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ABSTRACT: In a recent study, we have observed that by imposing a truncated T-duality
transformation on the circular reduction of the bosonic couplings in the heterotic theory at
four- and six-derivative orders, we can calculate these couplings in a particular YM gauge
where the YM potential vanishes but its field strength remains non-zero. Importantly, the
coupling constants are independent of the gauge choice, so these results are valid across
different YM gauge choices.

In this work, we explore the cosmological reduction of these couplings when the YM
gauge fields belong to the Cartan subalgebra of SO(32) or Eg x Eg. We demonstrate that
after applying appropriate one-dimensional field redefinitions and total derivative terms,
the couplings can be expressed in a proposed O(9,25)-invariant canonical form, which is
the extension of the canonical O(9,9)-invariant form for just the NS-NS fields proposed
by Hohm and Zwiebach. This O(9,25)-invariant expression is in terms of the trace of the
first time derivative of the generalized metric, which encompasses both the YM field and
the NS-NS fields.
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1 Introduction

Recent work has leveraged the background independence and Yang-Mills (YM) gauge invari-
ance of the effective action in heterotic string theory to systematically derive the bosonic four-
and six-derivative couplings [1, 2]. Interestingly, it was also shown that all odd-derivative
couplings vanish in the heterotic string theory [3]. The key insight behind this progress was
to choose a specific YM gauge where the YM potential is zero but its field strength remains
non-zero. In this gauge, all commutator terms in the YM field strength and its derivatives
conveniently vanish, simplifying the identification of the basis at each derivative order [1-3].
The coupling constant of each coupling in the basis is yet arbitrary. The background inde-
pendence was then leveraged to consider a particular background with a circular dimension
and perform a circular reduction, which induces a non-geometric O(1,1,Z) symmetry in the
effective action. A truncated form of this emergent Zs symmetry has then been used as
a powerful tool to determine the coupling constants in the heterotic string theory. In this
paper, we aim to further verify these couplings by showing that the cosmological reduction of
these couplings indeed satisfies the expected O(9,25)-symmetry [4-6].

The cosmological reduction of Neveu-Schwarz-Neveu-Schwarz (NS-NS) couplings of the
classical effective action at any order of o should exhibit O(d, d,R) symmetry [4, 6]. It has
been shown in [7, 8] that cosmological action at order o and higher can be expressed in
terms of only the first time-derivative of the O(d, d)-valued generalized metric S. The trace
of an odd number of S vanishes [8], and the one-dimensional action can be expressed in a
canonical form as the following O(d, d)-invariant expansion [7, 8]:

2 . .
r =50 — ) /dte_¢ <0/0270tr(84) + a'%e3otr(S°)
+ o [64’0tr(88) + 04,1(tr(34))2}

+ e 0tr(81) + e51tr(S6)tr(SY)] + - - - ) . (1.1)

In the above action, the coefficients ¢, ,, depend on the specific theory. By examining the
cosmological reduction of only the pure gravity components of the couplings in various
theories, one can determine the coefficients ¢, ,,. These coefficients up to order a3 have
been determined in [9]. It has been shown in [10-12] that the cosmological reduction of



the NS-NS couplings at orders o’? and o/3, which were found in [13-15] by T-duality of
circular reduction, satisfy the above canonical form after using appropriate one-dimensional
field redefinitions and integration by parts.

It has been established in the literature [6] that when the effective action is extended to
include YM fields belonging to the full SO(32) or Eg x Eg algebra, the true symmetry of the
torus 7¢ reduction of the heterotic effective action is the O(d,d) symmetry, and the NS-NS
and YM scalars in the base space appear in an O(d, d)-valued generalized metric and vector.
However, if the gauge fields are restricted to the Cartan subalgebra of SO(32) or Eg x FEg,
where the YM fields commute, then the symmetry increases to O(d,d + 16). In this case, the
NS-NS and YM fields can be combined into an O(d, d + 16)-valued generalized metric, which
encapsulates the symmetry between the NS-NS and YM sectors [6]. In this restricted case,
the cosmological action should take the same canonical form as for the NS-NS couplings (1.1),
but the generalized metric should now incorporate contributions from both the NS-NS fields
and the YM fields. We expect the one-dimensional couplings to appear in the following form:

2 . .
g =950 — 2 / dte™® <a’cz,0tr(’H4) + a’%e3 otr(H)
+ a3 egotr(H®) + cqn (tr(HY))?]
+ 04/4[0570‘51‘(7"[10) + 0571111‘(7"[6)“(7"[4)] + - > , (1.2)

where the O(9,25)-valued matrix H includes both the NS-NS and YM fields [6, 16]. When
the YM fields are zero, the matrix H reduces to the matrix S. Hence, the coefficients ¢, 5,
should be the same as the coefficients in (1.1).

It has been observed that the YM fields appear in the 10-dimensional couplings at
four-, six-derivative and presumably all higher orders, only through multiples of Tr(F'F') and
their derivatives [1, 2]. Hence, restricting the YM field to the Cartan subalgebra does not
remove any YM gauge-invariant coupling from the couplings found in [1, 2]. Consequently, to
validate these couplings by verifying their cosmological symmetry, it is sufficient to consider
the YM gauge field belonging to the Cartan subalgebra of SO(32) or Eg x Eg and show
that they have the O(9,25) symmetry and satisfy the canonical form (1.2). There are no
couplings in the cosmological action (1.2) that involve an odd number of derivatives. This
immediately verifies the observation that there are no odd-derivative YM gauge-invariant
couplings in heterotic theory [3].

If the classical effective action S.g, its corresponding cosmological reduction Sgg, and
the O(9, 25)-invariant cosmological action SS; have the following o/-expansions:

Ser=)_ o™ Sp, )= o™ Se(v),  SH)= aMSLw),  (13)
m=0 m=0 m=0

where 1 collectively represents the one-dimensional functions, then the relation between the
S¢’s and the S¢’s up to order o/? is given by [11]:

SE(0) = SH() + b,
SE0) = S58) + 81S5(0) + T (1.4
S5(0) = S5() + B1S5(w) — 5OTSEW) + 562506) + T,



where the one-dimensional field redefinitions ¢ — ¥ + /(1) + %0125¢(2) + --- on the
0(9, 25)-invariant action, and total derivative terms J = > 0°_,a/™ 7, are used. In the
above equations, J; on the action indicates that the Taylor expansion of the action contains
the i-th order perturbation (51/1(i), and % on the action means the Taylor expansion contains
two first-order perturbations §¢)(!§y™1). The one-dimensional actions on the left-hand side
of the above equations in a particular scheme should be written in the canonical form given
by (1.2). In this paper, we are going to show that the couplings in the heterotic theory
up to order o’? that have been found by the truncated T-duality in [1, 2] can be written
in the O(9,25)-invariant form given by (1.2) with the same coefficients that are fixed by
the pure gravity couplings [9].

The paper is structured as follows: in section 2, we review the observation that the
cosmological reduction of the leading order effective action of the heterotic string can be
written in an O(9, 25)-invariant form [6, 16]. In section 3, we show that the cosmological
reduction of the four-derivative couplings that have been recently found in [1] can be written
as e“z’tr(?-'l‘l) after using appropriate one-dimensional field redefinitions and total derivative
terms. The coefficient of this term is the same as the one produced by studying pure
gravity couplings. In section 4, we show that the cosmological reduction of the six-derivative
couplings that have been found in [2] and the six-derivative couplings that result from the
Green-Schwarz mechanism [17] (where H — H — (3¢//2)Q is substituted into the 2- and
4-derivative couplings) becomes zero after using appropriate one-dimensional field redefinitions
and total derivative terms. This is again the same result that one finds by studying the
cosmological reduction of the pure gravity part. Section 5 provides a concise discussion
of our findings and their implications. Throughout our calculations, we utilize the “xAct”
package [18] for computational purposes.

2 Cosmological symmetry at the leading order

In this section, we review the cosmological symmetry of the leading-order effective action
of heterotic string theory.
The bosonic part of the leading order action is given as [19, 20].

2 1 1
S, = _E/dl% G2 R _ EHaBWHaﬁ'Y 14V, DVED — ZFuvaWI , (2.1)

where the YM gauge field matrix is defined as A, = AMI M, where the antisymmetric matrices
A represent the adjoint representation of the gauge group SO(32) or Eg x Eg with the
normalization Tr(A A7) = §//. The H-field strength without its Lorentz Chern-Simons
contribution is [19, 20]:

3 I
AW Foplr - (2.2)

The F-field strength when the YM field belongs to the Cartan subalgebra where [A, A\/] =0

is given as

Hywp = 303, By —

F.'=0,A" - 9,4," (2.3)

We use cosmological reduction when the YM field is restricted to the Cartan subalgebra.



When the fields depend only on time, it is possible to write the metric, B-field, YM
gauge field, and dilaton as follows:

-n? 0 00 0 1
v = B = . AS= , 20 =¢+_logdet(Gy;),
(2.4)
where the lapse function n(t) can also be fixed to n = 1. The cosmological reduction of

the action in (2.1) then becomes:
. ) s 1/11/1 1, i 35 o T A
SO = —? dte B i Air + ZB,‘]‘B — ZGijG -G G¢j¢ —¢°+ G Gij , (2.5)
where G = G*GUGy,, and Bij is defined as
. . 1 I 1 I
Bij = Bz'j + §Az Aj[ - §A] Air. (26)
Removing a total derivative term, one can write S§ as
Se= Si4 o= — = [dte®| LA A+ SByBY 4+ Lauci - @
0= 0+\70——? dte B i il+1ij +Z ij — o7 . (2.7)
The above one-dimensional action should be invariant under the O(9, 25)-transformations.
The dilaton ¢ is invariant, and the other functions should be combined into an O(9,25)-
invariant expression.

Using the O(9,25)-valued generalized metric H which is defined as H = n#{, where the
0(9, 25)-valued matrix #{ is given as [6, 16].

ﬂij 7_21‘], ;CliJ Gij _Gikckj _GikAkI
H=|HI 7:[1‘]‘ His | = | —CriGo* Gij-i-CkinlClj—i-AiIAj[ CriGF A+ A (2.8)
H' Hi; Hig — Ay Gk Cii GM A+ Ajr Sry+ AR GFLA,
in which
1 I
Cij = Bij + EAI Aj[, (29)

and 7 is the metric of the O(9,25) group, which is

0 &5 0
n=16" 0 0]. (2.10)
0 0 &

One can calculate the O(9,25)-invariant expression involving the trace of the first time-
derivative of H. One finds that the trace of an odd number of H is zero, whereas the trace
of an even number of # is non-zero. The trace of two H is

tI‘(?‘ZQ) = —4AZ‘IAU — ZBZ]BZ] — 2GUG” . (211)



Then one can write the action (2.7) in the following manifestly O(9,25)-invariant form:
S = —E/dte*¢ —¢? — ltr(’H?) (2.12)
0 K2 8 ' '

The O(9, 25)-symmetry dictates that the lapse function can be included into the action (2.12)
or (2.7) by replacing dt with dt/n [7]. This is needed for writing the cosmological reduction
of higher derivative couplings in the canonical form of (1.2) because one needs to impose
one-dimensional field redefinition of all functions, including the lapse function. Note that
when the YM field is zero, the generalized metric ‘H reduces to the generalized metric &
considered in [7, 8].

3 Cosmological symmetry at order o’

In this section, we study the cosmological symmetry of the effective action of heterotic
string theory at order «'.

The four-derivative couplings and higher appear in many different forms that are con-
nected through field redefinitions [21]. Using the truncated T-duality transformation on
the four-derivative couplings in the maximal basis, in which the redundant terms due to
field redefinitions are not removed, it has been found in [1] that the effective action has 17
arbitrary parameters. Different values for these parameters correspond to different schemes
for the effective action. One particular scheme for the coupling is [1]:

2 _ 1 1
Si = —@/dlox —Ge™?® ZFQVJFO‘MF[;‘SJFWM + §Fa71F“BIF56JFV5J

1 1 1
—gFQBJ FOBLE sy FYop — TGFQQIFQBI FosyF707 ZF‘“W F% ) Ho S Hpse
1 1 1
_gFaBIF76IHaB€H765 + ﬂHa&HQﬁfyHBJEnyea o gHa65Ha67H766H555
1

1
+mHamHQﬂ7H(5€5H&E + H,"°HgsR*® — 4R,5R*® — 6IUIWHC“M% + R?
2

1 2
+Ryp,s RO — 5Ha561106571%575e - gHﬁwsHanv% +3
+8RV,dV P — 16R,5V OV D + 16V, PVOV 0V D — 32VOV,3V,0V P

HgsHPV, 0V

+2H,° Hg s VPV ® + 2H Q5. | . (3.1)

The Chern-Simons three-form in the above action which is resulted from replacing H — H —
(3¢//2)Q2 into the 2-derivative action (2.1), is given by:

2
_ 2 11 vi o [ v o_ v 2
Quva = Wi, " Ovwap, " + 3@l W M Wagen 5 Wip e’ Ve, b, (3.2)

where e,*te," n,,,, = G- The covariant derivative in the definition of the spin connection
applies only on the curved indices of the frame e,#*. Our index convention is that u,v,... are
the indices of the curved spacetime, and u1, v, ... are the indices of the flat tangent space.

For zero YM field, the above couplings become those that have been found by Meissner [22]
up to a total derivative term. In the above scheme, the propagators of the leading order



action do not receive four-derivative corrections. It has been shown in [1] that the above
couplings are consistent with the sphere-level S-matrix elements.

Using the cosmological reductions (2.4), one can calculate the following cosmological
reduction for different tensors that appear in the effective action in the above scheme and
also in the arbitrary schemes found in [1]:

1 . . 1 . . 1 . . 1 . .
Rijii = —;GuGjr+ ;GieGji; - Riojr =05 Rigjo = ZGikaj —5Gij; Hijr=0  Hijo=Bij;

1 . . 1 . . 1 . . 1 . . 1 . . .
ViHije = —5BxGu+5BiuGu—5BiGr; - VoHijo= 58, Gir—5B:*Gju+Bij;

VoHijr=0; ViHijo=0; Vop=d¢; Vig=0; VoVip=0; VoVop=9
vingb:_%ﬁbéij; VoGij =Gij; ViGj=0; VoViG=0; VoVoGij; =Gy

1. . 1 . . 1 . . .
ViV;iGr=—=5GuGij; Qi =0; QijOZEijGik_ﬁGiijM Fioor=—Air; Fijr=0

1 . . . . 1 . . 1 . .
V;Fir=0; VoFjr= 5AJIGij —Air; VipFijr= —5AjIGik+5AiIij; VoFijr=0.
(3.3)

Note that when the dilaton in the effective action is replaced by ® = %qﬁ + %log det(Gij),
then the spacetime derivatives of the scalars ¢ and G;; appear in the reduction. Hence, we
have included these reductions into the above equation. In finding the above reduction for
2, one may assume the metric is diagonal, which is possible for cosmological reduction.!
Then one can relate the partial derivative of the frame to the partial derivative of the
metric as 8aeﬂ/31 = %8QG576751. In this case, 2 can be written in terms of only partial
derivatives of the metric. For the cosmological case, in which the derivative indices must

contract with themselves, one finds

1
Qugy = —5 GG 015051, rG (3.4)

alp

where the antisymmetrization of the indices is with respect to «, 3,7. We have used this
expression for calculating the cosmological reductions of the Chern-Simons three-form in (3.3).
Using the reduction (3.3), one finds the cosmological reduction of the action (3.1) to be

. 2 “oll s gaars i L s i B e 1oy e o
Sl:_@/dte ¢{2Ai A AjJAJI-i-ZAuA AjJAJ —gBi BJB]' Bkl—EBijBJBMB
gGikG”G/le+GziGle9kal—gBijB”lele
+TGGijG”lele+BikB”ijgz5+§G’iijG]k¢+§Bl-jBU<Z>2+§GijG”d>2+G2ij¢2
+2Gii¢3+¢4_2&2@%+BijGikéjk+GikGijéjk_Giiijij_2Gii¢évjj

T
+ZBZ]BMGMG]‘[+§BikB”Glekl—

— GGG~ GG 3~ 4G 964423 (3.5)

Obviously, the above action is not invariant under O(9,25) transformations. For example, it
contains G%;, which is not invariant. According to the equation (1.4), to write it in O(9, 25)-

!Note that this assumption cannot be made for the circular reduction because the U(1) gauge field appears
in the off-diagonal of the metric.



form, one must add total derivative terms to it and add the four-derivative terms resulting
from using one-dimensional field redefinitions into the leading O(9, 25)-invariant action (2.7).
We add the following total derivative terms:

2 d
T = - / dt@(e*%), (3.6)

where Z; encompasses all possible terms at the three-derivative level, constructed from A,
d'), B, G, A, gié, B, G, and so on, each with an arbitrary parameter.

To use field redefinition, one should perturb the fields in the O(9, 25)-invariant action (2.7).
We note that the expression B;; which is defined in (2.6) is not the time-derivative of a
field. It is in fact Ho;; and H,g, is not an exact three-form. It satisfies instead the following
Bianchi identity:

3 .
Aot gy + EF[Oéﬁ Ty = 0. (3.7)

This identity dictates that the perturbation of H is related to the perturbation of the YM
field A and the perturbation of the B-field as [1].

0H 0 = 0,0Bua + 000Buy + 0,0 Bay — 0A, Fuar — 0Aa Frur — 0A, Fopr . (3.8)

From this relation, one finds:

. d . .
0B = = (0Byj) - (Ai6 AT — Ajpo Aty (3.9)
which relates the perturbation of Bij to the perturbations of B and A.
Now, if we perturb the variables in (2.4), including the lapse function, as:
Gij — Gij +/6G.),
Bij — Bij + O/(SBS),
Air = A +a'6A%,
¢ — ¢+ a'splh,
n—n+a'én, (3.10)
where the matrices (5G§]1-), 6B§j1), 5A§}), 8¢ and 6nM) consist of all possible terms at the
2-derivative level, constructed from cz'S, B, G, A, ¢, B, G, A with arbitrary coefficients, then
the Taylor expansion of the action (2.7) produces the following four-derivative terms:

) 1. .. 1. ... 1. ... .
6188 = —?/dte_‘b |:57’L(1) <—2AZ’1A7’I — ZBijBZ] - ZGijGU + ¢2)

1. .o 1 v 1. .. . d
W _ZA AT _ 2B B9 _ 2. . 2) _ 942 560
4090 (=S Ay AT = LBy BY - 1GyG 4 8 — 265,60
W (L Ypapgk_Lla kz) L i 450
+5G!] ( SATAT — By SGHIGH ) 4 56U oG
Losig d cn()  girppgsa) o il & s 4(D)
+5B89 208 — ATBISAT) 4 At ZaA) (3.11)



as well as six-derivative terms that we consider in the next section when studying six-derivative
coupling. It also produces eight-derivative terms and higher, which we are not interested
in for this paper.

Adding the total derivative terms (3.6) and the above field redefinition terms to the
one-dimensional action (3.5), one can express S|+ 615§+ J1 in various O(9, 25)-invariant
forms. However, if one wishes to write it in the canonical form given by (1.2), certain
constraints need to be imposed. These constraints require that S{ + 015§+ J1 only includes
first derivative terms, does not contain derivatives of the dilaton, and does not include the
trace of two B, A or G terms. By imposing these constraints, one finds that the following
field redefinitions can be employed:

1/1. .. 1. ... 1. ... 1.
onM = = (A”A” - BB — GGV + 2¢2) :

8 \2 4
1 .
m_ 1
5otV = 28,
sAlY =o,

0G] = =S (GF G+ BBy + B G+ G By,
1/ .
g(BjkGik _ Bi’“ij)- (3.12)

For zero YM field, the above transformations are those that have been found in [12].2

1) _

Using the above field redefinitions, one finds that, up to some total derivative terms, the
cosmological action at order o/ can be expressed as follows:

Sl SC+51S0+j1 8 2/dif - [ JAlIA A] 4= AzIAJ[B kB]k

1

+AiIAjIBiijk+ §Ai1Aj1Giijk+ gBikBiijlBkl

~ BB Gt SBBIC Gt (GG G| (313)

The total derivative terms can be ignored as they have no impact on the calculations at
order a'?.
Now, by utilizing the definition of the generalized metric in (2.8), we can find the

following O(9, 25)-invariant expression:

tl“(’}'.l4) :SAiJAiIAjJAj[+8AiIAj]BikBjk+28ik6ij8jlgkl+16AiIAj[Biijk-f—gAuAj]Giijk

—4BijBkZGiijl +88¢k3ijGjZle +2GikGijGlekl . (3.14)
Using this O(9, 25)-invariant expressions we can express (3.13) as
S§ = — 772 /dte Ptr(HY) . (3.15)

These results coincide with those found in [9] through the study of the pure gravity parts of
the couplings. The lapse function can be incorporated into the O(9, 25)-invariant action (3.15)
or (3.13) by replacing dt with dt/n3.

2Note that the sign of the Q-term in (3.1) is different from the corresponding term in [12]. This is why the
sign of the last two terms in 5G§;) in equation (3.12) is different from the corresponding terms in [12].



We have done the same calculations for the four-derivative couplings in an arbitrary
scheme found in [1] that incorporate 17 arbitrary parameters, and found exactly the same
result as in (3.15) but with one-dimensional field redefinitions which are different than those
in (3.12). This confirms that the four-derivative couplings found in [1] satisfy the expected
cosmological symmetry.

4 Cosmological symmetry at order a'?

In this section, we study the cosmological symmetry of the effective action of heterotic
string theory at order o2

It has been shown in [2] that using the truncated T-duality transformations on the
six-derivative couplings in the maximal basis which has 801 couplings, and the six-derivative
couplings resulting from the replacement of H — H — (3a//2)Q) into the fixed 2- and 4-
derivative actions, one finds that T-duality produces 468 relations between these couplings.
It has also been observed that the remaining 333 parameters are not physical parameters
because they can all be removed by field redefinitions. The couplings that are found by
the T-duality have then been written in a canonical form, after using field redefinitions,

integration by parts, and Bianchi identities. They are the following 85 couplings [2]:
2
822

+[F4R]4+[FQHQVH]ng[F2RVH]3+[F2(VF)2]9+[FQ(VH)2]5+[F2R2]4}, (4.1)

So(M = / A2/ —Ge2® [[NS—NS]10+[F4H2]12+[F2H4]6+[F2H2R]9+[F3HVF]15

where

1
[NS—NS]10 = 2HY HO¢ Ry 5" Ry e — EHa5€H“57H555H7“C He,"Heey

—2H,° HY Rg5 Roeepy— 2Ho*  H*®V Rg*\* Rsecp

+Hy HPY Hys® Hy M Ree e —AHPY HO Ry )V g Hos"

— Ho ™ H Ry Vo Hy™ — S HOVHOV 5 oV Ho,

S Ho % HOP Hs® H PO ey Ho ™ HOPVY Hie VP Hg,
(FUH?),y = cFo " FOP RO Pl s H Hopo+ 5 Fo ) FOPT RO By His He,

S F) Y FOSTFO po0  Hs H

1
'ye,u_5FaFYJFa/BIF&IFEMJHﬁéeH'ye,u

— L E FOSTEOT B0 Hgs Hy — Fo ) FOPT RS O Ha M H

—2F, [FOPIFs® jFO Hy M Hoep — 2F, (PP F® F y Ho M Hyey,

5 Fapr FOPTF T B HL M Hyepy— o Fop OOV FE S H LM H

B 1FOPTE B ™ Hoy S Fopr FOPTE, S O H
[F2HYg = — FTF2 [ Hop Hy™ Hy S Hop+ 5 FPTF2  Hog  Hy ™ Hi S Hoyg

— S Fa (OO H g% L Hy S Hepyg s Fapr FOP LA HOO s Hy

— S Fo PO GO L HP Hopyg g Fapr FOP L VO HS He e



[F2H?R]y=2F“PTF"° | Hy Hyt Rgsep+ FP F1° | Ho * HEV Ryse,
— FOPTEW  H o Hy Rogey— 3 FOPT 0  Hog HEV Rosey
—6F, (F*P Hg® Hs™ Royeey,+ 2F P FY°  Hpo * Hg™ R,
+2F,"  FOP H % H. * Roceyy— s Fopr FO H, " HOO Ry
—2F“PTF  H 5 Ho " Roeep
[FAR], = 2F, FOPT F  FO¢ Ry e +2F,) (FOP F5® ;O Ry
— 1 Fapr FPT P PSR s 2B, FOO g JF R e

[F2H*VH]g = —2F*PT Y 1 H,“ H, V5 Hpep — ZFO‘BI FY 1 Ho *HE V5 Hpey,
+ PO 0 o Ha V5 Hoeyyt 3 FOPTF o g HE Y 5 H
5 FOPTF [ Hop CH ¥V s Hoy +2Fy [ FOT Hg% HY
_ %FO‘/H F o Hy™V Hy.p — %FO‘BI F  H o H Y, Hs..,

[F3HVF) 5= —FP FY P Hy N g Fpr g — FOPT Y P 5.V 5 F ey
—2F, FePTpoc [T N g F5® y+4F, [ FOPTFOT H  V g F5
+6FPT Y0 e Hgs5 N Faey +2F, 1 FOP RO Hs N Fg
—2F,V FOPT o L } V. F5® 5 — F V7 FOPT RS jHs V. F6
+3E, (FOP g H3 oV Fe L Fogy FOPT R H 0, P
—6F, [ FP oI [  NsFgf y+2F,) FOP O Hg . V5F.5 5
+F P E H (N5 FE p—2F, 0 PO RO H N F5E
—4FPT 0  Fee  Hy 5V Foer,

[F2RVH|; = —2FPTFY (R 5.V g H,C +4FP Y [ Rg5. Vo Ho
—8F, 1 FPT R 5.V Hg%,

[FH(VF)2)g=—2F," [FPIN g O Fyoy 4 s FOOTFY 1V Fys Ve Fog?
+AF T YN g Fse gV Far i +AF P FYN F55V Fant
—FPI Y 1N F5 YV Foy —AF FOPINVSE VFs
FAF, Y FOPIN (F 5 Ve FRS [ +2F,) (FOPIN F Ve FR
1 Fapr FOOIV F 5 VP

[FA(VH)Y, = — %F(ﬂ (OO g HOCN  Hseo + FOPT FY 1N g Hy SV 5 Hoyee
+2F P Y0 1 s Hpee VE Hopn —2F, 1 FOPIN H 5.V Hgo
S Fapr PPN H, 5. VE D

[F2R2]4 - _ 2FaBIF'y6IROWesRB6EE +FQBIF761RQQE€R7655
€ 1 €
_4Fa’YIFa61R/85 €R7555+ 5FaﬁjFozﬁIR’YéesR’M € (4'2)

The 6-derivative couplings that result from replacing H — H — (3¢//2)2 into the 2-derivative
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action (2.1) are:
2
2 10 20

and the 6-derivative couplings that result from replacing H — H — (3a//2)Q) into the
4-derivative action (3.1) are:

QWQW&] , (4.3)

2 3 3
82(3) = _KZQ /dlox -G 6_2q> {?)QH,ygeRaﬁ’y(SQaﬁg — ﬁFaﬁIF’yd[HaVEQﬂ&
3 3 1
_T6H &RQ/BQVQB& + 674FaﬁIF’Y6IHa,BEQ'y5E + TGH’WS&RO&/BQBQ’W%
3 3 1
_TGHﬁ(sERaBa’YQ'Y‘SE 4 372]J0{56R04ﬁ’ﬂ59756 _ @HOC&HQB’YH&;EQ%&
3 1 1
+§Hag5H°‘5'ny€Q(;EE —~ @HQBWHQMH&EQ&E + ZHWQMVQV%
1 3
—ZHW‘SQMV@V% — 1HaWSQMvﬁv% . (4.4)
The total 6-derivative couplings then are:
Sa = SoM) +8,2 1.8, (4.5)

The cosmological symmetry of the action Sg when there is no YM field is studied in [12].
Using the reduction (3.3), one finds the following reductions for each term in the

above equation:

0(3) /dt _¢ SGiijlGikéjl+%8Gikéijéjlékl s (46)
0(2) /dt —qb{ 8BijGikGlmGlméjk+%Bijéiké2éjk+%Bijéikéquaéjl
.’LA‘ . . . m . 3 . .1;. . . m . i m
T+ L BIGEG G Gy — 2B BIB, G Gl — By BIBY G G,

s = -2 / dte— [%ﬂAa’,Ak-fAusmsﬁ1A/AHAJ‘,A%B/BM

+128A [AT AT AR B Bkl—ESA TAT A, JAJIBMBM—ﬁA 1 AT A; 5 AT By, BM
A“AJ,B *B; ZBkmBlm+512A A, lekBkmBler s ATAT BBy B B

—EAZ[A”B kBJ’“BlmB””Jr SBi"BYB; lBkmBl”an+ AT A B B, BTG,

—A”AJ AR Al JGikG]-l——A”AJ[B FBLIB™ G o+ 128A’1AHBMB“G " Glim
A AT AT AR B G+ AHA”AJJA'“JB Grit g A”Aﬂ AR AL GG

16
—@A 1 AT AT A ;G le1+ A“AJIB ey lem+256A [ATBIFBI™ G G
—@B BB B Gy Gron — 128A JA”A]JAJIGMG’“—ﬁAUA”A]JA”GHG“

TGAZIAjIBikBjZBkalm—k—A”AHB"“BUG-mGlm+—A”Aj B¥ GGG,
S ATAT BRB G G — — A ATB B G Gl A AT GGG G
+ 1283 *BB, le"kaGanr%ﬁB”B“G "G GrmGin+ 15 SA”AJIB *BinGrmG™
—%A 1AM B; kBJ’“GlmG””Jr AT AT BR Gy kGlmGlermA”AuG kGG G™
FBIB B G G,

— 5 A AT GG Gl G — —B’“B”B””G G G — =B
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B”BMGMG ’”Gl”Gmn—i—lng wigler lemGl”Gmn——A”AJ AR B Ay
ﬁA”AJIAMijAU—I—GA”AJJAUA]-I—3—2A11A11AZ—JAJ-J—EAiJAZIAjJAj[
L A AR AT LA A A By A A A A By A
+3*12A1JAiIAj1ijAkJ+éAiIAiIAjJijAkJ%—%Auz‘ljjéikgjk
LA BB By - LA A BR G By— LA BB
LA GG By L B BR BB L Ay A BB L A A B B
L BB Bt LB BB B+ L BB GG By — LBIBN GGy B
+-B* BB kaBlm+6—4A”A”AJJA’€JGM+%A“AJIB,-’“G*J-MLéAiIAjIGi’“ij
%A“Aj,ngBleiﬂ —3%14“143'18“@%@3-; —3—1214”14%82-’“(},61@]-1 - éAi’Aj[GikalC}*ﬂ
L BUBHG Gy L BB Gy Gt - Ay A Gy G L AT A0 B,
b A AV BB Gy~ L Ay AT Gy G Gy~ LBMBIB Gt LBMBIGIC
b L BRBIBIM G G — LBABI GG Gt LBABIB B
e
Obviously, the above one-dimensional actions are not invariant under the O(9, 25)-transforma-
tions. We have to add total derivative terms and perform field redefinitions to make

them invariant.
We add the following total derivative term at order a/? to S$:

/ dt—(e™%Ty), (4.7)
where Zs includes all possible terms at the ﬁve—derlvatlve level, which are constructed from
b, B, G, A, é, B, G, A, ---, with arbitrary coefficients.

We also make the following field redeﬁnitions

Gij — Gij + O/(SGZ(JI-) 2 '25G(2)

1]

Bij — B + a’(SBQ) ’25Bz(j2),

Air = Ay +/0A) + ’%Aﬁ?,
¢ — ¢+ a5 + /2(5(;5
n—n+aén® + fa'26n( ), (4.8)

where the first-order perturbations 6G( ). 6BV 6A 5¢) , onM) are given in (3.12), and the

ij
second-order perturbations 5G( ) 5BZ(]2), A(Q) 503, 6n? consist of all possible terms at the

four-derivative level constructed from ¢, B, G, A, (b, B G, A, ---, with arbitrary coefficients.

Using the relation (3.9), one finds the perturbation 5B§j) is related to the perturbations 5BZ~(]2)

and 647 as 0B = 4(6BY) — (Ays AP — AjroAPT).
When the field variables in S§ are changed according to the above field redefinitions,
they produce two sets of couplings at order a/2. One set is produced by the second-order
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perturbations at order o/? which is given by %(525’8 This term is the same as (3.11) in which
the first-order perturbation o8 is replaced by the second-order perturbation 0/251/1

The other set is reproduced by two first-order perturbations. Since 5A(I) is zero, this set is

7202 |1t a (1) d ()'77 (1) d g 4 (1)7 (1)
25150 / die [4 dtéB’J dt‘SB 4dt5G” dtéG dt&Zs dtM

; 1 1 P [ D1
— B chB( kect) G 5G( k56 + <4BJB’€’+4GJG“>5G§k>5G§.l)

+ <2A“ A I+B/“BZ’J’+G¢’“G”J'> sGMisaly —%BU iéBﬁ)én(l)

dt

—%G”jad )(5n(1)—|—2q§ 5¢ )on(L ( AR AT 4~ BkBUJr G’“G’J> 6G)on™
+<;AUA”+ BB+~ G,]G’J <Z>2)5n )onV)
+<iA21A”+ BB 4~ G”G”— ¢>> 5656

;G 55(; )5 +2¢ 5¢ M) ( AF AT 42 B’fB”Jr G’“G”)éG 5o
78@]553 5 1>+( Ay i1 B”Bm G”G” ¢>5n(1)5¢(1)}, (4.9)

where the first-order perturbations are given in (3.12).
When the field variables in the O(9, 25)-invariant action S§ at order o/, as given by (3.13),
are changed according to the field redefinition in (4.8), one also finds the couplings at order
’2 that result from the first-order perturbation. Since §A } is zero, they are

6By~ SBYGHG, LB

515’%: _é/dte—é [_BZ]GZka (SB( )_|_ BszjB o

—SBUBMGy, SoGW 1B BIC 6L + 1 GGG oG
— S BIBMG GG~ BRBI GGGl - 5&’“8@]8/8&5(:};}
+BIBM GGG — %Bﬁrs’“ GlGmsail) - %GkGJ GGGl
—§B~k5’ij8‘18k15n(1)+§Bij3kléikéjl5n(l)—§B-k5’ijd‘lel(Sn(l)
—kaG”G LGon™ — B’“B“B BruoeW+ 1 1BVBM GG 160
— S BEBIG Goe® — SGFGUG, GogW — A ATAT AR ;560
A”AJIBZ»’“BkldG(l)ﬂ+A’IAJIBleik6G( )jl—A”AJIBZ-kal(SG( )i
— AT A 1GRGLsaW JA“AJ’ B*B16GW - AT AT BRG Gy,
—%A”AJ' GratsaWy, - AJA”A s AT pon — A“AJ’IBZ-’“Bjkan“)
—3AT A7 [ BFGpont LiA“AJ,Giijkan( LEAZ-JA”Aj 7 AT 15
—%A“AJ,BﬁBjkw(l)—AifAJ'[Bﬁij5¢<1>—%A“Ajfc';ikc';jkw(l)
+A“AJ’IBﬁ%(5G<1>jk+53<1>]-k)+A“Aﬂ’1c;*ﬁ%(5G<1>jk+53<1>jk) : (4.10)

where we have inserted the lapse function in the O(9, 25)-invariant action (3.13) by replacing
dt with dt/n3.
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By inserting the first-order perturbations (3.12) into (4.9), (4.10), and inserting the
arbitrary second-order perturbations into %5258, one finds that the cosmological action (1.4)
can be written as:

1 1
S5 = 85 + 615§ — 55%53 + 5025+ 7 =0, (4.11)

for some specific values of the parameters in field redefinitions and total derivative terms.

3 we don’t write the explicit

Since we are not interested in studying the couplings at order o
form of the second-order field redefinitions here. The above result indicates that the coefficient
c3p in (1.2) is zero, which is the same result that has been found in [9] by studying only
the pure gravity part.

It has been found in [2] that the truncated T-duality transformations produce 469
relations between the six-derivative couplings in the maximal basis. This constraint has also
been imposed in [2] on a basis which has 468 couplings, and it was found that the T-duality
produces another set of six-derivative couplings which involve 107 terms and are not in the
canonical form as in (4.1). We have done the same cosmological calculation for this expression
for the six-derivative couplings and found exactly the same result. This ends our illustration
that the cosmological reduction of the couplings found in [2] by the truncated T-duality

transformation is fully consistent with the expected O(9,25)-symmetry.

5 Discussion

In this paper, we have proposed that the cosmological reduction of the bosonic part of the
classical effective action of the heterotic string theory at any order of o/ when the YM field
is restricted to the Cartan subalgebra of the SO(32) or Eg x Eg group can be written in a
canonical form. This canonical form includes only the first time-derivative of the O(9,25)-
valued generalized metric H, which encompasses the NS-NS and YM fields [6, 16]. This
proposal, denoted as (1.2), is an extension of the canonical form that has been proposed by
Hohm and Zwiebach for only the NS-NS couplings (1.1), where the O(9,9)-valued generalized
metric § is extended to H.

We then show that the cosmological reductions of the 4- and 6-derivative couplings that
have been recently found by the truncated T-duality transformations on the circular reduction
of the heterotic couplings [1, 2] exactly satisfy the canonical form (1.2). This canonical form
does not have any trace of an odd number of #, which also confirms the result found in [3]
that the effective action of heterotic string theory does not have any odd-derivative couplings.

The consistency demonstrated above highlights the power of the truncated T-duality
approach in deriving the higher-derivative effective actions of heterotic string theory. In
applying this technique, one uses the fact that the coupling constants are independent of the
YM gauge. Hence, the calculation can be performed in a particular gauge in which the YM
field is zero, but its derivatives are not. In this gauge, the commutator terms in the YM
field strength and its derivatives become zero. It is important to note that we do not use the
Cartan subalgebra in which the YM fields commute. We only use a particular YM gauge.
After finding the coupling constants in this particular gauge, the result can then be extended
to any other gauges in which the commutator terms are not zero. Hence, the result from
the truncated T-duality approach is valid for YM gauge fields belonging to the full algebra
of the SO(32) or Eg x Eg groups in the heterotic string theories.
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The YM gauge field can also be extended to the O(16) x O(16) group of the bosonic
tachyon-free heterotic string theory [23, 24]. In both the supersymmetric and bosonic heterotic
string theories, there are fermions that should be included in the T-duality transformation.
The fermionic T-duality transformations have been studied in the type IIB superstring
theory [25, 26]. It would be interesting to find the fermionic T-duality transformation in the
heterotic string theory and include it in the truncated T-duality transformation. This would
allow for the investigation of fermionic couplings, as well as the coupling of the NS-NS and YM
fields, and their inclusion in the generalized metric H to study their cosmological symmetry.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.
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