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Abstract— Minimizing weight and required motor torque as 

well as improving comfort is critical in designing exoskeletons. 

This paper proposes a novel non-circular gear-attached four-

bar (NGF) mechanism with a J-shaped instantaneous center of 

rotation (ICR) for a knee exoskeleton. In this work, the ICR of 

the knee is classified into two distinct groups. One, is the 

physiological ICR, and the other is the ICR of the knee. These 

two ICRs were measured by fluoroscopy and motion capture of 

a healthy volunteer, respectively. Using a kinematic approach, 

the tracking error of both ICRs are minimized and the best-

fitted elliptical curve for each of the ICRs is obtained. Next, the 

two elliptical curves are combined and a pair of non-circular 

gears is designed. Finally, system dynamics is considered to 

obtain design parameters resulting in minimum range of 

actuator torque while minimizing the mechanism weight. 

Keywords—Knee joint mechanism, instantaneous center of 

rotation, fluoroscopy, motion capture, full lunge movement, 

dynamics optimization, kinematics optimization 

I. INTRODUCTION 

Knee exoskeleton robots are wearable and rehabilitation 
robots. People with functional knee problems, like the elderly, 
knee injuries, and complications related to knee arthroplasty 
surgery use these robots as assistive devices. The biology 
motion of the human knee joint  include various motions such 
as internal rotation, varus rotation, posterior translation and 
the flexion-extension rotations. All these combined result in a 
sliding and a gliding motion that occur simultaneously. As a 
result, the instantaneous center of rotation (ICR) of this joint 
is J-shaped in sagittal plane [1]. The Femur and Tibia have 
different relative transitional distances in knee flexion and 
extension [2]. If the robot's mechanism does not strictly follow 
the ICR of the knee, it will cause additional force in the robot 
fasteners. These potential tangential forces cause the robot to 
move and slip in the locations of the fasteners [3]. 
Consequently, one of the considerable characteristics of knee 
mechanisms is to follow the ICR of the knee. In this category 
of robots, different mechanisms are used to track the ICR of 
the human knee joint. Generally, these mechanisms are 
categorized into two types which are uniaxial and multi-axial 
[4]. Some of these are described below. 

In the knee joint, the four-bar mechanism is commonly 
used for its simplicity and good fitting of the ICR of the knee 
[5]. For instance, the TLBO algorithm simplifies the 
dimensional synthesis of the four-bar mechanism [6]. A cross 
four-link mechanism has been made, and its lengths have been 
optimized for a better fit knee ICR trajectory [7]. Knee joint 
bearing performance is improved by adding a rolling bearing 
to the four-bar mechanism [8]. Two 6-link one-degree-of-
freedom mechanisms consisting of two four-link mechanisms 
have been presented with kinematic and dynamic optimization 
[9]. To improve the payload capacity of the exoskeleton, a 
linear actuator and a sub-link mechanism are applied to the 
knee joint [10]. The knee mechanism has been used by 
considering the cam and gear on the contact surface to move 
the ICR of the knee using the measured data [11]. 
Furthermore, a pair of gears have been added to the five-bar 
mechanism in order to improve the fit of the ICR of the knee 
joint [12]. In this paper, we consider the resulting sagittal 
motion of a knee and a single degree of freedom non-circular 
gear-attached four-bar (NGF) mechanism is introduced. The 
design of the non-circular gears is based on the ICR. Because 
the physiological ICR vastly differs from the ICR obtained 
from motion capture approach [13], The ICR is measured in 
the sagittal plan in two ways which are the fluoroscopy and 
motion capture in open kinematic chain (Femur is stationary) 
movement [14]. Finally, the design parameters of the single 
degree of freedom NGF mechanism are presented based on 
the minimum range of actuator torque and total mass of the 
mechanism in full lunge movement.  

The rest of this paper is organized as follows. In section II, 
the fluoroscopy and motion capture processes are explained. 
In section III, the overview of our method and the 
optimizations are introduced, which leads to optimization 
results and discussion in section IV. Finally, section V 
concludes the paper. 

II. MEASUREMENT AND CALCULATION

A. Motion capture

1) Motion capture-based ICR measurement: A healthy

male volunteer (age: 30 years; mass: 58  kg; height:173 cm) 

participated in this study. The volunteer sat on the chair, and 
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the full HD camera with a frame rate of 60 fps recorded the 

open kinematic chain movement of the volunteer’s leg. In 

order to find the ICR, four markers are placed on the foot. A 

and B markers are on the thigh and C and D markers on the 

leg, as shown in Fig. 1. To find the ICR of the knee joint, the 

positions of the markets during full range of motion (0° to 

160°) are captured by using image processing. The locations 

of markers are used to estimate the position of the axis of 

rotation in sagittal plane [14]. This information is used to 

calculate the path of ICR that is called, the knee centroid. Ten 

sets of cycle data were collected during the 53-second. Since 

each cycle has a different angular velocity, the smoothest data 

set is selected for further analysis. The connections between 

markers on the thigh and leg are recorded as AB and CD, 

respectively. Following that, line AB on the thigh in the world 

coordinate system is fixed, and the position of the CD is 

corrected. In order to reduce the error of raw data, the 

statistics moving average method is used. Finally, the ICR 

path is calculated as shown in Fig. 2 and the coordinates of 

the knee ICR are reported in Table I. 
 

 
Fig. 1. Motion capture markers 

 

Fig. 2. The motion capture-based ICR of the knee joint 

 

TABLE I.  THE COORDINATES  OF THE KNEE ICR 

# x (mm) y (mm) # x (mm) y (mm) 

1 5.54 -150.13 6 -99.89 -281.79 

2 -6.84 -175.12 7 -118.51 -272.01 

3 -26.3 -210.06 8 -97.23 -228.73 

4 -60.76 -271.69 9 -67.67 -205.64 

5 -74.07 -284.39    

2) Full lunge exercise kinematics parameters 

measurement:  Full lunge kinematic parameters are required 

as input to solve the dynamic equations of motion, so a CNN-

based motion capture method has been used to find the knee 

angle and the knee angular velocity. In this method, the 

change of the knee angle is captured with the full HD camera 

with a frame rate of 240 fps. Seven sets of cycle data were 

collected during the 36-second. Since each cycle has a 

different angular velocity, the smoothest data set is selected 

for further analysis. Fig. 3 shows the full lunge movment and 

the collected data are shown in Fig. 4. 

 
Fig. 3. Full lunge movement 

 
Fig. 4. Full lunge knee angle and knee angular velocity 

B. Physiological ICR measurement 

In this study, before the data acquisition, as part of the 
informed consent process, the subject provided written 
consent for the experiment. The x-ray images are collected by 
a medical imaging system (Artis zee; Siemens medical 
solution, USA, Malvern). This operation is done in such a 
way that the volunteer moves his leg in an open kinematic 
chain movement loop. The fluoroscopy images were taken 
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with a rate of 15 fps from the Femur and Tibia bones of the 
right knee. By using the image processing and edge detection 
algorithms in Python, four markers E, F, G, and H are 
calculated and shown in Fig. 5. These four points are next 
used and the physiological centroid is calculated as shown 
Fig. 6. The coordinates of the physiological ICR are reported 
in Table II. In order to reduce the error of the raw data, the 
statistics moving average method is used. 

 
Fig. 5. Fluoroscopy open kinematic chain images 

 
Fig. 6. The physiological ICR of the knee joint 

TABLE II.  THE COORDINATES  OF THE PHYSIOLOGICAL ICR 

# x (mm) y (mm) # x (mm) y (mm) 

1 1.14 -20.67 6 -8.00 -16.14 

2 -1.72 -21.04 7 -7.47 -14.69 

3 -5.68 -19.70 8 -6.21 -13.13 

4 -7.90 -19.09 9 -5.27 -12.35 

5 -8.06 -17.70    

III. OPTIMIZATION 

In this paper, two different methods are used to obtain the 
instantaneous center of knee rotation. After obtaining the data 
of motion capture and fluoroscopy methods, the ICRs of these 
two imaging systems are given as input to kinematic 
optimization. After that, the most suitable elliptical curves are 
obtained for each ICRs. Then, the average scale between 
these optimized elliptical curves is taken, and the “combined 
pitch curve” is created. The combined pitch curve is used to 

form the ICR of the knee joint in the NGF mechanism. To 
obtain the best design parameters, the combined pitch curve 
and the kinematic parameters of the knee joint during full 
lunge movement are given as input to the dynamic 
optimization. 

A. Kinematics optimization 

An elliptic curve is one of the closest curves to the J-
shaped ICR of the knee. The ICR path creates a space cone on 
the global coordinate system and a body cone on the moving 
body that these two cones roll on each other [15]. By using 
this theory, the elliptical pitch curve is used to design an 
elliptical gear which is considered as the space cone. The 
shape and parameters of the corresponding training gear, 
considered as the body cone, is next calculated using the non-
circular gears design approach [16]. The rolling of these two 
pitch curves makes the ICR of the knee mechanism. As shown 
in Fig. 8, � and � are the kinematics optimization parameters 
and ��� is calculated from non-circular gears design approach 

[16]. 

As shown the kinematic optimization parameters in Fig. 7. 
Since the ICR of the knee is J-shaped, an elliptical curve is 
selected to be considered as the pitch curve. By considering 
the �� and �� as the semi-major and semi-minor axes of this 

ellipse, the goal of the cost function will be finding the best fit 
elliptical curve on the path of ICRs. The full factorial design 
of experiment is performed and the cost function (1) is 
defined. ��  and ��  are the constraints which are searched by 

the optimization algorithm. 

 

Fig. 7. The schematic of kinematic optimization parameters 
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Where ���  is the ellipse radius which is obtained from ��. 

B. Dynamics optimization 

1) System dynamics: NGF mechanism provides one 

degree of freedom. This mechanism comprises of a four-bar 

mechanism and a pair of non-circular gears. The four-bar 

mechanism includes links ��, ��, �� and �� in which ��, �� and 

�� are the dynamic parameters. The actuator is located in 

approximate to the thigh center of mass to mitigate distal 

mass distribution to decrease the metabolic cost burden [3]. 

�� is the distance between the the thigh center of mass and the 

knee joint that is calculated according to the method 

presented in [17]. The pitch curves for the two non-circular 

gears, represented as the space cone and the body cone, are 

named SG and BG, respectively. As shown in Fig. 9, for 

simplification, the total weight and inertia of a human foot 

and leg is modelled as circle with similar weight and inertia. 

BG then connects link ��  to this circle. In the dynamics 

optimization, the weight of the volunteer leg is calculated 

[17]. The SG and BG gears are connected by a triangular-

shaped body. The sides of this body consist of  ���, which 

connects the centers of the non-circular gears to each other, 

and the other side is ��, which plays a role as the last link of 

the four-bar mechanism. The angle between ��  and ��� is 

called �, and is considered as the last dynamic optimization 

parameters. The kinematics parameters are solved according 

to (5) and (6), which represent the closed-loop equation of the 

four-bar mechanism. The relation of the velocities between 

the SG and BG gears is defined by (7). 

 

Fig. 8. The schematic of the non-circular gears and the triangular-shaped 
body 
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Where l�� is the distance between gear centers and �� is 

the distance between the SG center and the gears' pitch 
contact point defined by (8). 
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The dynamics of this system is a Lagrange equation with 
non-holonomic constraints. There are two generalized 
coordinates in this model so by using one velocity constraint 

equation (13) and the Lagrange multiplier �, the equation of 
motion (12) has been solved. 
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The Lagrangian of the entire system is defined as (9) 

Where T�  and V�  correspond to the kinetic and potential 
energy of each link. 

 

1

1 3

sin( )
( )

( ) sin( )

( )

cg

cg

l ld L L

dt l r l

d L L

dt

θ

α θδ δ
τ λ

δθ δθ α φ

δ δ
λ

δψ δψ

−
− = +

− −

− =

&

&

 (12) 

 1

1 3

sin( )
0

( ) sin( )

cg

cg

l l

l r l

α θ
θ ψ

α φ

−
+ =

− −
& &  (13) 

 

Fig. 9. The schematic diagram (a) and the prototype (b) of the mechanism 
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2) Cost function: To get the most optimal mechanism 

regarding the best performance during our scenario (full 

lunge movement), the full factorial designed experiments are 

performed and the cost function is (14). To obtain optimal 

dynamics values, the values of the trial that has the minimum 

value of (14) are selected. This optimization results in a lower 

weight and minimum range of actuator torque to apply the 

required force. 

 
1 2

max max

( ) ( )i i
dyn

m
COST K K

m

τ

τ
= + , 1,2,...,i n=  (14) 

Where  � = 0.8 and  � = 0.2 are the factor of each goal 

of the multi-objective cost function. &  and &'()  are the 
total mechanism mass and maximum mechanism mass 

obtained by constraints. * and *max are the maximum actuator 
torque in each cycle and rated torque value of the selected 
motor (T-motor AK10-9 V2.0) respectively. 

IV. RESUALT AND DESCUSSION 

The results of the kinematic optimization are shown in Fig. 
10 and Fig. 11.  The sizes of the physiological and knee ICRs 
are vastly different [13]. Leg muscles and their tissues have 
Ogden hyperelastic model properties [18]; therefore, changes 
in muscle volume are observed in the knee's range of motion. 
So, this issue may be the reason for the vast difference 
between the ICR observed in the motion capture method from 
the ICR of the knee bones calculated using fluoroscopy. By 
using the average scale between these optimized elliptical 
curves, the combined pitch curve is selected to be the pitch 
curve of the designed space cone gear, as shown in Fig. 12. 
The kinematics optimized values of � and � for the combined 
pitch curve and its corresponding calculated ��� are reported 

in Table III. In our dynamic model, for the full lunge 
movement, the optimal torque was obtained in the range of 
±10 (/. &), as shown in Fig. 13 and the dynamics optimized 
design parameters are reported in Table IV. 

 

Fig. 10. Comparsion between the physiological ICR and the optimized 
elliptical curve for the fluroscopy approach 

TABLE III.  THE FINAL KINEMATICS OPTIMIZED DESIGNED PARAMETERS 

parameters 1(mm) 2(mm) 345(mm) 

optimal results 29.32 92.56 157.94 

 

Fig. 11. Comparsion between the knee ICR and the optimized elliptical curve 
for the motion capture approach 

 

Fig. 12. Combined pitch curve of the designed space cone gear 
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Fig. 13. The final torque and angle of the motor in range of full lunge 
movments 
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TABLE IV. THE FINAL DYNAMICS  OPTIMIZED DESIGNED PARAMETERS 

parameters 36(cm) 37(cm) 38(cm) 9(°) 

Lower boundary 5 20 5 0 

Upper boundary 15 30 15 60 

optimal results 6.11 25.55 5 12.63 

Nowadays, various mechanisms are developed to follow 
the instantaneous center of knee rotation. In the following, the 
advantages and disadvantages of each of these mechanisms 
are compared with the NGF mechanism. A large number of 
studies use the four-bar mechanisms. Besides the four-bar 
mechanism, other multi-bar mechanisms and non-circular 
gear mechanisms are begging to be used. These mechanisms 
contain more design parameters than the four-bar 
mechanism. This provides better bionic knee performance 
[4]. In [12], circular gears are used to follow the instantaneous 
center of rotation during movement by the mechanism. Since 
the ICR is a J-shaped curve, it is better to use an elliptical 
curve that is more similar to a J-shaped curve; therefore, the 
path of the ICR of the knee can be better tracked by the NGF 

mechanism. In the majority of studies, 120° of knee flexion 
are considered [19] and [7]. However, in order to fully follow 
the ICR of the knee by the mechanism, it is necessary to 

follow the ICR up to 150°  [20]. The proposed NGF 
mechanism is designed with this in mind so that it can fully 
follow the ICR of the knee. 

V. CONCLUSION

During open kinematic chain movement, due to the 
different material behavior of leg muscle tissue compared to 
the knee bones, two ICRs with entirely different dimensions 
are exist.  This paper considered the two ICRs of the human 
knee joint, measured using fluoroscopy and motion capture 
approach from a healthy volunteer. Then, with a kinematic 
view, the two ICRs tracking error was minimized to obtain 
the best-fitted elliptical curve for each ICRs. By employing 
these two ICRs curves, the combined pitch curve was 
calculated to create a pair of non-circular gears. This resulted 
in the best kinematics solution for tracking the path of ICR. 
As a result, the robot's slipping on the body is minimized 
during motion.  Next, a dynamics approach with the full lunge 
movement as input was used. This resulted in parameters that 
minimized actuator torque and mechanism weight. The 
proposed approach increases the mechanism's efficiency and 
subsequently reduces the battery consumption enabling 
smaller and less expensive motors and batteries. 

In future works, the effect of the different scales of 
elliptical curves will be considered to provide a more suitable 
ICR for this mechanism. Also, the different dynamic models 
and scenarios for this mechanism will be investigated. 
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