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ABSTRACT
In this paper, we introduce the twin g-noncommuting graph of a finite group that is developed
by combining the concepts of the g-noncommuting graph and the twin noncommuting graph of
a finite group. The twin g-noncommuting graph of a finite group G, denoted by €C

g
G, is con-

structed by considering the twin vertex set as one vertex and the adjacency of the two vertices
are determined from their adjacency on the g-noncommuting graph. Furthermore, we choose
dihedral group, whose representation of the twin g-noncommuting graph is determined. In add-
ition, we determine the clique number of the twin g-noncommuting graph of dihedral group.
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1. Introduction

Combining graph theory with abstract algebra is an interest-
ing topic of study. One of the studies in abstract algebra is a
group theory. A finite group can be represented as a graph
by considering the group elements as vertices and the adja-
cency of two vertices is determined from the operation on
the group. There are many researches that associated a
graph and a finite group, such as the noncommuting graph
by Abdollahi et al. [1], the power graph by Cameron and
Ghosh [2], the conjugate graph by Erfanian and Tolue [5],
the coprime graph by Ma et al. [9], and the noncentralizer
graph by Tolue [13]. The research on graph that represented
of certain group such as the identity graph of a cyclic group
by Yalcin and Kirgil [16], the noncommuting graph of dihe-
dral group by Khasraw et al. [8], and the coprime graph of
generalized quaternion group by Zahidah et al. [17].

The concept of the noncommuting graph of a finite
group is interesting to study in detail. In 1975, Paul Erd €o s
had first introduced a graph associated to a group that is
denoted by CG, before this concept was developed by
Moghaddamfar et al. [10] in terms of the noncommuting
graph. Tolue et al. [15] generalized the noncommuting
graph to the g-noncommuting graph, denoted by Cg

G, which
is a graph with the vertex set G and two distinct vertices x
and y are adjacent if and only if ½x, y� 6¼ g and ½x, y� 6¼ g�1:

In graph theory, two vertices a and b in a connected
graph C are called twins if a and b have the same neighbors
in VðCÞnfa, bg [12]. From that definition, Tolue [14] inves-
tigated the twin vertices of the noncommuting graph and
yielded the concept of the twin noncommuting graph of a
finite group. The twin noncommuting of a finite group is
constructed by considering the twin vertex set as one vertex

and the adjacency of the two vertices are determined from
their adjacency on the noncommuting graph. Moreover,
Tolue [14] also discussed the clique number of the twin
noncommuting graph of a finite group. Based on these
results, it is interesting to combine the concepts of the g-
noncommuting graph and the twin noncommuting graph of
a finite group that later is called by the twin g-noncommut-
ing graph of a finite group. Moreover, in this paper we
construct and determine the clique number of the twin
g-noncommuting graph of dihedral group.

Throughout the paper, graphs are simple, undirected, and
without loops. All of the notations and terminologies about
graphs can be found in [3, 13], and for the groups in [4,
6, 7].

2. Twin g-noncommuting graph of a finite group

In this part, we introduce some definitions related to the
twin g-noncommuting graph of a finite group. Let G be a
finite group with the identity element e and Cg

G be the g-
noncommuting graph of a group G for fixed element g 2
Gnfeg: Let x, y 2 G, note that ½x, y� ¼ x�1y�1xy is the com-
mutator of x and y of G and KðGÞ ¼ f½x, y� : 8x, y 2 Gg [7].
Let C be a graph and x 2 VðCÞ, Tolue in [14] defined
NðxÞ ¼ fy 2 VðCÞ : dðx, yÞ ¼ 1g is the vertex set that is
adjacent to x. A vertex u 2 VðCÞ is called a dominant vertex
if dðu, vÞ ¼ 1 for any other vertices v 2 VðCÞ:
Definition 2.1. Let G be a finite group and x 2 G. The set of
elements of the group G whose commutator with x is g or
g�1, denoted by LgðxÞ, is defined as LgðxÞ ¼ fy 2 G : ½x, y� ¼
g or ½x, y� ¼ g�1g where g is a non-identity element of G.
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Let G be a finite group with the identity element e and
Cg
G be the g-noncommuting graph of G for g 2 G:

According to [15], Ce
G is not a connected graph, hence in

this paper we only discuss about Cg
G for g 2 Gnfeg ¼ G�:

Meanwhile, based on Definition 2.1 we know that on Cg
G,

the set LgðxÞ [ fxg where x 2 VðCg
GÞ is the vertex set that is

not adjacent to x. Consequently, the vertex set that is adja-
cent to x of Cg

G for g 2 G� is NðxÞ ¼ GnðLgðxÞ [ fxgÞ:
Definition 2.2. Let G be a finite group and Cg

G be the g-non-
commuting graph of G for g 2 G�. Let a 2 VðCg

GÞ, we denote
the twin vertex set of a on Cg

G as €�a ¼ b 2 G :f
LgðaÞ [ fa, bg ¼ LgðbÞ [ fa, bgg:

The twin vertex set on the g-noncommuting graph in
Definition 2.2 is used to bring out the concept of the twin
g-noncommuting graph as follows.

Definition 2.3. Let G be a finite group, Cg
G be the g-noncom-

muting graph of G for g 2 G�, and €�x be the twin vertex set of
x on Cg

G. The twin g-noncommuting graph of G for g 2 G�,
denoted by €C

g
G, is a graph with the vertex set Vð€Cg

GÞ ¼
€�x jx 2 VðCg

G

� �
and two distinct vertices €�x and €�y are adjacent

if and only if xy 2 EðCg
GÞ:

If G is a finite abelian group, then Cg
G is a complete

graph [11]. Consequently, if G is a finite abelian group, then
€C
g
G is a trivial graph. Moreover, Cg

G is a regular graph if and
only if g 62 KðGÞ [11], so we get a corollary as follows.

Corollary 2.1. Let G be a finite non-abelian group with the
identity element e. The twin g-noncommuting graph of G
for g 2 G� is a trivial graph if and only if g 62 KðGÞ:

Let G be a finite non-abelian group with the identity elem-

ent e. Obviously €C
g
G ffi €C

g�1

G and e 2 KðGÞ: Furthermore, in

the following results we consider €C
g
G for a finite non-abelian

group G and g 2 KðGÞnfeg ¼ K�ðGÞ:

Lemma 2.1. If €C
g
G is a twin g-noncommuting graph of a

non-abelian group G for g 2 K�ðGÞ, then €�e is a dominant

vertex on €C
g
G:

Proof. For any €�x 2 Vð€Cg
GÞ and certain €�e 2 Vð€Cg

GÞ where €�e 6¼
€�x implies ½x, e� ¼ e 6¼ g, g�1: It means €�e is adjacent to any €�x

on €C
g
G: �

Proposition 2.1. If €C
g
G is a twin g-noncommuting graph of a

non-abelian group G for g 2 K�ðGÞ, then €C
g
G is a connected

graph with diameter two.

Proof. Let €�x and €�y be two distinct vertices on €C
g
G: Then the

following two cases occur.

1. If €�x and €�y are adjacent on €C
g
G, then dð€�x , €�yÞ ¼ 1:

2. If €�x and €�y are not adjacent on €C
g
G, then based on

Lemma 2.1, €�x and €�y are adjacent to €�e 2 Vð€Cg
GÞ respect-

ively, so dð€�x , €�yÞ ¼ dð€�x ,€�eÞ þ dð€�y ,€�eÞ ¼ 2:

Since the distance among the vertices either one or two,

then the diameter of €C
g
G is two. �

Lemma 2.2. If €C
g
G is a twin g-noncommuting graph of a

non-abelian group G for g 2 K�ðGÞ, then €C
g
G is not a com-

plete graph.

Proof. Suppose €C
g
G is a complete graph Kn of order n, then

every pair of distinct vertices €�x and €�y are adjacent on €C
g
G or

in other words ½x, y� 6¼ g and g�1: It means for all €�x , €�y 2
Vð€Cg

GÞ implies ½x, y� 62 KðGÞ, which is a contradiction. �

Proposition 2.2. If €C
g
G is a twin g-noncommuting graph of a

non-abelian group G for g 2 K�ðGÞ, then €C
g
G is not a

cycle graph.

Proof. There are two cases, i.e.

1. Based on Lemma 2.2, it is clear that €C
g
G 6¼ K3 ¼ C3:

2. Suppose €C
g
G ffi Cn where n> 3. Note that for all x 2

ZðGÞ and y 2 GnZðGÞ we get ½x, y� ¼ e implies degð€�xÞ ¼
n� 1 > 2 on €C

g
G: This is contrary to the fact that the

degree of any vertices on a cyclic graph is two. �

3. The twin g-noncommuting graph of the
dihedral group

The Dihedral group of order 2n, is denoted by D2n, can be rep-
resented as D2n ¼< a, b j an ¼ b2 ¼ e, bab ¼ a�1> for n 2
N, n � 3, and e is the identity element of D2n [12]. We can
see that ZðD2nÞ ¼ feg and KðD2nÞ ¼ <a> where n is an odd
number. If n is an even number, we have ZðD2nÞ ¼ e, a

n
2f g and

KðD2nÞ ¼ <a2> : Before we discuss the twin g-noncommuting
graph of D2n, we introduce a special graph as follows.

Definition 3.1. Let k be a non-negative integer, Xk be a k-
regular graph, i.e a graph that each vertex has the same
degree k and given two distinct vertices u and v where
u, v 62 VðXkÞ. A graph Ak is defined as a graph with the ver-
tex set VðAkÞ ¼ VðXkÞ [ u, vf g and the edge set EðAkÞ ¼
EðXkÞ [ uw : w 2 VðXkÞ [ fvg� �

:

Let Xk be a k-regular graph for a non-negative integer k
and has order n. A graph Ak is a connected graph, consist-
ing of a unique end vertex and a unique dominant vertex.
Consequently, the maximal degree of vertex on Ak is nþ 1.
Therefore, we know that the order and the size of Ak are
nþ 2 and nk

2 þ nþ 1 respectively. Furthermore, in this
paper, D2n can be written as D2n ¼ e, a, a2, :::,f
an�1, b, ab, a2b, :::, an�1bg and for all ap, aq 2 D2n where
p, q ¼ 1, 2, :::, n and p 6¼ q implies ½ap, aq� ¼ e: For simplicity,
we denote KðD2nÞnfeg ¼ K�:

Lemma 3.1. Let Cg
D2n

be the g-noncommuting graph of D2n

for g 2 K� and define S1 ¼ ai : i ¼ 1, 2, :::, nf g � VðCg
D2n

Þ:
i. If n is an odd number and g ¼ a2j 2 KðD2nÞ for

j ¼ 1, 2, :::, n�1
2 , then aj

::

¼ aj, an�jf g and €�e ¼ S1n aj
::

are
twin vertex sets in S1.

288 S. ZAHIDAH ET AL.



ii. If n � 6 is an even number and g ¼ a2j 2 KðD2nÞ for

j ¼ 1, 2, :::, bn�1
4 c, then aj

::

¼ aj, an�j, a
n
2�j, a

n
2þj

� �
and €�e ¼

S1n aj
::

are twin vertex sets in S1.

iii. If n ¼ 4j and g ¼ a2j 2 KðD2nÞ for j 2 N, then aj
::

¼
aj, an�jf g and €�e ¼ S1n aj

::

are twin vertex sets in S1.

Proof.
i. Let n is an odd number and g ¼ a2j 2 KðD2nÞ

for j ¼ 1, 2, :::, n�1
2 :

a. If ½arb, ai� ¼ g ¼ a2j for all r ¼ 1, 2, :::, n, then i ¼ j.
b. If ½arb, ai� ¼ g�1 ¼ an�2j for all r ¼ 1, 2, :::, n,

then i ¼ n� j:
Hence, we have LgðajÞ ¼ Lgðan�jÞ ¼ arb : r ¼ 1, 2, :::, nf g

and LgðeÞ ¼ LgðakÞ ¼ ; for all k ¼ 1, 2, :::, n� 1, k 6¼ j, n� j:
According to Definition 2.2, the twin vertex sets in S1 are

aj
::

¼ aj, an�jf g and €�e ¼ S1n aj
::

:

ii. Let n � 6 is an even number and g ¼ a2j 2 KðD2nÞ
for j ¼ 1, 2, :::, bn�1

4 c:
a. If ½arb, ai� ¼ g ¼ a2j for all r ¼ 1, 2, :::, n, then i ¼ j

or i ¼ n
2 þ j:

b. If ½arb, ai� ¼ g�1 ¼ an�2j for all r ¼ 1, 2, :::, n, then
i ¼ n

2 � j or i ¼ n� j:

Hence, we have LgðajÞ ¼ Lgðan�jÞ ¼ Lg a
n
2�jð Þ ¼

Lg a
n
2þjð Þ ¼ arb : r ¼ 1, 2, :::, nf g and LgðeÞ ¼ LgðakÞ ¼ ; for

all k ¼ 1, 2, :::, n� 1, k 6¼ j, n� j, n2 � j, n2 þ j: According to

Definition 2.2, the twin vertex sets in S1 are aj
::

¼
aj, an�j, a

n
2�j, a

n
2þj

� �
and €�e ¼ S1n aj

::

:

iii. For n ¼ 4j and g ¼ a2j 2 KðD2nÞ for j 2 N: If
½arb, ai� ¼ g ¼ g�1 ¼ a2j for all r ¼ 1, 2, :::, n, then i ¼ j
or i ¼ n� j: Hence, we have LgðajÞ ¼ Lgðan�jÞ ¼
arb : r ¼ 1, 2, :::, nf g and LgðeÞ ¼ LgðakÞ ¼ ; for all k ¼

1, 2, :::, n� 1, k 6¼ j, n� j: According to Definition 2.2,

the twin vertex sets in S1 are aj
::

¼ aj, an�jf g and

€�e ¼ S1n aj
::

: �

Lemma 3.2. Let Cg
D2n

be the g-noncommuting graph of D2n

for g 2 K� and define S2 ¼ akb : k ¼ 1, 2, :::, nf g � VðCg
D2n

Þ:

i. Let n is an odd number and g ¼ a2j 2 KðD2nÞ
for j ¼ 1, 2, :::, n�1

2 :

a. If n ¼ 3j and j is an odd number, then amb
::

¼
amb, amþjb, amþ2jbf g for m ¼ 1, 2, :::, j are twin ver-
tex sets in S2.

b. If n 6¼ 3j, then akb
::

¼ akbf g for k ¼ 1, 2, :::, n are
twin vertex sets in S2.

ii. Let n � 6 is an even number and g ¼ a2j 2 KðD2nÞ
for j ¼ 1, 2, :::, bn�1

4 c:

i. If n ¼ 8j, then arb
::

¼ arb, arþ2jb, arþ4jb, arþ6jbf g for
r ¼ 1, 2, :::, 2j are twin vertex sets in S2.

ii. If n 6¼ 8j, then aqb
::

¼ aqb, a
n
2þqb

� �
for q ¼ 1, 2, :::, n2

are twin vertex sets in S2.

iii. Let n ¼ 4j and g ¼ a2j 2 KðD2nÞ for j 2 N. Then arb
::

¼
arb, arþ2jbf g for r ¼ 1, 2, :::, 2j are twin vertex sets in S2.

Proof.
i. Let n is an odd number and g ¼ a2j 2 KðD2nÞ for j ¼

1, 2, :::, n�1
2 :

1. If ½akb, ai� ¼ g ¼ a2j for all k ¼ 1, 2, :::, n, then i¼ j.
2. If ½akb, ai� ¼ g�1 ¼ an�2j for all k ¼ 1, 2, :::, n,

then i ¼ n� j:
3. If ½akb, alb� ¼ g ¼ a2j for k ¼ 1, 2, :::, n and k 6¼ l,

then l ¼ n� jþ k:
4. If ½akb,alb� ¼ g�1 ¼ an�2j for k¼ 1, 2, :::,n and k 6¼

l, then l¼ jþ k:

Hence, for any akb 2 VðCg
D2n

Þ for k ¼ 1, 2, :::, n implies

LgðakbÞ ¼ aj, an�j, ajþkb, an�jþkb
� �

:

a. If n ¼ 3j and j is an odd number, then for any

akb 2 VðCg
D2n

Þ for k ¼ 1, 2, :::, n implies LgðakbÞ [
akbf g ¼ LgðajþkbÞ [ ajþkbf g ¼ Lgða2jþkbÞ [ a2jþkbf g
and on another hand we know that ajþkb,a2jþkb 2
LgðakbÞ: According to Definition 2.2, the twin ver-

tex sets in S2 are amb
::

¼ amb,amþjb,f
amþ2jbg for m¼ 1,2, :::, j:

b. If n 6¼ 3j, then for all two distinct vertices akb and alb,
where k, l¼ 1,2, :::,n and k 6¼ l, implies LgðakbÞ[
akb,albf g 6¼LgðalbÞ[ akb,albf g: According to
Definition 2.2, the twin vertex sets in S2

are akb
::

¼ akbf g for k¼ 1,2, :::,n:
ii. Let n � 6 is an even number and g ¼ a2j 2 KðD2nÞ for

j ¼ 1, 2, :::, bn�1
4 c:

1. If ½akb, ai� ¼ g ¼ a2j for all k ¼ 1, 2, :::, n, then i ¼
j or i ¼ n

2 þ j:

2. If ½akb, ai� ¼ g�1 ¼ an�2j for all k ¼ 1, 2, :::, n, then
i ¼ n

2 � j or i ¼ n� j:

3. If ½akb, alb� ¼ g ¼ a2j for k ¼ 1, 2, :::, n and k 6¼ l,
then l ¼ n� jþ k or l ¼ n

2 � jþ k:

4. If ½akb,alb� ¼ g�1 ¼ an�2j for k¼ 1, 2, :::,n and k 6¼
l, then l¼ jþ k or l¼ n

2þ jþ k:

Hence, for all akb 2 VðCg
D2n

Þ for k ¼ 1, 2, :::, n implies

LgðakbÞ ¼ aj, an�j, a
n
2�j, a

n
2þj, ajþkb, an�jþkb, a

n
2�jþkb, a

n
2þjþkb

� �
:

a. If n ¼ 8j, then for all akb 2 VðCg
D2n

Þ where k ¼
1, 2, :::, n implies LgðakbÞ ¼ Lgða2jþkbÞ ¼
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Lgða4jþkbÞ ¼ Lgða6jþkbÞ: According to Definition
2.2, the twin vertex sets in S2 are

arb
::

¼ arb, arþ2jb, arþ4jb, arþ6jbf g for r ¼ 1, 2, :::, 2j:

b. If n 6¼ 8j, then for all akb 2 VðCg
D2n

Þ where k ¼
1, 2, :::, n implies LgðakbÞ ¼ Lg a

n
2þkbð Þ: According

to Definition 2.2, the twin vertex sets in S2
are aqb

:: ¼ aqb, a
n
2þqbf g for q ¼ 1, 2, :::, n2 :

iii. If n ¼ 4j and g ¼ a2j 2 KðD2nÞ for j 2 N:

1. If ½akb, ai� ¼ g ¼ g�1 ¼ a2j for all k ¼ 1, 2, :::, n,
then i ¼ j or i ¼ n� j:

2. If ½akb, alb� ¼ g ¼ g�1 ¼ an�2j for k ¼ 1, 2, :::, n
and k 6¼ l, then l ¼ n� jþ k or l ¼ jþ k:

Therefore, for all akb 2 VðCg
D2n

Þ where k ¼ 1, 2, :::, n implies

LgðakbÞ ¼ aj, an�j, ajþkb, an�jþkbf g such that LgðakbÞ ¼
Lgða2jþkbÞ: According to Definition 2.2, the twin vertex sets

in S2 are arb
::

¼ arb, arþ2jbf g for r ¼ 1, 2, :::, 2j: �

Referring to Lemma 3.1 and Lemma 3.2, the construction
of the twin g-noncommmuting graph of D2n for g 2 K� is
served in the following theorems.

Theorem 3.1. Let €C
g
D2n

be the twin g-noncommuting graph of
D2n for g 2 K�. Let n be an odd number and g ¼ a2j

for j ¼ 1, 2, :::, n�1
2 :

i. If n ¼ 3j and j is an odd number, then €C
g
D2n

is Aj�1 of
order j þ 2.

ii. If n 6¼ 3j, then €C
g
D2n

is An�3 of order n þ 2.

Proof. Let n is an odd number and g ¼ a2j 2 KðD2nÞ
for j ¼ 1, 2, :::, n�1

2 :

i. Let n ¼ 3j and j is an odd number. According to

Lemma 3.1 and Lemma 3.2, the vertex set of €C
g
D2n

is

Vð€Cg
D2n

Þ ¼ €�e , aj
::

, ab
::

, a2b
::

, :::, ajb
::n o

: Then, there are
three cases to investigate the adjacency of any vertices

on €C
g
D2n

,

a. Based on Lemma 2.1, €�e is a dominant vertex

on €C
g
D2n

:

b. Since for all m ¼ 1, 2, :::, j implies ½amb, aj� ¼ a2j ¼ g,

then for all m ¼ 1, 2, :::, j, amb
::

is not adjacent to aj
::

:

c. The adjacency of vertex in H ¼ amb
::

:

n

m ¼ 1, 2, :::, jg� Vð€Cg
D2n

Þ: Since ½am1b,

am2b� ¼ a2ðm1�m2Þ 6¼ a2j ¼ g and ½am1b, am2b� ¼
a2ðm1�m2Þ 6¼ an�2j ¼ g�1 for m1,m2 ¼ 1, 2, :::, j and
m1 6¼ m2, then every two distinct vertices in H are
adjacent. Consequently, the induced subgraph by H

on €C
g
D2n

is Xj�1:

Based on three cases above and Definition 3.1, €C
g
D2n

is
Aj�1 of order jþ 2.

ii. Let n 6¼ 3j, According to Lemma 3.1 and Lemma 3.2,

the vertex set of €C
g
D2n

is Vð€Cg
D2n

Þ ¼ €�e , aj
::

, €�b ,

n

ab
::

, a2b
::

, :::, an�1b
::

g: Then, there are three cases to

investigate the adjacency of any vertices on €C
g
D2n

,

a. Based on Lemma 2.1, €�e is a dominant vertex

on €C
g
D2n

:

b. Since for all k ¼ 1, 2, :::, n implies ½akb, aj� ¼ a2j ¼ g,

then for all k ¼ 1, 2, :::, n, akb
::

is not adjacent to aj
::

:

c. The adjacency of vertex in H ¼ akb
::

:

n

k ¼ 1, 2, :::, ng� Vð€Cg
D2n

Þ: According to Lemma 3.2,

akb
::

is adjacent to any vertices in H, except ajþkb
::

and an�jþkb
::

: Consequently, the induced subgraph

by H on €C
g
D2n

is Xn�3:

Based on three cases above and Definition 3.1, €C
g
D2n

is
An�3 of order nþ 2. �

Corollary 3.1. Let €C
g
D2n

be the twin g-noncommuting graph
of D2n for g 2 K�:

i. If n ¼ 3j and j is an odd number, then the induced

subgraph by S ¼ amb
::

: m ¼ 1, 2, :::, j
n o

� Vð€C2j
D2ð3jÞ Þ is

a complete subgraph of €C
2j
D2ð3jÞ for an odd natural num-

ber j.
ii. If n is an odd non-prime number and g ¼ am 2

KðD2nÞ for m 2 1, 2f g, then the induced subgraph by

S ¼ alb
::

, alþmb
::

, alþ2mb
::

, :::, alþðn�32 Þmb
::n o

where l ¼
1, 2, :::, n is a complete subgraph of €C

am

D2n
:

iii. If n � 5 is a prime number and g ¼ a2j 2 KðD2nÞ for

j ¼ 1, 2, :::, n�1
2 , then the induced subgraph by S ¼

a2jþlb
::

, a4jþlb
::

, a6jþlb
::

, :::, aðn�1Þjþlb
::n o

where l ¼
1, 2, :::, n is a complete subgraph of €C

2j
D2n

:

Example 1. Some constructions of the twin g-noncommuting
graph of D18 for g 2 K� can be seen in Figure 1.

Theorem 3.2. Let €C
g
D2n

be the twin g-noncommuting graph of
D2n for g 2 K�:

i. If n ¼ 4j and g ¼ a2j 2 KðD2nÞ for j 2 N, then €C
g
D2n

is
A2j�2 of order 2jþ 2:

ii. If n ¼ 6j and g ¼ a2j 2 KðD2nÞ for j 2 N, then €C
g
D2n

is
A3j�3 of order 3jþ 2:

iii. If n ¼ 8j and g ¼ a2j 2 KðD2nÞ for j 2 N, then €C
g
D2n

is
A2j�2 of order 2jþ 2:

iv. If n ¼ 2p and g ¼ a2j 2 KðD2nÞ for j 2 N, where p � 5

is a prime number and j ¼ 1, 2, :::, p�1
2 , then €C

g
D2n

is
Ap�3 of order p þ 2.
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Proof.
i. Let n ¼ 4j and g ¼ a2j 2 KðD2nÞ for j 2 N: According to

Lemma 3.1 and Lemma 3.2, the vertex set of €C
g
D2n

is

Vð€Cg
D2n

Þ ¼ €�e , aj
::

, ab
::

, a2b
::

, :::, a2jb
::n o

: Then, there are
three cases to investigate the adjacency of any vertices

on €C
g
D2n

,

a. Based on Lemma 2.1, €�e is a dominant vertex

on €C
g
D2n

:

b. Since for all r ¼ 1, 2, :::, 2j implies ½arb, aj� ¼ a2j ¼
g, then for all r ¼ 1, 2, :::, 2j, arb

::

is not adjacent

to aj
::

:

c. The adjacency of vertices in H ¼
arb
::

: r ¼ 1, 2, :::, 2j
n o

� Vð€Cg
D2n

Þ: According to

Lemma 3.2, for all k ¼ 1, 2, :::, n implies LgðakbÞ ¼
aj, a3j, akþjb, akþ3jbf g and akþjb

::

¼ akþjb, akþ3jb
� �

:

Therefore, arb
::

for r ¼ 1, 2, :::, 2j is adjacent to any

vertices in H, except arþjb
::

: Consequently, the

induced subgraph by H on €C
g
D2n

is X2j�2:

Based on three cases above and Definition 3.1, if n ¼ 4j

and g ¼ a2j 2 KðD2nÞ for j 2 N, then €C
g
D2n

is A2j�2 of
order jþ 2.

ii. Let n ¼ 6j and g ¼ a2j 2 KðD2nÞ for j 2 N: According

to Lemma 3.1 and Lemma 3.2, the vertex set of €C
g
D2n

is

Vð€Cg
D2n

Þ ¼ €�e , aj
::

, ab
::

, a2b
::

, :::, a3jb
::n o

: Then, there are
three cases to investigate the adjacency of any vertices

on €C
g
D2n

,

a. Based on Lemma 2.1, €�e is a dominant vertex

on €C
g
D2n

:

b. Since for all k ¼ 1, 2, :::, 3j implies ½akb, aj� ¼ a2j ¼ g,

then for all k ¼ 1, 2, :::, 3j, akb
::

is not adjacent to aj
::

:

c. The adjacency of vertices in H ¼ akb
::

: k ¼ 1,

n

2, :::, 3jg� Vð€Cg
D2n

Þ: According to Lemma 3.2, for all

l ¼ 1, 2, :::, n implies LgðalbÞ ¼ aj, a2j, a4j, a5j, ajþlb,f
akþ3jb, a2jþl, a4jþlg and ajþlb

::

¼ ajþlb, a4jþl
� �

,

a5jþlb
::

¼ a2jþlb, a5jþlb
� �

: Therefore, akb
::

for k ¼
1, 2, :::, 3j is adjacent to any vertices in H, except

ajþkb
::

and a5jþkb
::

: Consequently, the induced sub-

graph by H on €C
g
D2n

is X3j�3:

Based on the above three cases and Definition 3.1, if n ¼
6j and g ¼ a2j 2 KðD2nÞ for j 2 N, then €C

g
D2n

is A3j�3 of
order 3jþ 2:

iii. Let n ¼ 8j and g ¼ a2j 2 KðD2nÞ for j 2 N: According

to Lemma 3.1 and Lemma 3.2, the vertex set of €C
g
D2n

is

Vð€Cg
D2n

Þ ¼ €�e , aj
::

, ab
::

, a2b
::

, :::, a2jb
::n o

: Then, there are
three cases to investigate the adjacency of any vertices

on €C
g
D2n

,

Figure 1. Graph (a) €C
a2

D18
, (b) €C

a4

D18
, (c) €C

a6

D18
, (d) €C

a8

D18
:
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a. Based on Lemma 2.1, €�e is a dominant vertex

on €C
g
D2n

:

b. Since for all r ¼ 1, 2, :::, 2j implies ½arb, aj� ¼ a2j ¼ g,

then for all r ¼ 1, 2, :::, 2j, arb
::

is not adjacent to aj
::

:

c. The adjacency of vertices in H ¼
arb
::

: r ¼ 1, 2, :::, 2j
n o

� Vð€Cg
D2n

Þ: According to

Lemma 3.2, for all k ¼ 1, 2, :::, n implies LgðakbÞ ¼
aj, a3j, a5j, a7j, ajþkb, a7jþkb,f
a3jþk, a5jþkg and ajþkb

::

¼ ajþkb, a3jþkb, a5jþkb,
�

a7jþkbg: Therefore, arb
::

for r ¼ 1, 2, :::, 2j is adjacent

to any vertices in H, except arþjb
::

: Consequently,

the induced subgraph by H on €C
g
D2n

is X2j�2:

Based on three cases above and Definition 3.1, if n ¼ 8j

and g ¼ a2j 2 KðD2nÞ for j 2 N, then €C
g
D2n

is A2j�2 of
order 2jþ 2:

iv. Let n ¼ 2p and g ¼ a2j 2 KðD2nÞ for j 2 N, where
p � 5 is prime number and j ¼ 1, 2, :::, p�1

2 : According

to Lemma 3.1 and Lemma 3.2, the vertex set of €C
g
D2n

is

Vð€Cg
D2n

Þ ¼ €�e , aj
::

, ab
::

, a2b
::

, :::, apb
::n o

: Then, there are
three cases to investigate the adjacency of any vertices

on €C
g
D2n

,

a. Based on Lemma 2.1, €�e is a dominant vertex

on €C
g
D2n

:

b. Since for all k ¼ 1, 2, :::, p implies ½akb, aj� ¼ a2j ¼ g,

then for all k ¼ 1, 2, :::, p, akb
::

is not adjacent to aj
::

:

c. The adjacency of vertices in H ¼ akb
::

: k ¼ 1,

n

2, :::, pg� Vð€Cg
D2n

Þ: According to Lemma 3.2, for all

l ¼ 1, 2, :::, n implies LgðalbÞ ¼ aj, an�j, ap�j,f
apþj, ajþlb, an�jþlb, ap�jþlb, apþjþlbg,

ajþlb
::

¼ ajþlb, apþjþlb
� �

, and ap�jþlb
::

¼ an�jþlb, ap�jþlb
� �

:

Therefore, akb
::

for k ¼ 1, 2, :::, p is adjacent to any vertices in

H, except akþjb
::

and apþðk�jÞb
::

: Consequently, the induced

subgraph by H on €C
g
D2n

is Xp�3:

Based on three cases above and Definition 3.1, if n ¼ 2p and
g ¼ a2j 2 KðD2nÞ for j 2 N, where p � 5 is a prime number

and j ¼ 1, 2, :::, p�1
2 , then €C

g
D2n

is Ap�3 of order pþ 2. �

Corollary 3.2. If n¼mj and g ¼ a2j 2 KðD2nÞ where j 2 N

and m ¼ 4, 6f g, then the induced subgraph by

ajþlb
::

, ajþ1þlb
::

, :::, a2j�1þlb
::n o

where l ¼ 1, 2, :::, mj
2 is a com-

plete subgraph of €C
2j
D2n

:

Corollary 3.3. Let €C
g
D2n

be the twin g-noncommuting graph
of D2n for g ¼ K�. Then

i. €C
a2j

D2ð4jÞ ffi €C
a2j

D2ð8jÞ for j 2 N

ii. If n � 5 is a prime number, then €C
a2j

D2n
ffi €C

a2j

D2ð2nÞ

for j ¼ 1, 2, :::, n�1
2 :

4. The clique number of the twin g-noncommuting
graph of the dihedral group

In this part, we discuss related to the clique number of the
twin g-noncommuting graph of dihedral group. Referring to
Definition 3.1 we have that graph Ak ¼ ðXk [ K1Þ þ K1,
where K1 is a trivial graph. Hence, we get clique number of
Ak as follows.

Corollary 4.1. Let Xk be a k-regular graph,
then xðAkÞ ¼ xðXkÞ þ 1:

Henceforth, we observe the clique number of the twin g-
noncommuting graph of dihedral group regarding to the

previous section. Note that notation €C
g
D2n

claims the twin g-
noncommuting graph of D2n for g 2 KðD2nÞnfeg ¼ K�: A

vertex aj
::

2 Vð€Cg
D2n

Þ is an end vertex, so it is not possible to

be a vertex candidate for clique on €C
g
D2n

: Meanwhile a vertex

€�e 2 Vð€Cg
D2n

Þ is a dominant vertex, so €�e is a vertex candidate

for clique on €C
g
D2n

: Based on these two conditions, the larg-
est clique’s proof in this section only observe to the adja-
cency of the twin vertex sets in S2 ¼ akb : k ¼ 1, 2, :::, nf g in
Lemma 3.2.

Theorem 4.1. If n ¼ 3j and g ¼ a2j 2 KðD2nÞ for j 2 N and

j is an odd number, then xð€Ca2j

D2ð3jÞ Þ ¼ jþ 1:

Proof. According to Corollary 3.1, the induced subgraph by

S ¼ amb
::

: m ¼ 1, 2, :::, j
n o

� Vð€Ca2j

D2ð3jÞ Þ is a complete sub-

graph. It means the spanning vertex set of a clique D on

€C
a2j

D2ð3jÞ is VðDÞ ¼ S [ €�ef g where jVðDÞj ¼ jþ 1: In another

hand, we know that Vð€Ca2j

D2ð3jÞ Þ
���

��� ¼ jþ 2 and based on

Lemma 2.2, €C
a2j

D2ð3jÞ is not a complete graph. Consequently, a

clique D is the largest clique on €C
a2j

D2ð3jÞ (see Figure 1c €C
a6

D18
as

an evidence of this theorem for j¼ 3). �

Theorem 4.2. If n is an odd non-prime number and

g ¼ a, a2 2 KðD2nÞ, then xð€Cg
D2n

Þ ¼ nþ1
2 :

Proof. Let n is an odd non-prime number.

i. Let g ¼ a 2 KðD2nÞ and g�1 ¼ an�1 2 KðD2nÞ:
According to Corollary 3.1, the spanning vertex set of a

clique D on €C
g
D2n

is VðDÞ ¼ €�ef g [ H where H ¼

alb
::

, alþ1b
::

, :::, alþn�3
2 b

::n o
and l ¼ 1, 2, :::, n:

Consequently, jVðDÞj ¼ nþ1
2 and vertices on H

are sequential.

292 S. ZAHIDAH ET AL.



Hereafter, suppose there is another clique K where

VðKÞ � Vð€Cg
D2n

Þ and VðKÞ > VðDÞ: Without loss of gener-

ality, let VðKÞ ¼ VðDÞ [ amb
::

n o
for m 2 l þ n�3

2 þ�
r : r ¼ 1, 2, :::, nþ1

2 g, then there are two cases for m,

a. If m 2 l þ n�3
2 þ s : s ¼ 1, 2, :::, n�1

2

� �
, then amb

::

2 VðKÞ
is not adjacent to am�ðn�1

2 Þb
::

2 VðKÞ since ½amb, am�n�1
2 b� ¼

an�1 ¼ g�1 which is a contradiction.

b. If m ¼ l þ n� 1, then amb
::

2 VðKÞ is not adjacent

to alþðn�3
2 Þb

::

2 VðKÞ since ½amb, alþn�3
2 b� ¼ ½alþn�1b,

alþ
n�3
2 b� ¼ a ¼ g which is a contradiction.

Based on two cases above, K is not a clique of €C
g
D2n

:

Hence, clique D is the largest clique of €C
g
D2n

,

thus xð€Cg
D2n

Þ ¼ nþ1
2 .

ii. Let g ¼ a2 2 KðD2nÞ and g�1 ¼ an�2 2 KðD2nÞ:
According to Corollary 3.1, the spanning vertex set of a

clique D on €C
g
D2n

is VðDÞ ¼ €�ef g [ H where H ¼
alb
::

, alþ2b
::

, alþ4b
::

, :::, alþn�3b
::n o

and l ¼ 1, 2, :::, n:
Consequently, jVðDÞj ¼ nþ1

2 and vertices on H
are sequential.

Hereafter, suppose there is another clique K where

VðKÞ � Vð€Cg
D2n

Þ and VðKÞ > VðDÞ: Without loss of gener-

ality, let VðKÞ ¼ VðDÞ [ amb
::

n o
for m 2

l þ ð2r � 1Þ : r ¼ 1, 2, :::, n�1
2

� � [ lþ n� 1f g, then there
are two cases for m,

a. If m 2 l þ ð2r � 1Þ : r ¼ 1, 2, :::, n�1
2

� �
, then amb

::

2
VðKÞ is not adjacent to amþ1b

::

2 VðKÞ since
½amb, amþ1b� ¼ an�2 ¼ g�1 which is a contradiction.

b. If m ¼ l þ n� 1, then amb
::

2 VðKÞ is not adjacent to

alb
::

2 VðKÞ since ½amb, alb� ¼ ½alþn�1b, alb� ¼ an�2 ¼
g�1 which is a contradiction.

Based on two cases above, K is not a clique of €C
g
D2n

:

Hence, clique D is the largest clique of €C
g
D2n

,

thus xð€Cg
D2n

Þ ¼ nþ1
2 : �

Theorem 4.3. If n � 5 is a prime number and g ¼ a2j 2
KðD2nÞ for j ¼ 1, 2, :::, n�1

2 , then xð€Cg
D2n

Þ ¼ nþ1
2 :

Proof. According to Corollary 3.1, the spanning vertex set of

a clique D on €C
g
D2n

is VðDÞ ¼ €�ef g [ H where H ¼
a2jþlb

::

, a4jþlb
::

, a6jþlb
::

, :::, aðn�1Þjþlb
::n o

and l ¼ 1, 2, :::, n:
Consequently, jVðDÞj ¼ nþ1

2 and vertices on H
are sequential.

Hereafter, suppose there is another clique K where

VðKÞ � Vð€Cg
D2n

Þ and VðKÞ > VðDÞ: Without loss of gener-

ality, let VðKÞ ¼ VðDÞ [ amb
::

n o
for m 2

r þ l : r ¼ j, 3j, 5j, :::, njf g, then there are two cases for m,

a. If m 2 r þ l : r ¼ j, 3j, 5j, :::, ðn� 2Þj� �
, then amb

::

2
VðKÞ is not adjacent to amþjb

::

2 VðKÞ since
½amb, amþjb� ¼ an�2j ¼ g�1 which is a contradiction.

b. If m ¼ njþ l, then amb
::

2 VðKÞ is not adjacent to

aðn�1Þjþlb
::

2 VðKÞ since ½amb, aðn�1Þjþlb� ¼ ½anjþlb,
aðn�1Þjþlb� ¼ a2j ¼ g�1 which is a contradiction.

Based on two cases above, K is not a clique of €C
g
D2n

:

Hence, clique D is the largest clique of €C
g
D2n

, thus

xð€Cg
D2n

Þ ¼ nþ1
2 : �

Example 2. All possibilities of the largest clique of twin g-
noncommuting graph of dihedral group for n¼ 7 can be seen
in Figure 2.

Theorem 4.4. If n ¼ 4j and g ¼ a2j 2 KðD2nÞ for j 2 N,

then xð€Ca2j

D2ð4jÞ Þ ¼ jþ 1:

Proof. Let S ¼ arb
::

: r ¼ 1, 2, :::, 2j
n o

� Vð€Ca2j

D2ð4jÞ Þ, then there
are two cases,

i. If j¼ 1, then €C
a2j

D8
is A0 i.e, a star graph. Thus, obviously

the clique number of €C
a2j

D8
is 2.

ii. If j> 1, then according to Corollary 3.2, the spanning

vertex set of a clique D on €C
a2j

D2ð4jÞ is VðDÞ ¼ €�ef g [ H

where H ¼ ajþlb
::

, ajþ1þlb
::

, :::, a2j�1þlb
::n o

and l ¼
1, 2, :::, 2j: Consequently, jVðDÞj ¼ jþ 1 and vertices on
H are sequential.

Hereafter, suppose there is another clique K where

VðKÞ � Vð€Ca2j

D2ð4jÞ Þ and VðKÞ > VðDÞ: Without loss of gen-

erality, let VðKÞ ¼ VðDÞ [ amb
::

n o
for m 2

r þ l : r ¼ 1, 2, :::, j� 1f g [ 2jþ lf g: Then there are two
cases for m,

case 1. If m 2 r þ l : r ¼ 1, 2, :::, j� 1f g, then amb
::

2 VðKÞ
is not adjacent to amþjb

::

2 VðKÞ since ½amb, ajþmb� ¼ a2j ¼
g�1 which is a contradiction.

case 2. If m ¼ 2jþ l, then amb
::

2 VðKÞ is not adjacent to

ajþlb
::

2 VðKÞ since ½amb, ajþlb� ¼ ½a2jþlb, ajþlb� ¼ a2j ¼ g�1

which is a contradiction.

Based on two cases above, K is not a clique of €C
a2j

D2ð4jÞ :

Hence, clique D is the largest clique of €C
a2j

D2ð4jÞ , thus

xð€Ca2j

D2ð4jÞ Þ ¼ jþ 1: �
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Corollary 4.2. If n ¼ 8j and g ¼ a2j 2 KðD2nÞ for j 2 N,

then xð€Ca2j

D2ð8jÞ Þ ¼ jþ 1:

Theorem 4.5. If n ¼ 6j and g ¼ a2j 2 KðD2nÞ for j 2 N,

then xð€Ca2j

D2ð6jÞ Þ ¼ jþ 1:

Proof. According to Corollary 3.2, then the spanning vertex set

of a clique D on €C
a2j

D2ð6jÞ is VðDÞ ¼ €�ef g [ H where H ¼

ajþlb
::

, ajþ1þlb
::

, :::, a2j�1þlb
::n o

and l ¼ 1, 2, :::, 3j:
Consequently, jVðDÞj ¼ jþ 1 and vertices on H are sequential.

Hereafter, suppose there is another clique K where

VðKÞ � Vð€Ca2j

D2ð6jÞ Þ and VðKÞ > VðDÞ: Without loss of gen-

erality, let VðKÞ ¼ VðDÞ [ amb
::

n o
for m 2 r þ l :f

r ¼ 0, 1, 2, :::, j� 1g[ sþ l : s ¼ 2j, 2jþ 1, :::, 3j� 1f g: Then
there are two cases for m,

a. If m 2 r þ l : r ¼ 0, 1, 2, :::, j� 1f g, then amb
::

2 VðKÞ is

not adjacent to amþjb
::

2 VðKÞ since ½amþjb, amb� ¼ a2j ¼
g which is a contradiction.

b. If m 2 sþ l : s ¼ 2j, 2jþ 1, :::, 3j� 1f g, then amb
::

2
VðKÞ is not adjacent to am�jb

::

2 VðKÞ since
½am�jb, amb� ¼ an�2j ¼ g�1 which is a contradiction.

Based on two cases above, K is not a clique of €C
a2j

D2ð6jÞ :

Hence, clique D is the largest clique of €C
a2j

D2ð6jÞ , thus

xð€Ca2j

D2ð6jÞ Þ ¼ jþ 1: �

Corollary 4.3. If n ¼ 3j and g ¼ a2j 2 KðD2nÞ for j 2 N,

then xð€Ca2j

D2ð3jÞ Þ ¼ jþ 1:

5. Conclusion

In this research, we have built up the new concept of twin
g-noncommuting graph of a group. We also have con-
structed the twin g-noncommuting graph of the dihedral
group. Furthermore, we have determined the clique number
of the twin g-noncommuting graph of the dihedral group.
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