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Abstract. We express a new definition of complexity and call it
targeted complexity. By removing the obstacles from the configu-
ration space, we define a targeted movement for the robot. With
the motivation to reduce the number of motion programs and ob-
tain a more optimal value for complexity. Also we show that rela-
tive topological complexity of a pair TC(X,B) is a special case of
targeted complexity.

1. Introduction and preliminaries

Today, robots are an inseparable part of many industries and even
human daily life. To use a given mechanical system as a robot, we need
to program it to move. The space of all possible configurations of a
mechanical system is called configuration space. Let X be the configu-
ration space of a given mechanical system. The topological complexity
introduced by M. Farber [2] is a number which measures discontinuity
of the process of motion planning in the configuration space X. More
precisely, it is the minimal number k such that there are k + 1 differ-
ent motion planning rules, each defined on an open subset of X ×X,
so that each rule is continuous in those configurations. Each rule is
called a motion planning defined as a continuous map si : Ui → PX
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with πsi = id over Ui where Ui ⊆ X × X. Here X is assumed path
connected. Also PX denotes the space of all paths in X equipped with
the compact-open topology, and let π : PX → X × X is the natural
path fibration mapping each path to its end points. If there is no such
integer k, then TC(X) is considered to be the infinity, TC(X) := ∞.

Definition 1.1 ([4]). Let f : E → B be a fibration. The Schwarz
genus of f , denoted by genus(f), is the smallest integer k such that
there exists {Ui}ki=1, an open cover of B, along with sections si : Ui → E
of f .

The relative topological complexity of a pair of spaces (X,Y ), de-
noted by TC(X,Y ), was defined as the Schwarz genus of a natural path
fibration map. The relative topological complexity of a pair of spaces
is a lower bound for the classic topological complexity defined by Far-
ber [2]. In fact, it is modified to count the number of rules presenting
paths whose end points belong to some subset of configuration space
considered as the target of the motion.

Definition 1.2 ([5]). Let PX×B = {γ ∈ PX|γ(0) ∈ X, γ(1) ∈ B} and
B ⊆ X. There is a natural fibration πB : PX×B → X × B with
π(γ) = (γ(0), γ(1)). The relative topological complexity of the pair
(X,B) is the Schwarz genus of πB. That is, TC(X,B) = genus(πB).

2. Targeted motion

R. Short in [5] defined topological complexity of the pair (X,Y ) for
a pair of spaces X and Y such that Y ⊆ X to count the number of
algorithms of targeted motions. We intend to generalize this definition
as follows: Let X be a path connected space and B1, B2, · · · , Bk be
subsets of X. We define targeted complexity as follows; Let k ∈ N and
X be a path connected space. Then

Pk(X,B) = {(γ1, . . . , γk) ∈ PX×B1 ×PB2× . . .×PBk|γi(1) = γi+1(0)},
And define πk : Pk(X,B) → X×Bk by the rule πk((γ1, γ2, · · · , γk)) =

(γ1(0), γk(1)).

Definition 2.1. • A k-motion planner on open subset U ⊆ X ×
Bk is a section of πk over U , i.e. a map s : U → Pk(X,B)
by s(x, bk) = (γ1, γ2, · · · , γk) where γ1(0) = x, γk(1) = bk and
γi(1) = γi+1(0) for 1 ≤ i ≤ k − 1 such that πks = idU .

• Targeted complexity denoted by TCk(X,B) is the least integer
l ≥ 1 such that there exists an open cover of X × Bk by l sets
which admit k-motion planners.
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It is clear that TCk(X,B) = Secat(πk). Also for k = 1 we have
TC1(X,B) = TC(X,B1) defined by R. Short in [5].

By this process, we only count and obtain targeted motion planners.
In fact, we remove those parts of of the configuration space not needed
or those parts in which robot is not able to move. Targeted complexity
can be applied for the configuration space in which some obstacles
appear. Since the given robot can not move over the obstacle sets
D1, . . . , Dk, we remove the obstacles form the configuration space by
setting target subsets B1 = X−D1, . . . , Bk = X−Dk and then present
the rule of motion planners out of the obstacles.

Remark 2.2. In Definition 2.1 if every Bi is a singleton, then
TCk(X,B) = cat(X).

Example 2.3. Consider X = S2 and B1 = {N} and B2 = S2 − {S}.
Then TC2(X,B) = 1. For (z1, z2) ∈ B2, there are two path λ1, λ2 ∈ X,
such that

λ1(s, t) =

{
(exp(s), exp(t)), (t, s) ̸= [1, 1]

N, (t, s) = [1, 1].

and

λ2(s, t) =

{
(exp(s), exp(t)), (t, s) ̸= [0, 0]

N, (t, s) = [0, 0].

Therefore we define the section s : S2 × B2 → P2(S2, B) of π2 by
s(z, w) = (λ1, λ2).

One of our motivations of Definition 2.1 is to optimize the amount
of complexity. In the following propositions, we show that by consid-
ering the targeted movement of the robot, the topological complexity
is reduced; It means that less motion program is needed to move the
robot. In other words if the number of target subsets increases, the
topological complexity decreases. We also prove that TC(X,B) is an
upper bound for targeted complexity.

Proposition 2.4. Let k > 1 and Bi ⊆ X, 1 ≤ i ≤ k. Then
TCk(X,B) ≤ TC(X,Bi).

By the following corollary, it is clear that TCk(X,B) ≤ TC(X).

Corollary 2.5. Let Bi ⊆ X and k ∈ N. Then
kTC(X,B) ≤ TC(X,B1) + TC(X,B2) + · · ·+ TC(X,Bk) ≤ kTC(X).

Proposition 2.6. If k ≤ j, then TCj(X,B) ≤ TCk(X,B).

496



TARGETED MOVEMENT H. Mirebrahimi and S.A. Aghili

In the following proposition, we prove that if the target set is smaller,
we get closer to the target. That is, the number of motion planners is
reduced.
Proposition 2.7. Let Ci ⊆ Bi ⊆ X. Then TCk(X,C) ≤ TCk(X,B).

In the following proposition, we compare the targeted complexity in
the workspace and the configuration space.
Proposition 2.8. Let B1, B2, · · · , Bk ⊆ X and f : X → Y be an
injective map. Then

TCk(Y, f(B)) ≤ TCk(X,B).

In particular, if f is a homotopy equivalence, then TCk(X,B) =
TCk(Y, f(B)).
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