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The influence of different nuclear surface energy coefficients γ on the process of proton radioactivity is
systematically studied within the Coulomb and proximity potential formalism. We investigate the proximity
potential Guo 2013 formalism with 13 different versions of the coefficient γ for the description of 44 experi-
mental half-lives of proton emitters in the ground and isomeric states. It has been observed that the four versions,
namely Guo 2013 (original), Guo 2013 (set 1), Guo 2013 (set 2), and Guo 2013 (set 3), exhibit the lowest rms
deviations (approximately σ = 0.4733) when compared to the experimental data. The detailed investigation of
the known proton decay processes indicate that the decrease in the strength of nuclear surface tension improves
the agreement between the experimental data and the calculated values of proton radioactivity half-lives. In
addition, our results reveal that the apparent deviation does not follow a continuous behavior around Z = 68.
In fact, by decreasing the strength of the surface energy coefficient γ compared to its calculated value from the
original proximity potential (Guo 2013) for lighter mass regions (Z < 68) and increasing it for heavier ones
(Z > 68), we observe significantly improved agreement with experimental data (σ = 0.453). A discussion about
the role of nuclear surface tension coefficients in the experimental information of proton emitters in the ground
state and the isomeric state is also presented.
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I. INTRODUCTION

In recent decades, the study of exotic nuclei beyond the
β-stability line has become an exciting topic for nuclear physi-
cists. The investigation of these nuclei has led to identifying
new radioactive decay modes such as proton emission. In
1970, Jackson et al. [1] were the first to discover proton ra-
dioactivity from the decay of the isomeric state of 53Co to the
ground state of 52Fe by emitting a proton. Since then, with the
development of experimental facilities and radioactive nuclear
beams, more exotic nuclei have been found to have proton
radioactivity from their ground states or low-lying isomeric
states. Up to now, about 44 proton emitters (including 29
proton emitters in the ground state and 15 proton emitters in
the isomeric state) have been experimentally observed in the
mass region A = 109 to 185 with the charge numbers between
Z = 53 to 83. The investigation of proton radioactivity in
neutron-deficient nuclei is an invaluable tool for extracting
crucial information about nuclear structure. This is because
the decaying proton, as the unpaired proton that does not
occupy its orbital, offers valuable insights into the nature of
these nuclei [2–9]. For example, in Ref. [7] the authors ana-
lyzed the role of the quadrupole deformation (β2) of the parent
and daughter nuclei using the interaction potential taken as
the sum of the deformed Coulomb potential and deformed
proximity potential. They predicted proton decay half-lives
for even and odd Z nuclei in the heavy and superheavy re-
gion with Z = 100–136. It is shown that the Coulomb and
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proximity potential model for deformed nuclei (CPPMDN)
presents more accurate half-lives for the considered nuclei
than the CPPM approach in which both the parent nucleus
and daughter nucleus are treated as spherical.

From a physical standpoint, the proton decay radioactivity
can be treated in a simple quantum tunneling effect through an
effective potential barrier between the emitted proton and the
daughter nucleus. On the other hand, this process has the low-
est Coulomb potential and highest centrifugal barrier among
all charged particles. The semiclassical Wentzel-Kramers-
Brillouin (WKB) approximation is a suitable method for
describing proton radioactivity due to its ability to account
for the quantum mechanical behavior of protons. However, it
must be noted that the WKB barrier transmission approxima-
tion does not take into account any nuclear structure effects
that might influence the proton partial half-life. The spectro-
scopic factor Sp can be used to described the nuclear structure
effects. In fact, this important factor serves as a rich source
of information on the fragmentation of a single particle or-
bital. It is found that there is a link between the quadrupole
deformation parameter of the proton emitter and Sp [10]. In
addition, the calculations based on the various theoretical ap-
proaches (such as the deformed density-dependent model and
the generalized liquid drop model) appear to be in good agree-
ment with the measurements by introducing the spectroscopic
factors [7,11,12]. Within the framework of the WKB approx-
imation, the emitted proton core interaction potential plays a
very important role in calculating the barrier penetrability and
thus the proton radioactivity half-lives from various parent nu-
clei. In recent decades, several theoretical approaches such as
the Woods-Saxon (WS) potential [13,14], the single-folding
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model (SFM) [4], the modified two-potential approach [7,15],
the generalized liquid-drop model (GLDM) [11], the effective
interactions of density-dependent M3Y (DDM3Y) [12,16],
the Gamow-like model (GLM) [17,18], and the Coulomb
and proximity potential model (CPPM) [8,19,21] have been
proposed predominantly for proton decay studies.

In 1977, Blocki and coworkers [22] suggested the phe-
nomenological proximity potential for estimating the strength
of nuclear interactions between two interacting nuclei. The
original proximity potential 1977 is based on the prox-
imity force theorem which provides a simple and widely
used formula for the nucleus-nucleus interaction potential for
studying the properties of the natural radioactivity of different
radionuclides and also the fusion of heavy ions; see for ex-
ample Refs. [23–27]. It is the fundamental advantage of the
proximity potential model. Several authors have conducted
comparative studies to investigate various types of radioactive
decay, including α decay, proton radioactivity, two-proton ra-
dioactivity, and heavy particle radioactivity [21,28–30]. These
studies have utilized different versions of proximity potential
formalisms to analyze and understand the underlying mecha-
nisms of these decay processes. By examining these different
formalisms, researchers have been able to gain valuable in-
sights into the behavior of radioactive particles and the factors
that influence their decay. In 2019 [21], Deng et al. presented
a systematic study of the proton radioactivity half-lives of
spherical proton emitters using 28 different versions of the
proximity potential formalisms. It is found that the Guo 2013
model gives the lowest standard deviations in the description
of logarithmic values of experimental proton radioactivity
half-lives for the known spherical proton emitters.

This work presents the first systematic observation of the
influence of surface energy coefficients on the proton radioac-
tivity process. It is noteworthy that the authors have previously
investigated the influence of this physical phenomenon in the
fusion of heavy ions [31], α decay [32], and cluster decay
of unstable, heavy radioactive nuclei [33]. To achieve our
objective, we employ the Guo 2013 proximity potential, con-
sidering various versions of surface energy coefficients (γ ), to
compute the proton-nucleus potential and subsequently deter-
mine the half-life of proton transitions from ground states or
low-lying isomeric states in 44 proton emitters. A discussion
is presented regarding the γ dependence of the standard de-
viation between the calculated and experimental half-lives of
proton radioactivity.

This paper is organized as follows. The details of the
calculations of the proton radioactivity half-life and total
proton-core interaction potential are provided in Sec. II. The
detailed calculations and discussion are presented in Sec. III.
The summary and conclusions of the present study are pre-
sented in Sec. IV.

II. METHODOLOGY

A. Half-life calculation

The decay constant λ is proportional to the half-life of
proton radioactivity as

T1/2 = ln 2

λ
, (1)

here the decay constant λ can be obtained as

λ = νP, (2)

where ν is the assault frequency in relation to the oscillation
frequency ω. It can be acquired by

ν = ω

2π
= 2Eν

h
. (3)

In this relation, h is the Planck constant. The zero-point vibra-
tion energy Eν is related to the energy of proton radioactivity
Qp [34]. Moreover, P represents the probability of proton
penetrating through external barrier and it can be calculated
by

P = exp

[
−2

h̄

∫ rout

rin

√
2μ[Vtot (r) − Qp]dr

]
, (4)

where μ = mpmd

mp+md
denotes the reduced mass of the two-body

system with md being the daughter nucleus mass and mp being
the proton mass. h̄ is the reduced Planck constant and r is
the distance between the centers of the emitted proton and the
daughter nucleus. We note that the classical turning points rin

and rout can satisfy the conditions Vtot (rin ) = Vtot (rout ) = Qp.
The decay energy Qp is generically calculated by

Qp = 
Mp − (

Md + 
M�

p

) + k
(
Zε

p − Zε
d

)
, (5)

where 
Mp,
Md , and 
M�
p are the mass excesses of par-

ent and daughter nuclei and emitted proton, respectively.
The experimental data of mass excesses 
Mp and 
Md

are taken from the recent evaluated nuclear properties table
NUBASE2016 [35] and the recent evaluated atomic mass
table AME2016 [36,37]. The term k(Zε

p − Zε
d ) represents the

screening effect of the atomic electrons [38], where k =
8.7 eV, ε = 2.517 for Z � 60, and k = 13.6 eV, ε = 2.408 for
Z < 60 [39]. The total interaction potential Vtot (r), between
the emitted proton and daughter nucleus, is composed of the
nuclear potential VN (r), Coulomb potential VC (r), and cen-
trifugal potential V�(r) as

Vtot (r) = VN (r) + VC (r) + V�(r), (6)

where � is the angular momentum carried away by the emit-
ted proton and can be obtained by the conservation laws of
spin and parity. In this paper, we use the proximity potential
formalism to determine the emitted proton-daughter nucleus
nuclear potential VN (r). The details are provided in the next
section. To calculate the strength of the Coulomb potential
VC (r), we use the following familiar form:

VC (r) = ZpZd e2

⎧⎪⎪⎨
⎪⎪⎩

1

r
for r > R,

1

2R

[
3 −

(
r

R

)2]
for r < R,

(7)

where R = Rp + Rd . Rd and Rp represent the radii of daughter
nucleus and emitted proton, respectively. Zd and Zp are the
proton number of daughter nucleus and emitted proton, re-
spectively. Note that the calculation formula for Rp(d ) within
proximity potential formalism is given in the next section. As
a result of the literature [40], it is necessary to consider a
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correction as �(� + 1) → (� + 1
2 )2 for one-dimensional prob-

lems. Therefore, we adopt the Langer modified form to obtain
the �-dependent centrifugal potential V�(r) as follows:

V�(r) = h̄2
(
� + 1

2

)2

2μr2
, (8)

where μ represents the reduced mass of the proton-daughter
nucleus system.

B. The proximity potential Guo 2013 formalism

In 2013, Guo and co-workers [19] introduced a new
version of nuclear proximity potential by systematically in-
vestigating its universal function for a wide range of fusion
reactions based on the double-folding model with the density-
dependent (NN) interaction. The authors claimed that the
proximity potential formalism with the obtained universal
function can reproduce the Coulomb barrier. We mark this
modified version as “Guo 2013.” According to this model, the
nuclear component VN (r) of the interaction potential can be
written as

VN (r) = 4πγ b
RpRd

Rp + Rd
(ξ ) MeV, (9)

where the nuclear surface width b is assumed close to unity
(b ≈ 1) and the surface energy coefficient γ can be calculated
by [20]

γ = γ0

[
1 − ks

(
N − Z

A

)2]
MeV/fm2. (10)

here N , Z , and A represent the neutron, proton and mass
numbers of the parent nucleus, respectively. In addition,
γ0 (= a2/4πr2

0 , where a2 is the usual liquid drop model
surface energy coefficient and r0 is the nuclear radius con-
stant) is the surface energy constant and ks is the surface
asymmetry constant. In the present proximity version, γ0 =
0.9517 MeV/fm2 and ks = 1.7826. In Eq. (9), Rp and Rd can
be provided by

Ri = 1.28A1/3
i − 0.76 + 0.8A−1/3

i fm. (11)

The universal function (ξ = r−Rp−Rd

b ) is expressed as

(ξ ) =

⎡
⎢⎣ p1

1 + exp
(

r−R1−Rp+pd

p3

)
⎤
⎥⎦, (12)

where the adjustable parameters p1, p2, and p3 have the values
of −17.72, 1.30, and 0.854, respectively.

III. RESULTS AND DISCUSSION

Over the years, 13 different surface energy coefficients γ

have been introduced in the literature [41]. In the present
study, we intend to evaluate the interaction potentials and
proton radioactivity half-lives of all 44 existing proton emit-
ters (assumed spherical) in the mass region of A = 109–185
using the Guo 2013 potential model along with 13 avail-
able versions of the γ coefficient. The main data required

TABLE I. The experimental half-lives of the proton emitters in
the ground and the isomeric states [35]. The symbol (m) by par-
ent nuclei denotes the isomeric state. The experimental Qp values
calculated by Eq. (5) are taken from Ref. [35] except where noted.
The quadrupole deformation parameters β and the spin of the proton
moving inside the mother nucleus jm are from [3,35,47].

Proton emitter Qp jπm � β log10 T expt
1/2 (s)

(MeV)

109I 0.830 3/2+ 2a 0.160 −3.987
112Cs 0.830 3/2+ 2b 0.208 −3.310
113Cs 0.981 3/2+ 2b 0.207 −4.752
117La 0.823c 3/2+ 2c 0.290 −1.623c

121Pr 0.901 3/2+ 2b 0.318 −1.921
130Eu 1.043 3/2+ 2c 0.331 −3.000
131Eu 0.963 3/2+ 2b 0.331 −1.703
135Tb 1.193 7/2− 3b 0.325 −2.996
140Ho 1.106c 7/2− 3c 0.297 −2.222c

141Ho 1.190 7/2− 3c 0.286 −2.387
141Hom 1.264 1/2+ 0b 0.286 −5.137
144Tm 1.725c (5−, 10+) 5c 0.255 −5.569c

145Tm 1.754 11/2− 5b −0.199 −5.499
146Tm 0.904 11/2− 0b −0.199 −0.810
146Tmm 1.214 11/2− 5c −0.199 −1.125
147Tm 1.133 11/2− 2b −0.190 −3.444
147Tmm 1.072 3/2+ 5b −0.190 0.573
150Lu 1.283c 11/2− 5c −0.164 −1.194c

150Lum 1.305 3/2+ 2c −0.164 −4.398
151Lu 1.255c 11/2− 5c −0.156 −0.896c

151Lum 1.335 3/2+ 2b −0.156 −4.783
155Ta 1.466 11/2− 5b 0.008 −2.495
156Ta 1.036 3/2+ 2b −0.050 −0.828
156Tam 1.126 11/2− 5b −0.050 0.924
157Ta 0.956 1/2+ 0b 0.045 −0.529
159Re 1.816c 11/2− 5c 0.064 −4.678c

159Rem 1.831c 11/2− 5c 0.064 −4.695c

160Re 1.286 3/2+ 2c 0.080 −3.164
161Re 1.216 1/2+ 0b 0.080 −3.357
161Rem 1.336 11/2− 5b 0.080 −0.680
164Ir 1.844c 11/2− 5c 0.089 −3.959c

165Irm 1.737 11/2− 5b 0.118 −3.430
166Ir 1.177 2− 2b 0.129 −0.842
166Irm 1.347 11/2− 5b 0.107 −0.091
167Ir 1.087 1/2+ 0b 0.116 −1.128
167Irm 1.262 11/2− 5b 0.116 0.778
170Au 1.487 2− 2b −0.105 −3.487
170Aum 1.767 9+ 5b −0.105 −2.975
171Au 1.464 1/2+ 0b −0.105 −4.652
171Aum 1.718 11/2− 5b −0.105 −2.587
176Tl 1.278 (3−, 4−, 5−) 0b 0.075 −2.208
177Tl 1.172 1/2+ 0b −0.050 −1.178
177Tlm 1.979 11/2− 6a −0.053 −3.459
185Bim 1.625 1/2+ 0b −0.052 −4.192

aTaken from Ref. [35].
bTaken from Ref. [17].
cTaken from Ref. [5].

for the following calculations are given in Table I. The first
column lists the proton emitters. The next three columns rep-
resent the Q value of the interaction, the spin of the proton
moving inside the mother nucleus, and the angular momen-
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TABLE II. The values of the surface energy constant γ0 and
surface asymmetry constant ks correspond to 13 different versions
of the nuclear surface energy coefficients in the proximity potential
Guo 2013.

Proximity version γ0(MeV/fm2) ks Ref.

Guo 2013 (original) 0.9517 1.7826 [42]
Guo 2013 (set 1) 0.91144 2.2938 [43]
Guo 2013 (set 2) 0.918 0.7546 [43]
Guo 2013 (set 3) 0.9517 2.6 [44]
Guo 2013 (set 4) 1.01734 1.79 [20]
Guo 2013 (set 5) 1.08948 1.983 [43]
Guo 2013 (set 6) 1.1756 2.2 [45]
Guo 2013 (set 7) 1.2402 3.0 [46]
Guo 2013 (set 8) 1.2496 2.3 [45]
Guo 2013 (set 9) 1.2502 2.4 [45]
Guo 2013 (set 10) 1.25284 2.345 [47]
Guo 2013 (set 11) 1.27326 2.5 [45]
Guo 2013 (set 12) 1.46073 4.0 [48]

tum, denoted as Qp, jm, and �, respectively. The quadrupole
deformation parameters β and the experimental proton ra-
dioactivity half-life log10 T expt

1/2 are given in the fifth and sixth
columns, respectively. For ease of calculations, the selected
versions of the surface energy coefficient γ are named as those
presented in Table II, so that the data can be compared with
each other more easily. To facilitate calculations and enhance
comparability, the chosen versions of the surface energy co-
efficients have been assigned names as outlined in Table II.
This naming convention allows for a more straightforward
comparison of the data among different coefficients. Based on
the relationships presented in Eq. (10), it can be easily found
that changes in the surface energy constant γ0 and surface
asymmetry constant ks can produce a change in the strength
of the nuclear surface tension between the emitted proton
and the daughter nucleus. Under these conditions, we expect
that the total proton-core interaction potential and thus the
proton radioactivity half-life is found to be affected. However,
as pointed out before, the nuclear surface tension concept
gets inspiration from the liquid drop model. Additionally, it is
essential to recognize that the nuclear potential determines the
single-particle energy levels. So the relevant parameters such
as the decay energies Qp derived from the experimental mass
formulas can constrain the surface energy coefficient effects
on the interaction potential. However, our focus in the present
work is on the analysis of the role of the mentioned coefficient
on the proton decay process without relying on the role of the
Qp values. In Fig. 1, the behavior of the calculated coefficients
γ using four versions, set 1, set 6, set 7, and set 12, are
compared with those obtained from the original version γ org

for different cases of proton radioactivity isotopes. It should
be noted that the selection of these four versions has been
done in such a way that it covers the largest, smallest, and two
intermediate values of γ0 among all of the existing versions
of the nuclear surface tension coefficient. The behavior of
these sets can be generalized to all available versions of the
coefficient γ with good accuracy. It is seen in Fig. 1 that
each line is located around its corresponding γ0 constant.

FIG. 1. The calculated values of the surface energy coefficient γ

using set 1, set 6, set 7, and set 12 in terms of those obtained from
the original version γ org for all available proton emitters.

Hence, the effect of this constant on the calculations of the
coefficient γ is quite obvious. Furthermore, set 12, which is
the furthest line from the x-axis has the greatest difference
from the original version. The slope of lines in this figure, on
the other hand, can represent the value of ks in each of the
desired sets. The larger the ks, the steeper the slope. Set 12,
for example, shows a steeper slope due to the higher value
of its surface asymmetry constant. However, there is a slight
difference in the slope of lines. The clearest conclusion that
can thus be derived from this figure is that the coefficient ks

has less impact on the calculations compared to the the surface
energy coefficient γ0. By examining the radial behavior of
the interaction potential and modifying the strength of the
γ coefficient, we can gain valuable insights into the impact
of nuclear surface tension effects on the process of proton
decay. To achieve this goal, the nuclear and total potentials
are calculated for two arbitrary proton decays of 145Tm and
155Ta using the Guo 2013 model along with set 1, set 6, set 7,
set 12, and also the original set of the γ coefficient. The results
are shown in Fig. 2. As mentioned earlier, Guo 2013 utilizes
the microscopic double-folding model in conjunction with
realistic density-dependent NN interactions [19]. Therefore,
it produces a pocket in the entrance channel potential that is
excessively deep. In this situation, it would seem reasonable
that we do not analyze the effect of the nuclear surface tension
at shorter distances between the reacting nuclei. The important
observations from Fig. 2 are as follows: (i) By going from
set 1 to set 12 and increasing the power of the γ0 coefficient
(and consequently increasing the nuclear surface tension),
the strength of the nuclear attraction between the proton and
the daughter nucleus increases. Under these conditions, we
expect it to be more difficult to separate the proton from
the nucleus. As shown in the figure, only the Guo 2013
proximity model with set 1 provides a more attractive poten-
tial than its original version. (ii) In regards to the impact of
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FIG. 2. The behavior of the nuclear VN (r) and total Vtot potentials obtained from five versions of the proximity potentials in terms of the
radial distances r (in fm) for proton emitters 145Tm (left panels) and 155Ta (right panels).

γ changes on the Coulomb barrier formed during the decay,
the results shown in Fig. 2 demonstrate that an increase in
nuclear surface tension leads to a decrease in the barrier height
while simultaneously increasing its position. It means that
with the increase of γ0, the total interaction potential curves
are shifted to their right side. It is well known that the orbital
angular momentum � taken away by the emitted proton is
a key quantity in the process of proton radioactivity. The
authors demonstrated this subject using different theoretical
and experimental approaches [3,9,49–51]. For example, in
Ref. [52], the importance of the angular momentum effects
has been analyzed by investigating the relationships between
the logarithm of the experimental half-lives and ξ = Z0.8

d√
Qp

. In the
present study, we are interested in exploring the importance of
this quantity using the survey of the behavior of the Coulomb
barrier positions RB and barrier heights VB obtained from the
original and modified versions of the Guo 2013 formalism
(including γ set1, γ set6, γ set7, γ set12, and γ org) as a function of
the surface energy constant γ0. The results are shown in Fig. 3.
We have performed the calculations of this figure for five
arbitrary cases of the proton radioactivity isotopes including

Tm, Ta, Re, Ir, and Tl nuclei, which are classified based on
the different values of angular momentum � = 0, 2, 5, and 6.
Figure 3 illustrates a clear linear relationship between the cal-
culated values of RB and VB with respect to the coefficient γ0.
As the coefficient γ0 increases, RB shows a consistent upward
trend, while VB exhibits a steady decline. This observation
suggests a strong correlation between the coefficient γ0 and
the variations in RB and VB, indicating the significance of this
coefficient in determining the behavior of Coulomb barrier
characteristics. We can parametrize the observed behaviors
using simple formulas as RB = aγ0 + b and VB = a′γ0 + b′. It
is interesting and important to note that the theoretical points
with different � are separated in an almost parallel way, but the
data with the same � are placed on each other. The effect of
the increasing � values on the height of the Coulomb barrier
is clearly seen. These results show that angular momentum
has a significant effect on the proton emission process. On
the other hand, our results reveal that the average values of
the slope a (a′) and intercept b (b′) of the fitted lines get a
linear dependence against the angular momentum �. In fact,
the average values of the a and b follow respectively an in-
creasing and decreasing trend with increasing � values from
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FIG. 3. The behavior of the obtained values for the Coulomb barrier characteristics RB (left panels) and VB (right panels) in terms of the
constant γ0 for different isotopes of Tl, Re, Ta, Tm, and Ir using different versions of the surface energy coefficient γ .

� = 0 to � = 6. While, the situation in the average values of
the slope a′ and intercept b′ obtained through fitting to the the-
oretical values of VB becomes the opposite. Additionally, we
can demonstrate that the slope values and intercepts obtained
from the linear fits to the plots of the barrier height are more
sensitive to changes in the � values than the corresponding
values extracted for the barrier position.

It is interesting to explore the effect of nuclear surface
tension on the values of barrier penetration probability and
proton radioactivity half-life. Again, five versions of the γ

coefficient, γ set1, γ set6, γ set7, γ set12, and γ org, are used for
the calculations of these two quantities. The values of the
barrier penetrability P [Fig. 4(a)] and proton decay half-life
T1/2 [Fig. 4(b)] obtained from the proximity potential Guo
2013 with set 1, set 6, set 7, and set 12 versions are plotted
logarithmically in terms of those obtained within its original

version for all 44 proton emitters. In addition to the above
observations, the figures also present a bisector line that il-
lustrates the best fit to the results derived from the initial
dataset. It is seen that the points near the bisector line belong
to set 1. This means that the theoretical data calculated by
this version of the surface energy coefficient are the most con-
sistent with the original version. Additionally, we conclude
from an inspection of Fig. 4 that, with the increase of the
surface tension coefficient due to the increase in the values
of γ0 from set 1 to set 12, the logarithmic values of the barrier
penetration penetrability (half-life of proton emitters) increase
(decrease) so that the highest values of log10 P (log10 T1/2)
are dedicated to set 12 (set 1). These results revealed the fact
that there is a direct link between the nuclear surface tension
effects and the proton penetration process in the Coulomb
potential barrier. Here and in the following we intend to
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FIG. 4. The logarithmic values of the (a) penetration probability
P and (b) half-lives T1/2 calculated by the proximity model Guo 2013
along with the γ set1, γ set6, γ set7 and γ set12 versions in terms of those
obtained from the original version of the γ coefficients.

investigate the effects of changing the γ coefficient on the
agreement between theoretical and experimental values of
proton radioactivity half-lives for our selected mass range.
The standard deviation σ between the logarithmic values of
theoretical and experimental data of T1/2 can be calculated by

σ =
√√√√1

n

n∑
i=1

[
log10

(
T cal

1/2i

) − log10

(
T expt

1/2i

)]2
, (13)

where n is the number of parent nuclei. The calculated val-
ues σ for Guo 2013 along with different sets of the surface
energy coefficient γ are tabulated in Table III. From this
table, we clearly see that the values of σ for the proximity
potentials with the same values of γ0 are almost identical.

TABLE III. The standard deviations σ calculated from the Guo
2013 proximity potential along with 13 different versions of the
coefficient γ considered in this study.

Proximity version σ

Guo 2013 (original) 0.4734
Guo 2013 (set 1) 0.4736
Guo 2013 (set 2) 0.4730
Guo 2013 (set 3) 0.4735
Guo 2013 (set 4) 0.4773
Guo 2013 (set 5) 0.4864
Guo 2013 (set 6) 0.5019
Guo 2013 (set 7) 0.5151
Guo 2013 (set 8) 0.5178
Guo 2013 (set 9) 0.5179
Guo 2013 (set 10) 0.5185
Guo 2013 (set 11) 0.5232
Guo 2013 (set 12) 0.5690

FIG. 5. The behavior of the standard deviation σ in terms of
the surface energy constant γ0 corresponding to 13 versions of the
surface energy coefficient (a) for all proton emitters nuclei and (b) for
the proton emitters in isomeric and ground states separately.

For instance, we can refer to the original version of the Guo
2013 formalism, as well as its modified forms, namely Guo
2013 (set 1), Guo 2013 (set 2), and Guo 2013 (set 3). These
modified versions have been found to yield the lowest values
of the standard deviation (approximately σ = 0.4733) when
describing the experimental proton radioactivity half-lives.

This result holds also true for the Guo 2013 (set 7), Guo
2013 (set 8), Guo 2013 (set 9), and Guo 2013 (set 10)
formalisms with average value σ = 0.5173. Another point
to note in Table III is that the value of σ for the proxim-
ity potential Guo2013 formalism with set 12 is maximum.
This indicates that this version is not suitable to deal with
proton radioactivity. In addition, it is easy to see that the
change in the ks values plays a minor role in the theoretical
half-lives of proton radioactivity. This result can be demon-
strated by comparing the standard deviations σ of the original
set (γ0 = 0.9517 MeV/fm2, ks = 1.7826) and set 3 (γ0 =
0.9517 MeV/fm2, ks = 2.6). Consequently, it seems that the
agreement with experimental data is sensitive to the change in
the strength of nuclear surface tension. In order to investigate
this point, we plot in Fig. 5 (left panel) the trend of the
calculated values of the standard deviation σ as a function of
the coefficient γ0 for all the known proton emitters. From this
figure, we can find that the agreement with the experimental
data improves by decreasing the values of γ0. In Fig. 5 (right
panel), as in panel (a), we display the variation of σ against the
surface energy constant γ0 but separately for proton emitters
in the ground states and isomeric states. From the figure,
we see that the results obtained for the proton emitters in
the ground state are more sensitive toward the values of γ0

than those obtained for isomeric states; in such a way that it
seems that the calculated values of the standard deviations
manifest the tendency to develop a convergent behavior at
large nuclear surface tensions. Additionally, we find that the
various versions of proximity potential formalisms considered
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FIG. 6. The logarithmic differences between T cal(sets)
1/2 and T expt

1/2 in
terms of atomic number Z obtained from the γ org and γ set12 versions.

here are more suitable to describe the experimental informa-
tion on ground state proton emitters than the isomeric ones.
This result can indicate the need for taking into account the
thermal effects of hot parent nuclei in the calculation of proton
emission half-lives through a modified temperature-dependent
surface energy coefficient [53].

In 2006 [3], Delion and coworkers analyzed the depen-
dence of the quadrupole deformation parameter β upon the
charge number Z for proton emitters with Z > 50. The results
show that a sudden change in the nuclear shape occurs at
Z = 68 which is independent of the angular momentum of
the outgoing proton. Accordingly, the authors indicated that
the logarithm of the experimental half-lives corresponding to
proton decay lie on two straight lines, and thus presented a
simple formula for these data. Our results using the various
versions of the proximity potential Guo 2013 formalism reveal
that the difference between the logarithmic values of T cal

1/2 and

T expt
1/2 appears to be discontinuous around the proton number

Z = 68. An example is shown in Fig. 6 for the original version
of Guo 2013 and its modified form Guo 2013 (set 12). As can
be seen from this figure, in order to improve the data quality,
the calculated half-lives before Z = 68 should be moved up
to the zero line, and those lying within Z > 68 should often
be moved down. That is why the idea of a piecewise function
for the surface energy coefficient γ can be proposed, where
one part deals with Z < 68 and the other deals with Z > 68.
To introduce this function, we calculate separately the stan-
dard deviations σ in both regions Z < 68 and Z > 68; see
Table IV. The result of this will be to find the best version of
the surface energy coefficient to reproduce the experimental
data of proton radioactivity half-lives in each of these regions.
Depending on Table IV, set 1 (with γ0 = 0.911 44) and set 5
(with γ0 = 1.089 48) versions produce the lowest value of σ

for parent nuclei in regions Z < 68 and Z > 68, respectively.
This means that in comparison with the original version of
the coefficient γ , we need to reduce and enhance the strength

TABLE IV. The calculated values of the standard deviations σ

for nuclei before and after Z = 68 separately.

γ0 (MeV/fm2) σ (for Z < 68) σ (for Z > 68)

0.91144 0.6473 0.3993
0.918 0.6518 0.3958
0.9517 0.6692 0.3867
0.9517 0.6686 0.3872
1.01734 0.7027 0.3731
1.08948 0.7377 0.3662
1.1756 0.7771 0.3668
1.2402 0.8044 0.3716
1.2496 0.8088 0.3735
1.2502 0.8089 0.3734
1.25284 0.8100 0.3739
1.27326 0.8186 0.3764
1.46073 0.8901 0.4094

of nuclear surface tension in the mass regions Z < 68 and
Z > 68, respectively. Under these conditions, we suggest a
modified form of Eq. (10) to deal with the proton radioactivity
within the proximity potential formalism as follows:

γ (γ ′
0, k′

s) = γ ′
0

[
1 − k′

s

(
N − Z

A

)2]
, (14)

with

γ ′
0 = 0.91144, k′

s = 2.293 for Z < 68,

γ ′
0 = 1.08948, k′

s = 1.983 for Z > 68. (15)

The standard deviation σ calculated by Eq. (14) for all
the considered nuclei is σ = 0.4531. This means that the
presently obtained function for the surface energy coefficient
in proximity potential Guo 2013 can slightly improve the
agreement with the experimental data by about 5%. Interest-
ingly, we analyze the dependence of the standard deviation on

FIG. 7. The behavior of the standard deviation σ in terms of the
surface energy constant γ0 corresponding to the mass regions Z < 68
and Z > 68.
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the value of the coefficient γ0. Results are shown in Fig. 7 for
different sets of the surface energy coefficient in regions Z <

68 and Z > 68. From this figure, one can find that the proxim-
ity potential Guo2013 formalism performs better for heavier
nuclei (Z > 68) than lighter ones (Z < 68). On the other hand,
it is seen that the calculations of proton radioactivity half-lives
have a strong dependence upon the nuclear surface tension ef-
fects for parent nuclei in region Z < 68, whereas the values of
σ are less sensitive toward the coefficient γ0 for heavier proton
emitters (Z > 68). Physical justification for the present result
comes from this reality that the nucleus area reduction during
proton radioactivity leads to an increase in the γ0 constant and
resulting in the surface energy coefficient γ [54].

IV. CONCLUSIONS

To summarize, we perform a systematic study analyzing
the influence of different nuclear surface energy coefficients
of the proximity potential on proton radioactivity. In order
to achieve our objective, we employ 13 distinct variations
of the surface energy coefficients in the proximity potential
Guo 2013 formalism. This approach enables us to accu-
rately calculate the proton radioactivity half-lives of 44 proton
emitters. We have tried to demonstrate in this work that,

compared to the surface energy constant γ0, the surface asym-
metry constant ks has a negligible influence on the half-lives
of proton decay processes. By analyzing the behavior of the
calculated barrier heights and positions with the coefficient γ0,
we indicate the importance of the contributions of the orbital
angular momentum � on the proton decay process. Our study
reveals the dependence of the barrier penetration probability P
and proton radioactivity half-life T 1/2 on the nuclear surface
tension effects. It is shown that the calculated values of P
and T1/2 were found to increase and decrease with increase
in strength of nuclear surface tension between two interacting
nuclei, respectively. In addition, we found that the agreement
between the experimental data and the calculated values of
half-life of proton radioactivity increase by decreasing the
values of nuclear surface energy coefficients. On the basis of
the existence of the jump occurring at Z = 68, a very simple
formula is presented for calculating the nuclear surface energy
coefficients used in the proximity potential. We would like
to point out that this formula enables one to reproduce the
experimental proton radioactivity half-lives with acceptable
accuracy. Our calculated results also reveal that one needs to
apply a temperature-dependent form of the interaction poten-
tial to provide a more accurate description of the experimental
information on isomeric state proton emitters.
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