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ABSTRACT: It is known that, in the static gauge, the world-volume and the transverse
Kaluza-Klein (KK) reductions of the O-plane effective actions on a circle satisfy the T-
duality constraint for arbitrary base space background. In this paper we show that due
to the presence of the second fundamental form in the D-brane couplings at order o’ and
higher, the T-duality is satisfied only for a subclass of the couplings for arbitrary base
space background. They are m = 0 couplings where m is the number of B-field (without
derivative on it). For m > 0 couplings, the base space metric must be block-diagonal and
the momentum U(1) vector field in the transverse reduction must be zero. However, the
derivatives of the metric and the vector field are arbitrary.

Using the assumption that the effective actions at the critical dimension are background
independent, we then show that the T-duality constraint for the couplings at order o’ and
for m = 0, fixes completely both bulk and boundary actions. These couplings indicate
that the propagators of the massless open string fields receive a’-correction. We have
also imposed the T-duality constraint on m = 1,2,3,4 couplings. Because of the above
restriction on the base space background in these cases, however, the T-duality can only
partially fix the couplings for m > 0. This study shows that the Dirac-Born-Infeld (DBI)
factor appears in both bulk and boundary actions at order o’.

KEYWORDS: String Duality, D-Branes, Bosonic Strings

ARX1v EPRINT: 2210.03972

OPEN AccESS, © The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP01(2023)012


mailto:Mrhosseiniyazdi@mail.um.ac
mailto:garousi@um.ac.ir
https://arxiv.org/abs/2210.03972
https://doi.org/10.1007/JHEP01(2023)012

Contents

1 Introduction 1
2 Independent couplings 4
3 T-duality constraint 9

3.1 m =0 case 13

3.2 m=1,2,3,4 cases 16
4 Discussion 18
A Contact terms of non-standard propagators 22

1 Introduction

T-duality is one of the most exciting discoveries in the perturbative string theory which has
been observed first in the spectrum of string when one compactifies theory on a circle [1, 2].
It has been proved in [3, 4] that the KK reduction of the classical effective action of the
bosonic and the heterotic string theories on tours T are invariant under O(d, d) transfor-
mations at all orders of o/. Using the assumption that the effective action of string theory
at the critical dimension is background independent, one may consider a particular back-
ground which includes a circle. Then one can use the diffeomorphism symmetry and the
T-duality symmetry O(1, 1) to construct the classical bulk and boundary effective actions
of string theory, including their higher derivative corrections [5-13]. The T-duality trans-
formations in the base space are the Buscher rules [14, 15] pluse their o/-corrections [16],
whereas, the diffeomorphsim and the gauge transformations in the base space are the
standard transformations. In the Double Field Theory formalism in which the T-duality is
imposed before the KK reduction, however, the T-duality transformations are the standard
O(D, D) transformations whereas the gauge transformations receive o’-corrections [17-19].

It has been also shown in [20-23] that the T-duality constraint and the gauge symmetry
can be used to construct the classical bulk and boundary effective actions of the O-planes
of the superstring theories at order o/2. These non-perturbative objects have no dynamics,
i.e., they have no second fundamental form, however, they couple with the closed string
states. In this study, one does not consider o/-corrections to the Buscher rules which is
consistent with the fact that there are no corrections to the T-duality transformations in
the type II superstring theory at order o/2. In studying the O-plane effective actions, one
has to use the static gauge to fix the diffeomorphism symmetry [20, 21].

On the other hand, D-branes have open string excitations which describe the D-brane
dynamics, and couple with the closed string states. It has been shown in [24, 25] that the



T-duality and the gauge transformations of the massless open string fields can be used to
construct the world-volume couplings of the open string gauge field and the second funda-
mental form. One can impose the T-duality constraint on the open string fields, either in
covariant form [25] or in the static gauge [24]. In this case also the T-duality transforma-
tions receive a/-corrections. By the invariance under the T-duality, we mean the T-duality
of the world-volume reduction of D,-brane is the same as the transverse reduction of D,,_;-
brane, up to some total derivative terms in the base space. The total derivative terms in
turn may fix the couplings on the boundary if the spacetime has boundary and the D-brane
is extended in the spacetime such that it ends on the boundary. One may use the above T-
duality constraint to fix the higher-derivative couplings of the massless closed string fields to
the D-brane as well [26]. As in the case of O-plane, one should use the static gauge to fix the
diffeomorphism symmetry. Unlike the O-plane case, however, the D-brane couplings include
the second fundamental form. In the covariant form, one finds that the world-volume com-
ponent of the second fundamental form is zero. In the static gauge, however, this constrains
the base space background such that the metric must be block-diagonal and the momentum
U(1) vector field in the transverse reduction of the D-brane must be zero. The derivatives
of the base space field, however, remain arbitrary. In the O-plane case, there is no second
fundamental form and the U(1) vector field in the transverse reduction is projected out by
the orientifold projections. Under this projection, the base space metric also becomes block-
diagonal. The restriction on the base space background for the D-brane case, causes that
the T-duality constraint fixes only some of the independent couplings at order o’ and higher.
Those couplings that are fixed by the T-duality constraint should be consistent with the
S-matrix elements. This would be a result of the assumption that the coefficients of the in-
dependent gauge invariant couplings are background independent, i.e., if they are fixed in a
particular background, they would be valid for any other arbitrary background as well [13].

The massless closed string B-field appears in the world-volume effective action of D-
brane either through its field strength, H, or through the combination of its pull-back with
the massless open string gauge field strength, B + F. Both are invariant under the B-field
gauge transformations. The later appears in the DBI action [27, 28]. This action in the
static gauge and only for the massless closed string fields is

-, o\t <m>

where T, is tension of Dp-brane, ® is the dilaton , Gy is the world-volume component
of the spacetime metric and By, is the world-volume component of the B-field.! The
world-volume KK reduction of D,-brane and the transverse reduction of D,_;-brane are,

LOur index convention is that the Greek letters (i, v, - --) are the indices of the space-time coordinates,
the Latin letters (a, d, ¢, - - - ) are the world-volume indices and the Latin letters (7, j, k, - - - ) are the transverse
indices. The tilde indices are the corresponding indices in the base space. The y-coordinate is the coordinate
of the circle.



respectively,

S0v = —9rT, / Poe e/ [ det(gy + by + giaby + e baby)

Sgt_l =—-Tp)1 /dpae_qg_‘p/‘l\/— det(g.j + by + bragy + e?gag;) (1.2)

where the momentum vector g is resulting from the KK reduction of the spacetime metric
and the winding vector b is resulting from the reduction of B-field (see equation (3.7)).
While the above reductions are not invariant under the U(1) x U(1) gauge transformations,
the transformation of the world-volume reduction under the Buscher rules,

o= —p, by (1.3)

cancels the transverse reduction, i.e., they satisfy the T-duality constraint for the most
general base space background. Note that in this case, the T-duality satisfies with no
residual total derivative terms which indicates that, as expected, there is no boundary
action at the leading order of o’.

The D-brane effective action at each order of o’ has a tower of infinite number of B-
field (without derivative on it). Only at zero-derivative order, this infinite tower of B-field
can appear in the compact form of the DBI action (1.1). To study the T-duality constraint
at the higher orders of o, one should truncate the couplings at a specific number of this
field, m. As we will see, the restriction on the base space background discussed earlier,
is only for m > 0. In this paper we consider the world-volume couplings of D-brane at
order ¢ in the bosonic string theory in which the o'-corrections to the Buscher rules are
known [16]. We will see that at m = 0 level, the T-duality satisfies for the arbitrary base
space background. In this case, the T-duality constraint fixes completely all independent
couplings in the bulk and in the boundary. At m > 0 levels, however, because of the
restriction on the base space background, the T-duality constraint can partially fix the
independent couplings. These partial results, however, indicate that both in the bulk and
in the boundary actions, there must be the DBI factor for the couplings at order o/. The
couplings at m = 0 level, are fully consistent with the corresponding S-matrix elements.
They also indicate that the standard propagators of the massless open string gauge field
and the transverse scalar fields are corrected at order o’.

The outline of the paper is as follows: in section 2, we find all independent covariant
and parity invariant couplings at order o for m =0, 1,2, 3,4. For m = 4 case, we consider
only the couplings which include Riemann curvature. We find there are 76 independent
couplings. The coefficients of these couplings are independent of the backgrounds in which
the D,-brane are placed. In order to fix the coefficients of these 76 background independent
couplings and find their corresponding boundary couplings, in section 3, we consider a
background which has a boundary. The bulk and the boundary includes a circle on which
we will impose the T-duality. In this section we show the covariant result that the world-
volume component of the second fundamental for is zero, is reproduced in the static gauge
by requiring the base space background to satisfy a particular condition for m > 0. In
subsection 3.1, we find that at m = 0 level, the T-duality constraint fixes completely the



coefficients of the couplings and their corresponding boundary coupling. In subsection
3.2, we show that, for the couplings at m = 1,2, 3,4 levels, the T-duality constraint can
not completely fix the parameters of the independent couplings in the bulk and in the
boundary. However, the couplings that are found by the T-duality, indicate that there
must be the DBI factor in the couplings at order o’ in both bulk and boundary. In section
4, we briefly discuss our results. In the appendix, we show that the couplings at the m =0
level are fully consistent with the corresponding disk-level S-matrix elements. We use the
Mathematica package xAct [29] for performing the calculations in this paper.

2 Independent couplings

We apply the method used in [30] to find the independent couplings. The independent
couplings are all covariant and gauge invariant couplings modulo the field redefinitions,
the Bianchi identities and the total derivative terms. In this section we are going to find
all independent couplings at order o’ which involve the covariant fields R, H, VH, V®,
VV®,.VB, VVB, Q, VQ and B. We assume the spacetime curvatures and all covariant
derivatives, except the covariant derivatives of B, to be constructed with the spacetime
metric G, The covariant derivatives of B and the world-volume fields are constructed
with the pull-back metric Gq. The spacetime and the world-volumes indices should be
contracted with the spacetime metric and the with pull-back metric, respectively.

Each covariant field may have world-volume and/or spacetime indices, e.g., the field
B has only world-volume indices

Bup = 0, X" 0, X" B, (2.1)

Its world-volume derivatives, e.g., VB, also have only world-volume indices. The B-field
strength, H = dB, on the other hand, has spacetime and world-volumes indices, e.g., H,q
has only spacetime indices, and H,,, which is given as

Heop = 0o X Hop (2.2)

has both world-volume and spacetime indices.
The second fundamental form has two world-volume and one spacetime indices. It is
defined as the covariant derivative of the world-volume tangent vectors 9, X*

oy = VaOp X" = 0,0, X" — T o0 X" + 0, XV 0, X T, (2.3)

«

where I',,® is the Levi-Civita connection made of the spacetime metric G, and Lo is

the Levi-Civita connection made of the pull-back metric G, which is given as

Gap = 0. X 0, X" G (2.4)

Writing the Levi-Civita connection I'gp® in terms of the pull-back metric and using the
above relation for the pull-back metric, one can write the second fundamental form as

Vop = (G" = §")Gra(0a0p X + 0, X" 0, X T, ,%) (2.5)



where g" is the first fundamental form which is given as
G = 0, X P9 XV G (2.6)

It is a projection tensor, i.e., §* G,ag®® = §"5. Tt projects the spacetime tensors to the
world-volume directions of the D-brane. The projection of the second fundamental form
along the brane is zero, i.e., g"' G,o2% = 0. Hence, the spacetime index of the second
fundamental form can contract only with the spacetime metric, i.e., it can not be contracted
with the tangent vectors 9, X* to convert it to the world-volume index because

Q% = G93 X Q" Gy = 0 (2.7)

The world-volume indices of Q*,, contract with the inverse of the pull-back metric.

Since the massless closed string fields are the spacetime fields, one is not allowed
to use field redefinitions for these fields in the world-volume effective action of D-brane.
However, as it has been argued in [20], these fields should satisfy the spacetime equations of
motion because the D-branes are considered to be probe which do not change the spacetime
fields. To impose the equation of motion, we do not consider the Ricci tensor, Ricci scalar,
V, H# and V,V#® in the independent couplings. Hence the action should involve all
contractions of the following fields:

/
T = e e
S = _% "o/~ det Gop £/(R, H, VD, 0, VB, VV B, B) (2.8)

where R stands for the Riemann curvature with only world-volume indices, i.e.,
Raped = 0 X" 0p X" 0. X 04X  Rypas (2.9)

The world-volume indices in the above Lagrangian should be contracted with G and the
spacetime indices should be contracted with the spacetime metric G. We call the coefficients
of the couplings in the above Lagrangian a},ab, - -.

One has to impose the Bianchi identities in (2.8) to find the independent couplings.
The Riemann curvature satisfies the following identity:

Rvag =0 (2.10)

Since there are no couplings at order o’ which involves the derivative of H, one does not
need to impose the Bianchi identity corresponding to H, i.e., dH = 0. However, the
couplings do involve the world-volume covariant derivative of the pull-back of the B-field.
Hence, one should impose its corresponding Bianch identity. One can easily observe the
following relation:

ViaBre = 0By = 0a X" 0pX"0.X"Hyvp = Hape (2.11)

We consider the scheme in which all couplings involving H in (2.8) are independent, hence,
to find the independent couplings involving the derivatives of B, one has to impose the
following Bianchi identity for the couplings involving VB:

ViaBpy =0 (2.12)

which is reminiscent to the Bianchi identity of the open string gauge field, i.e., @[anc] = 0.



The couplings involving V®, VB, VVB and B may be related to each others by total
derivative terms. The total derivative terms in general should have the following structure:

/ o/ det Gop V(e ®J%) (2.13)

where the vector J¢ is all contractions of fields V®, VB and B which involve one derivative.
This total derivative relates, among other things, the couplings involving V® to the other
couplings involving VB. We consider the scheme in which all couplings involving the
dilaton in (2.8) are independent, so we have to consider the total derivative terms in which
the dilaton appears only as the overall factor e~®. Hence we consider the following total

/T — ~
J = —%/dpﬂae_@mvau“) (2.14)

where now the vector .J¢ is all contractions of fields VB and B that involve one derivative.

derivative terms:

We call their coefficients j1, j2,- - - .
If one adds J to the action (2.8), it changes only the coefficients of the gauge invariant

couplings a}, ab,- -, i.e.,

S+J=S58 (2.15)
where S is the same action as (2.8) in which the coefficients of the gauge invariant couplings
are changed to ai,as,---. One can write the above equation as

AS+T7=0 (2.16)

where AS is the same as (2.8) in which the coefficients of the gauge invariant couplings
are day, dag,--- where da; = a, — a;. To impose the Bianchi identity (2.10), we write the
Riemann curvature in terms of metric and go to the local frame in which the first derivative
of metric is zero. To impose the identity (2.12) in the above equation, we rewrite By in
the derivatives of this field as Bab = @aAb — @bAa where A, is a vector. Then the above
equation involve only independent but non-covariant and non-gauge-invariant couplings.
Their coefficients which involve day,dao, - -- and ji, js, - -+, must be zero. If one solves the
resulting algebraic equations, one would find some relations between only day, daso, - --. The
number of these relations represents the number of couplings which are invariant under the
total derivative terms and the Bianchi identities.

Since there can be any number of field By, in the couplings at any order of o, there
are infinite number of independent couplings at each order of o/. Hence, we have to classify
the independent couplings at order o’ in sub-structures in terms of the number of covariant
fields R, V®,VV®, H,B,VB, VVB, i.e.,

/T ~ i
512D [t de Gy 3L @17)
n=1

where L, is the Lagrangian of independent terms at order o’ which have n number of fields
R, V®, VV®, H, B, VB, VVB B. The number of independent terms in each L, is fixed,
however, there are different schemes that one can choose the independent couplings in each



L. As the number n increases, the number of independent terms in the corresponding L,,
also increases. Hence, for performing the calculations we have to truncate the independent
couplings at a specific number n*. In this paper we choose n* = 6, i.e., we are interested
only in the independent couplings at orders n = 1,2, 3,4, 5.

After finding the independent couplings, one may arrange them in terms of the number
of B-field without derivative on it, i.e.,

/T ~ 0
sp= =232 [aHo ey detGuy 3 L (2.18)
m=0

where L, is the Lagrangian of the independent terms found in (2.17) which have m field
B. The couplings in (2.17) for n = 1,2, 3,4,5 produces L,, with m = 0,1,2,3,4. We have
found the following 11 independent terms for m = 0 case in a particular scheme:

Lo = bi1 Hape H 4 by Hopy H + by Hoypy H*™ + by Hyyp HMP + bs R o
—i—alQube’“a + azguabguab + QBﬁQBbc@aBbc
+b47V o, OVED + b4QQ“aaVM(I) + b45VH<I>V“<I> (2.19)

where the world-volume indices are contracted with the inverse of the pull-back metric @ab
and the spacetime indices are contracted with the spacetime metric G, and its inverse
G*. Apart from the couplings with coefficient ag, all other couplings are the independent
couplings that have been considered in [26]. In that paper, the second fundamental form
is defined as

QM op = 040, X" + 0o XV O, XPT )% (2.20)

with the assumption that its spacetime index is contracted with the transverse projection
operator L,, = G,y — G- It is the same as the second fundamental form (2.5) with the
assumption that its spacetime index is contracted with the spacetime metric G, .

We have also found the following 6, 35, 17 and 7 independent terms, in a particular
scheme, for m = 1,2, 3,4, respectively:

L1 = bor B Hyep O +bog B H oy, QF 436 B* Hppo VP
~bso BYV OV}, Byetbs1 B VOOV Byet-bss B Hyp, VF ®

Lo = big BB Hy® Hyge +b7 B B Hy o Hyay+b20 B* B Hyp® Hege+bo1 Bo“ B Hy % H g,
+bs B B Hop" Hegy+b12 Bo* B* Hy™ H ey +b6 By B Hy! Hepy+b20 Bop B® Hoge H
+014Bap B® H oy H* 4-b10 Bay B* Hepyy HY 43 By B H 1y H' P +bg B B R o
+b13B2° B Ry ca+ 015 By B R g+ a5 B™ B pq QO ge+az Bo BYQ, Qe
+a6 B4 B®Q,,cd 0y a4 Bap BYQ, Q" a7 Bay B Q,10a QU449 By B¥V , 0V D
+b48 By Bpe VA OV 4012 Bup BV . By Ve BY — b5y B,  B* He V2 By
+a11B,° BN 4BV By +a9 B,“ BN B,V Beg+b53 B B Heg VE By,
+a13B® B B.qV° Bay+bs3 B B Hy3. VC Bae+a10 B B4V . By Ve By
+b55 B B Hy,oq Ve Bye+a14 B BV, B4V Bye+a15 Bay B VE B4V By,
+b43 B4 B VF ®+bsy By BQ, NV F O+ byg By BV, @ VH D



L3 = bag By B™ BY H o) Q4o+ b30 B B BY H o Q0" pa+b31 Bo B® By H e Q"¢
+b32Bapy B B H e, Q" € 4+b33 By B By H ey QU c+b34 Bap B B H o, Q2.
+b39 By’ BY B° H 4V ®+-b4 By BY B H 3.V ®-+by1 B, By BY H .4,V ®
—bs6 By B B.°VA®V 4 Bye—bsg Bye B BV OV 4 Bye +bs7 By B BV DV 4 By,
—bsg Bo" By BV DV 4 Be+beo Bo’ Beg BNV ®VE By +b61 Bo* By B.AVA BV By,
+b37 B4 B By H o, V" ®+b3s Boy B B H ., V" ®

Ly = b16B.°B™ Bg! B* Ry f 4017 B, B By’ B Rege s +b18 Bay B B B Ry ey
+b93Ba BByl Bt Ry o024 Bay B BE B Ry ¢ j+bo5 By B By Beg R o
+b26Bap B Boa B“R (2.21)

where ai,---ay5 and by, ---bg; are background independent coefficients. There are also
many couplings involving H2, HVB, (VB)?,(V®)? in L4 above. They are six-field cou-
plings that we did not consider in (2.17). Note that the couplings in Lo with coefficients
baa, b14, b1g, b3, bis, a4, a7, byg, a2, bag, byg are the same as the couplings in Ly with one
extra factor B®By,. The couplings in L3 with coefficients bso, bs4, bio, bss, bgo, bsg are
the same as the couplings in £; with one extra factor B*By,. The coupling in £4 with
coeflicients bos, bog are the same as the Riemann curvature coupling in £y with the extra
factors B“bBbCBCdBda and (B“béba)2, respectively. We will see in the next section that
most of these coefficients are fixed by the T-duality constraint. The result is such that
they can be reproduced by the overall DBI factor for the couplings at order «’.

Using the replacement B — B + F, the above independent couplings are covariant
and are invariant under the B-field and the massless open string gauge transformations.
To study these transformations under the T-duality constraint, one has to use the static
gauge in which X® = ¢®. In this gauge, the transverse spacetime coordinates X’ are the
open string transverse scalar fields that describe the dynamics of the D-branes.

In the static gauge and for zero open string fields, all the above couplings have closed
string contributions, so they may be fixed by imposing the T-duality constraint on the
closed string fields. For zero closed string fields, the couplings with coefficients a1, - - a5
have open string contributions, so they may also be fixed by considering the T-duality of
the open string fields. They have been studied in [24] when one uses the field redefinitions
for the open string fields. In that case, not all 15 couplings are independent. In fact, the
number of independent parameters reduces to 7 parameters [24] which can also be fixed
by comparing them with the low energy expansion of the disk-level S-matrix element of
four gauge boson vertex operators. However, if one does not use the field redefinitions, one
would find 15 independent couplings which in a particular scheme, they are the same as
the above couplings with coefficients a1, - - - a15 in which B is replaced by F. In the static
gauge, all couplings have open and closed string contributions, so they may also be fixed by
considering the T-duality of massless open and closed string fields. In this paper, however,
we are going to see to what extend the T-duality of the massless closed string fields fixes
these parameters.



3 T-duality constraint

There is a theorem that indicates the classical spacetime effective action of the bosonic
string theory at any order of o/ should be invariant under the T-duality when one com-
pactifies the theory on a tours [3]. There is no restriction on the base space background in
this study because the couplings in the base space are covariant. The T-duality transfor-
mations should be the Buscher rules plus some specific o’-corrections [16] which depend on
the scheme of the independent spacetime couplings [5]. To study the T-duality of the closed
string couplings of the D-brane effective action, however, one should fix the diffeomorphism
by choosing the static gauge. There is no theorem that indicates the D-branes effective
actions at any order of o/, in the static gauge, should be invariant under the T-duality for
arbitrary base space background. In this section we are going to show that at the m =0
level, the base space background is arbitrary, whereas at the m > 0 levels, the background
should be specific such that metric in the base space must be block-diagonal and the gauge
field g5 in the transverse reduction must be zero. There is, however, no restriction on the
derivatives of the base space fields. If one could fix the couplings in the actions (2.19)
and (2.21) for such a specific background, then the background independence assumption
guaranties that they are valid for any other arbitrary background as well.

We are interested in the massless closed string couplings in the actions (2.19) and (2.21),
hence, one should fix the world-volume diffeomorphism by using the static gauge and for
X* = 0. In this gauge, the pull-back of metric and B-field are

Gab = Gab; Bab = Bab (31)

The first fundamental form (2.6) has only world-volume components, i.e.,
gz] — gai _ gia _ 0, gab — éab (32)
In the static gauge, the second fundamental form satisfies the identity (2.7) provided that
GGy, = 5 (3.3)

To verify the above relation, we calculate Q¢ from equation (2.5) in the static gauge and
for X* =0, i.e.,
Qcab = Fabc - C?Cdcyduraby (34)

which becomes zero only when the relation (3.3) is satisfied.? The transverse component
of the second fundamental form in the static gauge and for X* = 0 becomes Q% = Iy’

2The identity (2.7) for the constraint (3.3) in the static gauge becomes
G4 X'V 0, Gij =0 (3.5)
For the flat spcetime metric, one finds Q%,5 = 9.9 X*. The above relation becomes
e X' 0.0, X711 = 0 (3.6)

Hence, the derivative of the pull-back metric becomes zero. Therefore, in the static gauge, the derivatives
for the massless open string fields become only partial derivatives.



Note that in order to satisfy the constraint (3.3), one may consider the spacetime metric
which is block-diagonal, i.e., G4; = 0. However, such metric would not be consistent with
the KK reduction of the spacetime metric that we are going to use in this paper, i.e., it
would not be consistent with (3.7).

To study the T-duality, we begin with a specific background which has a circle and
an arbitrary base space. That is, the manifold has the structure M(26) = A5 x §(1),
The manifold M%) has coordinates z* = (z#,y) where z* is the coordinates of the base
space manifold M35 and y is the coordinate of the circle S1). The KK reduction of the
spacetime metric G, By, and the dilaton ® are [31]

[ 9ap +€%9595 €99 ~ (bar — 39abs + Lgobp by . -
Gy = < v ) B = " Nie=o+p/a  (37)

Inverse of the spacetime metric is

A _gh
e (3.8)
—9” e ¥+ gayg

Using these reductions, it is straightforward to calculate the reduction of the spacetime
tensors Ryup0, Huvp, and V@ which appear in the couplings (2.19) and (2.21). However,
these actions have world-volume fields as well. The reduction of the world-volume fields
dependents on position of the D-brane in the spacetime.

When D,-plane is along the y-direction, i.e., M%) = MP+1) x pf(25=P) and M P+ =
S % M®) | the reduction of pull-back metric G and its inverse in the static gauge are

- 0.~ Pa-a- P - _ —ab &
Gap = (a0 9095 € 9a ) L (3.9)
e’ gy e —9” e ¥+ gzag

where the indices @, b are world-volume indices that do not include the world-volume index
y, i.e., they are belong to M. In above equation, the indices are raised by g&i’, and
gai’ is inverse of g.;. Using the reductions (3.7) and (3.9), one can easily verify that the
constraint (3.3) is satisfied for the world-volume reduction when the base space metric is

_ 9s5 0
i = ab - 3.10
9i < 0 7 ) ( )

Note that while the consistency for the second fundamental form requires gz to be zero,

block-diagonal, i.e., .

there is no constraint on the derivatives of this field. The reduction of the overall factor in
the action (2.18) in this case is e~/ —G = e~9+¢/4, /=5

When D(,_q)-plane is orthogonal to the y-direction, i.e., M@6) = pp®) s Af(26-p) and
M@6-p) — §(1) 5 Mf(Z5-P) the reduction of the pull-back metric and its inverse are

) ) a b
G = G +€f9ag;; G = g&b—L (3.11)
“ “ e~% + geg©

In this case, however, the constraint (3.3) is satisfied for the case that the base space metric
is block-diagonal (3.10) and the vector gg is zero. In fact, for the block-diagonal base space
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metric, one finds

Gha, — &, GPGp = 9% gidg - 9 (3.12)

e™¥ + geg° YooeTv+gagt
which satisfy the constraint (3.3) for g; = 0. Here also we note that the consistency for
the second fundamental form in the static gauge requires no constraint on the derivatives
of this field. For the couplings at m = 0 level, as we will see shortly, in imposing the
T-duality constraint one has to consider one and two base space fields. On the other hand,
the second fundamental form does not appear in the effective action (2.19) solely. Hence,
in the T-duality at order m = 0 level, one has to consider the linear terms of the second
fundamental form. At the linear order the relation 2, = 0 is satisfied with no constraint
on the base space background. Hence, in the transverse reduction of the m > 0 couplings,
the consistency with the covariant identity (2.7) requires the base space in the static gauge
to be restricted to (3.10) and

g9a =0;  Jga #0 (3.13)

Note that there is no constraint on the vector gz in the world-volume reduction. There is no
constraint on the background for m = 0 case. The transverse reduction of the overall factor
in this case is e=®yV/—G = e~9-¥/ 4,/=7. Note that the second fundamental form does not
appear in the leading order DBI action, hence, in studying the KK reductions of the DBI
action in (1.2) one does not need to impose the above restriction on the base space back-
ground. Note also that for the O-plane case, the vector g; and the metric g,; are removed by
the orientifold projection. Hence, in that case also the base space background is arbitrary.

When the Dp-brane is along the circle, using the reductions (3.7) and (3.9), it is
straightforward to calculate the world-volume reduction of S;. We call it S;w. When the
D,-brane is orthogonal to the circle, using the reductions (3.7) and (3.11), it is straight-
forward to calculate the transverse reduction of 5’;. We call it S;t. These two actions are

not identical. However, the transformation of S;w under the Buscher rules which is called

Sle

»oi1, may be the same as S;t,l, up to some total derivative terms in the base space, i.e.,

AS}+T =0 (3.14)

where AS} = S;TlT — S},’il and the total derivative term is

. T, . i

J= _%/dpa V=g Vale ¢7¢/11%) (3.15)
where 7% is a vector which is made of the base space fields and their derivatives at order
o/'/? with coefficients I, I, - - -. It has been observed in [6] that the T-duality constraint

for the flat base space background produces the same constraints as for the curved base
space background. Hence, for simplicity of the calculations we consider the base space
metric to be flat. For this base space matric, the constraint (3.10) is satisfied. The T-
duality constraint (3.14) should be satisfied if the T-duality transformations are only the
Buscher rules. The subscript 0 in AS] refers to the T-duality transformations at order /.
However, if the T-duality transformations receive o’-corrections then there should be some

other terms in (3.14) resulting from the T-duality of the leading order action.
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In fact the T-duality transformations do have o’-corrections. At order o/, they have
been found in [16]. They are

o= —p—ald {vavﬁ ¢+ ViV 4 e‘PWMV[/[Lz?}
9u = bp — o' Ao [QW/I&VDSO + e‘pHﬁf/aVDd}

bﬁ — 9p — 0/)\0 {QVﬂpVﬁgzy — e‘@HﬂD&Wﬁd}

bus — bus — ' X {4Vdmwdg] + 29 Wia Ve + 205 Via Vo

+€¢g[gﬁﬁ]dﬂ"‘/&’é — 6¢b[f,Hmd3W&B:| (3.16)

where \g = —1/4 for the bosonic string theory. In the above transformations, H g =
30abog — 3917 Wop) — 3baVep» Vir = Opgs — Opgp and Wyp = 9pbs — O5by are the field
strengths in the base space. In the reductions of the spacetime effective actions and the O-
plane effective actions, only these field strengths appear in the base space, i.e., the couplings
and the total derivative terms are all gauge invariant. However, the effective actions of the
D-brane involve By, hence, the base space fields Bai)v ga, bg with and without derivative on
them appear in the reductions of the couplings. Therefore, the reductions of the couplings
in the base space should be in terms of the base space fields l_)&;), Ja, bz and their derivatives
rather than the field strengths H, W, V. Therefore, Z% in (3.15) should be a vector which
is made of the base space fields 5&5, ga, ba, ¢, & and their derivatives at order o/ 1/2,

Since the T-duality transformations are the Buscher rules (1.3) plus the above /-
corrections, the DBI reductions (1.2) satisfy the T-duality only at order o/, i.e., AS) = 0.
At order o it produces the following residual terms:

- z 1 1
0_ _o_ —¢—p/a [_ 0oyt L 0y—1 41
AS] = 27« Tp/dpae 7R~ det(A2;) {4Acp + 2Tr[(A ) A (3.17)

where
A% = Gap + b + bagy + ¥ gag;
Ay = Dby + baAby + giaAgy + 2¢7 9z Abyy — ¢ Pgag Ay (3.18)
and we have written the T-duality transformations (3.16) as
o= —p+adAp, gi—bs+dAga, bz ga+dAbs, bp—by+a’Aby (3.19)
The above terms should be included in the T-duality constraint (3.14), i.e.,

ASY +AS; +T =0 (3.20)

The above constraint should fix the parameters in the actions (2.19) and (2.21). Note that
there is no parameter in the first term of (3.20). To study the constraint (3.20), one should
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expand the DBI contribution (3.17) and the reductions of the actions (2.19) and (2.21) in
terms of the number of the base space fields I_)&l;, ga, ba, 0, 0¢, and their derivatives.

The DBI contribution ASY, AS§ and the total derivative term (3.15) have the expan-
sions

ASY =

J =Y Jm) (3.21)

oo

o0
ASE = 3 ASYm)

il
where m is the number of the base space fields Bag,ga,ba,ago,@g?) and their derivatives.
For m > 2, one should also impose the constraint (3.13) on the base space background.
In principle, if one considers the D-brane action (2.18) to include all infinite independent
terms at order o/, then the constraint (3.20) would produce infinite relations between their
parameters. In practice, however, one should consider the independent couplings in (2.18)
up to a specific number m. Then in the above expansion one should consider the terms up
to m =m + 1 for m > 0. For m = 0 case, one should consider the terms up to m = 2.

Since there is no restriction on the base space background for the m = 0 case, as we

will see in the next subsection, the constraint (3.20) produces so many relations between
the parameters in Lagrangian (2.19) which fix the bulk and boundary actions completely.
However, to be able to study the T-duality constraint for m > 0 cases, the base space
background should be restricted as in (3.13). This causes that the constraint (3.20) does
not produce so many relations between the parameters in Lagrangian (2.21) to fix the bulk
and boundary actions completely.

3.1 m = 0 case

The T-duality constraint for m = 0 case is

2 2 2
S ASY )+ > AS§(m) + Y T(m) =0 (3.22)
m=2 m=1 m=1
for arbitrary base space background. Since the base space fields are 1_9&5, i, ba, 0p, O¢ and
their derivatives, there is no Bianchi identity involved in the base space. Hence the non-
gauge-invariant couplings in the base space are all independent. The coefficient of each
independent term involves a specific number which is coming from the DBI contribution,
the parameters in (2.19) and the parameters I3, I, - - - of the vector 7% in the total derivative
term (3.15). The coefficients of all independent terms in the above constraint must be zero.
They produce some algebraic equations that their solution fix the parameters. We have
found the following relations for the parameters in (2.19):

QQI—Q, a8:—1+a1/2, b1:1/24, b11:1/6—a1/6, b2:—1/4, b4:1/4,
bip=—2+2a1, bys=—1+an, bir=2—a1, bs=1 (3.23)
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and the following vector for the total derivative term:
7% = —Qewggadgi) — %+ (2 - al)e“"ggagga + ales"gd@i’gg (3.24)

where the indices are contracted with the base space metric g.;. If the spacetime has no
boundary, then the above total derivative terms would be zero. In that case, the parameter
a1 would not be fixed. If one sets a; = 2, then the couplings (2.19) become exactly the ones
have been found in [26, 32]. It has been shown in [26, 32] that they are fully reproduced
by the corresponding disk-level S-matrix elements.

However, if the spacetime M (2%) has a boundary OM (26) then the total derivative terms
can not be ignored. Then the T-duality of boundary may fix the remaining parameter a;. If
both spacetime and its boundary have a circle, i.e., M6 = §(1) 5 p(25) §pr(26) — g(1) %
OM @) then the D,,_1-brane which is transverse to the circle, may end on the boundary, i.e.,
the D,,_1-brane which is along the subspace M®) in the base space M (25) = M (P) x Af(25-p)
may have the boundary 9M ®). In that case, the Stokes’s theorem in this subspace is

P [ odbg (,—P7\ _ p—1_ ,—® ~ab,, 7.
/M(p)do’\/ 9g*°0a(e Ib)—/aM(p)d Te "\/lg| g naZ; (3.25)

(25) which is outward-

where ng = 0; X ﬂnﬂ and nj is the normal vector to the boundary 0 M
pointing (inward-pointing) if the boundary is spacelike (timelike), and the boundary in the
static gauge is specified by the functions 0% = ¢%(7%). In the square root on the right-hand

side, ¢ is determinant of the induced metric on the boundary, i.e.,

9o dob _
9ab = fra 5,5 %ab (3.26)
The coordinates of the boundary dM® are 70,71, ... 7P=2,
Using the above Stokes’s theorem, one finds that the contribution of the total derivative
terms in the boundary is

/ ~ ~ ~
J(0) = % /<9M(P) dPtr e_q)\/@n& [26‘Pgl~)8agb + 0% —(2— al)e“’gi)abg& — ale‘pgd8bgg
(3.27)
The above terms in the boundary indicates that there must be some world-volume couplings
on the boundary.

When the spacetime has boundary, the D,-planes in this manifold may end on the
boundary. If one writes the spacetime as M(26) = M+ x Mf(Z5-P) where the D,-plane is
along the subspace M ®+1) and subspace M ®*+1) has boundary 9M ®+1) then the effective
action of Dy-plane at order o has world-volume couplings (2.18) on the bulk of the D,-
plane, i.e., in M®*Y as well as some boundary couplings on the boundary of the D,-plane,
i.e., in AM P+, The boundary action should be

/
o'T),

1 — P —<I> ~ 2
a8, > Jonrosn dPTe % /|g| mz::()ﬁﬁm (3.28)
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where § is the determinant of the pull-back of the pull-back metric G, on the boundary
of Dy-plane, i.e.,

R do® do? -
ap = ra ﬁGab (3.29)
The boundary of D,-plane is specified by the vectors o%(t%) where 70,71, - - 7P~ 1 are coor-

dinates of the boundary, and dL,, in (3.28) is the boundary Lagrangian at one-derivative or-
der which includes various independent couplings involving the world-volume indies a, b, - - -
and the spacetime indices p, v, - - -, evaluated at the boundary of D,-plane. As in the bulk
action (2.18), m is the number of pull-back field By, without derivative on it.

It is implicitly assumed in the T-duality prescription that everything should be in-
dependent of the killing coordinate y, hence, to be able to impose the T-duality on the
boundary couplings, the boundary should be specified as ¢%(7%) = (y,0%(7%)). Then
one can show that, in the static gauge and for X* = 0, when D,-plane is along the y-
direction, the reduction of e=®/[g] = et/ 4/lg| where g is determinant of the induced
metric (3.26), and when D(,-1)-plane is orthogonal to the y-direction, the reduction of
e *V/]g] = e=9=¢/4 V/]g]- The former transforms under the T-duality transformations (1.3)
to the latter. Hence, to find the T-duality constraints on the boundary action (3.28), one
should consider only the T-duality constraint on 9L, in (3.28).

For the boundary couplings at order m = 0, we consider the following Lagrangian:

0Ly = 1 K, GP (3.30)

where K, = 0, X0, X" K,,, and K, is the extrinsic curvature of the spacetime boundary.
For the time-like boundary, it is given as

Ky =Vun, —n,nV,n, (3.31)

(26)

where n,, is the normal vector to the boundary OM It is symmetric and satisfies

n*K,,, = 0. The world-volume reduction of D,-brane and the transverse reduction of D,_1
for this boundary couplings are, respectively

o1
LY = ¢ <Ka,;g“b - 2%(%)
oLy = e (Kaggdi’ + enag0” b_ e‘pnggaﬁdg5> (3.32)

where K v is the extrinsic curvature of the base space boundary. We have also removed g5
in the terms that have more than two base space fields, according to the constraint (3.20).
Then one finds that the T-duality constraint for m = 0 case, i.e.,

9S8y (0) = dSh_1(0)+ J(0) =0 (3.33)
fixes both the bulk parameter a; and the boundary parameters c¢; to be

a; =0; c1 =2 (3.34)
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Hence, the T-duality constraint fixes both the bulk and the boundary actions for m = 0
case to be
o'T, 1

. 1 1
Sp+08, = ——* / " oe?y/ —G[Rabaﬁ6HabcHabC+4HabMHabM—4HWHW (3.35)

1 o
+ﬂHWpHW”—QQMbQ’“b—VaBbCV“B”C+2Va<I>V“<I>—2QH“GV“©—V,A>V“Q>

T,
f—a2 p/dee_q)\/ 4] [QKa“]

It is interesting to note that the coefficient of the extrinsic curvature is exactly the same as
the coefficient of the Hawking-Gibbons term in the spacetime action at the two-derivative
level. Note also that if one replaces B — B + F, then one finds that the propagators of
the massless open string gauge field and the transverse scalar fields receive a’-corrections.
This is unlike the result in [26, 32] in which the study of the boundary couplings did not
considered and the standard propagators considered for these fields. On the other hand,
the coefficients of some of the above couplings are different from those in [26, 32]. We
will show in the appendix that the corrections to the propagators, produce in the S-matrix
elements of the leading order DBI action, some contact terms at order o which change the
coefficients of some of the couplings in the above action such that they become exactly the
same as those in [26, 32].

3.2 m=1,2,3,4 cases
The T-duality constraint for m = 1,2, 3,4 cases is
5 5 5

ST ASY () + Y ASFm) + Y T () =0 (3.36)

m=2 m=1 m=1
in which the solutions (3.23) and (3.34) must be imposed. In this case the base space
background must satisfy the constraint (3.13). Since the base space is not arbitrary back-
ground, unlike the previous case, the above T-duality constraint can not fix all 65 pa-
rameters in (2.21). In fact it produces 32 relations. Some of the couplings are fixed and

some other are related to each others. We have found the following 32 relations for the
parameters in (2.21):

a; = —1/2,by9g = —1/16,b12 = 1/2 — ag/4,b13 = —2,b14 = 1/16,b15 = 1/4,bay = —2,

by = 1/96,b31 = 2,b3g = —1/2,b35 = bas, bgg = —1 — bag, b37 = b33, bg = bau,

bg = —8bas — b33, bao = —8bog — b34,bag = —1/2 + 2a4,bss = —1/4 + ay,

bag = —2,bs9 = 1/2 — a4, b50 = 0,b51 = —2,bs5 = —2b2y + bay, bsg = bag + 16bas,

bs7 = —a14 + bag, byg = bag + 16bag, bsg = —baz — 4bay, b = —1/4 + ae/8,

bso = —2a15 + bag,bg1 = —bag,bg = —1/2 + by, bg = 2 — 4by (3.37)
and the following vector for the total derivative terms:

- 1- = D e o e
7% = —Zbgabbcﬁaap — basbyp0"b:b 7,0%p — bagby bbb 9%

i o L ae g e 5 1 e = g g
+b9b;,0 0 — §b23bacbgdbgebdé8bcp = 5 b2ab™bycb 300 p 4 - (3.38)

~16 —



where dots represent terms that have gz without derivative on it. They are zero for the
base space background (3.13). Because of this restriction, the above total derivative terms
can also fix only some of the couplings in the boundary action.

The constraint (3.13) on the base space background, causes that some of the couplings
in (2.21) do not appear in the relations (3.37). This is unlike the m = 0 case in which
the base space background is arbitrary and all parameters in (2.19) appear in the rela-
tions (3.23). Some of the coefficients of the couplings (2.21) which are fixed in (3.37), i.e.,
b14, b1o, b3, b15, a7, indicate that the couplings in Lo which have an extra factor of By, B®
with respect to the corresponding couplings in L, satisfy the following relation:

1~ ~
L2 (b4, b1o, b3, b1s, a7) = EBabBabﬁo(bAﬂ ba, b1, bs, as) (3.39)
The T-duality could not fix a4, bao, a12. However, if one chooses these coefficients to be
aq = 0, b22 = —1/24, alg = 1/4 (340)

Then all other couplings in £9 which have an extra factor of BayB® with respect to the
corresponding couplings in Ly, satisfy similar relation:

1.
L2(b22, a4, bag, a12,baa, bas) = ZBabBabﬁo(bn, a1, bar, ap, bz, bas) (3.41)

The factor By, B® may be resulted from the expansion of the DBI factor, i.e.,

L2(b14, b10, b3, b15, a7, baz, a, bag, a12, bas, bag) = \/det(l + G%Byc) Lo (3.42)

The DBI factor should be expanded and one should keep m = 2 terms.
The same relation should be between the couplings in L3 which have an extra factor
of Bay B with respect to the corresponding couplings in £, i.e.,

1~ -
L3(b32, b34, bao, bsg, bzs, beo) = ZBabBabﬁl (ba7, bag, b3g, bso, bss, bs1) (3.43)

In the relations (3.37), bsa = —1/2 and byy = —2. They satisfies the above relation. Also
there are the relations b3y = bsg and bog = bgs which are consistent with the above relation.
The factor By, B® may be resulted from the expansion of the DBI factor, i.c.,

L3(bs2, b34, bao, bss, bss, beo) = \/det(l + G Bye) L4 (3.44)

The DBI factor should be expanded and one should keep m = 2 terms.
Assuming the DBI factor, the relation between the coupling in £4 with coefficients bos,
bog and the couplings in Ly is

£4(b25, b26) = \/th(l + G’abBbc)ﬁo (3.45)

where the DBI factor should be expanded and one should keep m = 4 terms. The rela-
tions (3.44) and (3.45) are consistent with the T-duality results (3.37) if one chooses the
following relations:

a5 =0, boy = —1/2, bog = 1/32, bos = —1/8, by = 628/4, bsg = b35/4 (3.46)
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Hence, it seems the couplings at order o’ should have the DBI factor. If one includes the
DBI factor in the effective action (2.18), i.e.,

/ o
_an

S; = o e_q)\/— det(Gap + Bap) Z Lo (3.47)
m=0

2 M@+1)
Then in the Lagrangian L,, for m > 1, one should removes the independent couplings
which have the same structures as those reproduce by expanding the DBI factor.

To find the boundary couplings for m = 1,2,3,4 cases, we first note that the con-
straint (3.13) causes the transverse reduction of Bz, G% to be

By = by G =g® (3.48)

Then one can easily observe that the world-volume reduction of the couplings which involve
VB produces the base space fields b; and Opba, whereas the transverse reduction of the
coupling with structure nBV B produces nbdb. Hence the boundary action should not have
One finds the transverse reduction of B, BY. K is [_)&EI_)B(EK €@ On the other hand,
the world-volume reduction of BabBch ¢ is l_)&gl_)i’gk @ plus some other terms that have
the vector b; without derivative on it. Under the T-duality (1.3) they are removed by
the constraint (3.13). Hence, the couplings Ba,BY.K° is invariant under the T-duality.
Therefore, the T-duality can not fix the coefficient of the boundary coupling B, B’ K.
One can easily observe that for the base space (3.13), the transverse reduction and
the T-duality of the world-volume reduction of Tr(BB) and Tr(BBBB) are 5&5556 and
56555555 Jgda’ respectively. Similarly for any combinations of the tensor B. Then using the
reductions of K,* in (3.32), and using the reduction for dilaton in (3.7), one finds that the
terms in the vector (3.38) are cancelled with the T-duality of the following boundary terms:

/
_an

1 —-d ~ ~ = o~ b
28, = 5 oo dPTe™%/| det(gal;)]\/det(l + G By,) [2[(&“ — 2n,B*“B,,V’®

_b23naéacéceéedédbvb¢ =+ - :| (3.49)

where we have also used the coefficients in (3.46). Note that a, b are world-volume indices
on the boundary OMP+! whereas the indices a,b,--- are the world-volume indices in the
bulk MP+1. The dots represent the terms at m > 4 levels in which we are not interested,
and also the terms with structures By, BY. K and B,,Bb.B“ B, K which can not be
fixed by the T-duality of the massless closed string fields. They may be fixed by studying
the T-duality of massless open string fields in which we are not interested in this paper.

4 Discussion

In this paper we have found the independent world-volume couplings at order ' involving
up to five covariant fields R, H, VH, V®, VV® VB, VVB, Q, VQ and B. We have
found that there are 76 independent couplings. The assumption that the effective action of
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the Dy-brane at the critical dimension is background independent is then used to find the
parameters of the above independent couplings and to find their corresponding boundary
terms when the spacetime has boundary and the D-brane ends on it. That is, we have
considered a particular background which has one circle fibred on a base space. In this
background, the effective action should satisfy the T-duality constraint. To impose the
T-duality on the closed string fields of these couplings, one has to use the static gauge
to fix the diffeomorphism symmetry. We have shown that in this gauge, the T-duality is
satisfied for the specific base space background (3.13) for the couplings with more than
two fields. The T-duality constraint fixes all couplings at the two-field level, and their
corresponding boundary term. They are fully consistent with the corresponding disk-level
S-matrix elements. Because of the restriction on the base space background, the T-duality
is failed to fix all couplings at more than two-field levels. However, those couplings that
are fixed indicate that both the bulk and boundary actions should have the DBI factor.

We have seen that because of the restriction (3.13) on the base space background, we
could find only 32 relations (3.37) between the parameters of the independent couplings at
orders m = 1,2, 3,4. If one includes the independent couplings at orders m > 4, we do not
expect that the T-duality constraint would fix all parameters at order m < 4. The T-duality
constraint would produce some relations between the independent couplings at orders m >
4. However, some of the unfixed parameters at orders m < 4 might be fixed by the T-duality
on the couplings at orders m > 4. We expect, if one finds a way to impose the T-duality con-
straint on the D-brane effective action in covariant form (without using the static gauge),
then there would be no constraint on the background because the would-volume component
of the second fundamental form (2.7) is zero in covariant form without using any restriction
on the background. In that case, the T-duality may fix all couplings at each order of m.

The O,-plane effective action has no open string couplings, no couplings that have
odd number of transverse indices on metric and dilaton and their corresponding deriva-
tives, and has no couplings that have even number of transverse indices on B-field and
its corresponding derivatives [33]. This Z, orientifold projection removes all m > 0 terms
in (2.18) and removes by1, a1, az, as, by terms in (2.19). It also removes the V;®V*‘® part
in the term with coefficient bys and removes the terms with even transverse indices in the
couplings with coefficients by, by, b1. This Zs projection should be also applied for the re-
duction of the couplings on the circle. This projects the final constraint on the couplings,
i.e., (3.22), into two parts. The Zy = +1 corresponds to the O-plane constraint. The DBI
contribution (3.17) for m = 0 case has Ag~ = g5 and A[}J) = 0. Under the Zy project,
Ap — Apy. The T-duality constraint (3.22) then fixes the O,-plane couplings as

o'T! ~ 1 1 3
Sy + 08 :—?p / "o e ®\/ -G |:Rabab — ~Hyp HY + — H;j, HI* 4V, 0V

8 24
T
2” /dpre*%/\m {2}(}1“]

where Té is the tension of Op-plane. The above couplings are the Zs = +1 projection of

the D-brane couplings in (3.35) up to the overall factor. For the couplings at the higher
orders of o/, we expect, as long as the T-duality fixes the D-brane couplings for m = 0 case,
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up to an overall factor, then the Zs = 41 projection on the couplings would produce the
corresponding O-plane couplings up to an overall factor. This overall factor for D-brane and
for O-plane is different. If the T-duality fixes the D-brane couplings up to some parameters,
then the O-plane couplings again would be found by the Zy = +1 project. However, the
unfixed parameters for D-brane and for O-planes are different numbers that should be fixed
by some other methods. Hence, in general, the O-plane couplings are not the Zy = +1
projection of the D-brane couplings up to the overall tension factor. For example, the
Chern-Simons couplings for D-brane and O-plane at order a/? are the same up to an overall
factor, whereas at the higher orders of o/ they are not the same up to an overall factor [34].

To find the independent world-volume couplings on D-brane, we are allowed to impose
the spacetime equations of motion, however, we are not allowed to use the field redefinition
for the closed string fields. This causes that the independent couplings include the two-
field coupling (VB)2. If the spacetime has boundary and the D-brane ends on it, then the
T-duality of the boundary term fixes the coefficient of this term to be non-zero. Hence,
upon the replacement B — B+ F, one finds the couplings at order o/ change the standard
propagator of the gauge field. The T-duality also fixes the coefficients of the square of
the second fundamental form such that the transverse scalar fields also have non-standard
propagators. If one considers the D-brane in the presence of the constant background
B-field, then one expects that the propagator of the gauge field on this D-brane to be
non-standard too. In fact, it is known that the couplings of two VF and two, four, six, and
more F’s are non-zero. Upon the replacement F' — F + B and for constant B, one finds
couplings of VF VF and an arbitrary number of constant B-field. Hence, the propagator of
the gauge field in the presence of constant background is not the standard propagator that
is produced by the DBI action. On the other hand, as we have shown in the appendix, the
non-standard propagator produces some contact terms at order o when one considers the
s-channel in the S-matrix elements of the DBI action. These couplings should be added to
the contact terms that are produced by the standard propagator.

The D-brane world-volume contact terms of two gravitons at order o’ in the presence
of constant B-field background have been found in [35] by using the standard propagators.
One the other hand, it has been shown in [35] that the contact terms are not reproduced by
covariant couplings. It would be interesting to include the contact terms resulting from the
non-standard propagator to the contact terms found in [35] to see if they can be reproduced
by some covariant couplings. If that would be the case, then one must conclude that the
parameter aj in (3.23) must be zero even if the spacetime has no boundary. This would
then confirm that the effective action must be background independent, i.e., if a; = 0 for
the background which has boundary, it would remain zero for any other background which
may have no boundary.

It has been observed in [25] that the series of the open string gauge field couplings at
order o/ which are contracted with the inverse of the pull-back metric @ab and are consistent
with T-duality and S-matrix elements [24], can not be written in compact form in terms
of the inverse of the tensor h,, = Gab + Bab + Fp. In this paper, however, we have shown
that the massless closed string fields in the action should have the DBI factor /— det(hqp).
This observation has been also made in [24] for the couplings of two fundamental forms
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and two, four and six gauge fields. Hence, we expect, in general, the covariant fields with
world-volume indices to be contracted with the inverse of the pull-back metric, however,
the tensor hap = Gap+ Bap+ Fap appears as the overall DBI factor in the actions. Therefore,
we expect the couplings of two gravitons in the presence of constant B-field found in [35],
after including the contact terms of the non-standard propagator discussed in the pervious
paragraph, to have the overall DBI factor and a series of covariant couplings in terms of
the Riemann curvature, the second fundamental form and various powers of B-field that
are contracted with G,

We have seen that the T-duality at the two-field level fixes the action up to the pa-
rameter a;. If there is no boundary it would remain arbitrary. For a; = 2, then the
propagators of the massless open string fields do not receive o’ corrections. However, if
there is a boundary, then the T-duality fixes this to a; = 0, which changes the propagators
to the non-standard form. Assuming the effective action of the D-brane in the critical
dimension to be background independent, then one should not consider a; to be arbitrary
because it is fixed in a particular background which has boundary. Hence, the background
independence dictates that the effective action at order o to be the one in (3.35), not
the one has been found in [26, 32]. We expect the same thing for the propagators of the
D-branes in the superstring theory. The curvature squared terms of the D-brane action
at order a/?> have been found in [36] by considering the low energy contact terms of the
disk-level S-matrix element of two gravitons [37] at order o/?. In this study, the mass-

0

less poles of the amplitude at order o/¥ are assumed to be reproduced by the DBI action

which produces the standard propagators for the gauge field and for the transverse scalar

fields. However, if the propagators receive o/?

2

-corrections, then the contact terms at order
o’* would be changed and the curvature squared terms would also be changed. In fact,
the gauge field couplings at order o/? that have been found in [38] by the boundary state
method, do have term (VVF)2. However, it has been argued in [38] that this term can
be removed by the appropriate field redefinitions. On the other hand, the B-field gauge
symmetry requires that the world-volume couplings have either the B-field strength H or
the combination B + F. Since there is no field redefinition on the D-brane for the B-field,
the B-field gauge symmetry requires to have no field redefinition for the open string gauge

field F either. To check if the propagators receive o'

-corrections, one may extend the
calculations in this paper to the superstring theory on a spacetime manifold which has
boundary. If the coefficient of the world-volume coupling (VVB)? is non-zero, then the
replacement B — B + F would produce the gauge field coupling (?@F )2 which changes
the propagator. It would be interesting to perform this calculation at m = 0 level, to
find NS-NS couplings at order a? by the T-duality and to see if the propagators on the
world-volume of D-branes are standard or not. Similar calculation for O-plane which has

no open string fields, has been done in [20-23].
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A Contact terms of non-standard propagators

In this appendix we are going to show that the couplings in (3.35) are fully consistent with
the S-matrix elements. It has been shown in [26, 32] that the couplings (2.19) with the
coefficients (3.23) are fully consistent with the S-matrix element for a; = 2. To show that
for a; = 0 case also the couplings are consistent with the S-matrix elements, we consider
the terms in (2.19) which depend on a; and also €,,,,Q%. They are

1 - . N
fo = (a—aé)HabcH”%Qu”bﬂ*‘“a—2ﬂwbﬂ““”+(‘”azl)Va<Bbc+Fbc>va<Bbc+Fbc>
+(2-a1) V@V ®—(2—a1)Q, % VF®—(1—a1)V,OVHD (A1)

we have also replaced B by B+ F. For a; = 2, one finds the propagators for the open
string gauge field and the transverse scalar fields receive no a/-correction. The propagators
are produced only by the couplings in the DBI action, i.e.,

1 - < 1
O / o |14 S0, X0 X+ Fg P+ (A.2)
The propagators are
.. itJ Z'nab
GXX ij me, GAA ab _ A3
@) =G (@M= (4.3)
where s = —k.k® and k, is the momentum of the open string field.

For a; = 0, the couplings (A.1) contain the following two-field terms:

gl _ 0/2Tp /dp+10

p = —

— 20,0, X100 XI5 — O FupO°F% + - - (A.4)

They change the propagators in (A.3) to

- ab

(GAA)ab _ &4 (A5)

XXvij _ in" _
(G7) Tps(1 —a's)

 Tps(1—ao's)’
If one expand them, one finds the propagators in the s-channel change to the standard
propagators plus some contact terms at higher orders of o/, i.e.,

B i?’]ab io ab

in ia'nY AA\ab n
_ “e ; G a — e A.6
Tps * Tp * ( ) Tps + Tp + ( )

(GXX)ij

where dots represent terms at higher orders of o’.

Using the DBI action, one can calculate the scattering amplitudes of two massless
closed strings in the s-channel. They produce the massless poles at the leading order of
o/ in the s-channel, and some contact terms at order . Let us consider the scattering
amplitude of two dilatons from D-brane. Using the fact that the closed string fields in the D-
brane action are function of the transverse scalar fields and should be Taylor expanded, one
finds DBI action produces the following vertex for one on-shell dilaton and one off-shell X*:

V(®,X); = T,0;® (A.7)
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Using the propagator of the transverse scalar field in (A.6), one finds the s-channel
produces the following contact terms at order o:

/
o'T),

C** = —/T,0,90'® = ——L2(20,0"® — 20,95°D) (A.8)
If one adds the above dilaton couplings to the couplings in (A.1) for a; = 0, one would
find the dilaton couplings in (A.1) for a; = 2.

The DBI action produces the following vertex for one on-shell B and one off-shell A%:

V(B7 A)a = Tpacéca (Ag)
Using the propagator of the gauge field in (A.6), one finds the s-channel produces the
following contact terms at order o’

~ . '"T,, 1 5 >
CBB = —O/TpachaadBda == a2 . (_ngcaHdca + 8CBadacBad> (A.lO)

where we have also used integration by part. If one adds the above B-field couplings to
the couplings in (A.1) for a; = 0, one would find the B-field couplings in (A.1) for a; = 2.
Similar calculations can be done for the other couplings as well. Note that the S-matrix of
one B and one F in (A.1) is also zero. Hence, the S-matrix elements for a; = 0 are the same
as the S-matrix elements for a; = 2. On the other hand, it has been shown in [26, 32] that
the field theory S-matrix element for a; = 2 are consistent with the low energy expansion
of the disk-level S-matrix element in the string theory. Hence the couplings in (3.35) are
fully consistent with the corresponding S-matrix elements in the bosonic string theory.
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