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This paper introduces a novel hybrid numerical method, SAUSM, designed for accurate and
robust simulation of compressible °ows governed by the Euler equations. While the AUSMþ
scheme provides proper resolution of smooth °ow features, it is susceptible to anomalies, par-

ticularly the carbuncle phenomenon near strong shock discontinuities. Conversely, the AUFS

scheme o®ers inherent stability in capturing shocks; however, it lacks the accuracy of AUSMþ
in smooth regions. The proposed SAUSM method combines AUSMþ and AUFS through an

adaptive weighting function, facilitating a seamless transition between the schemes. This ap-

proach preserves the accuracy of AUSMþ in smooth regions while ensuring robust shock-
capturing capabilities near discontinuities. The e®ectiveness of the SAUSMmethod is rigorously

demonstrated through a comprehensive suite of progressively complex test cases. Numerical

experiments demonstrate SAUSM's pro¯ciency in resolving intense shock patterns and dis-

continuities without introducing anomalies. In the selected test cases, SAUSM agrees with
reference solutions and e®ectively mitigates anomalies observed in AUSMþ, including kinked

Mach stems. In the challenging test case involving hypersonic blunt body °ow over a cylinder,

SAUSM adapts dissipation e®ectively by utilizing its adaptive weighting function to generate

smooth pressure distributions, thereby eliminating the carbuncle instability linked to AUSMþ
when applied to a high aspect ratio grid. The consistent formulation of °ux splitting and the

adaptive weighting in SAUSM prevent excessive dissipation away from discontinuities, thus

preserving accuracy comparable to that of exact Riemann solvers. Consequently, SAUSM
emerges as a promising and innovative approach to accurately and robustly simulate a wide

range of compressible Euler °ows. The comprehensive results obtained from the validation tests

¯rmly establish SAUSM as a highly e®ective general-purpose technique for computational °uid

dynamics in academic research.
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1. Introduction

The computational algorithms used to determine the inviscid °uxes of the Euler

equations for compressible °ow simulations have undergone signi¯cant evolution.

Central schemes were widely employed during the early 1960s and 1970s.1 How-

ever, these techniques have signi¯cant drawbacks, such as a lack of accuracy in

predicting the middle characteristics of °ow ¯elds and problem-dependent free

parameters.2 Late in the 1970s, upwind approaches were established. Upwind

methods have many bene¯ts, such as their robustness and compatibility with

physical characteristics. Flux vector splitting (FVS), °ux di®erence splitting (FDS)

and AUSM (advection upwind splitting method)-type schemes are the most used

upwind approaches. FVS is a natural consequence of determining °uids as a col-

lection of particles.3 Some particles will accelerate forward, while others have op-

posed directions at the interface. Automatically, the inviscid °uxes are decomposed

into upward and downward °uxes. This decomposing method may be attained

by dividing the Jacobian eigenvalue matrix. Numerous FVS methods, including

Steger-Warning and Van Leer, have been given following various splitting imple-

mentations. FVS was widely used to compute the Euler equations3 due to its ability

to correctly and robustly determine high-gradient characteristics such as shock.

Sun and Takayama4 presented the AUFS approach, a speci¯c type of FVS scheme

for separating the °ux vectors of Euler equations. This approach has been recently

expanded5 to investigate extremely high-speed °ows. The AUFS system incorpo-

rates two non-real wave speeds into the °ux. These two wave speeds in°uence the

propagation direction of waves. A portion of the °ow is computed numerically

using the Steger{Warming method, an FVS technique. This approach is straight-

forward, accurate and robust for the Euler equations. Nevertheless, the scheme

introduces some dissipation to shear waves in multi-dimensional °ows, similar to

the Steger-Warming characteristic splitting approach. This may a®ect the reso-

lution of shear and boundary layers in viscous °ow computations. As a result, it is

an inappropriate method for solving the Navier-Stokes equations. Godunov's

theory,6 which postulates that the compressible °ow issue between two neighboring

grid cells is a local Riemann problem, is the main foundation for developing FDS

schemes like Roe's FDS7 and HLLE. These approaches calculate the inviscid °uxes

using accurate and approximate solutions regarding Riemann's problem. Reports

indicate that these approaches provide an accurate strategy for predicting dis-

continuities. Due to its low numerical di®usion, FDS schemes perform well in the

N-S solver for resolving the boundary layer.

However, it's worth noting that while FDS methodologies are pro¯cient in cap-

turing discontinuities and ensuring minimal numerical di®usion for boundary layer

resolution within the Navier-Stokes solver, they exhibit relatively diminished

computational performance compared to their Finite Volume Scheme (FVS) coun-

terparts. In 1991, the AUSM method was introduced, combining FVS's e±ciency

and FDS's accuracy.8 The upwind direction of the convective values is characterized
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using the method's abovementioned advection Mach number. Two pressure-splitting

terms are added together to determine the pressure at the interface. The AUSM

method is identi¯ed to have low numerical dissipation.8 This straightforward and

accurate strategy can absorb a lot of popularity and attention. The AUSM was later

improved using several related techniques, including AUSMþ9 and AUSMPWþ.10

Unfortunately, the AUSM-family schemes occasionally exhibit numerical shock

anomalies, including the carbuncle phenomenon. In their study, Kitamura, Roe and

Ismail11 conducted numerical experiments involving various °ux functions to resolve

hypersonic °ows and observed that all of these °ux functions had the potential to

induce shock anomalies. The carbuncle phenomenon is a prevalent shock anomaly. In

1988, Peery and Imlay12 utilized Roe's to examine the extremely high-speed °ow

over a blunt body and discovered speci¯c bow shock solutions for the post of the

stagnation point. Other shock wiggles include the kinked Mach stem discovered in

the double Mach re°ection problem and the odd-even decoupling solution identi¯ed

in Quirk's test.13 Low numerical di®usion methods, such as Roe's, AUSMþ and

AUSMPWþ, are susceptible to shock anomalies.14 Even though FVS systems are

immune to shock anomalies because of their high robustness, their boundary-layer

resolution accuracy is insu±cient. Many investigations have been conducted on

shock anomalies. Pandol¯ and D'Ambrosio investigated several crucial character-

istics of the carbuncle phenomena.15 Observations indicate that the grid aspect ratio

is critical for igniting the carbuncle phenomenon. The spindly grid cells in the shock

direction path contribute to anomalies. It has also been noted that this phenomenon

frequently occurs whenever ¯rst-order accuracy in space is employed. Liou investi-

gated the numerical dissipation of numerous upwind schemes and proved that the

speci¯c scheme would be free of carbuncle phenomena by eliminating the pressure

term of the mass °ux.16 Many counterexamples to this assumption17 suggest that

Liou's postulate may only be practical for some systems. Xu investigated the

physical cause of shock wiggles and concluded that shock instabilities did not arise on

an unstructured grid.18 Contrary to the ¯ndings of Ramalho et al.,19 however. The

curing of the carbuncle phenomenon is achieved through several categorized pro-

cedures. The multi-dimensional dissipation technique is followed by Roes FDS and

AUSM-family schemes.20 However, this approach has di±culties resolving the

boundary layer.15 Eigenvector modi¯cation is pursued to enhance shear wave solu-

tion and construct a robust HLL scheme21; however, eigenvector changes are

scheme-speci¯c and considerable mathematical analysis and work are required to

construct these solvers. Recently, new methods were published to mitigate shock

anomalies.22,23 An e®ective approach for enhancing robustness against sudden

changes in a system, known as shock anomalies, involves employing a hybrid tech-

nique introduced by Quirk.13 This technique combines a dissipative scheme near a

shock wave with a more accurate (less dissipative) scheme in other regions. However,

the seamless integration of these two schemes may give rise to numerical challenges,

such as smearing the contact interface or violating scheme positivity. The integra-

tion of robust numerical schemes from various domains, encompassing both
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2450045-3

In
t. 

J.
 M

od
. P

hy
s.

 C
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
W

A
T

E
R

L
O

O
 o

n 
02

/0
2/

24
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



continuous and discontinuous phenomena, while ensuring accuracy and adaptabili-

ty, has paved the way for new avenues of scholarly investigation in this ¯eld. This

convergence provides researchers with a fertile ground for the development and

enhancement of modern numerical approaches. A new hybrid numerical method is

proposed,24 which combines a full-wave Riemann solver, prone to shock instability,

with the more dissipative HLL solver to eliminate numerical shock instability in

simulations of the 2D Euler equations. The hybrid °ux is applied only to the mass

and energy equations. Numerical results demonstrate the e®ectiveness of the

method. Nevertheless, the matrix formulation generally makes the HLL scheme more

complex to implement; besides that, HLL scheme uses ¯xed dissipation, causing

unadaptable dissipation for wide °ow conditions. Moreover, blending is done only for

continuity and energy equations. The justi¯cation is based on experimentation

rather than theory. Besides that, the method relies on empirical constants that

require tuning for di®erent problems. A hybrid °ux splitting scheme called AUSMþ
FVS was proposed for compressible °ows. The method combines AUSMþ and °ux

vector splitting to achieve accuracy in boundary layers and shock robustness.25,26

This methodology ¯nds application in diverse scenarios, such as Riemann problems

and blunt body interactions, among other test cases. Notably, its performance sur-

passes that of the standalone AUSMþ approach. Nonetheless, it is imperative to

conduct more comprehensive calibrations and analyses of the empirical coe±cient

(�) across a range of °ow regimes and Mach numbers. The authors have introduced a

pivotal exponential function; however, there exists potential for additional re¯ne-

ment and optimization of this component through further research and experi-

mentation. Moreover, a notable characteristic of previous FVS schemes lies in their

propensity to di®use contact discontinuities. Within the realm of previous FVS

schemes, the prevalence of expansion shocks is a recurring phenomenon.4 It is worth

noting that the manifestation of carbuncle instability in the context of multidi-

mensional °ows raises concerns speci¯cally associated with select FVS schemes.4

AUSMVþ is blended by the Roe scheme to construct a stable method for com-

pressible °ows.27 It hybridizes the Roe and modi¯ed AUSMVþ schemes using a

normalized pressure/density-based weighting function to control dissipation. The

hybrid Roe approach maintains Roe's accuracy while improving stability and ro-

bustness for shocks. Nevertheless, when applied to °ows with strong shocks,

AUSMVþ exhibits apparent shock instability issues like the carbuncle phenomenon

and kinked Mach stems. This indicates that the inherent numerical dissipation of

AUSMVþ is insu±cient to suitably damp disturbances that cause anomalies. The

minimal shock dissipation and lack of °exibility to adjust it are the primary de¯-

ciencies of AUSMVþ in shock capturing. A stable and accurate hybrid HLLC

scheme for compressible °ows is established by hybridizing the HLLC and modi¯ed

AUSMV2þ schemes through a speed of sound-based weighting function to control

dissipation.28 Analysis and numerical tests show that the method damps perturba-

tions and eliminates anomalies like carbuncles in the base HLLC scheme while

maintaining accuracy. However, HLL scheme has a more expensive computational
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cost than AUSM-family schemes. Besides that, AUSMV2þ is dependent exclusively

on the inherent low numerical dissipation stemming from its °ux splitting for-

mulations for the purpose of shock capturing. However, this constrained dissipation

is frequently found to be insu±cient for e®ectively resolving intense discontinuities,

particularly shock waves, leading to anomalies.

From the abovementioned summary, hybrid methods o®er a means to leverage

the advantages of distinct numerical schemes, where one excels in accurately han-

dling smooth regions while another demonstrates stability in discontinuities. A

weighting function facilitates a seamless transition between these component

schemes, thereby preventing anomalies like carbuncles, which may arise when

employing standalone methods. By minimizing excessive dissipation away from

discontinuities, hybrid approaches maintain overall accuracy. Moreover, imple-

menting hybridization is relatively straightforward compared to developing entirely

new techniques, as it permits the reuse of pre-existing, well-validated schemes as

components. Consequently, hybrids provide a practical approach to enhancing sta-

bility and robustness while preserving accuracy, all at a reasonable computational

cost. Several limitations have been identi¯ed in existing approximate Riemann sol-

vers and °ux vector splitting schemes for solving the Euler equations. While methods

such as Roe provide accurate resolution of discontinuities, they remain susceptible to

anomalies, including carbuncles and expansion shocks, necessitating additional

corrections to achieve robustness. Moreover, the full characteristic decomposition in

Roe's method involves matrices, adding mathematical complexity. Popular hybrid

formulations like AUSMDVþ and AUSMDV2þ employ weighting functions skewed

toward di®usivity and inconsistent splitting functions, which can reduce accuracy.

Despite its computational e±ciency and shock-capturing stability, the HLL scheme

is overly di®usive, precluding the resolution of °ow features like contact dis-

continuities. The motivation of this paper is to hybridize the Arti¯cially Upstream

Flux Vector Splitting (AUFS) scheme and AUSMþ scheme to remedy these de¯-

ciencies. By judiciously introducing two arti¯cial wave speeds, AUFS splits the

physical °ux vector to achieve simplicity without matrices, delivers inherent ro-

bustness against anomalies, including carbuncle instability and naturally enables

resolving stationary contact discontinuities. The consistent °ux splitting approach

avoids weighting functions, preserving accuracy comparable to exact Riemann sol-

vers. Moreover, the proposed SAUSM methodology demonstrates promise as an

accurate and versatile technique for computational °uid dynamics applications,

overcoming critical limitations of current state-of-the-art schemes.

2. Governing Equations

The 2D inviscid equations can be represented in a conservative form as follows:

@W

@t
þ @FI

@x
þ @GI

@y
¼ 0: ð1Þ

Advancing high-speed °ow simulations
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W is the conservative vector and FI and GI are the inviscid °ux vectors:

W ¼
�
�u
�v

�E

2
664

3
775; FI ¼

�u

�uuþ P
�vu

�Euþ Pu

2
664

3
775; GI ¼

�v
�uv

�vvþ P

�Evþ Pv

2
664

3
775: ð2Þ

In the above equation, �, P , ðu; vÞ, E are density, static pressure, cartesian velocities

and total energy per unit volume, respectively. The perfect gas equation is de¯ned as

follows:

P ¼ ð� � 1Þ E � 1

2
�ðu2 þ v2Þ

� �
: ð3Þ

2.1. Discretization Euler system of equations

The integral form of Euler equations around the closed boundary (@�) is as follows:

@

@t

ZZ
�

W
!
d�þ

Z
@�

H
!
ðW
!
Þ � n̂ � d‘ ¼ 0; ð4Þ

where H
!
ðW
!
Þ ¼ FI

!
ðW
!
ÞiþGI

!
ðW
!
Þj is the inviscid °ux. By using the ¯nite-volume

methodology, Eq. (4) would be as follows:

d

dt
ðQ
!

j�jÞ þ
X3
k¼1

H
!

k � d‘k ¼ 0; ð5Þ

where H
!

k is inviscid °ux and computed based on the AUSMþ or AUFS schemes.

2.2. AUSMþ scheme

The general form of computing inviscid °ux by AUSMþ is determined as follows9:

H
!

k ¼
m
: þ jm: j

2

� �
�L þ m

: � jm: j
2

� �
�R þ p1=2: ð6Þ

� ¼

1

u

v

h

2
6664

3
7775: ð7Þ

Computing the pressure °ux of AUSM family can be determined as follows29:

p1=2 ¼ �p � dp; ð8Þ
where �p is the average pressure of two sides of each interface. Moreover, dp is de¯ned

as follows:

dp ¼ 1

2
ðP þ

L � P �
R Þ�pþ fð1� P þ

L � P �
R Þ �pg: ð9Þ

A. Mohammadi & M. H. Djavareshkian
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With �p as the di®erential pressure (�p ¼ PR � PL) and

P �
ðL=RÞ ¼

� ðMðL=RÞ � 1Þ2
4

ð2�MðL=RÞÞ � �MðL=RÞððMðL=RÞÞ2 � 1Þ2 jMj < 1;

MðL=RÞ � jMðL=RÞj
2

jMj � 1;

8>><
>>:

ð10Þ

where

� ¼ 3

16
; ð11Þ

MðL=RÞ ¼ ðVðL=RÞÞ=C1=2; ð12Þ
VðL=RÞ ¼ uðL=RÞ � nx þ vðL=RÞ � ny; ð13Þ

C1=2 ¼

c�2

maxðjVLj; c�Þ
VL þ VR

2
� 0;

c�2

maxðjVRj; c�Þ
VL þ VR

2
< 0;

8>>><
>>>:

ð14Þ

c�2 ¼ 2ð� � 1Þ�H
ð� þ 1Þ ; ð15Þ

�H ¼ �RT

ð� � 1Þ þ
u2 þ v2

2
: ð16Þ

With \þ" and \�" or \L" and \R" symbols, determine the left and right of each face,

respectively. To compute mass °ux according to AUSMþ scheme, the following

manner is required:

ðm: Þ1=2 ¼ C1
2
M1

2
�

�L M1=2 > 0;

�R M1=2 < 0;

(

M1=2 ¼ Mþ
L þM�

R ;

ð17Þ

M�
ðL=RÞ ¼

� ðM� 1Þ2
4

1� 1

16
�
ðM� 1Þ2

4

� �
�AUSM ¼ 1

8
jMj < 1;

M� jMj
2

jMj � 1:

8>>><
>>>:

ð18Þ

2.3. AUFS scheme

The AUFS approach can be determined as follows4:

H
!

k ¼ ð1�MÞ 1

2
ðPL þ PRÞ þDAUFS

� �
þM½W�ðq� � s2ÞW þ P�	; ð19Þ

Advancing high-speed °ow simulations
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where W is the conservative vector de¯ned through (2) and P vector is de¯ned as

follows:

P ¼
0

pnx

pny

pq

0
BB@

1
CCA;

where q is the normal velocity of an arbitrary interface and is de¯ned as follows:

Q ¼ unx þ vny;

With ½nx;ny	 being the normal unit vector of a cell interface. Note that s1 and s2 are

two constant scalars. Moreover, M ¼ s1=ðs1 � s2Þ and s1, s2 are the two arti¯cial

scalars determining wave speeds. The superscript � classi¯ed the left and right di-

rection of waves propagating based on s1 sign as follows:

� ¼ L for s1 > 0;

R for s1 
 0;

�
ð20Þ

The vector DAUFS is the dissipation of the AUFS scheme and is de¯ned as follows:

DAUFS ¼
1

2C1=2

pL � pR

ðPuÞL � ðPuÞR
ðPvÞL � ðPvÞR

ðC1=2Þ2
� � 1

ðpL � pRÞ þ
1

2
ððpq2ÞL � ðpq2ÞRÞ

0
BBBBB@

1
CCCCCA; ð21Þ

where

q2 ¼ u2 þ v2: ð22Þ
The expressions for computing s1 and s2 are determined by Sun and Takayama4 and

de¯ned as follows:

s1 ¼
1

2
ðqL þ qRÞ; ð23Þ

s2 ¼
minð0; qL � CL; q

� � c�Þ
maxð0; qR þ CR; q

� þ c�Þ

(
; ð24Þ

where:

q� ¼ 1

2
ðqL þ qRÞ þ

CL � CR

� � 1
; ð25Þ

c� ¼ 1

2
ðcL þ cRÞ þ

ðqL � qRÞð� � 1Þ
4

: ð26Þ

2.4. Hybrid scheme

The SAUSM scheme is developed by hybridizing AUSMþ and AUFS schemes. The

AUSMþ scheme is a low dissipation scheme with high resolution in all °ow ¯elds

A. Mohammadi & M. H. Djavareshkian
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except the shock region, while the AUFS is free from shock anomalies in the vicinity

of the shock region. Therefore, SAUSM is designed to be an averaging scheme with a

bias toward the AUFS scheme to take advantage of the shock-capturing capability of

AUFS scheme as follows:

H
!

k ¼
1

2
½ððH

!
kÞAUFS þ ðH

!
kÞAUSMþÞ � FððH

!
kÞAUSMþ � ðH

!
kÞAUFSÞ	; ð27Þ

where F is the weighting switch function.

This paper determines the new weighting switch function by a normalized

pressure-to-density ratio of an arbitrary cell interface.27

F ¼ 2 minð1;GÞ � 1: ð28Þ

G ¼
Pr

�r
� Pl

�l

����
���� ðq� cÞðqþ cÞ < 0;

0 otherwise;

8><
>: ð29Þ

where Pr=l, �r=l are de¯ned as follows:

Pr=l ¼
PR=L

P1
; ð30Þ

�r=l ¼
�R=L

�1
; ð31Þ

where in¯nity subscript denotes de¯ned free-stream values, Eq. (29) is weighted

toward the AUFS scheme in the region of shock waves; however, the weight is

pushed toward the AUSMþ scheme elsewhere to obtain a highly accurate solution.

In the smooth regions of the °ow ¯eld without any sharp gradients and contact

discontinuity areas, the original AUSMþ system is implemented.

3. Time-Marching Strategy

It is evident that by implementing the integration to governing equations in a control

volume, the spatial and transient terms are separated, and a set of ordinary equations

is established as follows:

d

dt
ðWiÞ þ RiðWÞ ¼ 0: ð32Þ

Ri is the integrated spatial term, and W is the conservative term. To achieve the

solution of the above equation, it is required to implement time integration to gov-

erning equations. The method of transient discretization of the above equation in this

study is the explicit 4th-order Runge-Kutta strategy.

4. Numerical Experiments

This section aims to systematically validate the accuracy, robustness and

versatility of the SAUSM scheme across a wide range of compressible °ow regimes.

Advancing high-speed °ow simulations
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The validation begins by considering elementary 1D Riemann problems involving

typical discontinuities. This serves as a basis for assessing the scheme's capability to

capture shocks accurately. Subsequently, a 2D Riemann problem is introduced to

evaluate its performance in resolving multi-dimensional oblique shock interactions.

The evaluation continues with examining the Double Mach re°ection case, which

tests the stability of the scheme in handling complex shock re°ections occurring in

practical geometries. This scenario is known to challenge non-robust solvers due to

anomalies. Finally, a stringent simulation of hypersonic °ow over a cylinder is con-

ducted, exposing the scheme to a strong bow shock to assess its resilience against

instabilities, such as the carbuncle phenomenon often encountered in low-dissipation

methods. It is important to note that the test suite progressively increases in

complexity, advancing from canonical 1D shocks to geometrically intricate °ows

prone to anomalies. This comprehensive approach thoroughly scrutinizes SAUSM's

performance across various challenges, including basic shock-capturing, nuanced

multi-dimensional discontinuity resolution, stability in complex con¯gurations and

resilience against prevalent anomalies. These systematic evaluations con¯rm

SAUSM's accuracy in resolving typical shock patterns, ability to capture multi-

dimensional discontinuities with high ¯delity, stability even in intricate °ow sce-

narios and robustness against instabilities. This rigorous validation establishes

SAUSM as a practical, accurate, stable and versatile technique for conducting di-

verse compressible Computational Fluid Dynamics (CFD) simulations.

4.1. One-dimensional Riemann problem

A Sod shock tube problem30 was ¯rst taken into consideration. A Riemann issue is a

problem with an initial value determined by a conservation equation. Often, the ¯eld

is split at the initial time by constant states. Shock and re°ecting waves demonstrate

crucial features in the solution; the Riemann problem is bene¯cial for investigating

numerical procedures for computing the Euler form of governing equations. The one-

dimensional Riemann matter is frequently applied to the analysis of numerical

methods. At the start of the test, the region of computing has two constant states:

ð�;u; pÞL and ð�;u; pÞR. The discontinuity has been located at the position x ¼ 0:0

and the Courant number coe±cient has been assigned a value of CFL ¼ 0:9. This

one-dimensional examination is implemented in the ¯eld x 2 ½�22; 22	. The initial

conditions are

ð�;u; pÞL ¼ ð10:14543; 0; 2� 106Þ x 2 ½�22; 0	:
ð�;u; pÞR ¼ ð1:216136; 0; 0:2� 106Þ x 2 ½0; 22	:

First-order accuracy is adopted concerning spatial terms. Figure 1 depicts the

density, pressure, temperature and velocity pro¯les at time 0.0196s derived by

AUSMþ and AUFS. The analytical solution, shown by the black line in the picture,

is included for reference. The 1D Riemann problem results reveal that the SAUSM

scheme successfully preserves the essential discontinuity-capturing capabilities and

A. Mohammadi & M. H. Djavareshkian
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underlying accuracy of the AUSMþ scheme for resolving fundamental shock and

contact surface structures. This is evidenced by the near exact overlap of the SAUSM

and AUSMþ density, pressure, temperature and velocity pro¯les across the full span

of the °ow ¯eld, with minor discrepancies tightly con¯ned to the immediate shock

region. The close alignment of both schemes with the analytical solution pro¯les

veri¯es SAUSM's pro¯ciency in inheriting AUSMþ's ¯delity for 1D test cases

through its consistent °ux-splitting formulation and seamless hybridization proce-

dure. Critically, SAUSM can decrease subtle oscillatory instabilities produced by

AUSMþ in the smooth expansion fan region without signi¯cantly compromising its

accuracy at discontinuities. This is achieved through the intrinsic numerical di®usion

of SAUSM's hybridized methodology. The additional selective dissipation damps out

the minor wiggles and overshoots exhibited by AUSMþ in the expansion fan by

(a) (b)

(c) (d)

Fig. 1. Distribution of °ow ¯eld characteristics pertaining to one-dimensional Riemann problem test

case. (a) Density, (b) pressure, (c) temperature and (d) velocity.

Advancing high-speed °ow simulations
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taking advantage of the °exibility of SAUSM's weighting function. This allows for

minimizing the impact on accuracy at the shock and contact surface. Therefore, the

1D Riemann problem ¯ndings substantiate SAUSM's pro¯ciency in replicating

AUSMþ's high-¯delity discontinuity resolution for basic 1D °ows while augmenting

stability through its hybrid formulation. The results validate SAUSM's capabilities

in capturing essential shock patterns without compromising accuracy or introducing

excessive di®usion. This establishes a robust basis for applying SAUSM's approach

to inherently unstable higher-dimensional cases.

4.2. Two-dimensional Riemann problem

Unsteady two-dimensional (2-D) Lax con¯guration3 is explored for the following test

scenario. This particular setup and other con¯gurations had been extensively ex-

amined in30,31 and embraced as well-regarded benchmark test problems. This

problem was highly nonlinear, involving the formation of the upward-moving jet, the

downward-moving mushroom jet and secondary Kelvin-Helmholtz instabilities

exhibited as small-scale vortical rollups along the slip lines and the stems of the two

jets. This Complex particular benchmark test case is used to assess the e®ectiveness

of the AUSMþ and SAUSM schemes. Lax and Liu have presented 19 combina-

tions.32 For further information on the wave structures of each con¯guration for

other benchmark test cases, a reference was made to their archived paper. At the

domain's boundaries, the normal gradients of all °ow variables were required to be

zero. Considering virtual cells outside the borders was a common approach to

implementing boundary conditions. The ¯rst-order virtual re°exive boundary

Fig. 2. Initial condition of two-dimensional Riemann problem (Lax con¯guration3).

A. Mohammadi & M. H. Djavareshkian
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condition is used for a wall where the cells terminate. Figure 2 shows the initial

condition of the Lax con¯guration3.

A meticulous examination of the AUSMþ solution depicted in Fig. 3(a) exposes

conspicuous de¯ciencies characterized by localized warping and distortion of the

density contour lines spanning the entire °ow ¯eld, as the yellow circle annotation

underscores. These subtle yet perceptible anomalies can be attributed to the inherent

numerical dissipation insu±ciency adjacent to shock discontinuities when employing

AUSMþ in isolation, which has been extensively scrutinized in prior research

endeavors.33 This insu±ciency in dissipation facilitates the rapid ampli¯cation of

minor perturbations when shock fronts align with the grid lines, thereby inciting

instabilities. In stark contradistinction, the outcomes presented in Fig. 3(b), arising

from the application of SAUSM, showcase remarkably smooth and continuous den-

sity contours devoid of any warping or anomalies. The faithful depiction of the

morphology of the mushroom-shaped jet is achieved without any observable distor-

tions. Of particular note is the heightened acuity with which SAUSM resolves the

Mach stem shocks; any subtle anomalies are conspicuously con¯ned to the immediate

vicinity of the Mach stems. The density distribution maintains uniformity even

amidst the presence of shocks, thereby a±rming the exceptional shock-capturing

robustness inherent to SAUSM. This notable enhancement emanates from the hybrid

formulation employed by SAUSM, which judiciously introduces supplementary sta-

bilization through the AUFS component in proximity to abrupt discontinuities, such

as shocks. The resultant supplementary dissipation e®ectively curtails the ampli¯-

cation of instability-inducing perturbations that engender anomalies within the

framework of AUSMþ. The complete absence of such anomalies and the meticulous

portrayal of intricate °ow structures within the SAUSM solution unequivocally val-

idate its reliability in faithfully simulating intricate multi-dimensional shock hydro-

dynamics while circumventing the stability limitations characteristic of AUSMþ.

(a) (b)

Fig. 3. Density distributions of two-dimensional Riemann problems. (a) AUSMþ scheme. (b) SAUSM

scheme.

Advancing high-speed °ow simulations
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The weighting function F is fundamental to SAUSM's ability to deliver shock

stability and accuracy by seamlessly blending the AUSMþ and AUFS component

schemes. It provides adaptive control tailored to local °ow conditions. In smooth

regions away from discontinuities, F trends towards �1, emphasizing the low-

dissipation AUSMþ scheme. This maintains the high-¯delity resolution of °ow

features. Near shocks and other discontinuities, F shifts towards 1, leveraging the

inherent robustness of AUFS (Fig. 4). The arti¯cial dissipation in AUFS suppresses

instabilities that cause anomalies. The smooth transition between AUSMþ and

AUFS enabled by F avoids sharp changes in dissipation that reduce accuracy. In

areas where anomalies intensify, like near interactions of shocks, F further increases

the AUFS weighting to enhance stability. The adaptive distribution of F provides

customized blending based on the local balance of accuracy and stability needed.

Moreover, the ¯eld of F visualized in Fig. 4 demonstrates how SAUSM achieves

shock-capturing capabilities and accuracy. F provides continuous control between

these attributes tailored to °ow conditions. This is essential for simultaneously

resolving smooth °ow features without anomalies at discontinuities. The contour

plot validates the e®ectiveness of F in enabling SAUSM's high-¯delity and versatile

performance.

4.3. Double mach re°ection problem

Several numerical methods have been reported to yield kinked Mach stems in the

double Mach re°ection scenario. Woodward and Colella34 were the ¯rst to study it,

followed by several other academics. According to the ¯gure, a normal shock

Fig. 4. The contour of the weighting function for a two-dimensional shock tube.
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re°ected by a 30� slope is considered unsteady. The incident shock wave remains

unchanged as it re°ects o® the sloped wall and then moves up the wedge. When the

primary shock wave follows the correct path, it leads to the formation of a re°ected

shock wave (r), a Mach stem (m) and a slip line (s) originating at the triple point,

determining the original Mach re°ection. The triple point (T 0) is created at the

intersection of the primary re°ection (r), the secondary re°ection (r0) and the curved

stem (m0), resulting in the formation of the second Mach re°ection.

The computational domain is ½0; 4	 � ½0; 1	, with 400 cells along the length and

width. The domain after the shock initiates with the values � ¼ 1:4, u ¼ 0, v ¼ 0 and

p ¼ 1 before the shock. The ¯eld behind the shock is initialized with values before the

shock. The computations utilize ¯rst-order numerical methods and fourth-order

Runge-Kutta temporal discretization up to t ¼ 0:2 s. In real-world experiments and

high-¯delity simulations, the Mach stem forms a straight oblique shock attached to

the re°ection surface. The kinked distortion of the Mach stem does not occur. The

kink allows post-shock °ow along the surface to spill out ahead of the Mach stem,

causing non-physical °ow patterns. Real Mach stems do not show this behavior.35

Methods that produce kinked Mach stems are considered unreliable for predicting

complex shock re°ections. The results can be misinterpreted if anomalies are not

addressed. Kinked Mach stems are regarded as a numerical artifact rather than

fundamental physics. Their appearance indicates issues with the solver's robustness

and accuracy. Insu±cient numerical dissipation when shocks are aligned with grid

lines. This allows perturbations to develop due to a lack of cross-dissipation between

grid points.13 Shortcomings in the mathematical expression for the internal structure

Fig. 5. Re°ection of normal shock by a 30� ramp.

Advancing high-speed °ow simulations
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of captured shock waves in numerical methods are found. This causes anomalies

when the shock transitions between grid lines. Figure 6 depicts the density contours

estimated by AUSMþ and SAUSM techniques, with 30 contour levels ranging from

2.0 to 20.0. Established empirical and computational evidence underscores several

vital features of the envisioned shock con¯guration. These features include the in-

cident shock itself, the primarily re°ected shock resulting from interaction with the

inclined ramp, an oblique Mach stem displaying nearly linear characteristics that

connect to the point of re°ection of the primary triple junction, and a subsequent

emanating slip line. Notably, the density contour plot of the AUSMþ scheme reveals

an identi¯able anomaly (highlighted by the yellow circle) in the trajectory of the

Mach stem, characterized by a distinctive kinked distortion. This aberration can be

attributed to inadequate inherent shock dissipation within the AUSMþ scheme.33

The insu±ciency of intrinsic dissipation allows disruptive perturbations to magnify

when shock fronts align with grid lines due to the absence of cross-dissipative

mechanisms. Consequently, an anomalous non-physical post-shock °ow out°ow

emerges before the kinked Mach stem. In contrast, the numerical outcomes yielded

by the SAUSM scheme depict a Mach stem that remains consistently rectilinear and

uninterrupted, devoid of distortions (indicated by the yellow circle). This result

underscores the heightened robustness and stability intrinsic to the SAUSM scheme,

qualities that stem from its well-balanced hybrid formulation. This formulation

strategically introduces supplementary accurate dissipation near shock phenomena

by leveraging the AUFS component. As a result, the SAUSM scheme e®ectively

suppresses the ampli¯cation of perturbations responsible for anomalies like the

kinked Mach stem observed in the AUSMþ counterpart.

Figure 7 presents a contour plot illustrating the characteristics of the weighting

function F, as de¯ned in Eq. (28) of the paper. The data depicted pertains to the

Double Mach re°ection test, and its computation employs the proposed SAUSM

scheme. This weighting function operates adaptively, imparting a bias to the scheme

towards AUSMþ or AUFS, contingent upon the prevailing local °ow conditions.

Within Fig. 7, the weighting function demonstrates a propensity to approach a value

of 1 in proximity to instances of discontinuity, such as strong shock waves and

contact surfaces. This strategic behavior shifts the emphasis of °ux computation

towards the employment of the AUFS scheme. Notably, the AUFS scheme boasts

higher accuracy and inherent robustness in handling such regions. This particular

(a) AUSM+ (b) SAUSM

Fig. 6. The density contours for double Mach re°ection problem at t ¼ 0:2 s.
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mechanism intrinsic to AUFS is instrumental in mitigating instabilities at points of

discontinuity. Consequently, anomalies such as kinked Mach stem, observed when

utilizing AUSMþ in isolation, are e®ectively eradicated. Contrastingly, in areas

characterized by smooth °ow devoid of discontinuities, the weighting function tends

to trend towards a value of �1, which is visually represented by the blue regions in

the plot. This emphasis towards �1 underscores the application of the low dissipa-

tion AUSMþ scheme. Overall, Fig. 7 a®ords a comprehensive visual representation

of the dynamic nature of the weighting function F within the context of the SAUSM

scheme. Its adaptability based on local °ow conditions optimizes the selection be-

tween AUSMþ and AUFS, thereby enhancing the accuracy and stability of °ux

computations across varying regions of the °ow ¯eld.

4.4. Hypersonic inviscid °ow over a cylinder

To illustrate the shock-stable performance of the suggested SAUSM method, hy-

personic inviscid °ow at Mach ¼ 10 over a cylinder is provided. The renowned

carbuncle phenomena13 have been reported for several upwind schemes in hypersonic

blunt body simulations. Several publications11,36 have revealed that the aspect ratio

of cells signi¯cantly a®ects the inducing carbuncle instability. To further demon-

strate the usefulness of the SAUSM approach, in Fig. 8, the geometry of the cylinder

depicts a grid with 39 (wall normal) and 501 (radial) grid points and a high aspect

ratio of cells. Grids with high aspect ratios hinder the exchange of dissipation e®ects

across neighboring cells, thereby permitting the unhindered propagation of disrup-

tive waves.15 The simulations use an explicit time marching technique and a ¯rst-

order accuracy spatial approach. Figure 9 presents pressure contour plots extracted

from hypersonic cylindrical blunt body °ow simulations at Mach 10, employing both

AUSMþ and SAUSM schemes. In this canonical test case, a robust bow shock forms

at the stagnation region on the forward-facing surface of the cylinder. A closer ex-

amination of the AUSMþ results reveal the emergence of a well-documented numer-

ical shock instability known as the `carbuncle phenomenon.' This instability is evident

as the bow shock exhibits an anomalous bifurcation and a discontinuous split near the

stagnation point, as indicated by the highlighted yellow circle. Several factors

Fig. 7. The contour of the weighting function for Double Mach re°ection problem.

Advancing high-speed °ow simulations
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contribute to this carbuncle phenomenon with AUSMþ: reliance solely on the left-

state density for computing interface mass °ux, leading to inaccuracies near strong

shock gradients; inadequate inherent pressure dissipation allowing non-physical

expansion shocks to form adjacent to the primary bow shock, disrupting its

structure; lack of appropriate velocity-weighting in the pressure °ux expression

rendering AUSMþ susceptible to shock anomalies at high Mach numbers; utilization

Fig. 8. Geometry of cylinder.

Fig. 9. Comparing the distribution of pressure in hypersonic °ow over a cylinder.
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of an average speed of sound across cell interfaces introducing excessive numerical

dissipation at low Mach numbers, compromising overall accuracy; and inherent in-

accuracies in the AUSMþ eigenvalue computations further amplifying the carbuncle

instability. In sharp contrast, the SAUSM scheme operates without adjustable para-

meters. Its enhancements in e®ectively resolving discontinuities are intrinsically

achieved without controlling parameters. This is facilitated by the AUFS component,

which inherently adjusts and provides the necessary numerical dissipation based on its

internal mechanism. This sets SAUSM apart from other methods,27,28,37 which rely on

tuning empirical constants to manage anomalies like the carbuncle phenomenon.

The SAUSM results, on the other hand, exhibit a smooth and continuous bow shock

pro¯le without detectable anomalies, bifurcations, or distortions. This showcases the

remarkable robustness and stability of SAUSM in e®ectively capturing shock phe-

nomena, thanks to its unique hybrid formulation. By integrating the AUFS compo-

nent near shock discontinuities, vital supplemental dissipation is introduced,

e®ectively damping out destabilizing perturbations that trigger anomalies like

the carbuncle instability observed with the standalone AUSMþ approach. Despite a

pronounced bow shock in this demanding test case, eliminating the carbuncle phe-

nomenon within the SAUSM solution o®ers unequivocal validation of its capability to

accurately and stably simulate intricate compressible °ows involving shocks. This

accomplishment is made possible through the adaptive dissipation control mechanism

inherent to the SAUSM methodology. The comprehensive comparative analysis

underscores SAUSM's pro¯ciency in enabling high-¯delity prediction of diverse

compressible °ow regimes containing discontinuities. Importantly, SAUSM avoids

succumbing to the numerical shock anomalies exhibited by AUSMþ. This ¯rmly

establishes SAUSM's robustness, accuracy and versatility as a potent technique for

various computational °uid dynamics applications.

Figure 10 shows the distribution of the weighting function (Eq. 28) along the

stagnation streamline for the hypersonic °ow over a cylinder test case. Near the shock

region on the cylinder surface, the weighting function (Eq. 28) approaches 1, indicating

that the °ux is heavily weighted towards the AUFS scheme. This provides enhanced

shock-capturing stability by leveraging the inherent robustness of AUFS. The arti¯cial

wave speeds in AUFS introduce numerical dissipation that e®ectively damps pertur-

bations that can lead to anomalies like the carbuncle phenomenon. In the smooth

upstream region away from discontinuities, the weighting function trends towards �1,

shifting the weighting towards the AUSMþ scheme. With minimal dissipation,

AUSMþ maintains accuracy in resolving smooth °ow features. The smooth transition

between the two schemes and the weighting function provides is vital to achieving

stability and accuracy. Near the shock, stability is prioritized, while accuracy is em-

phasized away from discontinuities. This prevents the emergence of anomalies like the

carbuncle instability exhibited in Fig. 9 by the standalone AUSMþ scheme under the

high aspect ratio grid. Moreover, Fig. 10 validates that the weighting function in

SAUSM appropriately biases the scheme towards AUFS robustness near dis-

continuities while shifting to AUSMþ accuracy in smooth regions. This seamless
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hybridization eliminates anomalies like the carbuncle phenomenon while preserving

the resolution of °ow features. The adaptive blending is central to the shock-stable and

high-¯delity performance of SAUSM demonstrated in the results.

5. Conclusion

This study introduced SAUSM, a novel hybrid numerical scheme for accurately and

robustly simulating diverse compressible °ows governed by the Euler equations. The

limitations of existing techniques, including insu±cient inherent shock dissipation in

low-di®usion methods and inadequate °exibility to adjust robustness in pure °ux

vector splitting, highlighted the need for an adaptive approach. The proposed

SAUSM methodology seamlessly combines the accuracy of AUSMþ in smooth

regions with the inherent stability of AUFS at discontinuities through a continuous

weighting function. This provides customized dissipation adjusted to °ow conditions.

The consistent °ux splitting preserves accuracy, while the simple non-matrix

structure reduces complexity versus characteristic decompositions. The compre-

hensive numerical experiments validate SAUSM's capabilities in resolving dis-

continuities without anomalies across various compressible °ow regimes. The 1D

Riemann problem veri¯ed accurate shock-capturing comparable to the analytical

solution. The 2D Riemann problem showcased SAUSM's ability to resolve complex

oblique shock interactions without anomalies like the kinked Mach stem that arises

in standalone AUSMþ solutions.

The double Mach re°ection scenario con¯rmed stability even in geometrically

complex con¯gurations prone to instabilities. Finally, the cylinder test established

Fig. 10. Distribution of weighting along the stagnation streamline for a Mach 10 hypersonic °ow over a

circular cylinder problem.
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resilience against the carbuncle phenomenon through adaptive dissipation control. In

summary, SAUSM o®ers a promising new approach for accurately and robustly

simulating compressible Euler °ows across various conditions. Its seamless combi-

nation of AUSMþ and AUFS schemes provides the best of both worlds, ensuring

high-¯delity resolution of °ow features while maintaining stability near shocks and

discontinuities. The ability to eliminate anomalies like the carbuncle phenomenon

while preserving accuracy demonstrates SAUSM's versatility as a general-purpose

technique for computational °uid dynamics. Future work should focus on extending

SAUSM to handle viscous °ows governed by the Navier-Stokes equations. Addi-

tional research could explore potential applications of SAUSM in other °uid dy-

namics and aerospace engineering areas, aiming to further validate its e®ectiveness in

di®erent scenarios. Overall, SAUSM represents a signi¯cant advancement in nu-

merical methods for compressible °ow simulations, providing a powerful tool for

researchers and engineers seeking accurate and stable results in their computational

°uid dynamics studies.
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