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1 Introduction

Recent work has leveraged the background independence and Yang-Mills (YM) gauge invari-
ance of the effective action in heterotic string theory to systematically derive the bosonic four-
and six-derivative couplings [1, 2]. Interestingly, it was also shown that all odd-derivative
couplings vanish in the heterotic string theory [3]. The key insight behind this progress was
to choose a specific YM gauge where the YM potential is zero but its field strength remains
non-zero. In this gauge, all commutator terms in the YM field strength and its derivatives
conveniently vanish, simplifying the identification of the basis at each derivative order [1–3].
The coupling constant of each coupling in the basis is yet arbitrary. The background inde-
pendence was then leveraged to consider a particular background with a circular dimension
and perform a circular reduction, which induces a non-geometric O(1, 1,Z) symmetry in the
effective action. A truncated form of this emergent Z2 symmetry has then been used as
a powerful tool to determine the coupling constants in the heterotic string theory. In this
paper, we aim to further verify these couplings by showing that the cosmological reduction of
these couplings indeed satisfies the expected O(9, 25)-symmetry [4–6].

The cosmological reduction of Neveu-Schwarz-Neveu-Schwarz (NS-NS) couplings of the
classical effective action at any order of α′ should exhibit O(d, d,R) symmetry [4, 6]. It has
been shown in [7, 8] that cosmological action at order α′ and higher can be expressed in
terms of only the first time-derivative of the O(d, d)-valued generalized metric S. The trace
of an odd number of Ṡ vanishes [8], and the one-dimensional action can be expressed in a
canonical form as the following O(d, d)-invariant expansion [7, 8]:

Sc
eff = Sc

0 −
2
κ2

∫
dte−ϕ

(
α′c2,0tr(Ṡ4) + α′2c3,0tr(Ṡ6)

+ α′3[c4,0tr(Ṡ8) + c4,1(tr(Ṡ4))2]

+ α′4[c5,0tr(Ṡ10) + c5,1tr(Ṡ6)tr(Ṡ4)] + · · ·
)
. (1.1)

In the above action, the coefficients cm,n depend on the specific theory. By examining the
cosmological reduction of only the pure gravity components of the couplings in various
theories, one can determine the coefficients cm,n. These coefficients up to order α′3 have
been determined in [9]. It has been shown in [10–12] that the cosmological reduction of
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the NS-NS couplings at orders α′2 and α′3, which were found in [13–15] by T-duality of
circular reduction, satisfy the above canonical form after using appropriate one-dimensional
field redefinitions and integration by parts.

It has been established in the literature [6] that when the effective action is extended to
include YM fields belonging to the full SO(32) or E8 × E8 algebra, the true symmetry of the
torus T d reduction of the heterotic effective action is the O(d, d) symmetry, and the NS-NS
and YM scalars in the base space appear in an O(d, d)-valued generalized metric and vector.
However, if the gauge fields are restricted to the Cartan subalgebra of SO(32) or E8 × E8,
where the YM fields commute, then the symmetry increases to O(d, d+ 16). In this case, the
NS-NS and YM fields can be combined into an O(d, d+ 16)-valued generalized metric, which
encapsulates the symmetry between the NS-NS and YM sectors [6]. In this restricted case,
the cosmological action should take the same canonical form as for the NS-NS couplings (1.1),
but the generalized metric should now incorporate contributions from both the NS-NS fields
and the YM fields. We expect the one-dimensional couplings to appear in the following form:

Sc
eff = Sc

0 −
2
κ2

∫
dte−ϕ

(
α′c2,0tr(Ḣ4) + α′2c3,0tr(Ḣ6)

+ α′3[c4,0tr(Ḣ8) + c4,1(tr(Ḣ4))2]

+ α′4[c5,0tr(Ḣ10) + c5,1tr(Ḣ6)tr(Ḣ4)] + · · ·
)
, (1.2)

where the O(9, 25)-valued matrix H includes both the NS-NS and YM fields [6, 16]. When
the YM fields are zero, the matrix H reduces to the matrix S. Hence, the coefficients cm,n

should be the same as the coefficients in (1.1).
It has been observed that the YM fields appear in the 10-dimensional couplings at

four-, six-derivative and presumably all higher orders, only through multiples of Tr(FF ) and
their derivatives [1, 2]. Hence, restricting the YM field to the Cartan subalgebra does not
remove any YM gauge-invariant coupling from the couplings found in [1, 2]. Consequently, to
validate these couplings by verifying their cosmological symmetry, it is sufficient to consider
the YM gauge field belonging to the Cartan subalgebra of SO(32) or E8 × E8 and show
that they have the O(9, 25) symmetry and satisfy the canonical form (1.2). There are no
couplings in the cosmological action (1.2) that involve an odd number of derivatives. This
immediately verifies the observation that there are no odd-derivative YM gauge-invariant
couplings in heterotic theory [3].

If the classical effective action Seff , its corresponding cosmological reduction Sc
eff , and

the O(9, 25)-invariant cosmological action Sc
eff have the following α′-expansions:

Seff =
∞∑

m=0
α′m Sm, Sc

eff(ψ) =
∞∑

m=0
α′m Sc

m(ψ) , Sc
eff(ψ) =

∞∑
m=0

α′mSc
m(ψ), (1.3)

where ψ collectively represents the one-dimensional functions, then the relation between the
Sc

m’s and the Sc
m’s up to order α′2 is given by [11]:

Sc
0(ψ) = Sc

0(ψ) + J0,

Sc
1(ψ) = Sc

1(ψ) + δ1S
c
0(ψ) + J1, (1.4)

Sc
2(ψ) = Sc

2(ψ) + δ1S
c
1(ψ) − 1

2δ
2
1S

c
0(ψ) + 1

2δ2S
c
0(ψ) + J2 ,
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where the one-dimensional field redefinitions ψ → ψ + α′δψ(1) + 1
2α

′2δψ(2) + · · · on the
O(9, 25)-invariant action, and total derivative terms J =

∑∞
m=0 α

′mJm are used. In the
above equations, δi on the action indicates that the Taylor expansion of the action contains
the i-th order perturbation δψ(i), and δ2

1 on the action means the Taylor expansion contains
two first-order perturbations δψ(1)δψ(1). The one-dimensional actions on the left-hand side
of the above equations in a particular scheme should be written in the canonical form given
by (1.2). In this paper, we are going to show that the couplings in the heterotic theory
up to order α′2 that have been found by the truncated T-duality in [1, 2] can be written
in the O(9, 25)-invariant form given by (1.2) with the same coefficients that are fixed by
the pure gravity couplings [9].

The paper is structured as follows: in section 2, we review the observation that the
cosmological reduction of the leading order effective action of the heterotic string can be
written in an O(9, 25)-invariant form [6, 16]. In section 3, we show that the cosmological
reduction of the four-derivative couplings that have been recently found in [1] can be written
as e−ϕtr(Ḣ4) after using appropriate one-dimensional field redefinitions and total derivative
terms. The coefficient of this term is the same as the one produced by studying pure
gravity couplings. In section 4, we show that the cosmological reduction of the six-derivative
couplings that have been found in [2] and the six-derivative couplings that result from the
Green-Schwarz mechanism [17] (where H → H − (3α′/2)Ω is substituted into the 2- and
4-derivative couplings) becomes zero after using appropriate one-dimensional field redefinitions
and total derivative terms. This is again the same result that one finds by studying the
cosmological reduction of the pure gravity part. Section 5 provides a concise discussion
of our findings and their implications. Throughout our calculations, we utilize the “xAct”
package [18] for computational purposes.

2 Cosmological symmetry at the leading order

In this section, we review the cosmological symmetry of the leading-order effective action
of heterotic string theory.

The bosonic part of the leading order action is given as [19, 20].

S0 = − 2
κ2

∫
d10x

√
−Ge−2Φ

[
R− 1

12HαβγH
αβγ + 4∇αΦ∇αΦ − 1

4FµνIF
µνI
]
, (2.1)

where the YM gauge field matrix is defined as Aµ = Aµ
IλI , where the antisymmetric matrices

λI represent the adjoint representation of the gauge group SO(32) or E8 × E8 with the
normalization Tr(λIλJ) = δIJ . The H-field strength without its Lorentz Chern-Simons
contribution is [19, 20]:

Hµνρ = 3∂[µBνρ] −
3
2A[µ

IFνρ]I . (2.2)

The F -field strength when the YM field belongs to the Cartan subalgebra where [λI , λJ ] = 0
is given as

Fµν
I = ∂µAν

I − ∂νAµ
I . (2.3)

We use cosmological reduction when the YM field is restricted to the Cartan subalgebra.
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When the fields depend only on time, it is possible to write the metric, B-field, YM
gauge field, and dilaton as follows:

Gµν =
(
−n2 0

0 Gij

)
, Bµν =

(
0 0
0 Bij

)
, Aµ

I =
(

0
Ai

I

)
, 2Φ =ϕ+ 1

2 logdet(Gij) ,

(2.4)
where the lapse function n(t) can also be fixed to n = 1. The cosmological reduction of
the action in (2.1) then becomes:

Sc
0 = − 2

κ2

∫
dte−ϕ

[
1
2Ȧi

IȦiI + 1
4 ḂijḂij − 3

4ĠijĠ
ij −GijĠijϕ̇− ϕ̇2 +GijG̈ij

]
, (2.5)

where Ġij ≡ GikGilĠkl, and Ḃij is defined as

Ḃij ≡ Ḃij + 1
2Ai

IȦjI −
1
2Aj

IȦiI . (2.6)

Removing a total derivative term, one can write Sc
0 as

Sc
0 = Sc

0 + J0 = − 2
κ2

∫
dte−ϕ

[
1
2Ȧi

IȦiI + 1
4 ḂijḂij + 1

4ĠijĠ
ij − ϕ̇2

]
. (2.7)

The above one-dimensional action should be invariant under the O(9, 25)-transformations.
The dilaton ϕ is invariant, and the other functions should be combined into an O(9, 25)-
invariant expression.

Using the O(9, 25)-valued generalized metric H which is defined as H = ηĤ, where the
O(9, 25)-valued matrix Ĥ is given as [6, 16].

Ĥ≡

Ĥij Ĥi
j Ĥi

J

Ĥi
j Ĥij ĤiJ

ĤI
j ĤIj ĤIJ

=

 Gij −GikCkj −GikAkI

−CkiG
jk Gij +CkiG

klClj +Ai
IAjI CkiG

klAlJ +AiJ

−AkIG
jk CkjG

klAlI +AjI δIJ +AkIG
klAlJ

 (2.8)

in which

Cij = Bij + 1
2Ai

IAjI , (2.9)

and η is the metric of the O(9, 25) group, which is

η =

 0 δi
j 0

δi
j 0 0

0 0 δIJ

 . (2.10)

One can calculate the O(9, 25)-invariant expression involving the trace of the first time-
derivative of H. One finds that the trace of an odd number of Ḣ is zero, whereas the trace
of an even number of Ḣ is non-zero. The trace of two Ḣ is

tr(Ḣ2) = −4Ȧi
IȦiI − 2ḂijḂij − 2ĠijĠ

ij . (2.11)
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Then one can write the action (2.7) in the following manifestly O(9, 25)-invariant form:

Sc
0 = − 2

κ2

∫
dte−ϕ

[
− ϕ̇2 − 1

8tr(Ḣ2)
]
. (2.12)

The O(9, 25)-symmetry dictates that the lapse function can be included into the action (2.12)
or (2.7) by replacing dt with dt/n [7]. This is needed for writing the cosmological reduction
of higher derivative couplings in the canonical form of (1.2) because one needs to impose
one-dimensional field redefinition of all functions, including the lapse function. Note that
when the YM field is zero, the generalized metric H reduces to the generalized metric S
considered in [7, 8].

3 Cosmological symmetry at order α′

In this section, we study the cosmological symmetry of the effective action of heterotic
string theory at order α′.

The four-derivative couplings and higher appear in many different forms that are con-
nected through field redefinitions [21]. Using the truncated T-duality transformation on
the four-derivative couplings in the maximal basis, in which the redundant terms due to
field redefinitions are not removed, it has been found in [1] that the effective action has 17
arbitrary parameters. Different values for these parameters correspond to different schemes
for the effective action. One particular scheme for the coupling is [1]:

S1 = − 2
8κ2

∫
d10x

√
−Ge−2Φ

[1
4Fα

γJFαβIFβ
δ

JFγδI + 1
2Fα

γ
IF

αβIFβ
δJFγδJ

−1
8Fαβ

JFαβIFγδJF
γδ

I −
1
16FαβIF

αβIFγδJF
γδJ + 1

4F
αβIF γδ

IHαγ
ϵHβδϵ

−1
8F

αβIF γδ
IHαβ

ϵHγδϵ + 1
24Hα

δϵHαβγHβδ
εHγϵε −

1
8Hαβ

δHαβγHγ
ϵεHδϵε

+ 1
144HαβγH

αβγHδϵεH
δϵε +Hα

γδHβγδR
αβ − 4RαβR

αβ − 1
6HαβγH

αβγR+R2

+RαβγδR
αβγδ − 1

2Hα
δϵHαβγRβγδϵ −

2
3HβγδH

βγδ∇α∇αΦ + 2
3HβγδH

βγδ∇αΦ∇αΦ

+8R∇αΦ∇αΦ − 16Rαβ∇αΦ∇βΦ + 16∇αΦ∇αΦ∇βΦ∇βΦ − 32∇αΦ∇β∇αΦ∇βΦ

+2Hα
γδHβγδ∇β∇αΦ + 2HαβγΩαβγ

]
. (3.1)

The Chern-Simons three-form in the above action which is resulted from replacing H → H −
(3α′/2)Ω into the 2-derivative action (2.1), is given by:

Ωµνα = ω[µµ1
ν1∂νωα]ν1

µ1 + 2
3ω[µµ1

ν1ωνν1
α1ωα]α1

µ1 ; ωµµ1
ν1 = eν

µ1∇µeν
ν1 , (3.2)

where eµ
µ1eν

ν1ηµ1ν1 = Gµν . The covariant derivative in the definition of the spin connection
applies only on the curved indices of the frame eµ

µ1 . Our index convention is that µ, ν, . . . are
the indices of the curved spacetime, and µ1, ν1, . . . are the indices of the flat tangent space.

For zero YM field, the above couplings become those that have been found by Meissner [22]
up to a total derivative term. In the above scheme, the propagators of the leading order
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action do not receive four-derivative corrections. It has been shown in [1] that the above
couplings are consistent with the sphere-level S-matrix elements.

Using the cosmological reductions (2.4), one can calculate the following cosmological
reduction for different tensors that appear in the effective action in the above scheme and
also in the arbitrary schemes found in [1]:

Rijkl =−1
4ĠilĠjk + 1

4ĠikĠjl; Ri0jk = 0; Ri0j0 = 1
4ĠikĠ

k
j−

1
2G̈ij ; Hijk = 0 Hij0 = Ḃij ;

∇lHijk =−1
2 ḂjkĠil+

1
2 ḂikĠjl−

1
2 ḂijĠkl; ∇0Hij0 = 1

2 Ḃj
kĠik−

1
2 Ḃi

kĠjk +B̈ij ;

∇0Hijk = 0; ∇kHij0 = 0; ∇0ϕ= ϕ̇; ∇iϕ= 0; ∇0∇iϕ= 0; ∇0∇0ϕ= ϕ̈

∇i∇jϕ=−1
2 ϕ̇Ġij ; ∇0Gij = Ġij ; ∇iGjk = 0; ∇0∇iGjk = 0; ∇0∇0Gij = G̈ij

∇i∇jGkl =−1
2ĠklĠij ; Ωijk = 0; Ωij0 = 1

12Ġj
kG̈ik−

1
12Ġi

kG̈jk; Fi0I =−ȦiI ; FijI = 0

∇jFi0I = 0; ∇0Fi0I = 1
2 Ȧ

j
IĠij−ÄiI ; ∇kFijI =−1

2 ȦjIĠik + 1
2 ȦiIĠjk; ∇0FijI = 0.

(3.3)

Note that when the dilaton in the effective action is replaced by Φ = 1
2ϕ + 1

4 log det(Gij),
then the spacetime derivatives of the scalars ϕ and Gij appear in the reduction. Hence, we
have included these reductions into the above equation. In finding the above reduction for
Ω, one may assume the metric is diagonal, which is possible for cosmological reduction.1

Then one can relate the partial derivative of the frame to the partial derivative of the
metric as ∂αeβ

β1 = 1
2∂αGβγe

γβ1 . In this case, Ω can be written in terms of only partial
derivatives of the metric. For the cosmological case, in which the derivative indices must
contract with themselves, one finds

Ωαβγ = −1
2G

δλGµν∂[β∂δG|γ|ν∂λGα]µ , (3.4)

where the antisymmetrization of the indices is with respect to α, β, γ. We have used this
expression for calculating the cosmological reductions of the Chern-Simons three-form in (3.3).

Using the reduction (3.3), one finds the cosmological reduction of the action (3.1) to be

Sc
1 = − 2

8κ2

∫
dte−ϕ

[1
2Ȧi

J ȦiIȦjJ Ȧ
j
I + 1

4ȦiIȦ
iIȦjJ Ȧ

jJ− 3
8 Ḃi

kḂijḂj
lḂkl−

1
16 ḂijḂijḂklḂkl

+ 1
4 Ḃ

ijḂklĠikĠjl+
1
2 Ḃi

kḂijĠj
lĠkl−

7
8Ġi

kĠijĠj
lĠkl+Ġi

iĠj
lĠjkĠkl−

1
8 ḂijḂijĠklĠ

kl

+ 7
16ĠijĠ

ijĠklĠ
kl+Ḃi

kḂijĠjkϕ̇+ 5
2Ġ

i
iĠjkĠ

jkϕ̇+ 1
2 ḂijḂijϕ̇2+ 5

2ĠijĠ
ijϕ̇2+Ġi

iĠ
j
jϕ̇

2

+2Ġi
iϕ̇

3+ϕ̇4−2ϕ̇2G̈i
i+ḂijĠi

kG̈jk+Ġi
kĠijG̈jk−Ġi

iĠ
jkG̈jk−2Ġi

iϕ̇G̈
j
j

− 1
2ĠijĠ

ijG̈k
k−Ġi

iĠ
j
jϕ̈−4Ġi

iϕ̇ϕ̈−4ϕ̇2ϕ̈

]
. (3.5)

Obviously, the above action is not invariant under O(9, 25) transformations. For example, it
contains Ġi

i, which is not invariant. According to the equation (1.4), to write it in O(9, 25)-
1Note that this assumption cannot be made for the circular reduction because the U(1) gauge field appears

in the off-diagonal of the metric.
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form, one must add total derivative terms to it and add the four-derivative terms resulting
from using one-dimensional field redefinitions into the leading O(9, 25)-invariant action (2.7).

We add the following total derivative terms:

J1 = − 2
κ2

∫
dt
d

dt
(e−ϕI1) , (3.6)

where I1 encompasses all possible terms at the three-derivative level, constructed from Ȧ,
ϕ̇, Ḃ, Ġ, Ä, ϕ̈, B̈, G̈, and so on, each with an arbitrary parameter.

To use field redefinition, one should perturb the fields in the O(9, 25)-invariant action (2.7).
We note that the expression Ḃij which is defined in (2.6) is not the time-derivative of a
field. It is in fact H0ij and Hαβγ is not an exact three-form. It satisfies instead the following
Bianchi identity:

∂[αHβµν] + 3
4F[αβ

ijFµν]ij = 0 . (3.7)

This identity dictates that the perturbation of H is related to the perturbation of the YM
field A and the perturbation of the B-field as [1].

δHµνα = ∂µδBνα + ∂αδBµν + ∂νδBαµ − δAµ
IFναI − δAα

IFµνI − δAν
IFαµI . (3.8)

From this relation, one finds:

δḂij = d

dt
(δBij) − (ȦiIδAj

I − ȦjIδAi
I) , (3.9)

which relates the perturbation of Ḃij to the perturbations of B and A.
Now, if we perturb the variables in (2.4), including the lapse function, as:

Gij → Gij + α′δG
(1)
ij ,

Bij → Bij + α′δB
(1)
ij ,

AiI → AiI + α′δA
(1)
iI ,

ϕ→ ϕ+ α′δϕ(1),

n→ n+ α′δn(1), (3.10)

where the matrices δG(1)
ij , δB(1)

ij , δA(1)
iI , δϕ(1), and δn(1) consist of all possible terms at the

2-derivative level, constructed from ϕ̇, Ḃ, Ġ, Ȧ, ϕ̈, B̈, G̈, Ä with arbitrary coefficients, then
the Taylor expansion of the action (2.7) produces the following four-derivative terms:

δ1S
c
0 = − 2

κ2

∫
dte−ϕ

[
δn(1)

(
−1

2ȦiIȦ
iI − 1

4ḂijḂ
ij − 1

4ĠijĠ
ij + ϕ̇2

)
+δϕ(1)

(
−1

2ȦiIȦ
iI − 1

4ḂijḂ
ij − 1

4ĠijĠ
ij + ϕ̇2

)
− 2ϕ̇ d

dt
δϕ(1)

+δG(1)
ij

(
−1

2Ȧ
iIȦj

I −
1
2Ḃk

jḂki − 1
2Ġk

jĠki
)

+ 1
2Ġ

ij d

dt
δG

(1)
ij

+1
2 Ḃ

ij d

dt
δB

(1)
ij − ȦiI Ḃi

jδA
(1)
jI + ȦiI d

dt
δA

(1)
iI

]
, (3.11)
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as well as six-derivative terms that we consider in the next section when studying six-derivative
coupling. It also produces eight-derivative terms and higher, which we are not interested
in for this paper.

Adding the total derivative terms (3.6) and the above field redefinition terms to the
one-dimensional action (3.5), one can express Sc

1 + δ1S
c
0 + J1 in various O(9, 25)-invariant

forms. However, if one wishes to write it in the canonical form given by (1.2), certain
constraints need to be imposed. These constraints require that Sc

1 + δ1S
c
0 + J1 only includes

first derivative terms, does not contain derivatives of the dilaton, and does not include the
trace of two Ḃ, Ȧ or Ġ terms. By imposing these constraints, one finds that the following
field redefinitions can be employed:

δn(1) = 1
8

(1
2ȦiIȦ

iI − 1
4ḂijḂ

ij − 1
4ĠijĠ

ij + 1
2 ϕ̇

2
)
,

δϕ(1) = 1
16 ϕ̇

2,

δA
(1)
iI = 0,

δG
(1)
ij = −1

8(Ġi
kĠjk + Ḃi

kḂjk + Ḃi
kĠjk + Ġi

kḂjk),

δB
(1)
ij = 1

8
(
Ḃj

kĠik − Ḃi
kĠjk

)
. (3.12)

For zero YM field, the above transformations are those that have been found in [12].2

Using the above field redefinitions, one finds that, up to some total derivative terms, the
cosmological action at order α′ can be expressed as follows:

Sc
1 = Sc

1+δ1S
c
0+J1 = − 2

8κ2

∫
dte−ϕ

[1
2Ȧi

J ȦiIȦjJ Ȧ
j
I + 1

2Ȧ
iIȦj

I Ḃi
kḂjk

+ȦiIȦj
I Ḃi

kĠjk+ 1
2Ȧ

iIȦj
IĠi

kĠjk+ 1
8 Ḃi

kḂijḂj
lḂkl

− 1
4 Ḃ

ijḂklĠikĠjl+
1
2 Ḃi

kḂijĠj
lĠkl+

1
8Ġi

kĠijĠj
lĠkl

]
. (3.13)

The total derivative terms can be ignored as they have no impact on the calculations at
order α′2.

Now, by utilizing the definition of the generalized metric in (2.8), we can find the
following O(9, 25)-invariant expression:

tr(Ḣ4) = 8Ȧi
J ȦiIȦjJ Ȧ

j
I +8ȦiIȦj

I Ḃi
kḂjk +2Ḃi

kḂijḂj
lḂkl+16ȦiIȦj

I Ḃi
kĠjk +8ȦiIȦj

IĠi
kĠjk

−4ḂijḂklĠikĠjl+8Ḃi
kḂijĠj

lĠkl+2Ġi
kĠijĠj

lĠkl . (3.14)

Using this O(9, 25)-invariant expressions, we can express (3.13) as:

Sc
1 = − 2

27κ2

∫
dte−ϕtr(Ḣ4) . (3.15)

These results coincide with those found in [9] through the study of the pure gravity parts of
the couplings. The lapse function can be incorporated into the O(9, 25)-invariant action (3.15)
or (3.13) by replacing dt with dt/n3.

2Note that the sign of the Ω-term in (3.1) is different from the corresponding term in [12]. This is why the
sign of the last two terms in δG

(1)
ij in equation (3.12) is different from the corresponding terms in [12].
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We have done the same calculations for the four-derivative couplings in an arbitrary
scheme found in [1] that incorporate 17 arbitrary parameters, and found exactly the same
result as in (3.15) but with one-dimensional field redefinitions which are different than those
in (3.12). This confirms that the four-derivative couplings found in [1] satisfy the expected
cosmological symmetry.

4 Cosmological symmetry at order α′2

In this section, we study the cosmological symmetry of the effective action of heterotic
string theory at order α′2.

It has been shown in [2] that using the truncated T-duality transformations on the
six-derivative couplings in the maximal basis which has 801 couplings, and the six-derivative
couplings resulting from the replacement of H → H − (3α′/2)Ω into the fixed 2- and 4-
derivative actions, one finds that T-duality produces 468 relations between these couplings.
It has also been observed that the remaining 333 parameters are not physical parameters
because they can all be removed by field redefinitions. The couplings that are found by
the T-duality have then been written in a canonical form, after using field redefinitions,
integration by parts, and Bianchi identities. They are the following 85 couplings [2]:

S2
(1) =− 2

82κ2

∫
d10x

√
−Ge−2Φ

[
[NS−NS]10+[F 4H2]12+[F 2H4]6+[F 2H2R]9+[F 3H∇F ]15

+[F 4R]4+[F 2H2∇H]8+[F 2R∇H]3+[F 2(∇F )2]9+[F 2(∇H)2]5+[F 2R2]4
]
, (4.1)

where

[NS−NS]10 = 2HαβγHδϵεRαβδ
µRγµϵε−

1
12Hα

δϵHαβγHβδ
εHγ

µζHϵµ
ηHεζη

−2Hα
δϵHαβγRβδ

εµRγεϵµ−2Hα
δϵHαβγRβ

ε
γ

µRδεϵµ

+Hα
δϵHαβγHβδ

εHγ
µζRϵεµζ−4HαβγHδϵεRγϵεµ∇βHαδ

µ

−Hα
δϵHαβγRδϵεµ∇γHβ

εµ− 1
2H

αβγHδϵε∇βHαδ
µ∇εHγϵµ

− 1
2Hα

δϵHαβγHβδ
εHγ

µζ∇εHϵµζ + 1
4Hα

δϵHαβγ∇ϵHδεµ∇µHβγ
ε ,

[F 4H2]12 = 1
8Fα

γJFαβIF δϵ
IF

εµ
JHβεµHγδϵ+ 3

2Fα
γJFαβIF δϵ

IF
εµ

JHβδεHγϵµ

− 3
2Fα

γ
IF

αβIF δϵJF εµ
JHβδεHγϵµ−

1
2Fα

γJFαβIF δϵ
IF

εµ
JHβδϵHγεµ

− 1
4Fα

γ
IF

αβIF δϵJF εµ
JHβδϵHγεµ−Fα

γJFαβIFδ
ε
JF

δϵ
IHβϵ

µHγεµ

−2Fα
γ

IF
αβIFδ

ε
JF

δϵJHβϵ
µHγεµ−2Fα

γ
IF

αβIFβ
δJF ϵε

JHγϵ
µHδεµ

+ 1
8FαβIF

αβIF γδJF ϵε
JHγϵ

µHδεµ−
1
16FαβIF

αβIF γδJF ϵε
JHγδ

µHϵεµ

+ 1
2Fα

γ
IF

αβIFβ
δJFγ

ϵ
JHδ

εµHϵεµ+ 1
8FαβIF

αβIFγ
ϵ
JF

γδJHδ
εµHϵεµ ,

[F 2H4]6 = −FαβIF γδ
IHαγ

ϵHβ
εµHδε

ζHϵµζ + 1
2F

αβIF γδ
IHαβ

ϵHγ
εµHδε

ζHϵµζ

− 1
2Fα

γ
IF

αβIHβ
δϵHγ

εµHδε
ζHϵµζ + 1

48FαβIF
αβIHγ

εµHγδϵHδε
ζHϵµζ

− 1
2Fα

γ
IF

αβIHβ
δϵHγδ

εHϵ
µζHεµζ + 1

16FαβIF
αβIHγδ

εHγδϵHϵ
µζHεµζ ,
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[F 2H2R]9 = 2FαβIF γδ
IHα

ϵεHγϵ
µRβδεµ+FαβIF γδ

IHαγ
ϵHϵ

εµRβδεµ

−FαβIF γδ
IHα

ϵεHβϵ
µRγδεµ−

1
2F

αβIF γδ
IHαβ

ϵHϵ
εµRγδεµ

−6Fα
γ

IF
αβIHβ

δϵHδ
εµRγϵεµ+2FαβIF γδ

IHαγ
ϵHβ

εµRδϵεµ

+2Fα
γ

IF
αβIHβ

δϵHγ
εµRδϵεµ−

3
4FαβIF

αβIHγ
εµHγδϵRδϵεµ

−2FαβIF γδ
IHαβ

ϵHγ
εµRδεϵµ ,

[F 4R]4 = 2Fα
γJFαβIFδ

ε
JF

δϵ
IRβϵγε+2Fα

γ
IF

αβIFδ
ε
JF

δϵJRβϵγε

− 1
4FαβIF

αβIF γδJF ϵε
JRγδϵε−2Fα

γJFαβIFβ
δ

JF
ϵε

IRγϵδε ,

[F 2H2∇H]8 = −2FαβIF γδ
IHα

ϵεHγϵ
µ∇δHβεµ−

3
4F

αβIF γδ
IHαγ

ϵHϵ
εµ∇δHβεµ

+FαβIF γδ
IHα

ϵεHβϵ
µ∇δHγεµ+ 3

8F
αβIF γδ

IHαβ
ϵHϵ

εµ∇δHγεµ

+ 1
2F

αβIF γδ
IHαγ

ϵHβ
εµ∇δHϵεµ+2Fα

γ
IF

αβIHβ
δϵHδ

εµ∇ϵHγεµ

− 1
2F

αβIF γδ
IHαγ

ϵHβ
εµ∇ϵHδεµ−

1
2F

αβIF γδ
IHαβ

ϵHγ
εµ∇µHδϵε ,

[F 3H∇F ]15 = −FαβIF γδ
IF

ϵεJHδϵε∇βFαγJ−FαβIF γδ
IF

ϵεJHγδε∇βFαϵJ

−2Fα
γJFαβIF δϵ

IHγϵε∇βFδ
ε
J +4Fα

γ
IF

αβIF δϵJHγϵε∇βFδ
ε
J

+6FαβIF γδ
IF

ϵεJHβδε∇γFαϵJ +2Fα
γ

IF
αβIF δϵJHδϵε∇γFβ

ε
J

−2Fα
γJFαβIF δϵ

IHβϵε∇γFδ
ε
J−Fα

γJFαβIFβ
δ

JHδϵε∇γF
ϵε

I

+3Fα
γ

IF
αβIFβ

δJHδϵε∇γF
ϵε

J−
1
4FαβIF

αβIF γδJHδϵε∇γF
ϵε

J

−6Fα
γ

IF
αβIF δϵJHγϵε∇δFβ

ε
J +2Fα

γJFαβIF δϵ
IHβϵε∇δFγ

ε
J

+Fα
γ

IF
αβIFβ

δJHγϵε∇δF
ϵε

J−2Fα
γJFαβIF δϵ

IHβγε∇ϵFδ
ε
J

−4FαβIF γδ
IF

ϵεJHβγδ∇εFαϵJ ,

[F 2R∇H]3 = −2FαβIF γδ
IRγδϵε∇βHα

ϵε+4FαβIF γδ
IRβδϵε∇γHα

ϵε

−8Fα
γ

IF
αβIRγδϵε∇εHβ

δϵ ,

[F 2(∇F )2]9 = −2Fα
γ

IF
αβI∇βF

δϵJ∇γFδϵJ + 1
2F

αβIF γδ
I∇ϵFγδJ∇ϵFαβ

J

+4FαβIF γδJ∇βFδϵJ∇ϵFαγI +4FαβIF γδJ∇ϵFβδJ∇ϵFαγI

−FαβIF γδ
I∇ϵFβδJ∇ϵFαγ

J−4Fα
γJFαβI∇δFγϵJ∇ϵFβ

δ
I

+4Fα
γJFαβI∇ϵFγδJ∇ϵFβ

δ
I +2Fα

γ
IF

αβI∇ϵFγδJ∇ϵFβ
δJ

+ 1
4FαβIF

αβI∇ϵFγδJ∇ϵF γδJ ,

[F 2(∇H)2]5 = − 2
3Fα

γ
IF

αβI∇βH
δϵε∇γHδϵε+FαβIF γδ

I∇βHα
ϵε∇δHγϵε

+2FαβIF γδ
I∇δHβϵε∇εHαγ

ϵ−2Fα
γ

IF
αβI∇ϵHγδε∇εHβ

δϵ

+ 1
2FαβIF

αβI∇ϵHγδε∇εHγδϵ ,

[F 2R2]4 = −2FαβIF γδ
IRαγ

ϵεRβδϵε+FαβIF γδ
IRαβ

ϵεRγδϵε

−4Fα
γ

IF
αβIRβ

δϵεRγδϵε+ 1
2FαβIF

αβIRγδϵεR
γδϵε . (4.2)

The 6-derivative couplings that result from replacing H → H − (3α′/2)Ω into the 2-derivative
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action (2.1) are:

S2
(2) = − 2

κ2

∫
d10x

√
−Ge−2Φ

[
− 3

16ΩµναΩµνα
]
, (4.3)

and the 6-derivative couplings that result from replacing H → H − (3α′/2)Ω into the
4-derivative action (3.1) are:

S2
(3) = − 2

κ2

∫
d10x

√
−Ge−2Φ

[ 3
32Hγδ

ϵRαβγδΩαβϵ −
3
32F

αβIF γδ
IHαγ

ϵΩβδϵ

− 3
16Hγ

δϵRαβ
α

γΩβδϵ + 3
64F

αβIF γδ
IHαβ

ϵΩγδϵ + 1
16H

γδϵRαβ
αβΩγδϵ

− 3
16Hβ

δϵRαβ
α

γΩγδϵ + 3
32Hαβ

ϵRαβγδΩγδϵ −
1
32Hα

δϵHαβγHβδ
εΩγϵε

+ 3
32Hαβ

δHαβγHγ
ϵεΩδϵε −

1
192HαβγH

αβγHδϵεΩδϵε + 1
4H

βγδΩβγδ∇α∇αΦ

−1
4H

βγδΩβγδ∇αΦ∇αΦ − 3
4Hα

γδΩβγδ∇β∇αΦ
]
. (4.4)

The total 6-derivative couplings then are:

S2 = S2
(1) + S2

(2) + S2
(3) . (4.5)

The cosmological symmetry of the action S2 when there is no YM field is studied in [12].
Using the reduction (3.3), one finds the following reductions for each term in the

above equation:

Sc(3)
2 = − 2

κ2

∫
dte−ϕ

[
− 1

128Ġ
ijĠklG̈ikG̈jl+

1
128Ġi

kĠijG̈j
lG̈kl

]
, (4.6)

Sc(2)
2 = − 2

κ2

∫
dte−ϕ

[
− 1

128 Ḃ
ijĠi

kĠlmĠ
lmG̈jk + 1

32 Ḃ
ijĠi

kϕ̇2G̈jk + 1
32 Ḃ

ijĠi
kĠk

lϕ̇G̈jl

+ 1
64 Ḃ

ijĠi
kĠk

lĠl
mG̈jm− 3

64 Ḃi
kḂijḂj

lĠk
mG̈lm− 1

128 ḂijḂijḂklĠk
mG̈lm

]
,

Sc(1)
2 = − 2

κ2

∫
dte−ϕ

[
1
8 Ȧ

iIȦj
IȦ

kJ Ȧl
J ḂikḂjl+

1
16 Ȧi

J ȦiIȦj
IȦ

k
J Ḃj

lḂkl

+ 9
128 ȦiIȦ

iIȦjJ Ȧk
J Ḃj

lḂkl−
1

128 Ȧi
J ȦiIȦjJ Ȧ

j
I ḂklḂkl− 1

256 ȦiIȦ
iIȦjJ Ȧ

jJ ḂklḂkl

+ 1
32 Ȧ

iIȦj
I Ḃi

kḂj
lḂk

mḂlm+ 7
512 ȦiIȦ

iI Ḃj
lḂjkḂk

mḂlm+ 1
128 Ȧ

iIȦj
I Ḃi

kḂjkḂlmḂlm

− 1
512 ȦiIȦ

iI ḂjkḂjkḂlmḂlm+ 1
256 Ḃi

kḂijḂj
lḂk

mḂl
nḂmn+ 1

64 Ȧ
iIȦj

I Ḃi
kḂlmḂlmĠjk

− 1
32 Ȧ

iIȦj
IȦ

kJ Ȧl
JĠikĠjl−

1
32 Ȧ

iIȦj
I Ḃi

kḂk
lḂl

mĠjm+ 1
128 Ȧ

iIȦj
I ḂklḂklĠi

mĠjm

− 1
16 Ȧi

J ȦiIȦj
IȦ

k
J Ḃj

lĠkl+
3
64 ȦiIȦ

iIȦjJ Ȧk
J Ḃj

lĠkl+
1

128 Ȧ
iIȦj

IȦ
kJ Ȧl

JĠijĠkl

− 1
128 ȦiIȦ

iIȦjJ Ȧk
JĠj

lĠkl+
1
16 Ȧ

iIȦj
I Ḃi

kḂlmĠjlĠkm+ 3
256 ȦiIȦ

iI ḂjkḂlmĠjlĠkm

− 1
128 Ḃi

kḂijḂl
nḂlmĠjmĠkn−

1
128 Ȧi

J ȦiIȦjJ Ȧ
j

IĠklĠ
kl− 1

256 ȦiIȦ
iIȦjJ Ȧ

jJĠklĠ
kl

+ 1
16 Ȧ

iIȦj
I Ḃi

kḂj
lḂk

mĠlm+ 1
16 Ȧ

iIȦj
I Ḃi

kḂk
lĠj

mĠlm+ 1
32 Ȧ

iIȦj
I ḂklĠikĠj

mĠlm

− 1
32 Ȧ

iIȦj
I Ḃi

kḂj
lĠk

mĠlm− 1
128 ȦiIȦ

iI Ḃj
lḂjkĠk

mĠlm+ 3
512 ȦiIȦ

iIĠj
lĠjkĠk

mĠlm

+ 1
128 Ḃi

kḂijḂj
lḂmnĠkmĠln+ 3

256 Ḃ
ijḂklĠi

mĠj
nĠkmĠln+ 1

128 Ȧ
iIȦj

I Ḃi
kḂjkĠlmĠ

lm

− 1
256 ȦiIȦ

iI ḂjkḂjkĠlmĠ
lm+ 1

64 Ȧ
iIȦj

I Ḃi
kĠjkĠlmĠ

lm+ 1
128 Ȧ

iIȦj
IĠi

kĠjkĠlmĠ
lm

− 1
512 ȦiIȦ

iIĠjkĠ
jkĠlmĠ

lm− 1
32 Ḃi

kḂijḂlmĠjlĠk
nĠmn−

1
128 Ḃi

kḂijḂj
lḂk

mĠl
nĠmn
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− 1
64 Ḃ

ijḂklĠikĠj
mĠl

nĠmn+ 1
128 Ḃi

kḂijĠj
lĠk

mĠl
nĠmn−

5
32 Ȧ

iIȦj
IȦ

kJ ḂjkÄiJ

+ 3
32 Ȧ

iIȦj
IȦ

kJĠjkÄiJ−
1
16 Ȧ

iIȦjJ ÄiJ ÄjI−
1
32 Ȧ

iIȦj
IÄi

J ÄjJ−
1
16 Ȧi

J ȦiIÄjJ Ä
j

I

+ 1
64 ȦiIȦ

iIÄjJ Ä
jJ− 1

32 Ȧi
J ȦiIȦj

I ḂjkÄ
k

J + 3
64 ȦiIȦ

iIȦjJ ḂjkÄ
k

J

+ 1
32 Ȧi

J ȦiIȦj
IĠjkÄ

k
J + 1

64 ȦiIȦ
iIȦjJĠjkÄ

k
J + 1

32 Ȧ
iIȦj

I B̈i
kB̈jk

− 1
16 Ȧ

iIȦj
I Ḃi

kḂk
lB̈jl−

1
32 Ȧ

iIȦj
I ḂklĠikB̈jl−

1
32 Ȧ

iIȦj
I Ḃi

kĠk
lB̈jl

− 1
32 Ȧ

iIȦj
IĠi

kĠk
lB̈jl−

1
128 Ḃ

ijḂklB̈ikB̈jl+
1
64 ȦiIȦ

iI B̈jkB̈jk + 1
32 ȦiIȦ

iI ḂjkĠj
lB̈kl

+ 1
128 Ḃi

kḂijB̈j
lB̈kl+

1
64 Ḃi

kḂijḂlmĠjlB̈km+ 1
64 Ḃi

kḂijĠj
lĠl

mB̈km− 1
64 Ḃ

ijḂklĠikĠj
mB̈lm

+ 1
64 Ḃi

kḂijḂj
lĠk

mB̈lm+ 1
64 ȦiIȦ

iIȦjJ Ȧk
JG̈jk + 1

16 Ȧ
iIȦj

I B̈i
kG̈jk + 1

32 Ȧ
iIȦj

IG̈i
kG̈jk

− 3
32 Ȧ

iIȦj
I Ḃi

kḂk
lG̈jl−

1
32 Ȧ

iIȦj
I ḂklĠikG̈jl−

1
32 Ȧ

iIȦj
I Ḃi

kĠk
lG̈jl−

1
32 Ȧ

iIȦj
IĠi

kĠk
lG̈jl

− 1
32 Ḃ

ijḂklĠi
mĠkmG̈jl+

1
32 Ḃ

ijḂklG̈ikG̈jl+
1
64 ȦiIȦ

iIG̈jkG̈
jk + 1

16 Ȧ
iIȦj

I Ḃi
kḂj

lG̈kl

+ 3
64 ȦiIȦ

iI Ḃj
lḂjkG̈kl−

1
64 ȦiIȦ

iIĠj
lĠjkG̈kl−

1
32 Ḃi

kḂijB̈j
lG̈kl+

1
32 Ḃi

kḂijG̈j
lG̈kl

+ 1
32 Ḃi

kḂijḂlmĠjlG̈km− 1
32 Ḃi

kḂijĠj
lĠl

mG̈km+ 1
32 Ḃi

kḂijḂj
lḂk

mG̈lm

+ 1
32 Ḃ

ijḂklĠikĠj
mG̈lm− 1

32 Ḃi
kḂijḂj

lĠk
mG̈lm

]
.

Obviously, the above one-dimensional actions are not invariant under the O(9, 25)-transforma-
tions. We have to add total derivative terms and perform field redefinitions to make
them invariant.

We add the following total derivative term at order α′2 to Sc
2:

J2 = − 2
κ2

∫
dt
d

dt
(e−ϕI2) , (4.7)

where I2 includes all possible terms at the five-derivative level, which are constructed from
ϕ̇, Ḃ, Ġ, Ȧ, ϕ̈, B̈, G̈, Ä, · · · , with arbitrary coefficients.

We also make the following field redefinitions:

Gij → Gij + α′δG
(1)
ij + 1

2α
′2δG

(2)
ij ,

Bij → Bij + α′δB
(1)
ij + 1

2α
′2δB

(2)
ij ,

AiI → AiI + α′δA
(1)
iI + 1

2α
′2δA

(2)
iI ,

ϕ→ ϕ+ α′δϕ(1) + 1
2α

′2δϕ(2),

n→ n+ α′δn(1) + 1
2α

′2δn(2), (4.8)

where the first-order perturbations δG(1)
ij , δB(1)

ij , δA(1)
iI , δϕ(1), δn(1) are given in (3.12), and the

second-order perturbations δG(2)
ij , δB(2)

ij , δA(2)
iI , δϕ(2), δn(2) consist of all possible terms at the

four-derivative level constructed from ϕ̇, Ḃ, Ġ, Ȧ, ϕ̈, B̈, G̈, Ä, · · · , with arbitrary coefficients.
Using the relation (3.9), one finds the perturbation δḂ(2)

ij is related to the perturbations δB(2)
ij

and δA
(2)
iI as δḂ(2)

ij = d
dt(δB

(2)
ij ) − (ȦiIδA

(2)
j

I − ȦjIδA
(2)
i

I).
When the field variables in Sc

0 are changed according to the above field redefinitions,
they produce two sets of couplings at order α′2. One set is produced by the second-order
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perturbations at order α′2 which is given by 1
2δ2S

c
0. This term is the same as (3.11) in which

the first-order perturbation α′δψ(1) is replaced by the second-order perturbation 1
2α

′2δψ(2).
The other set is reproduced by two first-order perturbations. Since δA(1)

iI is zero, this set is
1
2δ

2
1S

c
0 = − 2

κ2

∫
dte−Φ

[1
4
d

dt
δB

(1)
ij

d

dt
δB(1)ij + 1

4
d

dt
δG

(1)
ij

d

dt
δG(1)ij− d

dt
δϕ(1) d

dt
δϕ(1)

−Ḃij d

dt
δB

(1)
i

kδG
(1)
jk −Ġij d

dt
δG

(1)
i

kδG
(1)
jk +

(1
4 Ḃ

ijḂkl+ 1
4Ġ

ijĠkl
)
δG

(1)
ik δG

(1)
jl

+
(1

2Ȧ
kIȦj

I + 1
2 Ḃi

kḂij + 1
2Ġi

kĠij
)
δG

(1)
j

lδG
(1)
kl −

1
2 Ḃ

ij d

dt
δB

(1)
ij δn

(1)

− 1
2Ġ

ij d

dt
δG

(1)
ij δn

(1)+2ϕ̇ d
dt
δϕ(1)δn(1)+

(1
2Ȧ

kIȦj
I + 1

2 Ḃi
kḂij + 1

2Ġi
kĠij

)
δG

(1)
jk δn

(1)

+
(1

2ȦiIȦ
iI + 1

4 ḂijḂij + 1
4ĠijĠ

ij−ϕ̇2
)
δn(1)δn(1)

+
(1

4ȦiIȦ
iI + 1

8 ḂijḂij + 1
8ĠijĠ

ij− 1
2 ϕ̇

2
)
δϕ(1)δϕ(1)

− 1
2Ġ

ij d

dt
δG

(1)
ij δϕ

(1)+2ϕ̇ d
dt
δϕ(1)δϕ(1)+

(1
2Ȧ

kIȦj
I + 1

2 Ḃi
kḂij + 1

2Ġi
kĠij

)
δG

(1)
jk δϕ

(1)

− 1
2 Ḃ

ij d

dt
δB

(1)
ij δϕ

(1)+
(1

2ȦiIȦ
iI + 1

4 ḂijḂij + 1
4ĠijĠ

ij−ϕ̇2
)
δn(1)δϕ(1)

]
, (4.9)

where the first-order perturbations are given in (3.12).
When the field variables in the O(9, 25)-invariant action Sc

1 at order α′, as given by (3.13),
are changed according to the field redefinition in (4.8), one also finds the couplings at order
α′2 that result from the first-order perturbation. Since δA(1)

iI is zero, they are

δ1S
c
1 = − 2

8κ2

∫
dte−Φ

[
−ḂijĠi

kĠk
l d

dt
δB

(1)
jl + 1

2 Ḃi
kḂijḂj

l d

dt
δB

(1)
kl − 1

2 Ḃ
ijĠi

kĠj
l d

dt
δB

(1)
kl

− 1
2 Ḃ

ijḂklĠik
d

dt
δG

(1)
jl +Ḃi

kḂijĠj
l d

dt
δG

(1)
kl + 1

2Ġi
kĠijĠj

l d

dt
δG

(1)
kl

− 1
2 Ḃ

ijḂklĠi
mĠkmδG

(1)
jl −Ḃi

kḂijĠj
lĠl

mδG
(1)
km− 1

2 Ḃi
kḂijḂj

lḂk
mδG

(1)
lm

+ḂijḂklĠikĠj
mδG

(1)
lm− 1

2 Ḃi
kḂijĠj

lĠk
mδG

(1)
lm− 1

2Ġi
kĠijĠj

lĠk
mδG

(1)
lm

− 3
8 Ḃi

kḂijḂj
lḂklδn

(1)+ 3
4 Ḃ

ijḂklĠikĠjlδn
(1)− 3

2 Ḃi
kḂijĠj

lĠklδn
(1)

− 3
8Ġi

kĠijĠj
lĠklδn

(1)− 1
8 Ḃi

kḂijḂj
lḂklδϕ

(1)+ 1
4 Ḃ

ijḂklĠikĠjlδϕ
(1)

− 1
2 Ḃi

kḂijĠj
lĠklδϕ

(1)− 1
8Ġi

kĠijĠj
lĠklδϕ

(1)−Ȧi
J ȦiIȦj

IȦ
k

JδG
(1)

jk

+ȦiIȦj
I Ḃi

kḂk
lδG(1)

jl+ȦiIȦj
I ḂklĠikδG

(1)
jl−ȦiIȦj

I Ḃi
kĠk

lδG(1)
jl

−ȦiIȦj
IĠi

kĠk
lδG(1)

jl−
1
2Ȧ

iIȦj
I Ḃi

kḂj
lδG(1)

kl−ȦiIȦj
I Ḃi

kĠj
lδG(1)

kl

− 1
2Ȧ

iIȦj
IĠi

kĠj
lδG(1)

kl−
3
2Ȧi

J ȦiIȦjJ Ȧ
j
Iδn

(1)− 3
2Ȧ

iIȦj
I Ḃi

kḂjkδn
(1)

−3ȦiIȦj
I Ḃi

kĠjkδn
(1)− 3

2Ȧ
iIȦj

IĠi
kĠjkδn

(1)− 1
2Ȧi

J ȦiIȦjJ Ȧ
j
Iδϕ

(1)

− 1
2Ȧ

iIȦj
I Ḃi

kḂjkδϕ
(1)−ȦiIȦj

I Ḃi
kĠjkδϕ

(1)− 1
2Ȧ

iIȦj
IĠi

kĠjkδϕ
(1)

+ȦiIȦj
I Ḃi

k d

dt
(δG(1)

jk+δB(1)
jk)+ȦiIȦj

IĠi
k d

dt
(δG(1)

jk+δB(1)
jk)
]
, (4.10)

where we have inserted the lapse function in the O(9, 25)-invariant action (3.13) by replacing
dt with dt/n3.
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By inserting the first-order perturbations (3.12) into (4.9), (4.10), and inserting the
arbitrary second-order perturbations into 1

2δ2S
c
0, one finds that the cosmological action (1.4)

can be written as:

Sc
2 = Sc

2 + δ1S
c
1 −

1
2δ

2
1S

c
0 + 1

2δ2S
c
0 + J2 = 0 , (4.11)

for some specific values of the parameters in field redefinitions and total derivative terms.
Since we are not interested in studying the couplings at order α′3, we don’t write the explicit
form of the second-order field redefinitions here. The above result indicates that the coefficient
c3,0 in (1.2) is zero, which is the same result that has been found in [9] by studying only
the pure gravity part.

It has been found in [2] that the truncated T-duality transformations produce 469
relations between the six-derivative couplings in the maximal basis. This constraint has also
been imposed in [2] on a basis which has 468 couplings, and it was found that the T-duality
produces another set of six-derivative couplings which involve 107 terms and are not in the
canonical form as in (4.1). We have done the same cosmological calculation for this expression
for the six-derivative couplings and found exactly the same result. This ends our illustration
that the cosmological reduction of the couplings found in [2] by the truncated T-duality
transformation is fully consistent with the expected O(9, 25)-symmetry.

5 Discussion

In this paper, we have proposed that the cosmological reduction of the bosonic part of the
classical effective action of the heterotic string theory at any order of α′ when the YM field
is restricted to the Cartan subalgebra of the SO(32) or E8 × E8 group can be written in a
canonical form. This canonical form includes only the first time-derivative of the O(9, 25)-
valued generalized metric H, which encompasses the NS-NS and YM fields [6, 16]. This
proposal, denoted as (1.2), is an extension of the canonical form that has been proposed by
Hohm and Zwiebach for only the NS-NS couplings (1.1), where the O(9, 9)-valued generalized
metric S is extended to H.

We then show that the cosmological reductions of the 4- and 6-derivative couplings that
have been recently found by the truncated T-duality transformations on the circular reduction
of the heterotic couplings [1, 2] exactly satisfy the canonical form (1.2). This canonical form
does not have any trace of an odd number of Ḣ, which also confirms the result found in [3]
that the effective action of heterotic string theory does not have any odd-derivative couplings.

The consistency demonstrated above highlights the power of the truncated T-duality
approach in deriving the higher-derivative effective actions of heterotic string theory. In
applying this technique, one uses the fact that the coupling constants are independent of the
YM gauge. Hence, the calculation can be performed in a particular gauge in which the YM
field is zero, but its derivatives are not. In this gauge, the commutator terms in the YM
field strength and its derivatives become zero. It is important to note that we do not use the
Cartan subalgebra in which the YM fields commute. We only use a particular YM gauge.
After finding the coupling constants in this particular gauge, the result can then be extended
to any other gauges in which the commutator terms are not zero. Hence, the result from
the truncated T-duality approach is valid for YM gauge fields belonging to the full algebra
of the SO(32) or E8 × E8 groups in the heterotic string theories.
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The YM gauge field can also be extended to the O(16) × O(16) group of the bosonic
tachyon-free heterotic string theory [23, 24]. In both the supersymmetric and bosonic heterotic
string theories, there are fermions that should be included in the T-duality transformation.
The fermionic T-duality transformations have been studied in the type IIB superstring
theory [25, 26]. It would be interesting to find the fermionic T-duality transformation in the
heterotic string theory and include it in the truncated T-duality transformation. This would
allow for the investigation of fermionic couplings, as well as the coupling of the NS-NS and YM
fields, and their inclusion in the generalized metric H to study their cosmological symmetry.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.
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