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Abstract

Cross-backstepping control for a type of uncertain non-strict-feedback non-linear systems
with time-varying partial state constraints is the main subject of this work. Non-
strict-feedback non-linear systems are partitioned into two strict-feedback non-linear
subsystems: constrained subsystem and unconstrained subsystem. An integral barrier Lya-
punov function (IBLF) is used in each step of the backstepping design for the constrained
subsystem to guarantee the boundedness of the fictional or actual state tracking errots.
The effect of uncertainty is reduced using a hybrid cross-backstepping sliding mode con-
trol (SMC) technique. The algorithm employs a systematic approach to developing control
laws for non-linear systems with matched and unmatched uncertainties. The simulation
results of the proposed controller are juxtaposed with those of the cross backstepping
with the time-varying barrier Lyapunov function (TVBLF). The results demonstrate the
overall better performance of the proposed method.

1 | INTRODUCTION

Control for non-linear systems has sparked a lot of interest;
hence, numerous control approaches for non-linear systems
have been explored. Non-linear systems have been given con-
trol methods based on the Lyapunov function, such as sliding
mode control (SMC), Lyapunov redesign, and the backstepping
method [1-4].

The backstepping method, a recursive procedure for non-
linear systems in the strict feedback form employing a Lyapunov
function and a systematic design approach, is one of the sig-
nificant achievements for managing non-linear systems. It has
the ability to improve global stability as well as tracking and
transient performance [1]. Due to its numerous advantages,
adaptive backstepping control is generally utilized in strict-
feedback non-linear systems [5-7]. On the other hand, the
typical backstepping technique can only be employed to regulate
stringent feedback systems, significantly limiting its application
in chaotic synchronization control [7].

Cross-strict feedback systems can be regarded as a type of
chaotic system. Because of their importance in practice and the-
ory [9-11], when combined with two or more strict feedback

subsystems [8], these systems have gotten a lot of attention in
the control area.

Gong et al. [8] introduced a new cross backstepping control
approach for cross strict-feedback non-linear systems, verifying
the system’s global stability. Wang et al. [12] proposed a back-
stepping approach based on # control inputs for cross-strict
feedback systems with unknown parameters. Nonetheless, if the
number of control inputs is fewer than 7, it will not apply to the
systems. Li et al. go on to offer robust backstepping synchro-
nization control methods based on this conclusion, making the
cross backstepping methodology approptiate for inputs smaller
than # [10, 11]. On the other hand, these solutions ignore the
issue of state constraints.

Physical restrictions are widely recognized to cause various
constraints in many industrial control systems. If we cannot
adequately address these restrictions in the controller design,
performance will suffer, and the system will become unstable
[13].

The barrier Lyapunov function (BLF) was initially included
in the backstepping design framework to solve the output
constraint of non-linear systems [14]. The complete state
restrictions were successfully addressed by coupling the BLF
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with an adaptive approach for pure feedback non-linear systems
[15]. For strict feedback or pure feedback non-linear systems,
many BLF-based backstepping control techniques have been
developed [16-19].

The state restrictions must fulfil the constant situation, which
is the fundamental limitation of the prior study. Nonetheless,
in practice, time-varying state restrictions are ubiquitous. The
time-varying full state constraints of non-linear systems were
efficiently addressed by applying the backstepping approach
with the assistance of the time-varying barrier Lyapunov func-
tion (TVBLF), with numerous exemplary results presented
[20-23]. For strict feedback non-linear systems with time-
varying state constraints, the TVBLF-based adaptive neural
network control strategy was described in [20].

The current advances in dealing with time-varying full state
constraints are mostly focused on non-linear systems with
strict feedback or pure feedback structures. Few findings are
available for cross-strict feedback non-linear systems with time-
varying state constraints. As a result, in order to overcome
this problem, an effective control plan must be developed
[24].

To manage a class of cross-strict feedback non-linear systems
with partial time-varying state restrictions, [7] uses time-varying
tan-type barrier Lyapunov function (TBLF)-based adaptive
control; however [7] ignores matched and mismatched uncer-
tainty and disturbances, despite the fact that matched and
mismatched uncertainties and disturbances ate common in
actual engineering fields, including power systems, electronic
systems, and motor systems [25].

In [26] the tracking control problem for a class of partial
state constrained cross-strict feedback non-linear system is stud-
ied. In spite of the fact that it is compared with the current
studies, matched and mismatched uncertainties are regarded in
[26], but the key assumption on the uncertain terms (i.e. [,
i = 1,..,2n) is that they are bounded by known and posi-
tive functions of states xi, ..., x; (i.e. |D;(X5,, T,2)| < p,;0,(X),
i=1,..,2nmp;,>0).

Researchers have concentrated on control strategies for sys-
tems influenced by uncertainty and disturbances in the past few
years [1, 27-29]. SMC has received much interest in compatison
with other control methods because of its conceptual simplicity,
ease of implementation, and resilience to external disturbances
and model uncertainty [30-33]

SMC is a non-linear control approach that uses a discontin-
uous feedback control action to push closed-loop trajectories
to the switching manifold in a limited time. As a result, SMC is
widely employed in a variety of applications, including motion
control, process control, and so on [25]. Only the sliding mode
controller, on the other hand, may reject matched uncertainty
and disturbance [34].

To combine the features of the sliding mode with the back-
stepping controller, a backstepping sliding mode controller
[34-37] has been developed, which is resilient to both matched
and unmatched uncertainty. In reality, the adaptive backstep-
ping algorithm may be improved to create an adaptive sliding
output tracking controller, which provides more robustness. By
adding the sliding surface described in terms of the error coor-

dinates [35], the adjustment is carried out at the last stage of the
algorithm.

For cross-strict feedback systems with time-varying partial
state constraints in the presence of matched and unmatched
uncertainties, a cross backstepping SMC using an integral bar-
rier Lyapunov function (IBLF) is presented in this study. The
suggested technique ensures that the closed-loop system is
bounded, and that the outputs are forced to follow the refer-
ence signals, ensuring that all states remain inside predetermined
compact frames. The suggested method’s major objective is
to improve performance over cross backstepping with con-
ventional TBLF in the presence of matched and unmatched
uncertainties and disturbances to considerably reduce steady-
state error. Also, in this paper, the proposed controller is
able to reject the uncertainties, which fulfills the more gen-
eral conditions, that is, the upper bound of the uncertainty in
ith, 7 = 1,..., 2n, (nth) channel is made up of not only the states
X1 5 .er 5 X, DUt also x;4 1 (#), which is viewed as the virtual control
input. Therefore, our contribution is to extend the controllers
with cross backstepping approach, presented in [20], in order to
reject a more general class of uncertainties.

A fourth-order cross-strict feedback non-linear system has
been controlled using the suggested technique. In the exis-
tence of uncertainties and disturbances, simulation findings
show a significant enhancement in tracking performance while
maintaining stability.

The following is how the paper is structured: Section 2
explains the problem statement. The focus of Section 3 is on
the controller design. The closed-loop system is next subjected
to a complete stability study in Section 4. The simulation results
and conclusion are presented in Sections 5 and 0, respectively.

2 | PROBLEM STATEMENT

The following cross-strict feedback non-linear system is
assumed in this paper:

'5(1 = ﬁ ()(1) + ngT (‘le)e +g1 (2(1) [X3 +p1 ()(Zn"[’f)]
&= f (0 + @] (X508 +g (X) [xig2 + p; (X0, 7, 7)]

56217—1 (f) = on—l <)(271—1 (l)) + ¢§;,_1 <)(2ﬂ—1 (l)) 0

O]
+ 21 (Xpm1 () [ﬂ1 + 02,1 (X3, T, 7))
0, 1) = fo X5, ) + @5, (X, ()6
+2, (X%, @) [+ p2, (X, 7,1)]
J=X
wherte X; = (x1,...,x,),7 = 1,...,2n, y € R, are state vec-

tors and the output, respectively and #; and #, represent
control input of the two subsystems, f(X)),4 (X)) : R" —
R are known and smooth functions such that f;(0) = 0
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and VX, € R - g(X) #0. 6 € R’ represent the vectors
of unknown parameters and @;(x;) € R’,i = 1,...
known smooth functions. The unmatched uncertainties are
denoted by p;(X5,,7,2),7 = 1,..,2(n—1). The remaining
021X, ,T,¢) and 0,,(X5,, #,T, ) are matched uncertain-
ties. T is considered an unknown time-varying term.

On the other side, the entite states X5, = (57, cee » Xy voe 5 X2,)
are divided into two portions, one constrained and the other

, 7 are

is free. x;, as the even integer sequence states, are free and
xn;_1, as the odd integer sequence states, are bounded through
k., (©), thatis, |xy,_ (1) < &, (#)V? >0, in which £, (7)
are predefined time-varying continuous positive smooth func-
tions that can be differentiated to 2xth order.

The investigated system (1) may be separated into two
stringent feedback subsystems (2) and (3), one of which is a
restricted state system, and the other is a free-state system, based
on the nature of the given description.

X = fi X))+ (X6
+a (X)) [ + o1 (35,7, 8)]

Sopmy (1) = frimt Koymy @) + @1 X0y (1)) 0
+ i1 iy ) [ + Py (55,7, )]

5(27/—1 (ll) = fZﬂ—l ()(Zn—l (t)) + §02T,7_1 ()(Zn—l (f))e
+g27/—1 ()Qn—l (f)) [”1 + P2y—1 ()(21797’ f)]

and

f = (X)) + 0l (X0)0+5 () [x]
+ p2 ()(Zn’ T, t)

S () = fo (X () + L (X, (1)) 0
+2; X0 1)) [+ po; (O, T, )]

5(211 (t) = on <)(2;/ (l)) + ¢éﬂ ()(Zﬂ (l‘)) 6
+<g2;1 ()(Zﬂ (f)) [”2 + P2n ()(2;1’ fﬂ‘)]

The control objective is to create adaptive controllers #; and
#, to ensure that the system output y(/) closely matches the
intended reference signal y,(#). Simultaneously, we must con-
firm that partial state restrictions are not broken and that all
closed-loop signals ate bounded. In order to do this, we assume
the following system assumption (1).

Assumption 1.
straints £, (#) and the desired system output trajectory y,(7)
are continuous, limited, and differentiable up to the #th order.

All of the partial time-varying state con-

A differentiable continuous function A(?) exists while positive
constants dy;_1 ;, Y satisfy y,(¢) < A(t) < &, (1), [yij)(i)| <Y,
| &) O < dyiy (s = sy ) for £ 2 0.

Matcﬂ'e'a“a.ﬁd Unmat‘«‘:ﬁ-e"d'g
~-» H - H
uncertainties

................................

Cross Baclkétepping

- e
Integral bhrrier Lyapunov
ction

| ——

System
Dynamics

1
Quadratic Lyapunov
1 function

Sliding Mode System States
' ‘—‘
Control Xon
FIGURE 1 Block diagram of the proposed controller

Assumption 2. We assume that the unknown unmatched
uncertainty 0,(X5,,7,7),7 = 1,..,2(n—1), and matched
uncertainties 05,1 (Xp,, #, T, %) and 0,,(X5,, #, T, ) satisfy the
following inequalities.

1p; (o T, )| < M (X0) + ;| (3541 |
1P20—1 (X t6, T, )| £ Mpyyy (X5m1) + Moy [ (4)
|p2;¢ (XZW’ u, T9f)| < MZH (XZf/) + M2y |”2|

where u; € [0,1),7 = 1,...,27 and M;(X}),7 = 1,...,2n ate
the continuous and positive functions.

Remark 1. In Assumption 2, the virtual control input x;qis
added to the traditional upper bound AM;(X;) [1], resulting in a
more general upper bound for the uncertainty.

3 | CONTROLLER DESIGN

A block diagram of the proposed controller is portrayed in
Figure 1. The specific design process is divided into the
following two parts.

3.1 | Control design for constrained
subsystem

Because subsystem (2) is a state restricted non-linear system, we
utilize an IBLF to guarantee that the state constraints are not
broken, and we build the controller #; using cross backstepping
SMC.

3.1.1 | Cross backstepping control using integral
barrier Lyapunov function

The controller is designed in the following steps based on the
backstepping design procedure:
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Step 1.
The output tracking error formula is

e = X1 — ), ©)

The Lyapunov candidate function is generated using an
approximation of the unknown parameter 6.

sy [ O g € e
Vi (e,8) = — 45+ 67T G —
0 ’é/i ) — 82 2 no
©)

where &, (#) = &, (t) — A() > 0is the error constraint vector
and |ej| < &, (#), T is a symmetric and positive definite matrix
andG=0-6.

In the sets |e| < £, (7), it is known that the candidate
Lyapunov function 1 (¢;,8) is positive definite, continuously
differentiable, and radially unbounded; hence, T/l(e1,é) is a

genuine candidate Lyapunov function.
The time derivative of (6) can be expressed as

/Cil (@) ey
2 2
&, @) -«

A 2
+ (A O 50 - We
/,1 (t) - el /)1 (t) -

Vi («,6) =

> /éb] @)

/éi ®) e [ﬁ (o) + q’{ ()0 + g () Ixs + oy (X, T, 7)) _}"r]
B »éi‘ — e
9 ) & =4 & (;) e
&, ) e [<_km O /ng%] 0= /71 @) o ()/@/71 @)

2 _ 2
é/h 4

_eT 16__€m

+
_e[ 16——6 ar (7)

To make the system asymptotically stable, ] (¢;, 8) must be
semi-definitely negative.
To ensure Vl <0, we have

X3, (xl,é> = (ﬁ [—

2 2 2
kbl - ) /éb] )
0,
by O (1)

E€1

i () — @1T () 0+, —

>,é1]1 )+ 'é/q ( )'éb1 #) = ey —

o /7%6’1& (1)
I- —
/;1 (f) by |ergr ()| + P

where ¢, €, and & are positive numbers, becomes

1 («:6)
i ;,1 @) ) ee "
(/ébl — el) (k; — en
/éz (f) 3] .
€ —ar o AT -1 < b A
—Era 87 Ty () 2 — 6
7 (/é/71 =)
/;1 #) e hreg (1)
& €
('éln - ) by |ewgn G| + Pl
éz (f) €1
+ (k—zgl () p1 (X5, T, 1) ©)

by

As we know AB < |AB| < |A||B| and according to assump-
Peig (x1)

don (2) and consideting | ———F—
hilergy (o) = e

| < by, it yields

Keg (o)

g
g | + 5

K D)o
—gl X1
(/ﬁ,,1 &)

/,1 (l) 4
+———4 () p1 (X, T, 7)
(/é/)l 1)

S< Mﬂ)( A
(/éil - 6’1) b |el<g1 (x1)| + 23—011

(/71 ergr Gep)| + %e—w) lergr Gep)| [M + sy L3, | + sy ]
+

5 )
b1 |€1g1 (X1)| + ;e‘“l
(10)
If by is chosen as
M + ,
b > 1 (o) + g |, 1)

(1 =)

It is clear that [M(x) + tql>3,] + Mih1] < by and because

—at
=~ by lerg (x1)l €
e - _Dﬁ, thus
hileng (o)==

éi (f) 61
- 41
(/e,g1 —e)

(Z‘> ! '%1 ©) €
+ng () p1 (X5, T,2) < = Eoma

Keg ()

bl |€1g1 (X1)| + i«?_a[
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We may simplify (9) by considering the virtual control input + o1 e y) [Xz i1+ Popy (X, T, ;)]
(8) and a suitably smooth function 4y that satisfies (11) as
follows: = X1} <)(2k—1’ éﬂ‘)) (16)
(1) The virtual control input x, (X é) is designed as
~ b <. 2k+1)0 X 24+1)> g
V1(e1,9 S_(/é21 5 qel+9rT_1 el )
b 1 XQkt+1)0 <X(2/<+1),é>
x| 7oy (x) 4 e 6 (13) 1
1 - = -
<’é1271 —e Dp—1 Xoe—1)
R e —frimt (pm) = Pa_y (e 1) 6
We select 8 = 77 (> 1) 5, to eliminate the last term of
/71 1 2 2 2
(13). /ébZk—l %1 p kl’y«q @) i
- % bt
Step k. iy O eremr TR Ok o5 ) 7
A A €241 _
1 = X1 <X2/g—1’9,f> = X(24=1)» (Xm—he,f) (14) X + ki 1@2% 1 (O = o2
ion i = kO =6, )
The Lyapunov function is selected as follows ( £, | = (s bog_1 24—1
. —824-3 K23 €24-3
(€15 €25 vy €24—1)): (kik_} @) = )
A A O(—18  _ . A
Vaiet (Eope1,8) = Vagos (Enp—s,6) Wé *+ Xoe—1) (X%—lye’t)
b " i
e 8K () . o
+ —45+ — (15) B2, e 1901 (Xop_y)
/0 []Zk 1 ) — 52 o o k—1624—182k—1 \A24—1 (17

where /é,%_l () =,€=,[2/E_l )
constraint vector, Gy (#) = supix(e_1),(Xpe—1,6)} and

leae—1l < &y, (@)-
According to (14) and referring to (2), results

— Qy_1(#) >0 is the error

Vit (Ezk—n é)

S &, (f) ot
7

— 2 —ar
Z T N
) ! (k,}[ - e,‘)”

i=1

k@) e
+/—Z(AX;) j(XmTJ)
/é/zj o _elgg Pi (KXo

K @)e, Rg (X)) ¢,
- /62 (z‘) _ 2 g
b b b ng (X)@'l"“e o
”

2% E0e\
6 7" |1 () ——— | =8| —kEe
+ l 2<<p;< ) (/eg,_@) ] =

i=1

/éiu 1 <l‘>

+ (%, ) /agT

/12»( 1
/é/l y (f) 55/6 1 .
— ;)k/&k—l (l)
@)= 92/6 1

/72/< 1

2,% 1(1‘) 62,% 1
K, O =y

/72/% 1

(fop—1 (X 1)+(P2/< L (X)) 0

€
e |ea—1406—1 pmr)| + ;6‘“’

where ¢4 > 0.
MZ/c 1 (Xop—1)+Mop—1 Ix2e+1y

By selecting /p, g > and by select-

(1=H2e-1)

2%—1 2 (e

mg@—T X (@) ur ), we have

el )
24—1 &2 )

. . b;

Vet (Eop1,6) < = Z -6 (18)
i=1 ('é/;,. —¢)

Step 7.

A

Op1 = X1 (Xzﬂ—l’ G,t) — XQu—1)» ()((Zn—l)ré’f> (19

Considering the Lyapunov function as follows:

Véﬂ—l (EZn—l ’ é! t)

- 2n—1 5 %2)1—1 (f) € s
= %17—3 (EZn—S, 9) +/ —5245 + %e
0 bZ// 1 (l‘> -

(20)
we have
VZﬂ—l (béﬁ—l s é’ t)

23 l /62 ® 5 ce

’ —ar
E ;e

. — (2
2 2
i=1 _5’1‘) ' (’é/@_e,')”
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/éz )¢
W&' X)) p; (X5, 7, 1)
’éi (;> ¢; (X) b??[
- &\
ki, ([)_6,[2 /7,-|e,v|+E€_°‘f
n

2n—3 /éz A
+877- [T Z (qo,( ) ([)6)) é] - %e—w
i=1 /

kiz L ®

+ (A, () log
’ ’élzzz,,,, @) =6,

— ,é/’zn ( )egﬂ— ),é (1)
b1
( ) - 6’2”_

/fz,, 1

2,,_1 (l‘) 5’2&—

/’M 1 (f) 2”_

+<g2n—1 ()(Zn—l (t)) [”1 + P24—1 (XVZW T, l)]

[fzﬂ—l ()(Zﬂ—l (l‘)> + ¢2”_1 (XVZﬂ—l (f)) 6

- 5((2”—1)1,' <)(2/1—17 é’ ;>] (21)
The real control input #; = x(2,41),(X2,+1 é) is obtained as
follows:
1
nm =

Lon—1 (XZn—l )

_fZﬂ—l ()(211—1 (l‘)) - ¢27;1_1 ()(211—1 (Z‘))é

2 2 2
(/é/’zn—l 21 p /é/’Zn—l @) >k
- 8 b
2 2 2n—1
&y, (#) e,y K O)=q,

[% €,—1€
/éZn 1/é/;2”_ (l‘)- 2n—1 e
X ban—1 /,7” . ( )”
2
—%,—1)
byt 201
—-3 (X3 (1) ————F—02,-3

boy—3 eZﬂ_S

+X2,—1) (X2;7—1’ 0, l‘) = 02y—102—1

2
By 1201 Coumt) €241

- _ 22
/72f7—1 |<g2ﬂ—1 ()(Zﬂ—l) e277—1| + ;’g—w
where ¢,_1 > 0.
. Mo,—1(Xo,—1)FM2,—1 7 A
By selecting /y,_; > =1 (Xoy=1) Hiu—1 |11 and O =

(1=H2,-1)
2n—1 /)[( )

k; ()

2n—1
T./2;1—1 (E2;1—1! é!f) < l_ﬁfz’%] (23)
1 ( b; - ei)

; =

i € odd N

Remark 2. 1”Hopital’s rule leads us to

lim — Iy - =0 24
;=0 /é/,/. (f) ¢ g/éi (f) - ez2 ( )

Hence, the control laws stabilizing the virtual position have
been clearly established.

3.1.2 | Cross backstepping sliding mode control
using integral barrier Lyapunov function

As we mentioned, cross backstepping control is somewhat
sensitive to parametric uncertainties. So, the mixture of back-
stepping design and SMC could be a possible optional plot for
non-linear systems with uncertainties. The adaptive backstep-
ping method may be improved to provide an adaptive sliding
output tracking controller for enhanced robustness. At the end
of the procedure, the adjustment is made by adding the follow-
ing sliding surface described in terms of the error coordinates.

Si= kit o+ k30, 3t 6, 25)

where 'éZi—l > O, 7 = 1,
the Lyapunov function is modified as follows:

Hn— €, 2
_ 223 / Q=
=1 0 kizn—a ( ) -0’

0 8K () Lo
+ / S————dé+ 6776+ —c (26)
0 (#) — 82 2 no

, 1, are real numbers. Additionally,

T/2;7—1 (EZn—l ’ é7 f)

/721

The time derivative of (26) can be expressed as
I./ZW—] (EZ/I—lyésf)

2n=3 2
S[LA0 . 80,
“le-a" w-ar

1

/éi )¢
+,—j)(i /')(hf’f)
e @_g/zg( )p; (

AL Pg (X)) ¢,
'éi 0= hilg (X5 & + £ e
n

~ 23 () A
+or 71 lT Z <¢71( p) )) 9] —ie_“’
i=1 -4

ISNG) k, @5\,
* (kh”—l (l‘) 2% Lt - = 1 /ékln—l (l‘)

g, O—s K @O-s
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| 7

/éiﬂ—l (i) 5 .
W JFZ/z—l ()(Zf/—l (f)) =+ ¢2/”_] ()(2”_1 (I)) 6

+<g2ﬂ—1 ()(2/1—1 (t)) [”1 + P2i—1 ()(Zﬂ’ T, l‘)]

2n—3
= Xu—1)s (qu, é,;) + Z ['é;iéz‘]] @7)

i=1

The real control input #; = x(2,41),(Xo,—1, é) is designed as
follows:

1
B Lon—1 ()(Zﬂ—l)

_fZﬂ—l ()(2}1—1 (Z‘D - @;_1 ()(2}1—1 (t))é

2 _ 2 2
/éb2”71 ‘S‘l log /éb2”71 (i) l‘é
- b
b 05 SR =52 )

"

€

5.
+_/é/ (l‘) — 0u—151 — C_a’
lé/’27171 S ! ’é/z (f) n
7201—1

2 2

byt 01
—£2n-3 (XZW—B (ll» ,éz P n—3

bopey 6}2/1—3)

+X 21y (XZ”_1 6, t)

& ) =)

kilg (X) €42 — g2 (Xi2) ¢
CANOET-
a A ¢€ —at
=6 —@; (X)0— e
& ,é/% ) n

230 (k-4 KO
- Z - ]Z ! l«]U 71 /‘é/]
P kO 2 0-2)"

g (X)) Ko

e .
4, ) — z
b; /jl- |<gz ()(;) eil + ;C_w

__ngﬂ (s1)

_ /ygr/—l &n—1 <)(2ﬂ—1 ) (28)

e
b277—1 |*r1<g2ﬂ—1 ()(Z/z—l)| + ;e_at

The sgn(x) is a symbolic function and expressed explicitly as

1x>0
Ox=0 (29)
—1x<0

son (x) =

where ¢,_1 > 0.

By selecting  hy,_; > M1 (1) HH2,—11m] and 6 =
(l —H2,-1)
. IAGL 0k, ®
r Zl <g01<‘X;) (,é/Z _eg)) + (¢2ﬂ—1 (XZﬂ—l) (klz _le))a we  have
i= b b1

23 k@)

=k =€)

7

r/éﬂ—l (E27/—1 ’ é! l‘) <=

[l'€l-

(30)
/éiZﬂ—l (f) 2 IéiZ/l—l (f) i Kf ( )
- Op—151 — > NS
2 2 1 2 2
(ébzn,1 - 6217—1) /ébzn,l <t) !

Remark 3. From (28), there appears to be a possibility of #; =
X1y 2ut 15 é) becoming unbounded if ¢; = £, (7) at some
¢. This problem is addressed in [38], where it is formally demon-
strated that, in the closed loop, the error signals |¢;| never reach
k), (1)Vt 2 0 given certain initial and feasible conditions. As a
result, the control #; (#) will not become unbounded because of
the terms (’éi,» () — e?) in the denominator.

3.2 | Control design for unconstrained
subsystem

It is justifiable to employ the conventional quadratic Lyapunov
function to examine the stability of subsystem (3) and construct
the controller #, based on cross backstepping SMC because it is
a free state non-linear system.

3.2.1 | Cross backstepping control using
quadratic Lyapunov function

The detailed design procedure is listed as follows:
Step 1.
We define the error signal of ¢, as

0= (1)
And the Lyapunov candidate function is

1~ B
2+ %e_‘” +5677718 (32

5 (6,0) =

N =

The time detivative of (32) can be obtained as follows:

I72 (32,@) = o é2 - éTT_lé - EC_M
n

=6 () + ¢! ()0 + 5 () [x]
+ P2 ()(Z;zr T, f))

— G714 - %e_‘” (33)
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Selecting virtual control input as

w0, (X.8) = 5 [£ 00 + 0] ()6 + 0

3 Py (Xo) e
bl (5) e| + ie_"“

(34

where ¢, > 0, becomes

T (0) = =8 + 6777 (T, () 6, = 6) = 2™

bzﬂ’gz (Xz)
- + 20 (%) pr (X5, T, 1)
by |ezg2 (xz)l + —e —at

(35)

My (X0)+Ha| x4, |

) and 6 = T9,(X5)er, Equa-

By selecting b, >

tion (35) is simplified to

15 (Ep, 0,1) < —0yé (36)
Step k.
We define the error signal of ¢, as
Ok = Xk (sz,é,f) — X2k <)(2k’é’f> 7

And the Lyapunov function is chosen as

= 1,
= Vo (Epp,0) + =

I/Zk (EZ/é’ é) 2 Zk

€ —a
— 38
+ e (38)
The time derivative of (38) can be expressed as

2k=2

I/2/< (Ezk’ é) = Z l_ [Z-e? + ¢P; ()(Zw 7, t)

i=1

26_
— g (X))
b le| + —e

2%-2

_ & L T (X)) — B

koe 4 61T lT; @ (X)) e]

+ex (fzk (X)) + szT/ﬁ (X0 6 + g (X)

X [X2k+2 + P2 (X5 TJ)] = X4 (X2/<, 9, l‘))
39

The virtual control input x(p442),(X(24+2), é) is obtained as
follows:

X442 <X216+2’ é)

1 — for (Xop) — @2, (X50) 6 — copen

&4 (X —D—2 Xop_2) erp—n + Xop, (XM, 6, >

By penngor (Xog)
= 3 (40)
box |eaegoe (Xo0)| + —ee
where ¢y, > 0.
Moy (X5 5 20, N
Selecting oy > —= (Xoe)HHor| (k20| and i
' (1=H2k)
2%
T Y (@:(X))e), results
i=1
2%
Voe (Eae6) < = ), =6 @1)
i=1

Step 7.
Considering the error signal as

On = X2y (XZ;Z’ é, t) = XQ2n)w <)((2il>7 é7 t) (42)

And choosing the Lyapunov function as follows:

~ ~ 1, €
I/én (EZﬂ’e) = Véﬂ—Z (EZ;z—Z’e) +5 2 2” + C - (43)
we have

2n—2
Vén (E‘Zm e) = 2 l_ fz'ef +¢; z()(z> Pi ()(Zﬂ’f’f)

=1

Weg (X))
— g (X)) e — g

b legs ()| + %6_“‘

i=1

2n—2
+67 7! lT Y @ (X)e) - ]
+ 62;1(/[2;1 ()(Zﬂ> + (02/; ()(2;7) o +<g2;1 ()(2;1)
X [”2 <)(2ﬂ7 é) + P2 ()(211’ T, f):l
— 50 (%,6,1)) )

So, the virtual control input #y = x(2,42), (X(2,) é) would be

1
Lon ()(Z;z)

_on (XZVI)

iy ()(2;1, é) =

~9;,(%,)6 -

212
X A
—L2n-2 <)(2n—2) eu—2 Tt 5(2/71/ <)(2n’ 6’ f)
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bé,,an ()(2}1) n

3 (45)
bo |20 (X5,) €2, + ~ea!
where ¢, > 0.
By Selecting b2}7 > ‘1/1271()\/277)"',[42”|ﬂ2()(2n,9)| and é _
(1=p2,)
2n
T Y (@(X)e,), we have
i=1
2n
Véﬂ (EZn’e) <- _fief (46)
=1
3.22 | Cross backstepping sliding mode control

using quadratic Lyapunov function
n=kot etk 00,0t 6, 47

where £, >0, 7 = 1,..
Similar to the previous section, the Lyapunov function is

, 11, are real numbers.

modified as follows:

2n=2

~ 1 5 1~T 1A 1 ) e
T/é” (EZH’Q) = 5 ‘;1 ¢ + 59 770 + 5;2 + _ﬂe at (48)
we have
2n—=2
Véﬂ (E2n7 9) = Z —_ [l'é’? + gigi ()(Z) ‘OZ. (XZﬂ’ T, lt)
=1

722 o)
hileg (50| + %C_“’

i=1

2n—2 .
EC_W + éTT_l lT Z (¢Z ()(Z) 51') - é]
+5 [ o (G, ) + @1 (X5, (1) 0

+g2n ()(2/1 (Z‘D [”2 + P2y ()(2;7’ 7, f)]

i=1

Xy (XQW,G f) + Zﬂi ki) ] (49)

We design the real control input #, = x(2,42),(X2, é) as
follows:

1
Lo ()(2/1)

Hy =

[— 5, 05, ) — 9! (X, ()6 — 6,5,

~Z—2 (X, (1) €,0 + X2, (szn, é, z )

X & X o — 6t — g (X)) ey
2n—=2
- £ . 2 (X) e,
4 gz 2/ Vi
z'gl _f/’,T X)e z
b; |£z‘ X)) ez'l + ;efm
__ng” (5) )
bz n Xf? J
2,,g2 ( 2 ) 2E (50)
by, |£2n X5,) le + ;e_w
where ¢, > 0, becomes
M; n Xﬂ + n 2 v A
By  selecting A, > 2on G s X2yl and 6=
(1—,[42”)
2n—2
r '21(¢j ()(l)ez) + ¢2I1()(2}1)‘r3 it results
i =
2n—2
Véﬂ (E2719 < Z _[137 G J‘ - IZng” (52) (51)
i=1

4 | STABILITY ANALYSIS

Theorem 1 summarizes the findings of the preceding section,
and the proof backs it up.

Theorem 1.

The non-linear system (1) is subject to unknown parame-
ter vector 8, with unmatched uncertainties p;(X>,, T,7),7 =
1,...,2(n — 1) and matched uncertainties p,,_1 (X5, #, T, #) and
02,(X0,, #,T,¢), without the loss of generality. Assume that
these uncertainties satisfy Assumption (2) and that inequality (4)
holds. The suggested controllers, (28) and (50), guarantee that

1. The output y (y = xq ) globally and asymptotically tracks a
reference signal y,.

2. The other states (x, ...,
input is bounded.

...yX2,,) and therefore, the control
3. The partial state constraints are not violated.

Proof. From step 7, it is concluded that for the Lyapunov
function V(E e t) - Véﬂ 1 (EZIZ 1’6) + T/Zﬂ(EQIZ’ e)

Hence, differentiation under the control inputs #; and #,
along the closed-loop system (1) results in

2n=3 (t)
ECLDESD e
i= )
/éi L@ /}2/_1 ) 5 K; o
T 7 1N T T o Rl
( byt 2/7—1> /,2 . () —
2n=2
= X ot = % — oKgn () <0 (52)

i=1
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Next, it is illustrated that how E{e;(i = 1,2,...,27—2)} is
regulated as well as its boundedness. As a result, both sides of
(52) are integrated in terms of # yielding

V(£,6,4) <V (£(0),6(0),0)

t [ 2n=3 ki (f) 2
- Z — dt
0 \/i=1 ('éb[ _5,')
2
! kl’Zﬂ—l (l‘> 2
- P R NGt dt
(/é 6271—1)

ban—1
/ /éi *) 5
- Z”—Kfﬂ(x)
/() /,2 . (Z‘)_‘fl . !

2n—2

' ’
- / < Z [[(3?) dr — / (Q;g) dt
0 i=1 0

- / (52 Ksgn (s2)) at ©3)
0

Considering 17 (E, é, #) > 0, so we can write:

tf2n=3 ’éi- ) ’ ’éi )
/ Z ﬁfﬁf df+/ +fzﬂ—1ff dt
0 \/=1 ('é/,, —¢) (@2 » %)
+ / /121 . ( ) 5 Ks- ( ) y
—— S K (s it
0o \ A ()— ;1 1

]72//71

2n=2

+ [ 2n— ’
+ / <Z [,'6’?) dz‘+/ (f,-&%) dt
0 i=1 0

+ / (5 Ksgn () dt < 1V (£ (0),0(0),0) (54)
0

when 7 — 00, we have

t f2n=3 /éz (1)
lim (/ Z %66’? dt
medo S (’é/,/ =)
kL ©
+ / chzﬂ_p‘f dt
(/é/72”_1 2n—1 )
/72 - ( ) 5
(B0 i
0
t [ 2n=2 ’
+ / (Z f,ef) ar + / (mﬁ) dt
0 \/ 0

//2 1

) — 5
i=1

+ / (5, Ksgn (5,)) dt) < 17 (E 0),8(0) ,O) (55)
0

Having the fact that 17 (Z(0), 6 (0),0) < o0, thus

t [2n=3 ,é2v )
lim (/ Z %Qef dt
meJo T (R, —6)
! k@)
+ / [2}17—12[2”_]‘;% df
A 1)

bZﬂ

+ / (5o Ksgn (55)) dt) < o0 (56)
0

So
t [ 2n—3 /élz (f)
lim / — A <o
e f, <;-Z'1 & =) >
t 2n
. 2
tﬁ;{)/o'/o (j;l Ge; ) dt <

Equation (57) shows that /zm /0 (Zfﬂl >dz‘ and /zm fol

3 k)
(EIZHZ? </€/2/"_ ) Ge; ) dt are upper-bounded functions. Besides,

£7.(0)
-3 % 5
al X N
2n=2 i=1 2 _ 2%
1{(2 _ 1[('2) 2n—2 < &y, =) >
2 and . =
dr Z =1 dr
2
21—3 —/é/,lkl,l e +kb ®)e; 5 k/ﬂ; )
2 Z{. -1 —f/-el.

cieie;
PN A A

(k%/ ) (&), =)

As a result, the boundedness of all signals and derivatives

confirms the boundedness of ¢;; hence, the boundedness of

2 @)
2n=3  "b; 2
Al X7 i 20—2
<Z’_1 (k%[.—ﬁ‘?) ! l) ”](2/21 [i"?>
and .
dt dt

2
— 5 [,’L’
=1 @2 —e2)

)
=3 Ky

d<2 ) ) 4(21252 W?)
The boundedness of . and ——=
dt dr
w3 KO,
—Qe
(é 2

-2 5 . .t w3 A0,
X, a¢. Since lﬁ”gofo <Z/=1 ~—-¢;¢; | df and

k=) "
. t
lim /

t—o0 0

effects the uniform continuity of Z and

w3 KO,
tjel.
&=

2n—2 . .
and Zl.=1 f,-e? are uniformly continuous, based on Barbalat’s

<Z?ﬂ ? ¢ Z)di are limited and X7°,

=1
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Lemma, it is concluded that

2n—=2
lim E ger = 0
7
“~

71— 00
23 22 () (58)
lim Z /7;—[.62 =0
i%
= S ('éi, - &)

Since ¢;, &, ()@ = 1,...,n,...,2n) > 0 (are non-zero), (58)
is equivalent to

hm e = lim (x—y,) =0
1—00 =00
lim e = lim x, = 0
=00 1—00
lim ey = lim (x,@—x,@, <X/€_1,é,t>> =0,k = 3,,2n
(59)

From Equation (59), it is implied that y = x; asymptoti-
cally tracks y, (/i”.fo x1 =, ), proving the results of section
one of theorem 1. In addition, from /m x; =y, , we can con-
clude the boundedness of x;. Furtﬁ;zore: based on (59), x,
is bounded and tﬁﬁgo xp = téﬂofo X0 (Xp1,6,8), & = 3,...,2n
So, by proving the boundedness of xy,, it is confirmed that x;
is bounded.

Starting from £ = 3, we have

s = (XZ,é,t) 60)
It is needed to prove that 6 is bounded based on the

definition of x; and considering that x; and x, ate bounded.
Referring to (53), we have

V(£,0,t) <17 (E(0),6(0),0) 1)

According to Equation (61), the globally boundedness of
V(E,é,z‘) is bounded and, therefore, £{¢;(/ = 1,2,..., 2n)}
and 8 are verified. Also, the boundedness of 8 proves bound-
edness of . Consequently, all signals are bounded. Therefore,
x3, and, thus, x3 are bounded. We can extend the same
reasoning for 7 = 4,5, ...,2xn.

As it has been verified in step £ that x,_jand 6 are bounded,
so the boundedness of x; could be confirmed by the bound-
edness of xy,. Finally, the boundedness of the control inputs is
confirmed by the fact that all signals are bounded proving the
part two of the theorem.

Since xy = ¢; +,, then |x1| < £, holds as long as £, =
k., —A. As proved above, x3,(xj, é) is bounded. That
is, |x3,(G, 0)| < as. Then |x3(XG, )] < |03, (X5, 6)| + [63] <
a3 + &,. This implies that |x3 (X3, é)l < k,, as long as £, =
I
be progressively proven that |x_1)(Xoz—1), é)l < éé.(z . for
k = 3,..,naslongas &, =k, | —0_ 1. Asaresult
it is concluded that the partial state constraints are always met

— a3. As proved above, x(o—1),(X(2—1» é) are all. So, it can

during operation.

5 | NUMERICAL EXAMPLE

Simulation studies on hyperchaotic systems (1) are carried out
in this part to validate the efficiency of the suggested control
mechanism.

Consider the following strict-feedback form system:

-

5= 4o sin(e)0; + 2 [x; + oy (X, 7,7)]
Sy =x; + ZXZZ + [x1 X9, X COS (5 )] 0,
+ [y + 05 (X, T, 7))
453 = xg + 2x§ + x32 cos(x3)0; + (1 + %) [wy + p5 (X, T, 7))
Sy = oo+ 2x + [X4aX1 COS(Xs)] 6,
+ (5 + Xzé‘z&) " + (5 + X2€2x4) 04 (X, T,1)

J =X

62)

With the wunmatched uncertainties ©01(X5,7,7) =
x7 sin(0.017) (satisfying |01 (X, 7,2)| < xD), p2(X5,T,7) =
35, sin(1077) (satisfying 0,(Xy, T,7) < 3|xp|) and matched
p3(XpT,7) = 2x;sin(0.037)
lo3 (X4, T, 8)| < 2x§), 04Xy, T,2) = 2x4sin(1072) (satisfying
P4(Xy, T, 7) < 2xyl).

Assuming that x; and x; are restricted by |x| < £, |x3] <
k., with &, = 6+ sin(27c7) and &, = 7 + sin(277). The other
states x, and xy are free. The initial states of the system are
selected as x; (0) = 0.35, x, (0)= 0.75, x3 (0) = 0.55,
x4 (0) = 1.25.

Also, the value of 8 is assumed tobe 8 = [11.51 3] T. The
control objective enforces the output y(#) to closely track the
desited reference y, = sin( 7#)(]y,| £ 1). Simultaneously, the

uncertainties (satisfying

constraints in the predefined region on the partial states x; and
x3 are enforced.

According to the design procedure described in Section 3, we
have

Al) =x7 LX) =x +2x;

S 0G) =03 +2x7 (X)) =21 + x5+ 2

a o) =200 =1

& (G) =149 g (X)) =5+ x

@1 () = &7 sin(xy), @2 () = [y, x5 cos(xy)]

P53 (X5) = 25 cos(xs), @4 (X) = [, cos(xs)]
A=1, by = 5+ sin (277)

M, +
o Wbl
(1= )

My (X5) + Hp ]

by >
? (1 — )

=3x=> h=4x|
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My () + oy | _

by > 262 = hy = 2.25x7

> (1— ) 3T 3
M, (X)) +

/94>M= 2y | = by = 3y |

(1 =)

Using MATLAB, we can get the maximum value of
x(3>,,()(2,é), that is a; (1) = 06.012. So &, (1) =4k, () —
as (1) = 0.988 + sin(27z).

Then, the stabilizing controller becomes:

— A 0)) -l (G 1)6

2 2 2
’éb3 -5 ) ’éb3 () -
_ A N
kO R -5 )"
J'lf
—
/éi #)n

s _
——ky, (1) — 35 — o
3

+’ék

n =

1+ %

—ar

2 2 2
~ ”é/q — ¢ ) ’é/;l ) oo
by a2 -2 )"

g (X)) ey

e .
+ky, () = -
b b g (X0) | + ;6_0”

—Ksgn (s1)

5185 (X5)
€
by 5185 (XG)| + ;6’_“’

(63)

1

Hy = ————
5+ xpe2%4

[— /i (X (1) — @] (X, (1)) 6 = 6y,

—& + 5((4)1) (2(2;17@7")
X 2
A Vz g2€2
—ky| e — e — ) (X)) 6 — #g
/72 |g2€2| + ;e“’”

—Ksgn (5)

» 5
_ 484 (X3) 52 (64)

hy | (X)) 50| + %F“'

In the simulation, the parameters are selected as {¢ = 10, ¢,
=10, ;5 = 20, ¢4 = 20, & = 10, £, = 10, a = 0.001, ¢ = 10,

The output tracking trajectories

151
— — — Desired output
————— Tracking Output
A /o /
/oA o [
05+ \ / \ / \
=) B / \ / \
£ / \\ / \ / \
g | \ / \ / \
Eoof \ / \ / '
3 \ / \ /
E \ / \ /
© os} \ / \ /
/
\ \ /
\ // \\ //
1+ \\.\/ N
15 , . , , . . . , . )
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
Time (s)
FIGURE 2  The trajectories of the output tracking using the proposed
method
1 Trajectory of the Errors
— — _e
12+ !
e
10 ———e
e
sl 4

Tracking error
S

2 X 0.7633
Y 0.07439
0= .
-2
-4
6 . . . . . . . . . )
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Time (s)
FIGURE 3  The trajectories of the errors using the proposed method

K = 0.1} and T'is a 4 X 4 identity matrix, to achieve a relatively
acceptable tracking behaviour for the designed control system.

Figures 2—6 show the simulation results. Figure 2 shows that
the system output y effectively tracks the desired trajectory y, (¢)
and Figure 3 shows the state errors validating a good track-
ing performance. Figures 4 and 5 show the trajectories of the
states x7 and x5 and their constraints and the trajectories of
the free states, respectively. These figures show that the partial
time-varying state constraints are kept in their limits. Following
Figure 6, the boundedness of control input signals #; and #, can
be seen.

Eventually, in order to demonstrate the effectiveness of the
recommended method, a comparative simulation study between
the schemes in [7] and this paper is carried out under the same
control objective. As previously mentioned in [7], cross back-
stepping using conventional TBLF is employed to manage a
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X, and its constraints

Xg and its constraints

Trajectory of the constraint state

0.5 1 1.5 2 25 3 35 4 4.5 5
Time (s)

Trajectory of the constraint state

AN — <
Ve
7\ // \\ / \
\ / \ / \
\ / N // \
N___7 N — \\_.,
S 7N N N (RN
AN VAN /N SN S
\ / \ /
AN /. ! L L I .\ ! ‘\ - )
0.5 1 15 2 2.5 3 3.5 4 4.5 5
Time (s)

FIGURE 4  The trajectories of the constrained states using the proposed
method

state output

Trajectory of the free states

0.5 1 1.5 2 25 3 3.5 4 4.5 5
Time (s)

FIGURE 5 The trajectories of the free states using the proposed method

Trajectories of Control Inputs

Control Input

. . . . . . . . .
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
Time (s)

FIGURE 6 The trajectories of the control inputs using the proposed
method

Trajectory of the Errors

12
—— e,
10 | e,
.
8 i
S
@
(o)}
[=
£
Q
S
=
X 1.685
Y 0.2879
L) —
. . \ . '

.
0 0.5 1 15 2 2.5 3 35 4 45 5
Time (s)

FIGURE 7 The trajectories of the control inputs using cross
backstepping with TBLE TBLE, tan-type barrier Lyapunov function.

class of cross-strict feedback non-linear systems with partial
time-varying state constraints.

In order to judge faitly, the control parameters are adopted
precisely the same as the proposed method. Figures 7 and 8
show the trajectories of the errors and control inputs using
cross backstepping with conventional TBLE, respectively. The
simulation results indicate that tracking performance improves
significantly in the presence of uncertainties and disturbances
while maintaining stability.

Comparing Figures 3 and 7, the superiority of the proposed
approach is confirmed since it considerably reduces maximum
error (more than 75% reduction) and DC and AC steady-state
error. As can be observed, the suggested approach produces
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Control Input

50 | o

60 | ]

-80 1

0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
Time (s)

FIGURE 8  The trajectories of the control inputs using cross
backstepping with TBLF

superior tracking performance than cross backstepping with
traditional TBLE.

6 | CONCLUSION

For a class of cross-strict feedback non-linear systems with
unknown parameters, matched and unmatched uncertainty, an
adaptive partial time-varying state constrained control archi-
tecture is suggested in this study. One constrained and one
unconstrained subsystem are created from cross-strict non-
linear systems. To ensure the boundedness of the fictitious or
actual state tracking defects, the IBLF is used in each stage of the
backstepping design for the constrained subsystems. In order
to address uncertainty, SMC is combined with backstepping.
The suggested control system’s stability is also examined using
the Lyapunov technique. Implementing the recommended con-
troller on a four-order cross-strict non-linear system validates
its efficacy. The proposed control strategy is shown to guar-
antee that the time-varying partial state requirements are not
violated and that the closed loop signals stay bounded, with
promising output tracking performance. Finally, the results
are compared to traditional TBLF cross backstepping. The
results show that the proposed controller has a supetior over-
all performance. More advancement of our control scheme for
fractional-order cross-strict feedback non-linear systems with
time-varying partial state constraints is suggested for future
studies.
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