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Abstract The least action principle indicates that for the
open spacetime manifolds, there are data on the boundary.
Recently, it has been proposed that the data for the effec-
tive actions at order α′ are the values of the massless fields
and their first derivatives. These data should be respected
by the T-duality transformations at order α′. Moreover, the
T-duality transformations should not change the unit vector
to the boundary which in turns implies that the base space
metric should be also invariant. Assuming such restricted
T-duality transformations, we show that the transformation
of the circular reduction of the parity-odd part of the effec-
tive action of the heterotic string theory at order α′ under
the Buscher rules is cancelled by some total derivative terms
and by some restricted T-duality transformations at order α′.
Using the Stokes’ theorem, we then show that the boundary
terms in the base space corresponding to the total deriva-
tive terms are exactly cancelled by transformation of the
circular reduction of the Gibbons–Hawking boundary term
under the above restricted T-duality transformations. These
calculations confirm the above proposal for the data on the
boundary for the effective actions at order α′.

1 Introduction

The least action principle indicates that there are data on the
boundary in the string field theory. As it has been argued in
[1], in the string field theory, the data are the values of the
string field on the boundary. The string field has massless
fields and infinite tower of massive fields. When integrating
out the massive fields to produce the effective actions which
involve only the massless fields and their derivatives, the data
on the boundary should be rearranged as the values of the
massless fields and their derivatives. It has been proposed in
[2] that for the effective action at the leading order of α′, the

a e-mail: garousi@um.ac.ir (corresponding author)

data are only the values of the massless fields. For the effec-
tive action at order α′, the data are the values of the massless
fields and their first derivatives. For the effective action at
order α′n , the data are the values of the massless fields and
their derivatives up to order n. It has been shown in [3] that
for the open spacetime manifolds, the higher-derivative field
redefinitions should be restricted to those which respect the
above data on the boundary. We propose that the global sym-
metries of the classical effective actions should also respect
the above data on the boundary.

It is known that the Kaluza–Klein (KK) reduction of the
classical effective actions of the bosonic and the heterotic
string theories on torus T d are invariant under the rigid
O(d, d)-transformations at all orders of α′ [4,5]. It is spec-
ulated in [6] that the effective actions of string theory at the
critical dimension are independent of the spacetime man-
ifolds. Hence, if one uses the particular closed spacetime
manifold which includes the compact sub-manifold T d and
uses the KK reduction, then the non-geometrical subgroup
of the O(d, d)-group may be used to interconnect the coeffi-
cients of the original bulk couplings. This idea has been used
in [7,8] for the circular reduction to find all bulk couplings
of dilaton, B-field and metric at orders α′2, α′3 up to over-
all factors. The background independence also indicates that
the global O(d, d)-symmetry should be the symmetry of the
more general open spacetime manifolds that have boundary.
The non-geometrical subgroup in this case may also connect
the coefficients of the bulk couplings to the coefficients of
the boundary couplings. This idea has been used in [9] for
the circular reduction to reproduce the Gibbons–Hawking
boundary term [10] and used in [2,3] to find the boundary
couplings at orders α′ in the bosonic string theory.

The T-duality transformations in the non-geometrical sub-
group of the O(d, d)-group have α′-expansion in both closed
and open spacetime manifolds. In the open spacetime mani-
folds, we propose that the transformations should not change
the data on the boundary. This has effect on both the data on
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the boundary and on the T-duality transformations. The α′-
expansion of the T-duality dictates that the data on the bound-
ary should also have an α′-expansion, i.e., the T-duality trans-
formations that have α′-expansion, can not be consistent with
the boundary data in which only the values of the massless
fields are known. The proposal also produces a constraint on
the T-duality transformations. To see this point, we note that
the T-duality transformations at order α′ are applied on the
leading order effective action in which only the values of the
massless fields are known, to produce couplings for the effec-
tive action at order α′ in which, according to [2], the values
of the massless fields and their first derivatives are known.
Hence, the transformations at order α′ should involve only
the massless fields and their first derivatives. The T-duality
transformations at order α′2 are applied on the leading order
effective action to produce couplings for the effective action
at order α′2 in which the values of the massless fields and their
first and second derivatives are known. Hence, the transfor-
mations at order α′2 should involve only the massless fields
and their first and second derivatives. Similarly for the trans-
formations at the higher orders of α′.

On the other hand, in the presence of boundary, there is a
unit vector orthogonal to the boundary that should be inert
under the T-duality transformations at any order of α′. More-
over, in order that the length of the vector remains fixed,
the metric should also be invariant under the T-duality trans-
formations at any order of α′. Hence, apart from the unit
vector and the metric which are invariant, the restricted non-
geometrical transformations at the leading order of α′ should
involve only the massless fields, and at order α′ they should
involve only the massless fields and their first derivatives.
Similarly for the higher orders of α′.

Using the circular reduction, it has been shown in [9] that
the invariance of the leading order effective action under the
non-geometrical Z2-subgroup of the rigid O(1, 1)-group,
produces the following standard effective action up to the
overall factor:

S(0)+∂S(0) = − 2

κ2

[∫
dDx

√−Ge−2�

(
R + 4∇μ�∇μ�

− 1

12
H2

)
+ 2

∫
dD−1σ

√|g|e−2�K

]
(1)

where κ is related to the D-dimensional Newton’s constant
and the last term is the Gibbons–Hawking boundary term
[10]. In this term, g is the determinant of the induced metric.
The Z2-transformations in this case are the Buscher rules
[11] which involve no derivative of the base space fields, i.e.,

ϕ′ = −ϕ, g′
a = ba, b′

a = ga,

ḡ′
ab = ḡab , b̄′

ab = b̄ab, φ̄′ = φ̄, n′
a = na (2)

where the base space fields are defined in the following KK
reduction:

Gμν =
(
ḡab + eϕgagb eϕga
eϕgb eϕ

)
,

Bμν =
(
b̄ab + 1

2bagb − 1
2bbga ba

−bb 0

)
,

� = φ̄ + ϕ/4, nμ = (na, 0) (3)

Note that the base space unit vector na and metric ḡab are
invariant. The data in this case are the values of the massless
field on the boundary.

Using the circular reduction and the cosmological reduc-
tion, it has been shown in [3] that the invariance of the effec-
tive action under the T-duality groups O(1, 1) and O(d, d),
respectively, can produce the following even-parity bulk and
boundary couplings at order α′:

S(1) = −48a1

κ2

∫
M
dDx

√−Ge−2�

[
R2

GB

+ 1

24
Hα

δεHαβγ Hβδ
εHγ εε−1

8
Hαβ

δHαβγ Hγ
εεHδεε

+RαβHα
γ δHβγ δ − 1

12
RHαβγ H

αβγ

−1

2
Hα

δεHαβγ Rβγ δε

+ 4R∇α�∇α� − 16Rαβ∇α�∇β�

]
(4)

∂S(1) = −48a1

κ2

∫
dD−1σ

√|g|e−2�

×
[
Q2 + 4

3
n2nαnβ∇γ ∇γ Kαβ

− 1

6
Hβγ δH

βγ δK α
α + Hα

γ δHβγ δK
αβ

+ n2Hα
δεHβδεK

γ
γ n

αnβ

− 2n2Hβ
δεHγ δεn

αnβnγ ∇α�

+ 8K β
β∇α�∇α�

− 16n2K γ
γ n

αnβ∇α�∇β� − 16Kαβ∇α�∇β�

+ 32

3
n2nαnβnγ ∇α�∇β�∇γ �

]
(5)

where n2 = nμnμ, R2
GB is the Gauss-Bonnet gravity cou-

plings and Q2 is the Chern-Simons boundary couplings. The
T-duality Z2-transformation in this case are

ϕ′ = −ϕ + α′�ϕ, g′
a = ba + α′eϕ/2�ga,

b′
a = ga + α′e−ϕ/2�ba,

ḡ′
ab = ḡab, H̄ ′

abc = H̄abc + α′�H̄abc,

φ̄′ = φ̄ + α′�φ̄, n′
a = na (6)

As in the leading order, the base space unit vector na and
metric ḡab are invariant. In the above equation, H̄ which is
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defined as H̄abc = ∂[ab̄bc] − 3
2g[aWbc] − 3

2b[aVbc], is the tor-
sion in the base space. The deformations in (6) corresponding
to the α′-order actions (4), (5) involve only the massless fields
and their first derivatives which are consistent with the pro-
posed data on the boundary [2] in which the values of the
massless fields and their first derivative are known. They are
[3]

�φ̄ = 3a1e
ϕVabV

ab−3a1e
−ϕWabW

ab

+48a1∇aϕ∇a φ̄

�ϕ = 24a1e
ϕVabV

ab+24a1e
−ϕWabW

ab

+48a1∇aϕ∇aϕ

�ga = 24a1e
ϕ/2 H̄abcV

bc − 96a1e
−ϕ/2Wab∇bφ̄

+24a1e
−ϕ/2Wab∇bϕ

�ba = −24a1e
−ϕ/2 H̄abcW

bc + 96a1e
ϕ/2Vab∇bφ̄

+24a1e
ϕ/2Vab∇bϕ

�H̄abc = −144a1∂[a(Wb
dVc]d) + 144a1∂[a(H̄bc]d∇dϕ)

−3eϕ/2V[ab�gc] − 3e−ϕ/2W[ab�bc] (7)

In the above equation, Vab is the field strength of the U (1)

gauge field ga , i.e., Vab = ∂agb − ∂bga , and Wμν is the field
strength of theU (1) gauge field ba , i.e., Wab = ∂abν −∂bba .
Note that even though the transformation of the torsion
involves the first and the second derivative terms, however,
the transformation of the base space field b̄ab has only the first
derivative terms. The overall factor for the bosonic string the-
ory is a1 = α′/96 and for the heterotic theory is a1 = α′/192.
Using the restricted field redefinitions, it has been shown in
[3] that the bulk action (4) is the same as the Meissner action
[12] and the boundary action (5) is the same as the boundary
action corresponding to the Meissner action that has been
found in [2].

The heterotic theory has another bulk coupling at order
α′ which is odd under the parity. In this paper, by study-
ing the invariance of this term under the global O(1, 1)-
transformations, we are going to confirm the proposal that
the Z2-transformations at order α′ can not include the sec-
ond derivatives of the base space fields. This in turn confirms
that the data on the boundary for the effective action at order
α′ are values of the massless field and their first derivatives.
In the next section we are going to show that the parity odd
term of the heterotic effective action at order α′ is invariant
under the deformed Buscher rules which involve only the first
derivatives of the massless fields. In Sect. 3, we briefly dis-
cuss our results and show that if the non-geometrical trans-
formations include the second derivatives of the massless
fields, then it breaks the data on the boundary and hence the
O(1, 1)-symmetry is broken by the boundary.

2 O(1, 1)-symmetry of odd-parity coupling at order α′

The heterotic string theory has anomaly which can be can-
celled by assuming the gauge group to be SO(32) and the
B-field to have the non-standard gauge transformations and
local Lorentz-transformations [13]. For zero gauge field that
we consider in this paper, the non-standard local Lorentz-
transformation for the B-field is

Bμν → Bμν + α′∂[μ�i
jων] j i (8)

where �i
j is the matrix of the Lorentz-transformations and

ωμi
j is spin connection. The invariance under the above

local Lorentz-transformations then requires the B-field field
strength in (1), (4), (5) to be replaced by new field strength
that is invariant under the above transformation, i.e.,

Hμνα → Hμνα + �μνα (9)

where the Chern–Simons three-form � is

�μνα = ω[μi j∂νωα] j i + 2

3
ω[μi jων j

kωα]k i ;
ωμi

j = ∂μeν
j eν

i − �μν
ρeα

j eν
i (10)

where eμ
i eν

jηi j = Gμν . The spin connection with subscript
indices ωμνα = eν

i eα
jωμi j is antisymmetric with respect to

its last two indices. The replacement (9) into (1), produces
no boundary coupling and produces the following bulk term
at order α′:

S(1)
O = −2α′

κ2

∫
d10x

√−G e−2�

(
−1

6
Hμνα�μνα

)
(11)

which is odd under the parity. We are going to study in
details the invariance of the above term under the O(1, 1)-
transformations after using the circular reduction.

The KK reduction of the frame eμ
i is

eμ
i =

(
ēa ĩ 0
eϕ/2ga eϕ/2

)
(12)

where ēa ĩ ēb j̃ηĩ j̃ = ḡab. The above reduction is consistent
with the KK reduction of metric in (3). Using this reduction
and the reductions in (3), one finds the circular reduction of
the action (11) has three and four flux terms. They are1

S(1)
O = −2α′

κ ′2

∫
d9x

√−ḡ e−2φ̄

[
1

24
eϕVa

cV abVb
dWcd

+ 1

48
eϕVabV

abV cdWcd − 1

6
V abWcd ω̄ca

eω̄dbe

− 1

24
eϕ H̄cdeV

abV cd ω̄e
ab + 2

9
H̄ad f ω̄

abcω̄d
b
eω̄ f

ce

+ 1

12
eϕ H̄bcdV

ab∇aV
cd − 1

6
H̄adeω̄

abc∇eω̄d
bc

1 We have used the package ”xAct” [14] for performing the calculations
in this paper.
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+ 1

24
eϕ H̄bcdVa

bV cd∇aϕ + 1

12
V bcWa

d ω̄dbc∇aϕ

+ 1

24
V bcWbc∇aϕ∇aϕ − 1

12
Wabω̄a

cd∇bVcd

− 1

12
Wbc∇aϕ∇cVab − 1

12
V abWa

c∇c∇bϕ

+ 1

12
V abWcd∇d ω̄cab + 1

12
eϕ H̄bcdV

ab∇dVa
c
]

(13)

where κ ′ is related to the 9-dimensional Newton’s constant
and ω̄abc is the base space spin connection. Note that the
above reduction is covariant in the base space and is invari-
ant under the U (1) × U (1) gauge transformations. How-
ever, as its original action (11) which is not invariant under
the local Lorentz-transformations, the above action is not
invariant under the base space local Lorentz-transformations
either. Using the fundamental requirement that the frame
ēa ĩ is covariantly constant, i.e., ∇aēbĩ = 0, one may
rewrite the above expression in terms of the flat space fluxes
H̄ĩ j̃ k̃, ω̄ĩ j̃ k̃, Vĩ j̃ ,Wĩ j̃ ,∇ĩϕ and their flat derivatives, e.g.,

∇aVbc = ēa
ĩ ēb

j̃ ēc
k̃(DĩV j̃ k̃ + ω̄ĩ j̃

m̃ Vm̃k̃ + ω̄ĩ k̃
m̃ V j̃m̃) (14)

where the flat derivative is Dĩ = ea ĩ∂a . In either flat space or
curved space fluxes, the reduction (13) involves only three
and four fluxes. We continue our calculations in this paper
with the curved space tensors.

The transformation of (13) under the Buscher rules (2)
becomes

δS(1)
O ≡ S(1)

O − S(1)′
O

= −2α′

κ ′2

∫
d9x

√−ḡ e−2φ̄

[
1

24
eϕVa

cV abVb
dWcd

+ 1

48
eϕVabV

abV cdWcd

− 1

24
e−ϕV abWa

cWb
dWcd − 1

48
e−ϕV abWabWcdW

cd

+ 1

12
V abWcd ω̄ac

eω̄bde

− 1

12
V abWcd ω̄ca

eω̄dbe − 1

24
eϕ H̄cdeV

abV cd ω̄e
ab

+ 1

24
e−ϕ H̄cdeW

abWcd ω̄e
ab

+ 1

12
eϕ H̄bcdV

ab∇aV
cd − 1

12
e−ϕ H̄bcdW

ab∇aW
cd

+ 1

24
eϕ H̄bcdVa

bV cd∇aϕ

+ 1

24
e−ϕ H̄bcdWa

bWcd∇aϕ + 1

12
Va

bWcd ω̄bcd∇aϕ

+ 1

12
V bcWa

d ω̄dbc∇aϕ

− 1

12
Wabω̄a

cd∇bVcd − 1

12
Wbc∇aϕ∇cVab

− 1

12
V bc∇aϕ∇cWab − 1

6
V abWa

c∇c∇bϕ

−1

6
V abω̄a

cd∇dWbc + 1

12
eϕ H̄bcdV

ab∇dVa
c

− 1

12
e−ϕ H̄bcdW

ab∇dWa
c
]

(15)

which is not invariant under the local Lorentz-transformation
and is non zero. However, the integrand might be cancelled
by some total derivative terms or might be cancelled by some
terms at order α′ that are produced by the transformation of
the circular reduction of the leading order bulk action (1)
under appropriate deformations of the Buscher rules at order
α′. Since the leading order action (1) is invariant under the
local Lorentz-transformations, the deformed Buscher rules
and the total derivative terms should include terms that are
not invariant under the local Lorentz-transformations, i.e.,
they should include, among other fields, the spin connection
ω̄abc.

The circular reduction of the leading order bulk action (1)
is

S(0) = − 2

κ ′2

∫
d9x

√−ḡ e−2φ̄

[
R̄ − ∇a∇aϕ

−1

4
∇aϕ∇aϕ − 1

4
(eϕV 2 + e−ϕW 2)

+4∇a φ̄∇a φ̄ + 2∇a φ̄∇aϕ − 1

12
H̄abc H̄

abc
]

(16)

which is invariant under the base space local Lorentz-
transformations. The transformation of this action under the
deformed Buscher rules (6) produces the following terms at
order α′:

α′�(S(0)) = −2α′

κ ′2

∫
d9x

√−ḡ e−2φ̄

[
−4

(
1

2
R̄+2∂cφ̄∂cφ̄

−1

8
∂cϕ∂cϕ − 1

24
H̄2 − 1

8
eϕV 2

−1

8
e−ϕW 2 + 1

2
∇c∇cϕ − ∂cφ̄∂cϕ

)
�φ̄

+1

4

(
eϕV 2 − e−ϕW 2

)
�ϕ

+1

2
e−ϕ/2∂bϕW

ab�ga − 1

2
eϕ/2∂bϕV

ab�ba

−1

6
H̄abc�H̄abc

+1

2
(∂aϕ + 4∂a φ̄)∇a(�ϕ) − ∇a∇a(�ϕ)

−2(∂aϕ − 4∂a φ̄)∇a(�φ̄)

+e−ϕ/2Wab∇b(�ga) + eϕ/2Vab∇b(�ba)

]

(17)

Since the background has boundary, one has to keep track of
the total derivative terms. Hence, unlike in [16], we do not
use the integration by part to write the above transformations
as the equations of motion multiplied by the deformations.
The transformation (15) is odd-parity, hence, the deforma-
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tions �φ̄, �ϕ, �ba must include odd number of H̄ ,W and
the deformations �ga , �H̄abc must include even number of
H̄ ,W . They have different parity with respect to the defor-
mations (7).

The base space torsion H̄ satisfies the following Bianchi
identity [15]:

∂[a H̄bcd] = −3

2
V[abWcd] (18)

This causes that the correction �H̄abc to be related to the
corrections �ga , �ba through the following relation:

�H̄abc = H̃abc − 3e−ϕ/2W[ab�bc] − 3eϕ/2V[ab�gc] (19)

where H̃abc is a U (1) ×U (1) gauge invariant closed 3-form
at order α′ which is even under the parity. We find that there
is no even-parity 3-form at order α′ that are constructed from
the base space fields, i.e., H̃abc = 0.

Since the deformed Buscher rules must satisfy the Z2-
algebra, the deformations at order α′ must satisfy the follow-
ing relations [16]:

�ϕ − �ϕ|ϕ→−ϕ,V→W,W→V = 0

�φ̄ + �φ̄|ϕ→−ϕ,V→W,W→V = 0

�b + �g|ϕ→−ϕ,V→W,W→V = 0 (20)

One finds there is no odd-parity deformation �φ̄ at order α′
that satisfies the second relation above. Hence, �φ̄ = 0. The
assumption that the transformations at order α′ should not
include the second derivative terms, one finds the following
terms for the deformations �ϕ,�g:

�ϕ = e1V
abWab + e2 H̄abcω̄

abc

�ga = b1e
−ϕ/2 H̄abcW

bc + b2e
ϕ/2ω̄abcV

bc

+b3e
ϕ/2ω̄bacV

bc + b4e
ϕ/2ω̄c

bcVa
b

+b5e
ϕ/2Vab∇bϕ + b6e

ϕ/2Vab∇bφ̄ (21)

where e1, e2, b1, · · · b6 are some constants. The deformation
�b is related to �g by using the last relation in (20). Note that
one may include the term eϕ/2∇bVab to the second deforma-
tion above which is at order α′ and is also even-parity. How-
ever, this term changes the data on the boundary at order α′.
Hence, this term breaks the O(1, 1) symmetry at the bound-
ary. We will comment on this point in the Sect. 3.

We include all possible total covariant derivative terms
into our calculations. The most general total derivative terms
are the following:

J (1) = −2α′

κ ′2

∫
d9x

√−ḡ∇a

[
e−2φ̄ I (1)a

]
(22)

where the vector I (1)a is all contractions of the fluxes
ω̄, H̄ , V,W,∇φ̄,∇ϕ and their covariant derivatives at three-
derivative order which are odd-parity.

If the action (15) is going to be invariant under the
deformed Buscher rules, then the following relation must

be satisfied:

δS(1)
O + α′�(S(0)) + J (1) = 0 (23)

To check this relation explicitly, one must include in it all the
Bianchi identities. To impose them, we write the curvatures,
the spin connection and the covariant derivatives in (23) in
terms of partial derivatives and frame ēa ĩ , and write the field
strengths H̄ , V,W in terms of potentials bab, ba, ga . In this
way all the Bianchi identities satisfy automatically. Then the
Eq. (23) can be written in terms of non-covariant independent
terms. If the above relation is correct, then the coefficients
of the independent terms should be zero, i.e., there should
be total derivative terms and appropriate corrections for the
Buscher rules that make the above relation to be satisfied.

We have found that using the following current in the total
derivative terms:

I (1)a = 1

3
Wbc∇cV

a
b + 1

3
V bc∇cW

a
b (24)

and using the following deformations:

�ϕ = −1

6
V abWab

�ga = − 1

24
e−ϕ/2 H̄abcW

bc

+ 1

12
eϕ/2ω̄abcV

bc + 1

12
eϕ/2Vab∇bϕ (25)

then all terms on the left-hand side of (23) are cancelled, i.e.,
the relation (23) is exactly satisfied. Similar calculations
as above have been done in [17] to check if the coupling
(11) is invariant under the O(D, D)-transformations with-
out using the KK reduction. In that case, one finds there is
one term in the transformation of the action (11) under the
non-geometrical subgroup of O(D, D)-group that can not be
cancelled by any total derivative term nor by any deformation
of the non-geometrical transformations.

Since there are residual total derivative terms in (24), the
above result indicates so far that the coupling (11) is invari-
ant under the O(1, 1)-group for the closed spacetime mani-
folds. However, since the O(1, 1) is a global symmetry, one
expects from the background independence assumption that
the effective action should have the O(1, 1) symmetry even
for the open manifolds that have boundary. In that cases, the
total derivative terms must be cancelled by the transformation
of the circular reduction of the boundary term in the leading
order effective action (1).

The circular reduction of the boundary term in (1) is

∂S(0) = − 4

κ ′2

∫
d8σ

√|g̃| e−2φ̄
[
ḡab K̄ab + 1

2
na∇aϕ

]

(26)

where g̃ is determinant of the base space induced metric

g̃ãb̃ = ∂xa

∂σ ã
∂xb

∂σ b̃
ḡab. Since, the base space metric ḡ and dila-
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ton φ̄ are invariant under the deformed Buscher rules, the
transformation of the above action under the deformation (6)
is

α′�(∂S(0)) = −2α′

κ ′2

∫
d8σ

√|g̃| e−2φ̄
[
na∇a(�ϕ)

]

= α′

3κ ′2

∫
d8σ

√|g̃| e−2φ̄
[
na∇a(V

bcWbc)
]

(27)

where in the second line we have replaced the deformation
found in (25).

On the other hand, inserting the current (24) into (22), and
using the Stokes’ theorem, one finds the following boundary
terms in the base space:

J (1) = − 2α′

3κ ′2

∫
d8σ

√|g̃| e−2φ̄na

×
[
Wbc∇cV

a
b + V bc∇cW

a
b

]

= − α′

3κ ′2

∫
d8σ

√|g̃| e−2φ̄na
[
Wbc∇aVbc + V bc∇aWbc

]
(28)

where in the second line we have used the Bianchi identities
∇[aVbc] = 0 = ∇[aWbc]. The above residual boundary term
is exactly cancelled by the transformation of the leading
order boundary term (27).

3 Discussion

In this paper we have shown that the parity odd coupling at
order α′ in the heterotic string theory which is produced by
the replacement of H in (1) with the new field strength (9),
is invariant under O(1, 1)-transformations after reducing the
coupling on a circle. This calculation for the closed spacetime
manifolds has been done in [16]. In the present paper, we
extend the calculation to the open spacetime manifolds that
have boundary. This calculation confirms that the O(1, 1)

symmetry is in fact the symmetry of the combination of the
bulk and boundary actions, i.e.,

S + ∂S → S + ∂S (29)

where the actions and the non-geometricalZ2-transformations
have α′-expansions. The above symmetry also confirms the
proposal that the effective actions at the critical dimension
are background independent, i.e., the O(1, 1) is symmetry of
the closed and the open spacetime manifolds.

The above calculations also confirm the assumption that
in the least action principle, the data on the boundary for
the effective action at order α′ are the values of the mass-
less fields and their first derivatives [2], i.e., the values of

the second derivatives of the massless fields are not known
on the boundary for the effective actions at order α′. The T-
duality transformations at order α′ should respect these data.
This dictates that the T-duality transformations should not
involve the second derivative of the massless fields because
such transformations when applied on the data at the leading
order α′, would transform the values of the massless fields at
the leading order of α′ to the values of the second derivatives
of the massless fields at order α′ which are not known for the
effective action at order α′. In other words, such transforma-
tions would break the O(1, 1) symmetry at the boundary. As
a result, there would be no boundary term that is consistent
with this symmetry. In fact, we have considered the allowed
transformations in (21) and found the consistent result that
there is no parity odd boundary term at order α′.

If we had included the second derivative term eϕ/2∇bVab

into �ga in (21) and insisted that its coefficient is non-zero,
then we would find that the bulk relation (23) is satisfied
provided that one uses the following total derivative terms:

I (1)a = − 1

24
eϕ H̄bcdV

abV cd + 1

24
e−ϕ H̄bcdW

abWcd

+ 1

12
Vb

cWa
c∇bϕ + 1

12
V acWbc∇bϕ

+1

4
Wbc∇cV

a
b + 5

12
V bc∇cW

a
b (30)

and the following corrections to the Buscher rules:

�ϕ = −1

6
V abWab (31)

�ga = − 1

12
eϕ/2∇bVa

b+ 1

12
eϕ/2ω̄abcV

bc+1

6
eϕ/2Vab∇bφ̄

Note that the first deformation above is the same as the defor-
mation in (25). Using the above deformations, one finds the
same transformation of the leading order boundary term as
(27). However, this term would not be cancelled by the total
derivative term (30) any more. Moreover, there is no parity
odd boundary coupling at order α′ to cancels the remain-
ing term. This indicates that the O(1, 1)-symmetry would be
broken at the boundary, as expected from choosing the wrong
transformation that breaks the data on the boundary.

It has been proposed in [3] that the field redefinitions at
order α′ which do not change the data on the boundary should
be the restricted field redefinitions, i.e., the metric has no
transformation and all other fields have transformations that
involve only the first derivative of the massless fields. To clar-
ify this point, we consider the leading order action (16). Up
to a total derivative term, this action has the second derivative
on metric ḡ and the first derivative on all other base space
fields, collectively called ψ . Hence, under the field redefini-
tions at order α′, i.e., ḡ → ḡ+α′δḡ and ψ → ψ +α′δψ , the
second derivative of δḡ and the first derivative of δψ appear
in the bulk. Using the Stokes’ theorem, δψ itself and the first
derivative of δḡ appear on the boundary. On the other hand,
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the field redefinitions should transform the data at the leading
order of α′ which are the values of the massless fields, to the
data at order α′ which are the values of the massless fields
and their first derivatives. If δḡ includes the first derivative of
the base space fields, then the first derivative of δḡ produces
the second derivative of the base space fields which are not
known on the boundary for the effective action at order α′.
Such field redefinitions then ruin the data on the boundary.
Hence, the field redefinitions at order α′ which do not change
the data on the boundary is that δḡ should not include the first
derivative of the base space fields, and all other fields should
have transformations that involve only the first derivative of
the massless fields [3]. Note that the data on the boundary at
order α′ include the values of the metric and its first deriva-
tive, however, the allowed field redefinitions do not change
the metric.

The field redefinition of the metric, in particular, implies
that the length of the unite vector of the boundary is invariant
under the field redefinitions. We expect this property should
be satisfied for the field redefinitions at higher orders of α′ as
well, i.e., the metric is not changed under the field redefini-
tions at any order of α′. This is consistent with the proposal
that the data for the effective action at order α′n is the values
of the massless fields and their derivatives up to order n [2].
To clarify it we use the iterative method. At order α′2, if the
field redefinition δḡ includes the second derivative of the base
space fields, then the first derivative of δḡ which appears on
the boundary, produces the third derivative of the base space
fields which are not known on the boundary for the effective
action at order α′2. Such field redefinitions then ruin the data
on the boundary at order α′2. Hence, δḡ should not include
the second derivative of the base space fields either. At order
α′3, if δḡ includes the third derivative of the base space fields,
then the first derivative of δḡ produces the fourth derivative
of the base space fields which are not known on the boundary
for the effective action at order α′3. Such field redefinitions
then ruin the data on the boundary at order α′3. Hence, δḡ
should not include the third derivative of the base space fields.
Similarly for the higher orders of α′. Hence, the invariance
of the above data under the field redefinitions requires the
metric to be invariant under the field redefinitions.

We have seen that the study of the invariance of the circu-
lar reduction of the coupling (11) under the non-geometrical
subgroup of O(1, 1) confirms that the data on the bound-
ary for the effective action at order α′ are the values of the
massless fields and their first derivatives. The replacement
(9) into the leading order action (1) produces also one bulk
term at order α′2 and no boundary term, i.e., �2. This term
is even under the parity and is not invariant under the local
Lorentz-transformations. There is no other even-parity bulk
couplings at this order in the heterotic string theory. The cir-
cular reduction of this term should also be invariant under
appropriate deformed Buscher rules at order α′2. From this

study one may find the data on the boundary and compare
them with the data proposed in [2] for the effective action
at order α′2. We leave the details of this calculations for the
future works.

Data Availability Statement This manuscript has no associated data
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