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Abstract Recent studies have highlighted the significant
role of utilizing O(1, 1) symmetry in the circular reduction
of effective actions to determine NS–NS couplings in the
effective action of string theory. However, these calculations
often result in residual terms as total derivatives that do not
conform to O(1, 1) transformations. In this paper, we present
explicit calculations at α′ order, demonstrating the enforce-
ability of this symmetry on effective Lagrangians to establish
the parameters governing covariant couplings in any scheme.
Notably, we discover the O(1, 1)-invariant Lagrangians cor-
responding to the Metsaev–Tseytlin action and the Meissner
action.

1 Introduction

It is well-known that the classical effective action of string
theory, when dimensionally reduced on a torus T (d), exhibits
a global symmetry called O(d, d) [1,2]. By assuming that
the effective action of string theory at the critical dimen-
sion is background independent, one can consider a back-
ground with toroidal compactification T (d) and impose the
non-geometric subgroup of the O(d, d) symmetry on the
reduction of the most general covariant and gauge-invariant
couplings. Each coupling has its own arbitrary coefficients,
and this allows for determining the connections between the
coefficients of the independent couplings.

This approach has been applied in previous works [3–
5] for the case of d = 1, where connections between the
NS–NS couplings at order α′2 in bosonic and heterotic theo-
ries, as well as the couplings at order α′3 in superstring the-
ory, were established. In these calculations, the initial steps
involve employing the Bianchi identities, the most general
higher-derivative field redefinitions, and eliminating total
derivative terms from the most general covariant action to
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obtain the minimal independent couplings in the action in
a particular scheme [6]. The subsequent application of the
non-geometric part of the O(1, 1) symmetry, known as the
Buscher rules [7,8], determines the independent couplings
up to only one unambiguous parameter, which can be fixed
by other means such as the S-matrix method. Furthermore,
these calculations extended the Buscher rules to incorporate
higher-derivative corrections that depend on the scheme of
the covariant couplings [9]. However, the circular reduction
of the couplings obtained in [3–5] is O(1, 1) invariant, except
for some anomalous terms in the form of total derivative
terms in the base space. In closed spacetime manifolds, the
anomalous total derivative terms are negligible, leading to
effective actions that exhibit invariance under O(1, 1) trans-
formations. The background independence assumption of the
effective action suggests that this symmetry should also hold
in open spacetime manifolds. However, in these manifolds,
the total derivative terms cannot be ignored. Therefore, one
can approach the problem in two ways.

The first approach involves utilizing Stokes’ theorem to
transfer the anomalous total derivative terms to the bound-
ary. By introducing appropriate boundary terms that undergo
O(1, 1) transformations and possess anomalies under these
transformations, it is possible to cancel out the aforemen-
tioned anomalous terms on the boundary. In this way, one
may be able to find the Gibbons–Hawking-like boundary
terms [10–13].

Alternatively, there is a Lagrangian corresponding to each
effective action. This Lagrangian may maintain invariance
under O(1, 1) transformations without any anomaly. This
paper focuses on exploring this latter possibility, highlighting
the existence of Lagrangians for the effective actions in each
scheme that satisfy O(1, 1) symmetry.

The most general covariant and gauge-invariant
Lagrangians in the bulk, at order α′m , can contain terms
with up to 2m + 2 derivatives. The coefficients of these cou-
plings are interconnected only through the Bianchi identi-
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ties and field redefinitions. By exploiting the Bianchi iden-
tities, one can reduce the couplings that are solely related
to each other by these identities to a set of independent
couplings. However, the coefficients of the resulting cou-
plings are either unambiguous, meaning they are invariant
under field redefinitions, or they are ambiguous, meaning
they change under field redefinitions. Moreover, under field
redefinitions, the ambiguous parameters are further divided
into essential parameters and arbitrary parameters. The num-
ber of essential parameters at each order of α′ is fixed. The
choice of which set of ambiguous parameters is selected as
essential parameters specifies the scheme of the Lagrangian.
If one sets all arbitrary parameters to zero, the unambigu-
ous and essential couplings in the Lagrangian then appear
in the minimal scheme. The other choices for the arbitrary
parameters correspond to other schemes that are related to
the minimal scheme by field redefinitions. Note that the num-
ber of couplings in the Lagrangian in the minimal scheme is
greater than the number of couplings in the action in the min-
imal scheme [6], in which the total derivative terms are also
removed by using integration by parts.

In the case where field redefinitions are used, the O(1, 1)

symmetry can determine all parameters in the Lagrangian in
the minimal scheme and all parameters in the generalized
Buscher rules in terms of one unambiguous parameter and
some arbitrary parameters at each order of α′. The presence
of these arbitrary parameters reflects the fact that the total
derivative terms in the Lagrangian are not removed. However,
when working with an effective action that incorporates the
Bianchi identities, field redefinitions, and the removal of total
derivative terms to obtain the action in the minimal scheme
[6], then the O(1, 1) symmetry can determine the couplings
in the minimal scheme in terms of only one unambiguous
parameter at each order of α′ [3–5].

On the other hand, in the case where field redefinitions are
not employed in the Lagrangian at all, the O(1, 1) symmetry
can determine the independent couplings in the Lagrangian
and all parameters in the generalized Buscher rules in terms
of one unambiguous parameter and some additional arbitrary
parameters compared to the previous case. These arbitrary
parameters reflect the fact that no field redefinition and no
integration by parts have been used to reduce the independent
couplings in the Lagrangian. In other words, if one uses field
redefinitions and integration by parts on the resulting action,
then all arbitrary parameters can be shifted to zero or any
other values. In this paper, we specifically focus on this latter
scenario.

In this scenario, it becomes straightforward to find the
T-duality invariant Lagrangian corresponding to the effec-
tive action in a particular scheme that is invariant under T-
duality [9,14], up to some anomalous total derivative terms in
the base space. The determination of this T-duality invariant
Lagrangian is based on the same generalized Buscher rules

as the T-duality invariant action in that specific scheme. By
understanding the generalized Buscher rules of the effective
action in a specific scheme, we can determine the major-
ity of the arbitrary parameters in the T-duality invariant
Lagrangian. Consequently, we are able to identify the T-
duality invariant Lagrangian that corresponds to the effective
action in that scheme.

To utilize T-duality, one needs to dimensionally reduce the
couplings in the Lagrangians on a circle. To perform circular
reduction, we adopt the circular reduction scheme specifi-
cally designed for the massless NS–NS fields, as introduced
by Maharana and Schwarz [15], i.e.,

Gμν =
(
ḡab + eϕgagb eϕga

eϕgb eϕ

)
,

Bμν =
(
b̄ab + 1

2bagb − 1
2bbga ba

−bb 0

)
,

� = φ̄ + ϕ/4. (1)

The Buscher rules in this reduction represent the following
transformations:

ϕ′ = −ϕ , g′
a = ba , b′

a = ga , ḡ′
ab = ḡab , b̄′

ab = b̄ab

φ̄′ = φ̄. (2)

Here, ḡab represents the base space metric, φ̄ is the base space
dilaton, b̄ab is the base space B-field, and ga and bb are two
vectors, while ϕ is a scalar in this space. The transformations
mentioned above obviously form the Z2-group O(1, 1,Z),
meaning that (ψ ′)′ = ψ , where ψ represents any field in the
base space. The generalized Buscher rules can have defor-
mations involving derivatives of the base space fields such
that they satisfy the same constraint (ψ ′)′ = ψ .

The covariant effective Lagrangian at the leading order of
α′ in the bulk contains terms with up to second derivatives,
as follows:

L(0) = − 2

κ2 e
−2�

√−G

(
a1R + a2∇μ�∇μ�

+a3H
2 + a4∇μ∇μ�

)
. (3)

where κ is related to the D-dimensional Newton’s constant.
The invariance of these background independent couplings
under the Buscher rules (2) fixes the Lagrangian, up to an
overall factor, to be [16]:

L(0) = −2a1

κ2 e−2�
√−G

(
R − 4∇μ�∇μ�

− 1

12
H2 + 4∇μ∇μ�

)
. (4)

For a1 = 1, the first term corresponds to the Einstein term.
The aforementioned T-duality invariant Lagrangian is essen-
tially equivalent to the standard leading-order Lagrangian,
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except for a total derivative term. As we consider higher
orders of α′, we anticipate that the Lagrangian will con-
tinue to exhibit invariance under O(1, 1,Z) transformations.
This invariance will determine both the Lagrangian itself and
the α′-deformations of the Buscher rules. Additionally, we
expect the existence of T-duality invariant Lagrangians that
correspond to any known covariant effective action in the
literature.

The rest of the paper is structured as follows: In the next
section (Sect. 2), we employ the Bianchi identities to deter-
mine 31 even-parity independent covariant couplings with
arbitrary coefficients in the Lagrangian at order α′. In the
heterotic theory at this order, there is only one odd-parity
coupling with a fixed coefficient. In Sect. 3, we perform a
reduction on a circle and impose constraints to ensure invari-
ance under the generalized Buscher rules. We explore all
possible deformations of the Buscher rules at order α′ for the
base space fields that satisfy the Z2-constraint (ψ ′)′ = ψ .
In Sect. 3.1, our focus lies on the even-parity couplings,
and we conduct the necessary calculations. Our findings
reveal that the O(1, 1,Z) symmetry establishes 16 relations
among the 31 parameters of the Lagrangian. Consequently,
the T-duality invariant Lagrangian and the corresponding
generalized Buscher rules involve only one unambiguous
parameter and 14 arbitrary parameters. In Sect. 3.1.1, by
selecting specific relations between these arbitrary parame-
ters and the unambiguous parameter to align the generalized
Buscher rules with those of the Metsaev–Tseytlin and Meiss-
ner actions discovered in [9,14], we find that the correspond-
ing Lagrangians possess one unambiguous parameter and
three arbitrary parameters. Furthermore, by assigning spe-
cific values to these arbitrary parameters, we demonstrate that
the resulting Lagrangians become identical to the Metsaev–
Tseytlin and Meissner Lagrangians, albeit with some total
derivative terms. Sect. 3.2 is dedicated to examining the
O(1, 1,Z) symmetry of the odd-parity Lagrangian in the
heterotic theory. In Sect. 4, we provide a brief discussion of
our results. We have used the package “xAct” [17] for per-
forming the calculations in this paper.

2 Independent couplings

Using the package “xAct,” one finds that there are 41 covari-
ant and gauge-invariant couplings of the massless NS–NS
fields at order α′. However, some of these couplings are inter-
connected through the Bianchi identities, resulting in redun-
dant terms. By eliminating these redundancies, we identify 31
independent geometrical couplings. There are different sets
for choosing these 31 couplings. All these sets are related to
each other by using the Bianchi identities. The couplings in
a particular set are:

L(1)
e = −2α′

κ2 e−2�
√−G

[
a1Hα

δεHαβγ Hβδ
εHγ εε

+ a2Hαβ
δHαβγ Hγ

εεHδεε + a3Hαβγ H
αβγ HδεεH

δεε

+ a4Hα
γ δHβγ δR

αβ + a5Rαβ R
αβ

+ a6Hαβγ H
αβγ R + a7R

2 + a8Rαβγ δR
αβγ δ

+ a9Hβγ δH
βγ δ∇α∇α� + a10R∇α∇α�

+ a11Hβγ δH
βγ δ∇α�∇α� + a12R∇α�∇α�

+ a13∇α∇β∇β�∇α� + a14∇α�∇β Rα
β

+ a15∇β∇αR
αβ + a16R

αβ∇β∇α�

+ a17∇α∇α�∇β∇β� + a18∇α�∇α�∇β∇β�

+ a19∇α�∇β∇β∇α� + a20∇β∇β∇α∇α�

+ a21Hα
γ δHβγ δ∇α�∇β� + a22∇α�∇α�∇β�∇β�

+ a23∇α�∇β∇α�∇β� + a24Hα
γ δHβγ δ∇β∇α�

+ a25∇β∇α�∇β∇α� + a26H
αβγ ∇γ ∇δHαβ

δ

+ a27H
βγ δ∇α�∇δHαβγ + a28∇αH

αβγ ∇δHβγ
δ

+ a29Hα
βγ ∇α�∇δHβγ

δ + a30H
αβγ ∇δ∇δHαβγ

+ a31∇δHαβγ ∇δHαβγ
]
. (5)

The parameters a1, . . . , a31 are independent of the back-
ground and cannot be determined by gauge symmetry.
Among these parameters, a1 and a8 are unambiguous, while
the remaining parameters are ambiguous as they are related
by field redefinitions. Some of the ambiguous terms are also
interconnected through total derivative terms. In fact, if we
were to remove those terms that are related by integration by
parts, we would be left with only 20 independent terms [6].
However, as mentioned in the previous section, in such a case,
T-duality is only free from anomalies if we consider the com-
bination of bulk and boundary actions to be invariant under
T-duality transformations [12]. However, in this paper, our
specific focus is on constraining the bulk Lagrangian alone
to be invariant under T-duality transformations. Therefore,
we are not permitted to eliminate the total derivative terms
in Eq. (5). Additionally, if we were to utilize the freedom
of field redefinitions, we would be left with a Lagrangian in
the minimal scheme, which has 17 independent terms. How-
ever, since our objective is to discover the T-duality invariant
Lagrangian for an arbitrary scheme, we do not employ the
freedom of field redefinitions.

The aforementioned couplings apply to both bosonic and
heterotic effective actions. However, the heterotic string the-
ory exhibits a gauge symmetry anomaly that can be canceled
by assuming the gauge group to be SO(32) or E8 × E8, and
by introducing non-standard gauge transformations and local
Lorentz transformations for the B-field [18]. In this paper, we
focus on the case of zero gauge field. Under this assumption,
the non-standard local Lorentz transformation for the B-field
requires the field strength of the B-field to be the following
[18]:
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Ĥμνα(ω) = Hμνα + 3

2
α′Oμνα(ω), (6)

where the Chern–Simons three-form O is

Oμνα(ω) = ω[μi j∂νωα] j i + 2

3
ω[μi jων j

kωα]k i ;
ωμi

j = ∂μeν
j eν

i − �μν
ρeα

j eν
i , (7)

where eμ
i eν

jηi j = Gμν . By substituting Eq. (6) into Eq. (4),
the gauge symmetry of the B-field yields the following bulk
coupling at order α′:

L(1)
o = −2α′

κ2

√−G e−2�

(
−1

4
HμναOμνα(ω)

)
. (8)

This coupling is odd under parity. It is worth noting that the
Bianchi identities imply that there are no other odd-parity
couplings at this order. In the following, we will thoroughly
investigate the invariance of the couplings given by Eqs. (5)
and (8) under O(1, 1,Z) transformations after employing
circular reduction.

3 T-duality constraint

We now impose the constraint that the bulk effective
Lagrangians are fully invariant under the O(1, 1,Z) trans-
formations. In order to achieve this, we perform a reduction
of the D-dimensional theory on a circle with a U (1) isome-
try, resulting in a (D − 1)-dimensional effective Lagrangian
Leff(ψ). We then subject Leff(ψ) to O(1, 1,Z) transforma-
tions, yielding Leff(ψ

′). The O(1, 1,Z) invariance of the
Lagrangian can be expressed as follows:

Leff(ψ) − Leff(ψ
′) = 0. (9)

If the effective Lagrangian and its circular reduction have the
following expansions in terms of α′:

Leff =
∞∑
n=0

α′n

n! L
(n), Leff =

∞∑
n=0

α′n

n! L
(n), (10)

then the constraint in Eq. (9) can be expressed as

∞∑
n=0

α′n

n! L
(n)(ψ) −

∞∑
n=0

α′n

n! L
(n)(ψ ′) = 0. (11)

Assuming the following generalized Buscher rules:

ψ ′ = ψ ′
0 +

∞∑
n=1

α′n

n! ψ ′
n, (12)

where ψ ′
0 represents the Buscher rules as given in (2), and ψ ′

n
denotes the corrections at order α′n . Expanding the second
term in (11) around the Buscher transformations ψ ′

0, that is,

L(n)(ψ ′) = L(n)(ψ ′
0) +

∞∑
m=1

α′m

m! L
(n,m)(ψ ′

0), (13)

we obtain the following constraint:

∞∑
n=0

α′n

n! L
(n)(ψ) −

∞∑
n=0

α′n

n! L
(n)(ψ ′

0)

−
∞∑

n=0,m=1

α′n+m

n!m! L(n,m)(ψ ′
0) = 0. (14)

To determine the appropriate constraints on the effective
Lagrangians, each term at every order of α′ must be set to
zero.

The constraint given by (14) at the leading order is:

L(0)(ψ) − L(0)(ψ ′
0) = 0, (15)

where L(0)(ψ) represents the circular reduction of the
leading-order Lagrangian, and L(0)(ψ ′

0) is its transformation
under the Buscher rules given by (2). The reduction of the
leading-order Lagrangian, as expressed in (4), is [19]

L(0)(ψ) = − 2

κ ′2 e
−2φ̄

√−ḡ
[
R̄ − 4∇a φ̄∇a φ̄ − 1

12
H̄2

+4∇a∇a φ̄ − 1

4
(eϕV 2 + e−ϕW 2) − 1

4
∇aϕ∇aϕ

]
.

(16)

where κ ′ is related to the (D-1)-dimensional Newton’s con-
stant. In the given equation, the curvature and covariant
derivatives on the right-hand side are constructed using the
metric of the base space. As for the variables V , W , and H̄ ,
they are defined as follows:

Vab = ∂agb − ∂bga,

Wab = ∂abb − ∂bba,

H̄abc = 3∂[ab̄bc] − 3

2
g[aWbc] − 3

2
b[aVbc]. (17)

Since H̄ is not the exterior derivative of a two-form, it satisfies
the following anomalous Bianchi identity [19]:

∂[a H̄bcd] = −3

2
V[abWcd]. (18)

Our notation for antisymmetry is such that, for example,
g[aWbc] = 1

3 (gaWbc−gbWac−gcWba). It is evident that the
reduction given by Eq. (16) satisfies the T-duality constraint
in Eq. (15).

The constraint (14) at order α′ is

L(1)(ψ) − L(1)(ψ ′
0) − L(0,1)(ψ ′

0) = 0, (19)

where L(0,1)(ψ ′
0) is the Taylor expansion of the reduction

(16) at first order. Writing the first order corrections to the
Buscher rules as

ϕ′ = −ϕ + α′�ϕ, g′
a = ba + α′eϕ/2�ga,

b′
a = ga + α′e−ϕ/2�ba,

H̄ ′
abc = H̄abc + α′�H̄abc,

φ̄′ = φ̄ + α′�φ̄, ḡ′
ab = ḡab + α′�ḡab, (20)

123



Eur. Phys. J. C            (2024) 84:91 Page 5 of 11    91 

one finds L(0,1)(ψ ′
0) to be

L(0,1) = −2α′

κ ′2 e
−2φ̄

√−ḡ
{1

4

(
eϕV 2 − e−ϕW 2

)
�ϕ

+1

2
∇aϕ∇a(�ϕ) − 1

6
H̄abc�H̄abc

+e−ϕWab∇b(eϕ/2�ga) + eϕVab∇b(eϕ/2�ba)

−8∇a φ̄∇a(�φ̄) + 4∇a∇a(�φ̄)(
1

2
�ḡaa−2�φ̄

) [
R̄− 4∇a φ̄∇a φ̄ − 1

12
H̄2

+4∇a∇a φ̄ − 1

4
(eϕV 2 + e−ϕW 2) − 1

4
∇aϕ∇aϕ

]

−�ḡab
[
R̄ab − 1

4
H̄2
ab − 1

2
(eϕV 2

ab + e−ϕW 2
ab)

+4∇b∇a φ̄ − 4∇a φ̄∇bφ̄ − 1

4
∇aϕ∇bϕ

]

+2∇a φ̄∇a(�ḡbb) − 4∇a φ̄∇b(�ḡa
b)

+∇b∇a(�ḡab) − ∇b∇b(�ḡaa)
}
. (21)

As the generalized Buscher rules are required to form the
Z2-group, the corrections must satisfy the following relations
[9]:

�φ̄(ψ) + �φ̄(ψ ′
0) = 0,

�ḡab(ψ) + �ḡab(ψ
′
0) = 0,

−�ϕ(ψ) + �ϕ(ψ ′
0) = 0,

�ba(ψ) + �ga(ψ
′
0) = 0,

�ga(ψ) + �ba(ψ
′
0) = 0,

�H̄abc(ψ) + �H̄abc(ψ
′
0) = 0. (22)

The correction �H̄abc is related to the corrections �ga and
�ba through the following relation, which arises from the
Bianchi identity in Eq. (18):

�H̄abc = H̃abc − 3e−ϕ/2W[ab�bc] − 3eϕ/2�g[aVbc]. (23)

Here, H̃abc represents a U (1) × U (1) gauge invariant exact
3-form, meaning H̃ = d B̃, where B̃ is a U (1)×U (1) gauge
invariant 2-form at order α′ [4,19]. This 2-form, along with
the corrections �φ̄,�ḡab,�ϕ, �ga , and �ba , contains con-
tractions involving the base space fields at order α′.

While in the bosonic theory, L(1) consists only of even-
parity terms, in the heterotic theory, L(1) includes both even
and odd parity terms. Consequently, L(1) and the corrections
to the Buscher rules appearing in L(0,1)(ψ ′

0) contain both
even and odd parity terms. In the next subsection, we will
analyze the even-parity terms.

3.1 Even-parity couplings

By utilizing the reductions given in Eq. (1), it is straightfor-
ward to determine the circular reduction of Eq. (5) and obtain

L(1)(ψ). We can then transform L(1)(ψ) under the Buscher
rules in Eq. (2) to obtain L(1)(ψ ′

0).
To calculate the corresponding even-parity contribution

from L(0,1)(ψ ′
0), we need to write �φ̄, �ḡab, �ϕ, �ga , �ba ,

and B̃ in (21) as all possible contractions of the base space
fields R̄, H̄ , W , V , ∇ϕ, and ∇φ̄ at order α′, which satisfy
the constraint (22). The corrections �φ̄, �ḡab, �ϕ, and �ba
must have even-parity terms, while the corrections �ga and
B̃ must have odd-parity terms. In other words, one should
take into account the following corrections to the Buscher
rules:

�φ̄ = f3(e
ϕV 2 − e−ϕW 2) + f9∇a∇aϕ + f6∇aϕ∇aϕ,

�ϕ = e1 H̄
2 + e2 R̄ + e3(e

ϕV 2 + e−ϕW 2)

+e8∇a∇a φ̄ + e5∇a φ̄∇a φ̄ + e7∇aϕ∇aϕ,

�ḡab = d5(e
ϕV 2

ab − e−ϕW 2
ab) + d6ḡab(e

ϕV 2 − e−ϕW 2)

+d11(∇aϕ∇bφ̄ + ∇bϕ∇a φ̄)

+d12 ḡab∇aϕ∇cφ̄ + d17∇b∇aϕ + d18ḡab∇c∇cϕ,

�ga = b1e
ϕ/2 H̄abcV

bc + b3∇b(e
−ϕ/2Wa

b)

+b2e
−ϕ/2Wab∇bφ̄ + b4e

−ϕ/2Wab∇bϕ,

�ba = −b1e
−ϕ/2 H̄abcW

bc − b3∇b(e
ϕ/2Va

b)

−b2e
ϕ/2Vab∇bφ̄ + b4e

ϕ/2Vab∇bϕ,

B̃ab = aa1(Wa
cVbc − Wb

cVac) + aa4 H̄abc∇cϕ. (24)

Here, f3, . . . , aa4 are 21 parameters that can be determined
by the constraint given in Eq. (19). It should be noted that the
mentioned deformations satisfy theZ2-constraint in Eq. (22).
When these deformations are inserted into Eq. (21), it can be
observed that L(0,1)(ψ ′

0) yields even-parity terms.
The constraint given by Eq. (19) then produces 37 rela-

tions between the parameters in the deformations and the
parameters in the Lagrangian (5) as follows:

a20 = 2a15, a21 = −48a1 + 16a2

+a10/2 + a12/2 − a17/4 − a18/8,

a22 = 2a10 + 2a12 − 2a17 − (3a18)/2,

a23 = −8a10 − 4a13 + 4a14 + 8a17 + 2a18,

a25 = 2a10 + 2a12 + a16 − a17 − a18/2 + a19,

a27 = −6a11 − (9a12)/2 + (3a13)/2 − (9a14)/4

+a16/4 − a17 + a18/2 − a19/2 + a24,

a28 = −12a1 + 4a2, a29 = 48a1 − 16a2,

a30 = 8a1 + (4a2)/3 − 12a3 + (11a10)/96 + (5a11)/4

+(91a12)/96 − (7a13)/24 + (5a14)/12

−a16/48 + (5a17)/32 − (41a18)/384 + (5a19)/48,

a31 = 4a1 + (4a2)/3 − 12a3 + (11a10)/96

+(5a11)/4+(91a12)/96−(7a13)/24+(5a14)/12−a16/48

+(5a17)/32−(41a18)/384+(5a19)/48,

a4 = −24a1 − 4a2 − a16/16, a5 = a16/4,

a6 = −((7a10)/48) − a11/4 − (5a12)/24 + a13/24

−a14/12 − a15/12 + a17/48 + (5a18)/192 − a19/48,
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a7 = (3a10)/8 + a12/8 − a17/8 − a18/32,

a8 = 24a1, a9 = −(a10/12) − a11 − (5a12)/12 + a13/12

−a14/6 − a15/3 − a17/6 − a19/12,

aa1 = −144a1, aa4 = −144a1 − 24a2 − (3a10)/2

−(3a13)/8 + (3a14)/4 − (3a16)/8 + (3a17)/4

−3a24 − 6a26,

b1 = −12a1 − a26,

b2 = −96a1 + 32a2 + 2a24,

b3 = 96a1 − 8a2 + a16/8 + 2a26,

b4 = 24a1 + 8a2 + a10/2 + a13/8

−a14/4 − a17/4 + a24/2,

d11 = a10 + a12 − a17/2 − a18/4,

d12 = −2a12 + a13/2 − a14 − 2a15 − a17 − a19/2,

d17 = −a10 − a13/4 + a14/2 + a17/2,

d18 = a10 + a12 − a13/4 + a14/2 − a17/2 − a18/4,

d5 = 24a1 − 8a2 + a16/8,

d6 = −18a3 + (11a10)/64 + (3a11)/8 + (19a12)/64

−a13/16 + a14/8 + a15/8 − a17/64

−(9a18)/256 + a19/32,

e1 = −12a3 + a10/32 + a11/4

+(19a12)/96 − a13/16 + a14/12 + a17/32

−(3a18)/128 + a19/48,

e2 = a10 + a13/4 + a15 − a17/2,

e3 = 36a1 − 4a2 − 18a3 − (5a10)/64

+(3a11)/8 + (19a12)/64 − a13/8 + a14/8 − a15/8

+a16/16 + (7a17)/64 − (9a18)/256 + a19/32,

e5 = 8a12−3a13+4a14+2a17−a18+a19,

e7 = 48a1+a13/16−a14/4+a17/8+a18/16+a19/16,

e8 = −4a12 + 2a13 − 2a14 + 4a15 + a18,

f3 = 6a1 − 2a2 − (207a3)/2 + (253a10)/256

+(57a11)/32 + (365a12)/256 − (17a13)/64 + (19a14)/32

+(23a15)/32 + a16/32 − (39a17)/256

−(175a18)/1024 + (19a19)/128,

f6 = −((23a12)/2) + (23a13)/8 − (23a14)/4 − (23a15)/2

−6a17 − a18/8 − (23a19)/8,

f9 = 6a10 + 6a12 − (3a13)/2 + 3a14 − 3a17 − (3a18)/2. (25)

By inserting the aforementioned relations into the Lagrangian
(5) and the α′-correction of the Buscher rules (24), one can
derive the Lagrangian and the corresponding generalized
Buscher rules in terms of one unambiguous parameter, a1, as
well as 14 arbitrary parameters:

a10, a11, a12, a13, a14, a15, a16, a17,

a18, a19, a2, a24, a26, a3. (26)

For any choice of these arbitrary parameters in terms of the
unambiguous parameter a1, one can find the T-duality invari-
ant Lagrangian and its corresponding generalized Buscher

rules within a specific scheme. It is evident that the coefficient
of the first term in B̃ab serves as the unambiguous parameter,
which cannot be set to zero. Furthermore, for any selection of
the arbitrary parameters, it is not possible to simultaneously
set all deformations �ϕ, �φ̄, �ḡab, �ga , and �ba to zero.
However, it is feasible to choose certain arbitrary parame-
ters such that some of them are set to zero. For example, by
setting the following values for the arbitrary parameters:

a11 = −32a1 + a10

12
, a12 = −a10, a14 = a13

2
,

a15 = 96a1 − a13

4
, a17 = 2(96a1 + a10),

a18 = −4(96a1 + a10), a19 = −768a1 + a13,

a2 = 9a1 + a16

64
, a24 = −96a1 − a16

4
,

a26 = −12a1, a3 = a10 − 864a1

1152
, (27)

one finds �ϕ = �φ̄ = �ga = �ba = 0 and

�ḡab = −48a1(e
ϕV 2

ab − e−ϕW 2
ab − 2∇b∇aϕ),

B̃ab = −144a1(Wa
cVbc − Va

cWbc − H̄abc∇cϕ). (28)

By inserting the values (27) into (5), one can find its cor-
responding T-duality invariant Lagrangian in terms of the
unambiguous parameter a1 and three arbitrary parameters
a10, a13, and a16.

A connection can be established between the arbitrary
parameters (26) and the unambiguous parameter a1 by com-
paring the generalized Buscher rules with existing ones in
the literature. By imposing these relationships between the
arbitrary parameters, the T-duality invariant Lagrangian cor-
responding to those generalized Buscher rules can be derived.
However, it turns out that the number of these relationships is
less than 14, which means that the resulting T-duality invari-
ant Lagrangian will still have some arbitrary parameters.
Since there are generalized Buscher rules in the literature
associated with the Metsaev–Tseytlin action and the Meiss-
ner action, we will further investigate this in the subsequent
subsection.

3.1.1 Comparing with the Metsaev–Tseytlin action

It has been shown in [9] that the effective action at order
α′ in the Metsaev–Tseytlin scheme is invariant under the
O(1, 1,Z) transformation, except for some anomalous total
derivative terms in the base space. The corresponding gener-
alized Buscher rules are as follows:

�ḡab = 48a1

(
eϕVa

cVbc − e−ϕWa
cWbc

)
,

�φ̄ = 12a1

(
eϕV 2 − e−ϕW 2

)
,

�ϕ = 48a1

(
∇aϕ∇aϕ + eϕV 2 + e−ϕW 2

)
,
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�ga = 24a1

(
2e−ϕ/2∇bWab + eϕ/2 H̄abcV

bc

−4e−ϕ/2∇bφ̄Wab

)
,

�ba = −24a1

(
2eϕ/2∇bVab + e−ϕ/2 H̄abcW

bc

−4eϕ/2∇bφ̄Vab
)
,

B̃ab = −144a1(Wa
cVbc − Wb

cVac). (29)

Comparing the generalized Buscher rules (24) in which the
relations (25) are inserted, with the above deformations, one
finds the following relation for the 14 arbitrary parameters:

a12 = −a10, a14 = a13/2, a15 = −a13/4,

a17 = 2a10, a18 = −4a10, a19 = a13,

a2 = −3a1 + a16/64, a24 = 48a1 − a16/4,

a26 = −36a1, a3 = (24a11 − a10)/1152. (30)

There are still four arbitrary parametersa10, a11, a13, anda16.
If one chooses these parameters to be zero, then the T-duality
invariant Lagrangian becomes

L(1)
e = −48a1α

′

κ2 e−2�
√−G

[
1

24
Hα

δεHαβγ Hβδ
εHγ εε

−1

8
Hαβ

δHαβγ Hγ
εεHδεε − 1

2
Hα

γ δHβγ δR
αβ

+Rαβγ δR
αβγ δ − 4Hα

γ δHβγ δ∇α�∇β�

+2Hα
γ δHβγ δ∇β∇α� − 3

2
Hαβγ ∇γ ∇δHαβ

δ

+2Hβγ δ∇α�∇δHαβγ −∇αH
αβγ ∇δHβγ

δ

+4Hα
βγ ∇α�∇δHβγ

δ+ 1

6
Hαβγ ∇δ∇δHαβγ

]
. (31)

If one chooses the unambiguous parameters to be 24a1 =
−λ0, and uses the following identity:

Hα
γ δHβγ δR

αβ − Hα
δεHαβγ Rβγ δε

+Hαβγ ∇γ ∇δHαβ
δ − 1

3
Hαβγ ∇δ∇δHαβγ = 0. (32)

Then, up to some total derivative terms, the Lagrangian
becomes the one in the Metsaev–Tseytlin action [6]. In fact,
one can write the above Lagrangian as

L(1)
e = L(1)

MT + 2λ0α
′

κ2 ∇α(e−2� Jα), (33)

where the current in the total derivative is given by

Jα = 2Hαγ δHβγ δ∇β� − Hαβγ ∇δHβγ
δ, (34)

and the Metsaev–Tseytlin Lagrangian is

L(1)
MT = 2λ0α

′

κ2 e−2�
√−G

[
Rαβγ δR

αβγ δ

−1

2
Hα

δεHαβγ Rβγ δε + 1

24
Hα

δεHαβγ Hβδ
εHγ εε

−1

8
Hαβ

δHαβγ Hγ
εεHδεε

]
. (35)

It is important to note that the Metsaev–Tseytlin Lagrangian
is derived from the S-matrix elements, and the total derivative
terms cannot be fixed by the S-matrix method. The above
calculation indicates that, up to certain total derivative terms,
the Metsaev–Tseytlin Lagrangian is indeed invariant under T-
duality transformations. The unambiguous parameter in the
Lagrangian and the generalized Buscher rules is λ0 = − 1

4 for
bosonic string theory and λ0 = − 1

8 for the heterotic theory.

3.1.2 Comparing with the Meissner action

It has been shown in [14] that using field redefinitions and
adding total derivative terms to the Metsaev–Tseytlin action,
one can write this action in another scheme that its cosmolog-
ical reduction has only first time derivative. The Lagrangian
in the Meissner scheme is [14]

L(1)
M = 2λ0α

′

κ2

√−Ge−2�

[
R2
GB + 1

24
Hα

δεHαβγ Hβδ
εHγ εε

−1

8
Hαβ

δHαβγ Hγ
εεHδεε

+ 1

144
Hαβγ H

αβγ HδεεH
δεε + Hα

γ δHβγ δR
αβ

−1

6
Hαβγ H

αβγ R − 1

2
Hα

δεHαβγ Rβγ δε

−2

3
Hβγ δH

βγ δ∇α∇α� + 2

3
Hβγ δH

βγ δ∇α�∇α�

+8R∇α�∇α� + 16∇α�∇α�∇β∇β�

−16Rαβ∇α�∇β� − 16∇α�∇α�∇β�∇β�

+2Hα
γ δHβγ δ∇β∇α�

]
, (36)

where R2
GB = RαβμνRαβμν − 4Rαβ Rαβ + R2 is the Gauss–

Bonnet couplings. It has been observed in [19] that the cir-
cular reduction of the above action is invariant under the
O(1, 1,Z) transformations with the following α′-correction
to the Buscher rules:

�ḡab = 0,

�φ̄ = 0,

�ϕ = −λ0

(
2∇aϕ∇aϕ + eϕV 2 + e−ϕW 2

)
,

�ga = −λ0

(
2e−ϕ/2∇bϕWab + eϕ/2 H̄abcV

bc
)

,

�ba = −λ0

(
2eϕ/2∇bϕVab − e−ϕ/2 H̄abcW

bc
)

,

B̃ab = 12λ0W[acVb]c. (37)

Comparing the generalized Buscher rules (24) in which the
relations (25) are inserted, with the above deformations for
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24a1 = −λ0, one finds the following relations for the 14
arbitrary parameters:

a11 = a10/12, a12 = −a10, a14 = a13/2, a15 = −a13/4,

a17 = 2a10, a18 = −4a10, a19 = a13,

a2 = 3a1 + a16/64, a24 = −a16/4,

a26 = −36a1, a3 = a10/1152. (38)

There are still three arbitrary parameters a10, a13, and a16. If
one chooses these parameters to be the following

a10 = 192a1, a13 = 0, a16 = −384a1, (39)

then the T-duality invariant Lagrangian becomes

L(1)
e = 2λ0α

′

κ2 e−2�
√−G

[
1

24
Hα

δεHαβγ Hβδ
εHγ εε

−1

8
Hαβ

δHαβγ Hγ
εεHδεε + 1

144
Hαβγ H

αβγ HδεεH
δεε

+1

2
Hα

γ δHβγ δR
αβ − 4Rαβ R

αβ − 1

6
Hαβγ H

αβγ R

+R2 + Rαβγ δR
αβγ δ − 2

3
Hβγ δH

βγ δ∇α∇α�

+8R∇α∇α� + 2

3
Hβγ δH

βγ δ∇α�∇α�

−8R∇α�∇α�−16Rαβ∇β∇α�+16∇α∇α�∇β∇β�

−32∇α�∇α�∇β∇β�−4Hα
γ δHβγ δ∇α�∇β�

+16∇α�∇α�∇β�∇β�+4Hα
γ δHβγ δ∇β∇α�

−16∇β∇α�∇β∇α� − 3

2
Hαβγ ∇γ ∇δHαβ

δ

−∇αH
αβγ ∇δHβγ

δ + 4Hα
βγ ∇α�∇δHβγ

δ

+1

2
Hαβγ ∇δ∇δHαβγ + 1

3
∇δHαβγ ∇δHαβγ

]
. (40)

One can write the above Lagrangian as

L(1)
e = L(1)

M + 2λ0α
′

κ2 ∇α(e−2� Jα), (41)

where L(1)
M is the Meissner Lagrangian and the current in the

total derivative term is

Jα = 8R∇α� + 16∇α�∇β∇β�

+2Hαγ δHβγ δ∇β� − 16Rα
β∇β�

−16∇α�∇β�∇β� − 16∇β∇α�∇β�

+Hβγ δ∇δH
α

βγ − Hαβγ ∇δHβγ
δ. (42)

Note that neither the Lagrangian in the Meissner scheme nor
the total derivative terms are individually invariant under T-
duality. However, their combinations are invariant. Addition-
ally, it is worth noting that while the Lagrangians (35) and
(36) are equivalent up to field redefinitions and total deriva-
tive terms, it can be demonstrated that the Lagrangians (31)
and (40) are equivalent solely up to field redefinitions.

3.2 Odd-parity coupling

The T-duality of the odd-parity coupling in Eq. (8) has been
investigated in [20] using the standard leading-order bulk and
boundary actions, which are given as

S(0) + ∂S(0) = − 2

κ2

[∫
dDx

√−Ge−2�

(
R+4∇μ�∇μ�− 1

12
H2

)

+2
∫

dD−1σ
√|g|e−2�K

]
, (43)

The last term above represents the Gibbons–Hawking bound-
ary term [10]. In this case, the O(1, 1,Z) symmetry of
the bulk coupling in Eq. (8) necessitates the following α′-
corrections of the Buscher rules1:

�ḡab = 0,

�φ̄ = 0,

�ϕ = 1

4
V abWab,

�ga = − 1

16

(
2eϕ/2∇bϕVab + 2eϕ/2ω̄abcV

bc − e−ϕ/2 H̄abcW
bc

)
,

�ba = − 1

16

(
2e−ϕ/2∇bϕWab − 2e−ϕ/2ω̄abcW

bc + eϕ/2 H̄abcV
bc

)
,

B̃ab = 0. (44)

as well as the presence of certain total derivative terms at
order α′ in the base space. These terms are canceled out by
the transformation of the boundary term in Eq. (43) under
the aforementioned generalized Buscher rules. However, in
this section, we will be employing the leading-order bulk
Lagrangian described by Eq. (4). The difference between
the reduction of the bulk Lagrangian in Eq. (43) and the
Lagrangian in Eq. (4) lies in the presence of the following
total derivative term in the base space:

− 2

κ2

√−ḡ∇a

[
− e−2φ̄∇aϕ

]
. (45)

Using Stokes’ theorem in the corresponding action, it pro-
duces the following boundary term in the base space:

2

κ2 e−2φ̄
√−ḡ na∇aϕ. (46)

This term is precisely canceled out by the reduction of the
boundary Lagrangian in Eq. (43). Therefore, if one utilizes
the reduction of the leading-order bulk Lagrangian in Eq. (4),
the calculations of the T-duality invariance of the coupling
in Eq. (8) yield no residual total derivative term at order α′
at all. That is, the coupling in Eq. (8) is invariant under T-
duality with the same corrections to the Buscher rules as in
Eq. (44). Therefore, the circular reduction of the odd-parity
Lagrangian in Eq. (8) remains invariant under the O(1, 1,Z)

1 Note that the sign of the Taylor expansion of the leading-order action
in [20] is opposite to the sign in Eq. (19). Moreover, the normalization
of the Chern–Simons term in the field strength H̃ in Eq. (6) is 3/2
compared to the one considered in [20].

123



Eur. Phys. J. C            (2024) 84:91 Page 9 of 11    91 

transformations with no anomalous term, as for the even-
parity Lagrangian in Eq. (31) or Eq. (40).

4 Discussion

In this paper, we demonstrate that by imposing the O(1, 1,Z)

symmetry on the circular reduction of the most general
covariant Lagrangian at order α′, both the Lagrangian itself
and theα′-corrections to the Buscher rules can be determined.
The fixing process involves one unambiguous parameter and
14 arbitrary parameters. The selection of these additional
arbitrary parameters corresponds to different Lagrangian for-
mulations in various schemes. Specifically, we have success-
fully identified T-duality invariant Lagrangians that corre-
spond to the Metsaev–Tseytlin and Meissner Lagrangians.
The difference between these Lagrangians and the T-duality
invariant Lagrangians arises solely from specific total deriva-
tive terms. We anticipate that this observation holds true for
effective Lagrangians at higher orders of α′ as well.

In practice, dealing with higher orders of α′ presents
challenges when working with covariant couplings, where
only the redundancy resulting from the Bianchi identities is
removed. The sheer number of couplings involved makes
it difficult to handle. As a solution, field redefinitions can
be employed within the Lagrangian to eliminate the redun-
dancy resulting from these field redefinitions as well. This
effectively reduces the number of independent couplings.
For example, at order α′, instead of the 31 couplings con-
sidered in this paper, there are only 17 independent cou-
plings. In this reduced scenario, T-duality can determine all
parameters except for one unambiguous parameter and sev-
eral arbitrary parameters, which can be set to zero to deter-
mine the couplings within a specific minimal scheme. Fur-
thermore, after fixing the couplings in a specific minimal
scheme, field redefinitions can still be utilized to express the
effective Lagrangian in alternative schemes. Moreover, field
redefinitions can be employed along with the removal of total
derivative terms to express the effective action in particular
schemes.

The T-duality constraint has been utilized in [3–5] to deter-
mine the effective actions up to order α′3. In these calcula-
tions, one starts with the independent couplings where redun-
dancy arising from the Bianchi identities, field redefinitions,
and total derivative terms has been eliminated. As a result,
the number of independent couplings is reduced compared to
the effective Lagrangians where the total derivative terms are
not removed. However, when applying T-duality to the effec-
tive actions, it becomes necessary to include all possible total
derivative terms in the base space. Since the massless fields in
the base space are more numerous than those in the original
spacetime, the sheer number of total derivative terms in the
base space becomes overwhelming to consider. Therefore,

we anticipate that at higher orders of α′, the T-duality calcu-
lations involved in determining the effective Lagrangian will
be significantly less complicated compared to those required
for finding the effective actions.

We have observed that the O(1, 1,Z) symmetry can gen-
erate T-duality invariant Lagrangians and their corresponding
generalized Buscher rules in various schemes. One can fix the
scheme by specifying a particular form for the generalized
Buscher rules. However, these specifications are subject to a
constraint that requires the unambiguous parameter to remain
non-zero. This logic can be employed to reduce the number
of covariant couplings, as exemplified in Eq. (5), and the gen-
eralized Buscher rules, as seen in Eq. (24), before imposing
the O(1, 1,Z) constraint. To decrease the number of cou-
plings in the original Lagrangian at order α′, one can first
eliminate each term that involves three or four derivatives
and then impose the Bianchi identities. This procedure leads
to the identification of 26 independent couplings. The elimi-
nated terms can indeed be transformed into other terms using
integration by parts, which does not affect the unambigu-
ous couplings in the Lagrangian. Consequently, the result-
ing Lagrangian and its circular reduction will only contain
terms with up to two derivatives. Therefore, the generalized
Buscher rules should not produce terms with more than two
derivatives. By considering the fact that the second deriva-
tives of the deformations �φ̄ and �ḡab appear in Eq. (21), we
find that these deformations generate terms with more than
two derivatives. Hence, they should be set to zero in the corre-
sponding generalized Buscher rules. Moreover, since the first
derivative of all other deformations appears in Eq. (21), they
should involve only terms with first derivatives. By applying
this specific scheme, we find that the O(1, 1,Z) constraint
fixes the generalized Buscher rules to be (29), and the cor-
responding Lagrangian includes the unambiguous parameter
a1 and two other arbitrary parameters. By choosing specific
values for these parameters, such that the pure gravity cou-
plings become the Gauss–Bonnet couplings, we obtain

L(1)
e = −2α′a1

κ2 e−2�
√−G

[
Hα

δεHαβγ Hβδ
εHγ εε

−3Hαβ
δHαβγ Hγ

εεHδεε + 1

6
Hαβγ H

αβγ HδεεH
δεε

+48Hα
γ δHβγ δR

αβ − 96Rαβ R
αβ − 4Hαβγ H

αβγ R

+24R2 + 24Rαβγ δR
αβγ δ − 144Hα

δεHαβγ Rβγ δε

−16Hβγ δH
βγ δ∇α∇α� + 192R∇α∇α�

+16Hβγ δH
βγ δ∇α�∇α� − 192R∇α�∇α�

−384Rαβ∇β∇α� + 384∇α∇α�∇β∇β�

−768∇α�∇α�∇β∇β� − 96Hα
γ δHβγ δ∇α�∇β�

+384∇α�∇α�∇β�∇β� + 96Hα
γ δHβγ δ∇β∇α�

−384∇β∇α�∇β∇α� − 24∇αH
αβγ ∇δHβγ

δ
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+96Hα
βγ ∇α�∇δHβγ

δ + 8∇δHαβγ ∇δHαβγ

]
.

(47)

The Lagrangian (40) is equivalent to this Lagrangian, up to
the utilization of the Bianchi identities.

We have seen that the O(1, 1,Z) constraint can be used
to find the T-duality invariant bulk Lagrangian up to one
unambiguous parameter. One may expect that this constraint
can also fix the covariant boundary Lagrangian. It has been
shown in [11] that the following boundary couplings at the
leading order of α′ are invariant under the Buscher rules:

∂L(0) = −2a5

κ2 e−2�
√|g|

(
−1

2
K + nμ∇μ�

)
, (48)

where K represents the extrinsic curvature of the boundary.
The sum of the bulk Lagrangian (4) and the aforementioned
boundary Lagrangian, with a5 = −4a1, yields the standard
Lagrangians in (43) after applying Stokes’ theorem.

We have observed that by imposing the requirement for
the most general covariant and gauge-invariant couplings in
the effective Lagrangian at order α′ to be compatible with
T-duality, it is possible to determine the corrections to the
Buscher rules and the effective Lagrangian up to one unam-
biguous parameter and 14 arbitrary parameters. However,
if the covariance of the couplings is not enforced, alterna-
tive couplings may exist that still maintain consistency with
the aforementioned T-duality. In the context of the heterotic
theory, the Lorentz–Chern–Simons form has been supersym-
metrized, leading to the discovery of the following couplings
in [21,22]:

LBR = − 2

κ2 e
−2�

√−G

[
R − 4∇μ�∇μ� − 1

12
Ĥ2

+4∇μ∇μ� + α′

8
Rμνi j (�)Rμνi j (�)

]
, (49)

where �μ
i j = ωμ

i j − 1
2 Ĥμ

i j (�), and Rμν
i j (�) = ∂μ�ν

i j −
∂ν�μ

i j + �μ
ik�νk

j − �ν
ik�μk

j . This curvature can be
expressed in terms of the standard curvature Rμν

i j (ω), the
Ĥ2-terms, and a non-covariant but locally Lorentz-covariant
derivative of Ĥ . The presence of Ĥ(�) in the Lagrangian
indicates that it has couplings at all orders of α′. It has been
demonstrated in [21,22] that the aforementioned Lagrangian,
at order α′, is invariant under supersymmetry transforma-
tions. Additionally, it has been observed that these cou-
plings also remain invariant under T-duality [23]. Further-
more, it has been shown in [24] that the aforementioned
Lagrangian at order α′ and the Metsaev–Tseytlin Lagrangian
(35) are equivalent up to certain total derivative terms and
non-covariant field redefinitions. We have explicitly demon-
strated the invariance of the above couplings at order α′ under
the Buscher rules in the reduction scheme (1). The correc-
tions to the Buscher rules have been found to exclude any

2-form B̃, as well as corrections to the base space metric and
dilaton. For a flat base space, the corrections are given by:

�ϕ = 1

8

(
2∂aϕ∂aϕ + eϕV 2 + e−ϕW 2 + 2V abWab

)
,

�ga = 1

8

(
1

2
e−ϕ/2 H̄abcW

bc − eϕ/2Vab∂
bϕ

+1

2
eϕ/2 H̄abcV

bc + e−ϕ/2Wab∂
bϕ

)
,

�ba = −�ga . (50)

We have examined the invariance of the couplings at order
α′2 under T-duality and have not observed their preserva-
tion. This observation may suggest the potential existence
of additional couplings at this order in the aforementioned
Lagrangian. Uncovering such couplings would be intriguing,
and one approach to achieve this is by imposing the constraint
that the circular reduction of the Lagrangian remains invari-
ant under O(1, 1,Z) transformations. The newly introduced
couplings should also be consistent with supersymmetric
transformations at the order of α′2. According to supersym-
metry, the new terms should not include Riemann cubed
terms [21].

Data availability This manuscript has no associated data or the data
will not be deposited. [Authors’ comment: The results in this paper are
obtained analytically, hence, it does not use any data.]
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