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Abstract
The advantages of the flow-forming process, such as excellent mechanical properties, simple tools, and the need for low 
forming force, have led to the increasing use of this process in various industries, especially in the military, aerospace, and 
automotive industries. New application of this process is the internal gear flow-forming process (IGFP), in which the gear is 
produced with simple tools and low forming force. In this paper, IGFP was studied by the finite element method and experi-
ments. Experiments include tensile test (determine stress-strain curve of the material), ring compression test (determine 
friction coefficient), flow-forming test, and metallography. The material was considered elastic-plastic, and the Coulomb 
friction model was used to simulate the friction between surfaces. IGFP was performed by a simple setup. Teeth height and 
gear profile were measured and compared to simulated values, and there is a good agreement between the simulation and 
experimental results. Once the simulation is verified, the effects of process parameters (feed rate, roller diameter, attack angle 
of the roller, and thickness reduction percentage) on the process temperature were obtained using the design of experiments 
(DOE). According to DOE results, thickness reduction percentage (T) and roller diameter (D) have the most significant effect 
on process temperature. Finally, a function for process temperature was obtained versus input parameters, and this function 
was optimized by the firefly algorithm.
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Introduction

Flow-forming is a progressive, eco-friendly, chipless 
metal forming method that uses a rotary point deformation 
approach [1, 2]. In this process, the mandrel is installed on 
the main spindle of the machine, and a tube is mounted on 
the mandrel. By moving one or more rollers on the pre-
form and inducing continuous and localized plastic defor-
mation on the tube, the material is displaced axially [3, 4]. 
The advantages of the flow-forming process, such as excel-
lent mechanical properties, simple tools, and the need for 
low forming force, have led to its increasing use in various 
industries, especially in the military, aerospace, and auto-
motive industries [3, 5–10]. Depending on the geometry of 

the mandrel, cylinders, cones, or tubes with internal teeth 
can be produced. The internal gear flow-forming process 
(IGFP) is a new application of this process for manufactur-
ing internal gears [11–14]. Gears are generally manufactured 
by chipping operations. To overcome cutting problems (long 
machining time, material waste, and poor mechanical prop-
erties), flow-forming can be used for manufacturing internal 
gears [15, 16].

Flow-formed tubes with internal teeth have been investi-
gated by some researchers using experiments and theoreti-
cal analysis. Groche and Fritsche [11] concluded that in the 
production of internal gears by the flow-forming process, the 
number of rollers affects mandrel erosion. The influences of 
thickness reduction, roller diameter, and feed rate on the tube 
microstructure, surface roughness, and teeth height were 
investigated by Jiang et al. [17–20] in the ball spinning of 
thin-wall tubes with internal ribs. Flow-forming of splines 
was studied by Haghshenas et al. [21–23]. They investigated 
the effects of strain hardening rate, hardness, microstructure, 
and thickness reduction percentage on the plastic strain in 
FCC metals. Analyzing trapezoidal internal gear production 
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defects was done by Xia et al. [24, 25] experimentally and 
numerically. The multi-step spinning of internal gear using a 
plate blank was investigated by Xu et al. [26], both numeri-
cally and experimentally. Khodadadi et al. [12–14] studied 
the IGFP experimentally and numerically and then explored 
the influence of input parameters on tooth height, process 
force, and built-up edge.

According to the literature review, IGFP is a new pro-
cess that needs further investigation. IGFP has a more 
sophisticated deformation process than equivalents with-
out inner ribs. The effect of parameters on process force, 
teeth height, and built-up edge has been studied in pre-
vious research [12–14]. In the present study, the effect 
of parameters on process temperature is investigated, 
and then it is optimized. The process parameters should 
be selected so that the temperature is minimized. Meta-
heuristic algorithms are usually used in combination with 
the design of experiments (DOE), in which only small-
scale experiments are necessary to represent the whole 
experimental region in this case [27]. The response surface 
method (RSM) was used to obtain the objective function, 
and then the meta-heuristic algorithm (Firefly) was used 
to optimize this function.

Materials and Method

In this research, several experiments have been performed. 
First, a simple tensile test was performed to obtain the stress-
strain curve of the preform. Then, a ring compression test was 
performed to get the coefficient of friction between the roller-
preform and the preform-mandrel. The flow-forming process 

was performed on the workpiece, and at the end, the micro-
structure and hardness of the workpiece were examined.

The preform used is a copper tube with a thickness of 
2.5 mm, an inner diameter of 13.2 mm, and a length of 30 
mm. The material of the preform was C12200 copper alloy. 
Chemical analysis was performed, and the results are shown 
in Table 1. The mandrel is a gear with 20 teeth, a 13.2 mm 
outer diameter, and a modulus of 0.6 mm, which was cut on 
a rod made of CK45 steel. Then the surface hardening heat 
treatment is performed on it so that its surface does not suf-
fer from wear and corrosion. A roller bearing (SKF 6203/
VA201) with a width of 12 mm and a diameter of 40 mm 
was used as a roller, which, in addition to the rotation without 
friction, also has high strength and stiffness.

During the flow-forming process, due to the friction 
between the tools and the workpiece, the temperature 
increases, and this increase in temperature affects the 
mechanical properties. Therefore, the plastic behavior and 
the material’s properties at high temperatures must also be 
determined. The ASTM-E8 standard was used to prepare 
the test samples. The tests were carried out at temperatures 
of 50, 100, and 150 degrees Celsius at a rate of 20 mm/min. 
True stress (σ) and strain (ε) are obtained from equation (1) 
(up to the necking point):

After the necking point, true strain and stress can be 
obtained from equation (2), and usually, after the necking 
point, the relationship between stress and strain is assumed 
to be linear [28].

The stress-strain curve and the mechanical properties of 
C12200 are shown in Fig. 1 and Table 2. Friction has a 
significant role in metal forming processes and must be 
considered during the process. The flow pattern of materi-
als and defects created in the products is strictly controlled 
by frictional conditions. Choosing the appropriate friction 

(1)
� = S(1 + e), � = ln(1 + e)

S ∶ engineering stress, e ∶ engineering strain

(2)
� =

F

A
�f =

F

Af

� = ln
L

L
◦

�f = ln
Lf

L
◦

= Ln
A
◦

Af

Table 1  Chemical composition 
of C12200

Zn Pb Fe Ni AL Si Mn Sb Cu

0.029 0.006 0.033 0.012 0.030 0.007 0.003 0.004 99.877

Fig. 1  True stress-true plastic strain diagram of the preform at vari-
ous temperatures

Table 2  Mechanical properties of C12200

material σy(MPa) σu(MPa) E(GPa) υ ρ(kg/m3)

C12200 227 295 115 0.3 8930
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coefficient and the proper test method is essential to under-
standing the friction phenomenon between the contact 
surface of the part and the mold. Among all the methods 
of measuring the friction coefficient, the ring compres-
sion test is the most commonly used [29–32]. Because the 
temperature increases during the flow forming process and 
temperature changes also affect the friction coefficient, the 
ring compression test was performed at 30, 60, 90, and 
130ºC. Rings having a typical geometrical ratio of 2:3:6 
were used as test samples (thickness of 8 mm, internal 
diameter of 12 mm, and external diameter of 24 mm). 
Figure 2 presents the ring compression sample, and the 
setup of the ring compression test is shown in Fig. 3. Cali-
bration curves must be obtained to find the friction coef-
ficient (friction factor) in the forming processes. Although 
the more accurate friction coefficient, the more accurate 
simulation results of the process can be achieved, as the 
main focus of the current study is to simulate the flow-
forming process, we did not obtain the calibration curve. 
The friction coefficient is obtained as follows at different 
temperatures:

The friction coefficient was calculated by finite element 
analysis software after doing the ring compression test on 
copper workpieces and measuring their final dimensions. 
In this way, after simulating the process, different values 
are defined as the friction coefficient for simulation. For 
each of these coefficients, the inner and outer diameter of 
the ring is obtained for the compressed ring. Finally, after 

comparing these dimensions with the dimensions of the 
compressed ring obtained from the experiment, the friction 
coefficients at different temperatures were estimated. The 
friction coefficient at different temperatures is according 
to Table 3. The stress-strain curve of the preform and fric-
tion coefficient were determined using a Zwick/Roel tensile 
test equipment with a maximum load of 650 kN and servo 
motor control.

In this study, the flow-forming process was done on 
a universal lathe machine. The preform was created by 
machining copper rods. After preparing the preform and 
cleaning its inner surface, the outer surface of the man-
drel and the tube's inner surface were impregnated with 
oil, so that after the process, the product could be easily 
removed from the mandrel. Dip the mandrel surface in 
oil and then mount the preform on it. The mandrel is 
then inserted into the spindle, and both begin to rotate at 
a speed of 500 rpm, simultaneously. The feed rate of the 
roller is 0.11 mm/rev. The experimental setup is shown in 
Fig. 4. The minimum thickness reduction, usually 15%, 
is determined to ensure that the plastic metal flow is not 
restricted to the exterior surface [33]. The preform and 
flow-formed gear are shown in Fig. 5. The profile and 
tooth height of the gear were measured using a video 
measuring machine (VMM).

Fig. 2  Dimensions of the ring 
compression test sample

Fig. 3  Setup of the ring compression test

Table 3  Friction coefficients obtained at different temperatures

temperature(ºC) 30 60 90 130

Friction coefficient 0.05 0.07 0.1 0.13

Fig. 4  Experimental setup 
of the flow-forming process 
(assembled mandrel and pre-
form)

Fig. 5  Used preform in flow-
forming and flow-formed gear
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Simulation of Flow‑Forming Process

In this analysis, three parts were used, including preform, 
roller, and mandrel, whose geometrical dimensions were 

given in section 2. The preform was considered an elastic-
plastic deformable part and meshed by 41470 elements of 
the C3D8RT type. The plastic behavior of the preform was 
defined in the software as a point-by-point stress-strain 
curve. The roller and mandrel were considered rigid bod-
ies. Figure 6 shows the assembled set of components in the 
simulation software. A thermo-mechanical analysis with 
an ALE formulation was used. The ALE formulation is a 
suitable alternative to the classic Lagrangian formulation 
for mesh size control, which is inevitable due to the large 
deformation [34]. The friction between surfaces was defined 
using the Coulomb friction model, and the friction coeffi-
cient was selected according to Table 3. Surface-to-surface 
contact with a penalty formulation has been confirmed suit-
able for the model. In the flow-forming process, the material 
deformation is high, and the contact conditions are complex. 
Therefore, because of the numerical resilience and comput-
ing efficiency in highly nonlinear and large-scale applica-
tions, a dynamic-explicit solution approach was utilized in 
this simulation [35]. In addition, to speed up the calculation, 
the mass scaling factor was applied. The parameters used in 
this simulation are shown in Table 4.

Results

Simulation and Experiment

The findings of simulations and experiments are discussed 
in this section. The gear teeth were created gradually in four 
steps during the production process. After a 25% thickness 
reduction, the first preform was removed from the mandrel. 
After reducing the thickness in the first step (25%), the sec-
ond step also reduced the thickness by 25% and removed 
the mandrel. The third preform after a 25% reduction in 
thickness (in step-1 and step-2) was reduced by 20% in the 
third step. The fourth preform after three steps of thickness 
reduction according to the third preform was reduced by 
15% in the fourth step. The final product of the gear is shown 
in Fig. 7. To check the teeth' form, the parts (in each step) 

Fig. 6  Schematic of backward 
flow-forming in FEM model

Table 4  Flow-forming parameters in simulation

Thickness reduction (%) 25, 44, 55, 62

Roller diameter (mm) 40
Mandrel diameter (mm) 13.2
Feed rate (mm/rev) 0.11
Spindle rotation (rpm) 500

Fig. 7  The final product of IGFP

Fig. 8  Tooth height and form of 
internal gear in the experiment
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were cut by EDM. Then, the cut parts were examined by the 
VMM machine, and their tooth form and height were evalu-
ated. Figure 8 presents the form and height of a gear tooth in 
four steps, as determined by modeling and experimentation.

The process was also simulated in four steps. Figure 9 
shows how the preform is deformed in the simulation. 

The initial length of the preform in the simulation was 
considered to be 10 mm. As the roller advances on the 
preform, the material moves in axial and radial direc-
tions, increasing the length of the preform and forming 
teeth. The displacements of the inner and outer surfaces 
of the preform are shown in Fig. 9. The inner surface of 

Fig. 9  Displacement of material in the outer and inner surface of internal gear (simulation)
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the preform moves to fill the mandrel grooves and form 
teeth, and the outer surface of the preform moves outward, 
causing the material to accumulate in front of the roller 
and form the built-up edge. The accumulation of material 
in front of the roller causes the material to move slightly 
away from the mandrel due to its movement and increases 
the inner diameter, which is quite evident in the first and 
second steps (blue diagram). However, in the third and 
fourth steps, as the roller moves, this defect disappears. As 
can be seen, the displacement of the inner surface under 
the roller is larger than the displacement of the outer sur-
face because some of the thickness reduction leads to an 
increase in length. The tooth height and the built-up edge 
are small in the first step and gradually increase in the later 
steps. In Fig. 10 and Table 5, the height and form of the 
teeth are compared in both experimental and simulation 
modes, and it is observed that the results of experiments 
and simulations are in good accord.

Microstructure of Gear

In this process, the workpiece turns into gear in four 
steps of cold plastic deformation, and due to mechani-
cal work, the microstructure of the workpiece changes. 
The microstructure of flow-formed gear can be studied 
to understand the deformation mechanism better. To 
analyze the microstructure, samples from the preform 
and various gear sections were prepared. The specimens 
were immersed in a solution consisting of 19% HCl, 3% 
FeCl3, and 76% C2H5OH (volume fraction). Finally, a 
light microscope was used to examine the samples' micro-
structures. Microstructures of the original preform and 
gear were obtained (Fig. 11). As shown in Fig. 11(a), 
the microstructure of the preform consists of equiaxed 
grains. However, as Fig. 11(b) shows, the orientation of 

the grains is in the radial and tangential directions and 
aligned with the filling of the mandrel grooves. Some 
samples were also prepared from two sections, A and B, 
of the gear (Fig. 12). The microstructures of these two 
sections are shown in Fig. 13.

As can be seen, the grains of section B are more irreg-
ular and elongated than those of section A because the 
material is compressed and deformed more between the 
roller and the mandrel teeth. In section A, the material 
enters the mandrel groove in the first step and forms 
part of the tooth, but in the latter step, this part of the 
tooth, due to the pressure of adjacent regions, enters 
the mandrel groove more and has less deformation than 
part B. Therefore, the microstructural changes of this 
part are less, which is consistent with the results of the 
reference [20].

A microhardness test was also performed on sections 
A and B (from the outer surface to the inner surface). In 
a Vickers hardness (HV) measurement, the amount of 
force is 100 grams, and the settling time is 10 seconds. 
The hardness measured in sections A and B is shown in 
Fig. 14. In section A (Fig. 14(a)), from the exterior to 
the inner surface, the hardness diminishes. The periph-
eral part of the gear is formed under the roller and by its 
pressure, and the grains are pulled in the roller's direc-
tion. On the other hand, as mentioned, the microstruc-
ture of the tip of section A does not change much, so 
the hardness decreases from the external environment 
to the tip of the tooth. In section B (Fig. 14(b)), the 
length of the graphs also varies according to the dif-
ferent thicknesses in each step. In steps 1 and 2, the 
hardness changes are similar to those in section A, and 
the hardness increases from the inside to the outside. 
However, in steps 3 and 4, due to the small thickness, the 
grain deformation is almost equal, and the hardness of 
this section does not change much. Because the deforma-
tion is high in steps 3 and 4, the hardness is higher than 
in the first and second steps.

Effect of Parameters on the Process Temperature

One of the critical variables in the flow-forming process 
is the process temperature. Temperature represents both 
the process execution and the friction, and affects the 
mechanical properties of the workpiece and the tool life. 

Fig. 10  Tooth height in the experiment and simulation

Table 5  Comparison of tooth height in the experiment and simulation

Step-1 Step-2 Step-3 Step-4

Simulation 0.44 0.84 1.19 1.35
experiment 0.5 0.89 1.21 1.35
% error 12% 5% 2% 0
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Therefore, the temperature must be carefully controlled 
during the process to achieve the desired mechanical 
properties and prevent premature failure of the tool. In 
metal forming processes, the process temperature depends 
on four factors: the initial temperature of the workpiece 
and the tool; the heat from the friction between the work-
piece and the tool; the heat production due to the plastic 
deformation; and the heat transmission between the work-
piece and the tool and the environment. The average tem-
perature of the workpiece can be shown in equation (3).

Td is the temperature due to plastic deformation (equation 
(4)),  Tf is the temperature due to friction, and  Tt is the tem-
perature exchanged with the environment. In equation (3), 
β is the part of the deformation energy converted to heat 
(95%), ρ is the density, and C is the specific heat of the 
workpiece. According to equation (3), the higher the stress 
required for the deformation, the higher the deformation 
energy and process temperature. On the other hand, this 
process can be considered similar to the extrusion process 
[36], and therefore the deformation energy can be regarded 
as equation (5).

Up is the work of plastic deformation,  Uf is the work of 
friction, and  Ur is the extra work that exists in the internal 

(3)Tm = Td + Tf + Tt

(4)Td =
�

�C ∫ �d�

(5)UT = Up + Uf + Ur

Fig. 11  Microstructure of 
(a) preform (equiaxed grains), 
(b) flow-formed gear (elongated 
grains)

Fig. 12  Various sections of internal gear selected for metallography

Fig. 13  Sections of the gear 
whose microstructure is exam-
ined

Section B-step2Section A-step2

Section A-step3Section A-step3
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shear process due to non-uniform deformation and does not 
interfere with the deformation of the body. By increasing the 
die angle in the extrusion (the attack angle of contact of the 
roller with the preform in the flow-forming), the amount of 
redundant work increases [37, 38].

In this paper, the response surface method (RSM) was 
utilized to study the parameters affecting the process tem-
perature. Feed rate, roller diameter, attack angle of the roller, 
and thickness reduction percentage (as shown in Fig. 15) are 
more important parameters than others in flow-forming [35], 
and their levels are given in Table 6.

The results of the analysis of variance (ANOVA) for process 
temperature, after eliminating the ineffective parameters (D × α 
and T×T) are shown in Table 7. When estimating a parameter, 
the degree of freedom (DF) refers to the number of observations 
or data points that can have different values without any restric-
tions. The total corrected sum of squares (SS) is used to meas-
ure the overall variability in the data. The mean of squares (MS) 
is calculated by dividing the (SS) by the (DF). The (F-value) is 
calculated by dividing the (MS) by the (MS error). In a hypoth-
esis test, the probability value (p-value) is equal to the minimum 
value of the significance level or the probability of the first type 
of error, which rejects the null hypothesis [39]. According to 

the Pareto chart (Fig. 16(a)) and the last column of Table 7, 
the parameters of thickness reduction (T) and roller diameter 
(D) have the most significant effect on process temperature. 
The regression equation for predicting process temperature is 
given in equation (6).  R2 = 99.74 and  R2 adj = 99.56, which con-
firm the high accuracy of predicting the temperature regression 
model, which was developed using the RSM. The residuals in 
Fig. 16(b) also have a suitable normal distribution.

The main effects and interaction plots of parameters on pro-
cess temperature are shown in Figs. 17 and 18, respectively. 
The process temperature decreases as the roller diameter 
increases. By increasing the roller diameter (to reduce the 
same thickness), the angle of contact of the roller with the 
preform and the excess work is reduced, less energy is 
required for deformation, and less heat is generated dur-
ing the process. As the thickness reduction percentage is 
increased, the process temperature also increases. Because 
the plastic deformation area increases, and as a result, the 
deformation energy increases, which leads to a rise in tem-
perature. On the other hand, as the thickness increases, the 
friction between the roller and the workpiece increases. 
Increasing the feed rate, increasing the process temperature, 
and after 0.15 mm/rev, it has a downward trend. As the feed 
rate increases, the deformation rate, and strain rate increase, 
so the stress required for the deformation increases. Accord-
ing to equation (3), as the stress increases, the temperature 
of the workpiece also increases. Also, with an increasing 

(6)

T(◦C) = −39.70 − 0.970 D + 3.685 T + 232.3 f + 2.642 �

+ 0.01028 D ∗ D − 1188.8 f ∗ f − 0.01972 � ∗ � − 0.01187 D ∗ T

+ 1.313 D ∗ f + 4.125 T ∗ f − 0.02813 T ∗ � − 1.313 f ∗ �

Fig. 14  Measured microhard-
ness for (a) section A and 
(b) section B

Fig. 15  Schematic of effective parameters in the backward flow-form-
ing process

Table 6  The levels of effective parameters in IGFP

parameter Feed rate(f) Roller 
diameter(D)

Attack 
angle(α)

Thickness 
reduction 
(T %)

Minimum 0.05 mm/rev 20 mm 20º 15%
Maximum 0.25 mm/rev 60 mm 60º 35%
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strain rate, the temperature exchange of the workpiece with 
the environment decreases, and the temperature of the work-
piece increases. This increase in temperature causes thermal 
softening of the workpiece and a reduction of deformation 

stress. Therefore, with an increased feed rate from a spe-
cific limit, the process temperature decreases. By increas-
ing the attack angle, the temperature increases and grad-
ually decreases after  40°. By increasing the attack angle, 

Fig. 16  (a) Pareto chart, and 
(b) Normal probability of resid-
uals for process temperature
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Table 7  ANOVA results for 
process temperature

Source DF Adj SS Adj MS F-Value P-Value Contribution

Model 12 5096.52 424.71 571.40 0.000 99.74%
Linear 4 4627.13 1156.78 1556.33 0.000 90.55%
D 1 147.51 147.51 198.46 0.000 2.89%
T 1 4387.51 4387.51 5902.95 0.000 85.86%
f 1 27.09 27.09 36.45 0.000 0.53%
α 1 65.01 65.01 87.46 0.000 1.27%
Square 3 401.32 133.77 179.98 0.000 7.85%
D*D 1 30.57 30.57 41.13 0.000 1.23%
f*f 1 255.46 255.46 343.70 0.000 4.42%
α*α 1 112.47 112.47 151.32 0.000 2.20%
2-Way Interaction 5 68.08 13.62 18.32 0.000 1.33%
D*T 1 5.64 5.64 7.59 0.013 0.11%
D*f 1 6.89 6.89 9.27 0.007 0.13%
T*f 1 17.02 17.02 22.89 0.000 0.33%
T*α 1 31.64 31.64 42.57 0.000 0.62%
f*α 1 6.89 6.89 9.27 0.007 0.13%
Error 18 13.38 0.74 0.26%
Lack-of-Fit 12 9.25 0.77 1.12 0.470 0.18%
Pure Error 6 4.13 0.69 0.08%
Total 30 5109.90 100.00%

Fig. 17  The main effects of 
parameters on process tempera-
ture
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the amount of extra work to deform and, consequently, 
the deformation energy increase, which leads to the rise in 
temperature.

Response Optimization

Since all engineering problems, besides being nonlinear, 
have many limitations, it is recommended to use meta-heu-
ristic algorithms to find optimal solutions to these problems. 
Modern meta-heuristic algorithms have been constructed 
based on collective intelligence and nature-inspired.

The firefly algorithm is a meta-heuristic algorithm based 
on the behavior of light-generating fireflies. Fireflies can use 
chemical pathways to release stored energy obtained from 
food or other sources in the form of light. The firefly's aim in 
generating light is to absorb other fireflies in the group, attract 
prey, and reject obnoxious individuals. Three crucial assump-
tions must be taken into account when using this algorithm:

• Each firefly's attractiveness is proportional to its bright-
ness, and all fireflies are of the same sex. If a firefly emits 
more light, it is more attractive than other fireflies and 
attracts fireflies from a shorter distance with less light.

• The brightness of the firefly diminishes as the distance 
between them grows.

• The brightness of each firefly represents a view of the 
problem's objective function.

The movement of a firefly towards a brighter firefly cor-
responds to the objective function's movement towards a 
better solution and, eventually, the optimal solution. When 
compared to genetic algorithms (GA) and particle swarm 
optimization (PSO), this algorithm is more efficient in find-
ing general optimal spots and has a faster speed [40]. Other 

researchers have successfully applied this approach in vari-
ous technical domains, confirming its efficacy [41–44].

The attractiveness of a firefly is defined by the light inten-
sity and brightness derived from the objective function. For 
the maximum optimization problems, the light intensity I 
of a firefly in a specific area X can be defined as I(x) α f(x). 
The light intensity of each firefly can be modeled according 
to equation (7).

That  Is is the light intensity of the source. To avoid the 
singularity of r = 0 in (equation (7)), combining the effects 
of both inverse square and absorption laws approximates this 
relation to the Gaussian form (equation (7)). As a result, for 
an environment with a constant light absorption coefficient 
(γ), the brightness I changes with distance r according to 
(equation (8)).

By merging both equations (1) and (2), the final equation 
(equation (9)) must be used to calculate the brightness.

If we expand the above relation through the Taylor expan-
sion, we will have equation (10):

The amount of attractiveness of a firefly is proportional 
to the light intensity seen by adjacent fireflies, so light inten-
sity relationships also apply to attractiveness. However, the 

(7)I(r) =
Is

r2

(8)I = I0e
−�r

(9)I(r) = I0e
−�r2

(10)I(r) =
I0

1 + �r2

Fig. 18  Interaction effects of 
parameters on process tempera-
ture
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attractiveness of β is relative because it must be seen in the 
eyes of the viewer by other fireflies. Therefore, attractiveness 
will change with the distance  rij between the fireflies i and 
j. In addition, the reduction in light intensity is proportional 
to the distance from the source. Since the attractiveness of 
a firefly is proportional to the intensity of light seen by its 
adjacent firefly, the attractiveness (β) can be defined as equa-
tion (11).

Where β0 is attractiveness at r = 0. In the actual implementa-
tion, the attractiveness function β(r) can be any uniformly 
decreasing function, such as the general formula in equation 
(12).

The greater the distance between the two fireflies, the less 
attractive it becomes. According to equation (13), it can be 
concluded that fireflies move towards fireflies that are closer. 
So two factors have priority: betterment and proximity.

The distance property is defined according to equation (14).

That the attractiveness changes significantly from β0 to β0 
e − 1. For a constant γ, the distance property can be defined 
as equation (15).

The distance between the two fireflies i and j at  xi and  xj is 
the Cartesian distance given in equation (16).

Where  x(i, k), is the k component of the coordinate distance 
 xi of the i-th firefly. Therefore, we will have equation (17).

The displacement of a firefly i toward a more attractive 
(brighter) firefly j is defined as equation (18).

Where the second term is related to attractiveness, the third 
term is the random maker parameter α, and ϵi is the random 
vector of the numbers shown from a Gaussian distribution 

(11)� = �0e
−�r2

(12)B(r) =
�0

1 + �rm
,m ≥ 1

(13)X� = X + �(Y − X)

(14)Γ = 1∕
√

�

(15)Γ = �
−

1

m
m→∞

⇒ Γ → 1

(16)rij =∥ xi − xj ∥=

√

∑d

k=1

(

xi,k − xj,k
)2

(17)rij =

√

(

xi − xj
)2

+
(

yi − yj
)2

(18)xi = xi + �
0
e
−�r2

ij

(

xj − xi
)

+ � �i

or a uniform distribution. For example, the simplest form 
is ϵi and can be replaced by rand (− 1/2), where the rand is 
a uniform distribution that produces a random number in 
the range [0 1]. For most implementations, we can consider 
β0 = 1 and α ∈ [0 1]. In this formula, the γ parameter speci-
fies the types of attractiveness, and its value determines the 
convergence speed and how the firefly algorithm behaves. 
In theory, γ∈ [0 ∞], but in practice, γ = O (1) obtained by 
the distance property of Г; so in many programs, it usually 
varies from 0.1 to 10.

If γ → 0, the attractiveness is constant β = β0 and Г →∞. 
This formula states that the intensity of light in the ideal 
sky will not decrease; Thus, a flashing firefly can be seen 
anywhere in a specific range. Thus, a single optimal point 
can be easily achieved, but if the inner ring j is removed and 
 xj is chosen as the best worm without comparing its attrac-
tiveness with other worms, the firefly algorithm becomes a 
particular case of particle swarm optimization (PSO). The 
performance of this particular case is similar to that of PSO. 
On the other hand, if γ → ∞ , Г → 0 , β(r)→ δ(r) , which is a 
Dirac delta function. This means that the attractiveness of 
other fireflies is almost zero. This formula is for cases where 
fireflies accidentally roam in an area with thick fog. No other 
fireflies can be seen, and each firefly roams in an entirely 
random way; Therefore, this is a completely random search 
method. So γ partly controls how the algorithm behaves. It is 
also possible to adjust so that multiple optima can be found 
simultaneously during iterations [44, 45].

Fig. 19  Single objective FA algorithm iterations for process tempera-
ture

Table 8  Optimum design of input parameters for process temperature 
in FA algorithm

D (mm) T (%) f (mm/rev) α (degree) optimum value of 
temperature(°C)

20 15 0.25 60 40.36
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The following steps should be repeated until the stop-
ping requirements are met, and the final optimal solution 
is reached when utilizing the firefly technique to solve the 
issues optimally:

1. The first stage is to generate a random population of fire-
flies. It is preferable to select all primary fireflies con-
sistently throughout the allowable range in this phase.

2. For each firefly, calculateThe first stage is to generate a 
random the value of the objective function and choose 
the best response.

3. Determine the attractiveness of the two fireflies and their 
distance.

4. Compare the value of each firefly's objective function to 
that of other fireflies.

5. Change the firefly to the most gorgeous (best) firefly.
6. To determine the fireflies' new position,
7. Return to step 2 if the stopping criteria are not met.

If the stopping criteria are met in step 7, the problem is 
solved optimally, and the best firefly location in the previous 
iteration is the most appropriate solution.

The results of FA optimization for process tempera-
ture are given in Fig. 19 and Table 8. Figure 19 shows 
the convergence of the optimization algorithm for pro-
cess temperature. After about 200 iterations, the conver-
gence condition is satisfied, and the minimum temperature 
converges to 40.36 °C. In Table 9, the optimization and 

simulation results are compared. A good agreement can 
be seen between these results.

Conclusion

In the present study, the manufacturing of internal gears was 
investigated numerically and experimentally. First, Finite ele-
ment software was used to simulate the process, and the possibil-
ity of manufacturing an internal gear was investigated. Then, by 
performing experiments, the simulation results were validated. 
Then the metallurgical properties of the preform and product were 
examined by light microscopy. Also, in this study, the effect of 
process parameters, including feed rate, roller diameter, attack 
angle of the roller, and thickness reduction percentage, on process 
temperature was investigated. This investigation was performed 
by the design of experiments (DOE) and the response surface 
method (RSM). In the end, this function was optimized, and the 
final optimal point for process temperature was determined. The 
results of this research are briefly mentioned in this section:

• The microstructure of the preform consists of equiaxed 
grains. However, the orientation of the grains in the final 
product is in the radial and tangential directions and aligned 
with the filling of the mandrel grooves.

• All parameters and their interactions, except D × α and 
T×T, affect the process temperature. The parameters of 
thickness reduction (T) and roller diameter (D) have the 
most significant effect on the process temperature. The pro-
cess temperature decreases as the roller diameter increases. 
As the thickness reduction decreases, the process temper-
ature increases. The process temperature rises and then 
falls as the feed rate rises to 0.15 mm/rev. By increasing 
the attack angle to 40 degrees, the process temperature 
increases and then decreases.

• According to the FA algorithm results, the minimum 
temperature value was 40.36° C, related to D = 20 mm, 
T = 15%, f = 0.25 mm/rev, and α =  60º.
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Objective function f(x), x = (x1, ..., xd)T

Initialize a population of fireflies xi (i = 1, 2, ..., n)
Define light absorption coefficient 
while (t <MaxGeneration)
for i = 1 : n all n fireflies

for j = 1 : i all n fireflies
Light intensity Ii at xi is determined by f(xi)
if (Ij > Ii)
Move firefly i towards j in all d dimensions
end if
Attractiveness varies with distance r via exp[-γr]
Evaluate new solutions and update light intensity

end for j
end for i
Rank the fireflies and find the current best
end while
Post process results and visualization

Firefly Algorithm

Table 9  Comparison between 
simulation results and 
optimization values

D(mm) T(%) f(mm/rev) α(degree) Process temperature (FA) Process temperature (simulation) error

20 15 0.25 60 40.36 43.12 7%
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