q=E+S5¢ (B.22)
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with Sy being interaction terms involving only holomorphic graviphoton field:
Sy = —if"a, [, a,) — 200 Gwax — ifu (") WPwax + 2 bpa
AT et XN — 2 (0,0)° MO M, (B.23)
(@) X% [Xaﬁ,x} +ifeDX.
The interaction terms involing the anti-holomorphic graviphoton field strength are:
S;= = fAn+ifeDX + fu MMy + i fwa® X, a”] =i fua® 0P + fu (%) 45 Ay’
=i 0 0 Uy ()50 0 T ()35 Fa (0°7),

+ flw (5_/“/)0'46 )\da)\ﬁa + ]Fupfpy (5'Mu) B XaaX — lf/yw (O'#l/) 3 Xéa [Xa Xaﬂ}

(B.24)
The S by its own is a Qo-exact expression:
S§=QoEf (B.25)
where
Zf = i XX + Fu@ MY + fuu () 5 507 + ()% Xaa X (B.26)

So far we have shown that after adding the gravity background to the theory the full
action is still a BRST-exact expression where the BRST charge and gauge fermion are
given by their modified counterparts. We can then write:

So = QaZq (B.27)

where Sq stands for the full action including the graviphoton interactions, Qq transfor-
mations given in (B.21) and Eq = =+ E7. The full action is now expressible in the
following form

1 1 _
9550 = §D3 +5De (75, [, 0] + G [X™, X)) (B.28)
1 - - 1 ml (o m] _ } =
_Z[X X [x,x]—z[x,x ] [ x™] 2[au,x] lau, X]
1 « aa . c
—C"Cuq — 5 (6M)d Coaa [a/u X ] - ZACQ?} ()\ )

l _ \éa { 8 ‘a
Shaa [0 X9 = 2 ()8 A x4 2]

[Xam)\ ] +iM,, [x, M*] — %M“aQ% (Meaa)

1
2
1
57][ Xo 1) —
Z
2

i i .
3 (") My [Xaas M) + 75, [a, MY Ae — 5 (@)% M [Xaa, My

+i (o) & [M, a,) Mo + 20 [a,, MM — i f* a, [X, a,]
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— (7% °Q% (Xaa) [X“B ; X} + 2 (ﬂB wi + e’ ) (T)% A
+2i (1w + Wap™) 1+ 20 (B ws + Wap®) X%
—iDww ()% + 2 (@R + B xa
— 2ih%hg + i paX + 1 (A% — A1) Xaa
— Q% (wa) X + Q& (W) waX + 20 QY (1)
+ L MPMY + P 0, Q8 (@) + Fus (07) o B0 + Fu (07)50° Q3 ()
t Fuw (@)% Aaa X% + Fuus ()% x6a Q0 (X“B )
B.4 Localization limit

The partition function integral will remain unchanged if we rescale the moduli and the
anti-holomorphic part of the gravophoton field as:

(a*, MH) — — (a*, M*)

(xsm) — = (n)

(Wes pre) = = (was p1a)

e Lt R s

aas )\a'zzz
~(x )

(Ae; Do) = 22 (A, D)

(Xc’ma /\da) —
(B.29)

(Maa,saa) N 1'2 (Maa’ Saa)

(4, 1) = 2 (", h)
fuw = 2fw
In the limit £ — oo and 5 — oo only few terms in the action survive:

1 1 '
geSq = Za*D? — 5.&046’0‘“0% — izt \Q3 (\°) — 2

2 2
— 20 W%y + 200 BQ3 (1a) + — fru MP M
X

.%,4]\404162?2 (Maa)

z z - o
2 QR (@) + 5 () B (B.30)
z - 4 ' Z oo g :
+ ﬁfwj (O"uy)dﬂ' waQ% (wﬁ) -+ ﬁfuy (O"Lw)aﬁ' )\daABa
Z = una ; . _
+ ﬁf}u/ (O'lw)ag XdaQ?} (Xﬁa) - JUfc)\Cﬁ + fochX + ...
where the dots stand for the terms which are negligible. Note that choosing f. = fd.3 one
can exploit the quartet mechanism (see e.g. [20]) to integrate out A3, 7, D3 and ¥ giving an

overall factor. Then integrating over BRST pairs with index ¢ should be excluded along
the null weight of the group representation the pair belongs to.
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C Weight vectors of U(k)

The weight vectors of the group U(N) in terms of the versors e;, i = 1,..., N in different
representations are given as:
Fundamental representation:

ei,i: 1,...,]43

Symmetric two-tensor representation:
2e;, ej+ej, i<j=1,...,k
Antisymmetric two-tensor representation:
t(ei+ej),i<j=1,....k
Adjoint representation:

+(e; —e€j), ktimes 0, i<j=1,....k
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