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Abstract
The fusion barriers and cross sections of 15 colliding systems with 320� Z1Z2� 1512 are
investigated in detail to understand the influence of the universal function of proximity potential
formalism in the heavy-ion fusion mechanism. To realize this goal, we select three versions of
the phenomenological proximity potentials, including Prox. 77, Zhang 2013, and Guo 2013, to
calculate the nucleus–nucleus potential. The experimental fusion cross sections for the selected
reactions are analyzed using the standard coupled-channel calculations, including couplings to
the low-lying 2+ and 3− states in the target and projectile. The calculated results show that the
universal functions of the Guo 2013 and Prox. 77 models provide the lowest and highest fusion
barriers, respectively. In addition, it is found that the height of the fusion barriers is enhanced by
increasing the mass number of the projectile from light to heavy ones. The highest sensitivity to
the mass number of the projectile belongs to the results of Prox. 77. A discussion is also
presented on the influence of the universal function on the radial behavior of the interaction
potential in the allowed region for overlapping configurations. Our results reveal that the best fit
to the experimental data of the fusion cross sections for the reactions involving light and medium
nuclei is obtained using the universal function of the Zhang 2013 model. For the heavier
systems, the results of the Guo 2013 model at sub-barrier energies provide a good description of
the available data.

Keywords: fusion reactions, proximity-type potentials, universal function, coupled-channel
calculations

(Some figures may appear in colour only in the online journal)

1. Introduction

Understanding the nucleus–nucleus potential is extremely
crucial when analyzing the dynamics of heavy-ion fusion
reactions. This potential is separated as the sum of the short-
range attractive nuclear part and the long-range repulsive
Coulomb force. Due to the strong competition between these
two forces a Coulomb barrier appears in front of the partici-
pant nuclei. It is evident that in order for a fusion reaction to
take place, the incident nucleus must have enough energy to

overcome or penetrate the Coulomb barrier. The Coulomb
component of the ion–ion potential is well recognized.
Therefore, the main remaining task is to find an optimum
form for calculating the nuclear part of the interaction
potential precisely. Great theoretical efforts are in progress to
describe the nuclear interactions using a wide range of fusion
systems from light colliding pairs to heavy ones. The liquid-
drop model [1, 2], double-folding model [3, 4], Woods–
Saxon potential [5, 6], Skyrme energy-density [7], and the
density-constrained time-dependent Hartree–Fock method
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[8–10] are examples of applied theoretical approaches that are
used to estimate the strength of nuclear interaction during the
fusion process. The proximity potential formalism [11] is
another theoretical approach used to deal with heavy-ion
fusion reactions. It is generally based on the proximity force
theorem [11, 12], according to which the nuclear part of the
interaction potential can be taken as the product of two fac-
tors: one is dependent on the geometry of the reacting nuclei,
and the other is the universal function that depends only on
the separation distance of the reacting surfaces. From the
literature, the original version of the proximity potential 1977
(Prox. 77) [11] fails to reproduce the experimental barrier
heights satisfactorily [13–15]. Several improvements and
modifications have been formulated in recent years concern-
ing the formalism of the Prox. 77 model. The developments
include the following [15–20]: a better form of the surface
energy coefficient, a new parameterization for the nuclear
radius, the introduction of an improved form of the universal
function, or another parameterization for the surface thickness
parameter. The last versions of the proximity potential
formalisms are the Zhang 2013 and Guo 2013 models
[18, 19]. It must be noted that the main difference between
these two theoretical approaches lies in their universal func-
tion. It is shown that the results obtained from the Zhang 2013
and Guo 2013 potentials are in good agreement with the
experimental data.

The focal task of the theoretical studies is to compute the
fusion cross sections for different colliding systems in terms
of the center-of-mass energies and to test their validity in
comparison with the corresponding experimental data. It is
well known that heavy-ion fusion at energies near and below
the Coulomb barrier is a sensitive tool to evidence the
influence of nuclear structure on reaction dynamics. From a
theoretical point of view, the one-dimensional barrier pene-
tration model (1D-BPM) is the simplest approach for
describing the fusion process. Within the framework of this
approach, the relative distance between the center-of-mass of
two colliding nuclei is the only degree of freedom, and thus
both the projectile and the target can be assumed to be
structureless. From the literature [21, 22], one can find that
the 1D-BPM successfully explains the experimental fusion
data of light nuclei. For heavier systems, it works rather well
at near and above-barrier energies but underestimates the sub-
barrier fusion cross sections. In fact, numerous theoretical and
experimental evidence indicates that the sub-barrier fusion
cross sections for different colliding systems are severely
enhanced over the predictions of the 1D-BPM [23–26]. It is
clear from the existing reports that the coupling of various
internal degrees of freedom, such as the coupling of low-lying
inelastic excitations of interacting partners and transfer
channels [27, 28], with the relative motion could be respon-
sible for the enhancement of the sub-barrier fusion cross
section. The coupled-channel (CC) calculations allow us to
calculate the theoretical values of the fusion cross sections by
including a strong coupling between the relative motion of
colliding nuclei and the intrinsic degrees of freedom. These
calculations transform the one-dimensional single barrier into
multiple potential barriers and subsequently reduce the

strength of the original barrier. The CC calculations can be
performed by using the computer code CCFULL [29]. This
code solves CC equations by imposing the incoming wave
boundary conditions and allows us to include a finite number
of rotational and vibrational states in both target and projectile
nuclei.

In recent decades, many attempts have been made to
describe the fusion process of two colliding nuclei using the
proximity potential formalisms. The obtained results indicate
that this theoretical approach needs to be modified. This is
especially true for the fusion cross sections at energies below
the Coulomb barrier. According to the differences between
universal functions in the Prox. 77, Zhang 2013, and Guo
2013 potential models, we plan to systematically analyze the
influence of this quantity by including the coupling to the
low-lying inelastic excitations on the sub-barrier fusion cross
sections. To realize this goal, an effort is made, using the
standard CC formalism, to investigate 15 different projectile–
target combinations with a focus on projectile mass. We
consider the fusion of 28Si, 36S, 48Ti, 64Ni, and 86Kr pro-
jectiles with the different target nuclei whose the mass
numbers range from 58 to 208. This article is organized as
follows. In section 2, the method for calculating the nucleus–
nucleus potential within the framework of the different
potential models is shown. The calculated results are pre-
sented and discussed in section 3. In section 4, the main
conclusions of the present study are given.

2. Theoretical framework

The total interaction potential VT(r) for spherical interacting
nuclei with frozen densities can be written as

V r V r V r , 1T N C( ) ( ) ( ) ( )= +

where r is the separation distance between the center-of-mass
of the projectile and target nuclei. The Coulomb potential
VC(r) is written as
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where Z1 and Z2 are the proton numbers of the projectile and
target nuclei. In this relation, the parameter rC reads as
rC= C1+C2 [14]. According to the proximity force theorem
[11], ‘the force between two gently curved surfaces in close
proximity is proportional to the interaction potential per unit
area between the two flat surfaces’. Using the original version
of the Prox. 77 , the nuclear part of the interaction potential
between two reacting nuclei can be written as [13, 14]
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where the distance between near surfaces of the fragments
s= r−C1− C2. In addition, the mean curvature radius R can
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be written as
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The Süsmann central radii of the fragments are given by
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Here, b is the surface width and was taken to be of the order
of 1 fm. In addition, Ri is the effective sharp radius, which is
given by
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The dimensionless universal function Φ(ξ= s/b) was para-
meterized with the following form
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In equation (3), γ refers to the nuclear surface tension coef-
ficient and is given by the following equation
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where N and Z are neutron and atomic numbers of the parent
nuclei, respectively. In this relation, γ0 and ks are the surface
energy and surface asymmetry constants, respectively. For the
Prox. 77 proximity potential, these constants were para-
meterized as γ0= 0.9517 MeV. fm−2 and ks= 1.7826. In
2013 [19], Guo et al introduced a modified form of the
nucleus–nucleus potential by analyzing the universal function
of the proximity potential within the framework of the dou-
ble-folding model for several hundreds of fusion reactions.
Zhang et al [18] made a similar effort with the universal
function of the proximity potential between the alpha and
daughter nuclei by systematically analyzing the different
parent nuclei with Z= 48− 92. The authors of [18] para-
meterized a new formula for the universal function of the
proximity potential as
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where the parameters (p1, p2, p3) are equal to (−7.65, 1.02,
0.89) and (−17.72, 1.30, 0.854) for the Zhang 2013 and Guo
2013 proximity potentials, respectively. Finally, it must be
noted that the mean curvature radius R of the nuclear reaction
system in these proximity versions is defined as R R

R R
1 2

1 2+
instead

of C C

C C
1 2

1 2+
in equation (4). Therefore, it will be interesting to

see whether this change in the definition of the R parameter
significantly affects the calculations of the nucleus–nucleus
potential and thus fusion cross sections. Indeed, the com-
parison of the results obtained from the C C

C C
1 2

1 2+
definition with

the R R

R R
1 2

1 2+
results provides the possibility to look for the role of

the mean curvature radius parameter in the fusion process of
two heavy ions.

3. Results and discussion

In the present work, we consider 15 heavy-ion fusion reactions,
including the fusion of 28Si, 36S, 48Ti, 64Ni, and 86Kr projectiles
with different targets under the condition 48� A� 208 for their
mass numbers. Our selected reactions are presented in table 1 as
five categories of the projectile–target combinations. We use the
Zhang 2013 and Guo 2013 proximity potential models to cal-
culate the total interaction potential in different colliding sys-
tems. According to [19], the precision of the Guo 2013
proximity potential has only been tested for Coulomb barrier
parameters. However, we emphasize that the fusion cross section
is the most important observable in heavy-ion fusion reactions.
Meanwhile, as stated earlier, the Zhang 2013 model has been
introduced based on the analysis of the alpha-decay process.
However, the results of the previous studies reveal that a definite
potential model can be appropriate to describe both alpha-decay
and fusion processes [30]. In this situation, the analysis of the
validity of the Zhang 2013 and Guo 2013 proximity potentials
for predicting the measured fusion cross sections will be a guide
to future theories based on the proximity approach.

The purpose of this study is to analyze the influence of
the nuclear structure effects, including coupling to the low-
lying inelastic excitation 2+ and 3− of both target and pro-
jectile nuclei, on the heavy-ion fusion process. To realize our
goal, the CC model has been used to estimate the theoretical
values of the fusion cross sections. For comparison, the CC
calculations based on the original version of the Prox. 77 are
also considered to incorporate the nuclear structure effects.
Since the main difference between these three versions of the
proximity potential formalisms is in the universal function f
(s), the simultaneous comparison of the obtained results
provides ideal conditions to investigate the role of the uni-
versal function of the nuclear proximity potential in the fusion
of two colliding nuclei. However, as mentioned earlier, the
definition of the mean radius parameter R in the formalism of
the original version of the proximity potential is different
from the Zhang 2013 and Guo 2013 models. Therefore, it
would be interesting to analyze the influence of the use of the
different definitions of the R parameter on the fusion of
various combinations of the selected nuclei. In figure 1, the

Table 1. The selected categories of projectile–target combinations.
The fusion systems are listed with respect to their increasing A1A2

values.

Category Projectile Target

Category 1 28Si 62Ni, 92Zr, 208Pb
Category 2 36S 48Ca, 90Zr, 100Mo
Category 3 48Ti 58Ni, 64Ni, 122Sn
Category 4 64Ni 64Ni, 92Zr, 114Sn
Category 5 86Kr 70Ge, 76Ge, 100Mo
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experimental fusion cross sections are compared to several
CC calculations that are based on the Prox. 77, Zhang 2013,
and Guo 2013 proximity potentials with both definitions of
the mean curvature radius R for four arbitrary reactions:
28Si+ 92Zr, 36S+ 48Ca, 48Ti+ 58Ni, and 86Kr+ 70Ge. In the
calculation of the theoretical values of the fusion cross
sections, we include couplings to the low-lying surface
excitations of the projectile and target and also their collective
couplings. The nuclear structure inputs for different colliding
nuclei, including the quadrupole deformation β2 and octupole
deformation β3 together with their excitation energies E2 and
E3 for 2+ and 3− vibrational states, are tabulated in table 2.
One can see that the change in the definition of the R para-
meter from R R

R R
1 2

1 2+
to C C

C C
1 2

1 2+
decreases the strength of the cal-

culated fusion cross sections, especially at low energies.
However, it is clear that the available fusion cross sections
have very low sensitivity to the imposition of such effects.
This means that the effects due to the difference in the above-
mentioned definitions can be ignored.

3.1. The role of the universal function in the fusion barriers

By analyzing the radial behavior of the nuclear and total
potentials based on the three considered proximity potential

versions, rich knowledge of the influence of the universal
function of the proximity potential on the heavy-ion fusion
reactions can be achieved.

This situation is illustrated by the left and right panels of
figure 2 for one of the fusion reactions existing in each of the
five considered categories of the projectile–target combina-
tions. Here, the distributions of the VT(r) (MeV) potential are
presented as a function of the separation distance r (in fm)
using the Zhang 2013, Guo 2013, and Prox. 77 models. One
can see that only the original version of Prox. 77 produces a
rather shallow pocket in the entrance channel potential. The
two other forms of the interaction potentials are unrealistic at
a distance smaller than the touching configuration of the
colliding pairs, where they provide pockets in the entrance
channel potential that are far too deep. However, one can
conclude that the potentials calculated by Guo 2013 are found
to be far more attractive than Zhang 2013. The physical
justification for the observed behavior in all the reaction
systems comes from the analysis of the calculated universal
functions as a function of the separation distance between the

Figure 1. Comparison of the theoretical values of the fusion cross
sections using the Prox. 77, Zhang 2013, and Guo 2013 proximity
potentials with R and C calculations for the fusion reactions
28Si+ 92Zr (top left), 36S+ 48Ca (top right), 48Ti+ 58Ni (bottom
left), and 86Kr+ 70Ge (bottom right).

Table 2. The values of the excitation energies E* (in MeV) and the
corresponding deformation parameters βλ of low-lying 2+ and 3−

states used in the CC calculations for the selected nuclei. The values
are extracted from [31, 32].

Nucleus λπ E*(MeV) βλ

28Si 2+ 1.779 0.4082
3− 6.879 0.401

36S 2+ 3.2909 0.1569
3− 4.193 0.376

48Ca 2+ 3.8317 0.1054
3− 4.507 0.23

48Ti 2+ 0.9835 0.2575
3− 3.359 0.197

58Ni 2+ 1.4542 0.1768
3− 4.475 0.198

62Ni 2+ 1.1729 0.1969
3− 3.757 0.197

64Ni 2+ 1.3458 0.1702
3− 3.56 0.201

70Ge 2+ 1.0395 0.2264
3− 2.561 0.274

76Ge 2+ 0.5629 0.265
3− 2.692 0.144

86Kr 2+ 1.5648 0.1347
3− 3.099 0.149

90Zr 2+ 2.1863 0.211
3− 2.748 0.1569

92Zr 2+ 0.9345 0.1
3− 2.34 0.174

100Mo 2+ 0.5356 0.234
3− 1.908 0.218

114Sn 2+ 1.2999 0.1147
3− 2.275 0.134

122Sn 2+ 1.1405 0.1027
3− 2.493 0.121

208Pb 2+ 4.0855 0.0541
3− 2.615 0.111
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surfaces of two colliding nuclei. This is because, according to
equation (3), the nuclear potential VN(r) depends directly on
the universal function Φ(s). A clear difference can be seen
between the calculated universal functions from the different
proximity potentials at shorter distances. Meanwhile, the data
points maintain a similar tendency at a distance larger than the
touching configuration of the colliding pairs.

From the results presented in figure 3, we see that the
difference in the universal function leads to significant
changes in the fusion barriers. It is observed that the height of
the Coulomb barrier increases from the Guo 2013 to the Prox.
77 proximity potentials. To investigate the influence of the
mass of the projectile on the fusion barriers, we are interested

in analyzing the behavior of the calculated barrier heights by
increasing the mass number A of the projectile. The results for
different versions of the proximity potentials are shown in
figure 3. One can see that the values of VB increase from light
mass to heavy mass. In addition, the analysis of the linear
trend of the obtained results indicates that the sensitivity of
the Prox. 77 model to the change in the values of the mass
number A is slightly greater than that of the other two models.

3.2. The role of the universal function in the fusion cross
sections

Theoretically, the standard approach to study heavy-ion
fusion cross sections is via the quantum tunneling through
the relative barrier of the dinuclear system coupled to dif-
ferent low-lying collective degrees of freedom, such as
vibrational and rotational excitations of the participating
nuclei. The CC formalism is a useful method to describe the
dynamics of the fusion process at sub-barrier bombarding
energies. However, the authors typically employed the
standard form of the Wong formula to calculate the theor-
etical values of the fusion cross sections within the frame-
work of the proximity potential formalisms, see, for example
[13–15]. In the present work, we perform the exact CC
calculations for the selected reactions using the computer
code CCFULL [29]. This code allows us to include a finite
number of rotational and vibrational states in both interact-
ing nuclei during fusion. The parameters used in the calcu-
lations of the fusion cross sections are presented in table 2.
In figure 4, we display the fusion cross sections σfus (in mb)
as a function of the center-of-mass energy Ec.m. (in MeV) for
the reactions existing in categories 1 to 5. It is shown that the
original version of Prox. 77 substantially underestimates the
fusion cross section at sub-barrier energies. This result
indicates the importance of the barrier shape in the calcu-
lations of the fusion cross sections. In fact, as mentioned

Figure 2. The radial distributions of the total interaction potential
VT(r), including the three versions of the proximity potentials for
different colliding systems.

Figure 3. The variation trend of the fusion barrier heights calculated
from the Prox. 77, Zhang 2013, and Guo 2013 proximity potentials
as a function of the mass number of the projectiles for all five
categories of the projectile–target combinations listed in table 1. The
solid lines represent the linear behaviors of the data points.
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before, the universal function of the Prox. 77 provides the
highest values for the fusion barrier height. Although, it
reproduces the experimental data well at energies above the
Coulomb barrier for different colliding systems. To improve
the fit to the fusion data, we can use the universal function of
the Zhang 2013 and Guo 2013 proximity potentials. From
the results presented in figure 4, one can find that an
excellent fit to the experimental fusion cross sections is
achieved for the CC calculations based on the universal
function of the Zhang 2013 potential. This result holds true
for categories involving light- and medium-mass projectile
nuclei, namely 28Si, 36S, 48Ti, and 64Ni. Nevertheless, we
see that the CC calculations based on the Zhang 2013
potential are suppressed at low energies when compared
with the results of the Guo 2013 potential for heavier sys-
tems. Indeed, it appears from figure 4 that the universal
function of the Guo 2013 proximity potential is appropriate
for dealing with the fusion process of heavier projectiles that
exist in category 5 and also the fusion process of different
projectiles with heavy targets, including 208Pb, 100Mo, and
114Sn in categories 1, 2, and 3, respectively.

4. Conclusion

To summarize, the influence of the universal function of the
proximity potential on the fusion process of two heavy nuclei
has been investigated using three different parameterizations
within the proximity concept. We calculate the nuclear
potential of 15 projectile–target combinations (with
320� Z1Z2� 1512) based on the Prox. 77, Zhang 2013, and
Guo 2013 proximity potentials. The calculations of fusion
cross sections were performed using the standard CC
approach by applying the effects of the low-lying nuclear
structure in the projectile and target. The main conclusions of
the present work can be summarized as follows.

• It is shown that the change in the definition of the mean
curvature radius R from C C

C C
1 2

1 2+
to R R

R R
1 2

1 2+
and vice versa

does not have a significant impact on the energy-
dependent behavior of the fusion cross sections. This
means that one can ignore the difference between the
three considered proximity potentials from the perspec-
tive of the radius definition R .

Figure 4. Experimental fusion excitation functions for the selected systems compared with various CC calculations based on the Prox. 77,
Zhang 2013, and Guo 2013 proximity potentials.
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• The analysis of the influence of the universal function on
the radial behavior of the nucleus–nucleus potential
reveals that the universal functions based on the Zhang
2013 and Guo 2013 models lead to a very deep pocket in
the entrance channel potential. Our analysis based on the
different versions of the proximity potential formalisms
shows that the calculated values of the fusion barrier
heights increase from the Guo 2013 to the Prox. 77
approach. This result indicates the importance of the
universal function of the nuclear proximity potential in
the determination of the fusion probability.

• The sensitivity of the calculated fusion barrier heights to
the change in the mass number of the projectile nuclei
has systematically been investigated. The obtained
results indicate that the values of VB based on the three
versions of the phenomenological proximity potentials
follow an increasing trend with the increase in the mass
number of the projectile from light to heavy nuclei. In
addition, one can find that the results of the original
version off Prox. 77 are more sensitive toward the mass
number dependence.

• In the present study, the measured fusion cross sections
for different selected systems have been compared with
the results of CC calculations that are based on the Prox.
77, Zhang 2013, and Guo 2013 proximity potentials. The
calculations were performed using the computer code
CCFULL by considering the lowest quadrupole and
octupole excitations in the projectile and target. It is
shown that the original version of the universal function
based on the Prox. 77 model apparently underestimates
the fusion cross section for heavy-ion fusion reactions. It
seems that the proximity formalism with the universal
function of the Zhang 2013 model may be more
appropriate for the fusion of light- and medium-mass
nuclei in comparison with the heavy-mass nuclei. This
theoretical approach underestimates the sub-barrier
fusion cross sections for the heavier systems. The results
of the calculations using the proximity concept with the
universal function of the Guo 2013 approach were found
to be in good agreement with the cross section
measurements at low energies for fusion reactions
involving heavy projectiles and/or targets.
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