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A B S T R A C T

One of the main problems in mobile communication systems is long-range impassable links or some specific
atmospheric conditions under which Radio Frequency (RF) connection becomes easily disrupted. One way to
solve this problem is by consuming more power or adding processing complexity, but a small user mobile phone
cannot deserve more complexity or power supply. Another way is to use an access point that amplifies received
signal via short-range RF link and forwards it to via long-range Free Space Optical (FSO) link. In this paper,
a novel multi-user multi-hop hybrid FSO / RF communication system is presented. This structure consists of
two main parts. The first part establishes the connection between the mobile users and the source base station,
and the second part establishes the connection between the source and the destination base stations. In the first
part, mobile users want to connect to the source base station via a long-range link; therefore, an amplify and
forward relay is used for communication establishment. In the second part, the source and the destination base
stations are connected via a multi-hop hybrid parallel FSO / RF link with demodulating and forward relaying.
The FSO link in moderate to strong and in saturated regimes is assumed at Gamma–Gamma and Negative
Exponential atmospheric turbulence, respectively, also the effect of pointing error is considered, and RF link
has Rayleigh fading. New closed-form exact and asymptotic expressions are derived for the Outage Probability
and Bit Error Rate (BER) of the proposed structure. Derived expressions are verified with MATLAB simulations.
The proposed structure has advantages of FSO, RF, relay-assisted, and multi-user systems at the same time.
Results indicate that it has low dependence on the number of users and the number of relays. Therefore, it is
suitable for areas with varying population and long-range links. This structure offers independent performance
without additional power consumption, processing latency, and complexity. The innovations and contributions
of this paper, which are first introduced in the multi-hop hybrid FSO / RF hybrid structure, include the novelty
of the proposed structure, the presentation of new exact and asymptotic mathematical solutions, use of multi-
user scheme in a multi-hop FSO / RF structure, BER analysis, using amplify and forward as well as decode
and forward protocols, taking into account a wide range of atmospheric turbulence with the effect of pointing
error, using opportunistic selection schemes at each relay.

1. Introduction

Intensity Modulation/Direct Detection (IM/DD) based on on–off
keying is often used in Free Space Optical (FSO) communication sys-
tem. The fact that the detection threshold of this modulation changes
based on atmospheric turbulence intensity makes it suitable for areas
with a frequent change in atmospheric turbulence intensity [1].

During the last decades, the FSO system has attracted many con-
siderations due to advances in optoelectronic devices and reduction
of their costs. The FSO system has a large bandwidth and is highly
secure, simple, cheap, and suitable for the last-mile backup application
in 4G and 5G systems [2].

One of the main challenges toward the FSO system is its high
sensitivity to atmospheric turbulence. Atmospheric turbulence causes
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random fluctuations in the received signal intensity [3]. The misalign-
ment of trans-receiver, which is caused by building sway, little earth-
quakes, etc., is called the effect of pointing error, and can significantly
degrade the performance of FSO system. Various statistical distribu-
tions can be used in order to investigate the effects of atmospheric
turbulences e.g., Exponential-Weibull [4], Generalized Malaga [5], Log-
normal [6], Gamma–Gamma [7], and Negative Exponential [8]. Among
them, Gamma–Gamma and Negative Exponential are highly accom-
panied by experimental results for moderate to strong and saturated
atmospheric turbulence regimes, respectively.

Weather conditions have different effects on the performance of
FSO and Radio Frequency (RF) links [9]. Actually, these two links
are complementary to each other [10]. Accordingly, their combination
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would have advantages of both of them, e.g. reliability and accessibil-
ity, at the same time.

The investigations on the so-called hybrid FSO/RF system can be
divided into three main categories. The first category deals with single-
hop parallel FSO/RF structure [9,11–17]. These works investigated the
single-user scheme, except [9], which used a multi-user structure [9].
The second category investigates the performance of dual-hop struc-
ture [5,7,18–25]. These works used either FSO or RF link at each
hop, except [20] that used a direct backup link between source and
destination. The last category deals with multi-hop structure. This
category has been investigated in the FSO system [26–30], but in the
FSO/RF system it is still a new topic [31–34]. These works imple-
mented a single-user multi-hop hybrid parallel [32] or series [31,33,34]
FSO/RF system and investigated Outage Probability of the system. The
main contributions and novelties of this paper include presenting a
new structure, different first hop structure, multi-user communication,
signal selection at each hop, amplify and forward plus demodulate
and forward relaying, considering a wide atmospheric turbulence range
from moderate to saturated with the effect of pointing error.

Various relaying protocols have been used for hybrid FSO/RF sys-
tems; they include decode and forward [19], amplify and forward [35],
quantize and forward [20]. Amplify and forward relaying is done
either by fixed or by adaptive gain. The fixed gain amplification has
less complexity but more power dissipation. Therefore, when Channel
State Information (CSI) is unknown, it is better to use fixed gain
amplification, but when CSI is known, the adaptive gain amplification
is a better choice [20]. Generally speaking, demodulate and forward
has lower power consumption, also amplify and forward enhances
noise power. Therefore, in short-range links, demodulate and forward
protocol is preferred. it is only recommended in long-range links where
establishing the connection is more important than power consumption
or complexity of the system.

In this paper, a novel multi-user multi-hop hybrid FSO/RF system is
presented, which is consisted of two main parts. The main motivation
of presenting this structure is that RF connection disrupts easily in long-
range impassable areas or under some specific atmospheric conditions.
Although these effects could be mitigated by consuming more power
or adding complex processing, a small mobile phone battery cannot
deserve much complexity or power consumption. Usually, in this sit-
uations relay assisted systems could help to install the connection. In
addition, complementariness of FSO and RF links brings a new solution
in mind. An access point that amplifies the received signal from the
user via short-range RF link and forwards it to the Base Station via
long-range FSO link, could solve both of the mentioned problems.

At the first part of the proposed structure, mobile users transmit RF
signals to an access point via a short-range RF link. Between received
signals, the signal with the maximum Signal to Noise Ratio (SNR) is
selected, amplified and forwarded to source Base Station through an
FSO link. The second part connects source and destination Base Stations
through a multi-hop parallel FSO/RF link. At each hop, the signal is
transmitted simultaneously from both FSO and RF transmitters. The
multi-hop structure consists of many short links; therefore, demodulate
and forward protocol is used in it.

The FSO link, in moderate to strong and in saturated regimes, has
Gamma–Gamma and Negative Exponential atmospheric turbulence, re-
spectively. In order to get closer to the actual results, the effect of point-
ing error is also considered. Fading of the RF link has Rayleigh distribu-
tion. New closed-form exact and asymptotic expressions are derived for
Bit Error Rate (BER) and Outage Probability of the proposed structure
for Differential Binary Phase Shift Keying (DBPSK) modulation. Derived
expressions are validated through MATLAB simulations.

The remainder of this paper is organized as follows: system model
is expressed in Section 2. Performances of known CSI and unknown
CSI schemes are investigated in Sections 3 and 4, respectively. In
Section 5 simulation and analytical results are compared. Section 6 is
the conclusions of this study.

2. System model

The proposed multi-hop hybrid FSO/RF system is presented in
Fig. 1. Considering 𝑥𝑖 as the transmitted RF signal from the 𝑖th mobile
user, the received signal at the access point (first relay) becomes as
follows [9]:

𝑦1,𝑖 = 𝑥𝑖ℎ1,𝑖 + 𝑒1,𝑖, (1)

where ℎ1,𝑖 is the fading coefficient of RF channel between the 𝑖th user
and access point, 𝑒1,𝑖 is additive white Gaussian noise (AWGN) with
zero mean and 𝜎2𝑅𝐹 variance. At each time slot, between received RF
signals, the access point selects the signal with maximum SNR. The
selected RF signal (𝑦1) is converted to an FSO signal by conversion
efficiency of 𝜂, and then added by a unit amplitude bias; this bias
addition is to ensure that the FSO signal is not negative. The biased
FSO signal is amplified and forwarded in the following form [25]:

𝑥2 = 𝐺
(

1 + 𝜂𝑦1
)

, (2)

where 𝐺 is the amplification gain. After removing the biased com-
ponent, the received signal at the source Base Station (second relay)
becomes as follows [25]:

𝑦2 = 𝐺𝜂𝐼2ℎ1𝑥 + 𝐺𝜂𝐼2𝑒1 + 𝑒2, (3)

where 𝐼2 is the irradiance intensity of FSO channel, 𝑒2 is AWGN with
zero mean and 𝜎2FSO variance. Assuming that the transmitted signal
has unit energy

(

i.e.𝐸
[

𝑥2
]

= 1
)

, instantaneous SNR at the second relay
input becomes as follows [18]:

𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 =
𝐺2𝜂2𝐼22ℎ

2
1

𝐺2𝜂2𝐼22𝜎
2
𝑅𝐹 + 𝜎2𝐹𝑆𝑂

. (4)

When CSI is known at the access point, the amplification gain could
change adaptively according to the CSI and could be written as 𝐺2 =
1∕(ℎ21 + 𝜎2𝑅𝐹 ) [36]. The output signal power of this scheme is fixed.
Substituting 𝛾1 = ℎ21∕𝜎

2
𝑅𝐹 , 𝛾2 = 𝐺2𝜂2𝐼22∕𝜎

2
𝐹𝑆𝑂, and 𝐺, the end-to-end

SNR at the source Base Station input becomes as follows [18]:

𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 =
𝛾1𝛾2

𝛾1 + 𝛾2 + 1
. (5)

Regarding the fixed gain amplification, it could be written as 𝐺2 =
1∕(𝐶𝜎2𝑅𝐹 ), where 𝐶 is a desired constant parameter [36]. Substituting
𝛾1 = ℎ21∕𝜎

2
𝑅𝐹 , 𝛾2 = 𝐺2𝜂2𝐼22∕𝜎

2
𝐹𝑆𝑂, and 𝐺 into (4), the end-to-end SNR at

the source Base Station input becomes as follows [5]:

𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 =
𝛾1𝛾2
𝐶 + 𝛾2

. (6)

As discussed earlier, amplify and forward relaying, due to its power
consumption and noise enhancement, is recommended only in situ-
ations that connection establishment is more important than power
consumption or processing complexity. At the second part of the pro-
posed structure, source and destination Base Stations are connected
with multiple short hops without any connection problem. Therefore,
demodulate and forward relaying, due to its simplicity and low power
consumption is implemented at each relay station.

The received signal at the source Base Station (𝑦2) is first demodu-
lated, regenerated, then modulated, duplicated, and finally forwarded
through parallel hybrid FSO/RF link. At each hop, FSO channel has
irradiance intensity of 𝐼𝑗 ; 𝑗 = 3, 4,… ,𝑀 + 1, where 𝑀 is the number
of relays, and RF channel has fading coefficient of ℎ𝑗 . The received
FSO and RF signals at each relay input are added by AWGN, with
zero mean and 𝜎2𝐹𝑆𝑂 and 𝜎2𝑅𝐹 variances. The signal with higher SNR
is demodulated, regenerated, then modulated, duplicated, and finally
forwarded through parallel hybrid FSO/RF link. The same procedure
will be repeated at each hop until reaching the destination Base Station.

In IM/DD, the probability density function (pdf) and Cumulative
Distribution Function (CDF) of Gamma–Gamma distribution with the
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Fig. 1. The proposed multi-hop relay-assisted hybrid FSO/RF system.

effect of pointing error and the CDF of Rayleigh distribution are re-
spectively as follows [21]:

𝑓𝛾𝐹𝑆𝑂 (𝛾) =
𝜉2

2𝛤 (𝛼)𝛤 (𝛽) 𝛾
𝐺3,0
1,4

(

𝛼𝛽𝜅
√

𝛾
𝛾𝐹𝑆𝑂

|

|

|

|

|

𝜉2 + 1
𝜉2, 𝛼, 𝛽

)

, (7)

𝐹𝛾𝐹𝑆𝑂 (𝛾) =
𝜉2

𝛤 (𝛼)𝛤 (𝛽)
𝐺3,1
2,4

(

𝛼𝛽𝜅
√

𝛾
𝛾𝐹𝑆𝑂

|

|

|

|

|

1, 𝜉2 + 1
𝜉2, 𝛼, 𝛽, 0

)

, (8)

𝐹𝛾𝑅𝐹 (𝛾) = 1 − 𝑒
− 𝛾
𝛾𝑅𝐹 , (9)

where 𝐺𝑚,𝑛𝑝,𝑞

(

𝑧
|

|

|

|

|

𝑎1, 𝑎2,… , 𝑎𝑝
𝑏1, 𝑏2,… , 𝑏𝑞

)

is Meijer-G function

[37, Eq. 07.34.02.0001.01], 𝛤 (.) is Gamma function
[37, Eq. 06.05.02.0001.01], 𝜉2 = 𝜔𝑍𝑒𝑞∕(2𝜎𝑠) is the ratio of the equiv-
alent received beam radius (𝜔𝑍𝑒𝑞∕2) to the standard deviation of

pointing errors at the receiver (𝜎𝑠), 𝜅 = 𝜉2

𝜉2+1 , 𝛼 =
[

exp
(

0.49𝜎2𝑅∕
(

1 + 1.11𝜎12∕5𝑅

)7∕6
)

− 1
]−1

and 𝛽 =
[

exp
(

0.51𝜎2𝑅∕
(

1 + 0.69𝜎12∕5𝑅

)5∕6
)

−1
]−1

are parameters related to Gamma–Gamma atmospheric turbu-

lence, where 𝜎2𝑅 is Rytov variance [24]. Average electrical SNR in the
FSO link is represented by 𝛾𝐹𝑆𝑂 = 𝜂2𝐸(𝐼2)∕𝜎2𝐹𝑆𝑂 = 𝜂2∕𝜎2𝐹𝑆𝑂 [25].

From Appendix A, the CDF of Negative Exponential atmospheric
turbulence with the effect of pointing error is as follows:

𝐹𝛾FSO (𝛾) = 𝑊 𝛾
𝜉2−1
2 𝐺2,1

2,3

(

𝜆
𝐴0

√

𝛾
𝛾𝐹𝑆𝑂

|

|

|

|

|

1 − 𝜉2, 1
0, 2 − 𝜉2,−𝜉2

)

. (10)

Users are located separately, hence transmitted RF signals experi-
ence independent fading. Therefore, it would be highly probable that at
least one RF signal experience a favorable channel condition. Generally
speaking, in multi-user structures, granting the channel access to the
best user would improve performance, and results in the so-called
multi-user diversity gain. Considering the best user as the user with the
best link quality (maximum SNR), the CDF of the instantaneous SNR at
the access point input (𝛾1) becomes as follows [38]:

𝐹𝛾1 (𝛾) = Pr
(

max
(

𝛾1,1, 𝛾1,2,… , 𝛾1,𝑁
)

≤ 𝛾
)

= Pr
(

𝛾1,1 ≤ 𝛾, 𝛾1,2 ≤ 𝛾,… , 𝛾1,𝑁 ≤ 𝛾
)

, (11)

where 𝛾1,i is instantaneous SNR at the access point input of 𝑖th path.
Assuming independent identical distribution for RF paths, and using

(9), the CDF of instantaneous SNR at the access point input becomes
as follows [21]:

𝐹𝛾1 (𝛾) =
N
∏

i=1
𝐹𝛾1,𝑖 (𝛾) =

(

𝐹𝛾1,𝑖 (𝛾)
)𝑁

=
(

1 − 𝑒
− 𝛾
𝛾𝑅𝐹

)𝑁
. (12)

Differentiating (12), the pdf of instantaneous SNR at the access point
input becomes as follows [21]:

𝑓𝛾1 (𝛾) =
𝑁
𝛾𝑅𝐹

𝑒
− 𝛾
𝛾𝑅𝐹

(

1 − 𝑒
− 𝛾
𝛾𝑅𝐹

)𝑁−1
=
𝑁−1
∑

𝑘=0

(

𝑁 − 1
𝑘

)

(−1)𝑘 𝑁
𝛾𝑅𝐹

𝑒
− (𝑘+1)𝛾

𝛾𝑅𝐹 .

(13)

In order to have better performance, between received FSO and RF
signals at each relay, one with higher SNR is selected. Accordingly,
the CDF of the instantaneous SNR at 𝑗th relay input (𝛾𝑗) becomes as
follows [38]:

𝐹𝛾𝑗 (𝛾) = Pr
(

max
(

𝛾𝛾𝐹𝑆𝑂 ,𝑗 , 𝛾𝛾𝑅𝐹 ,𝑗
)

≤ 𝛾
)

= Pr
(

𝛾𝛾𝐹𝑆𝑂 ,𝑗 ≤ 𝛾, 𝛾𝛾𝑅𝐹 ,𝑗 ≤ 𝛾
)

= 𝐹𝛾𝐹𝑆𝑂 ,𝑗 (𝛾)𝐹𝛾𝑅𝐹 ,𝑗 (𝛾), (14)

where the last equality appears because FSO and RF links are assumed
independent.

3. Performance of known CSI scheme

Assuming high SNR approximation, (5) becomes equal to [18]:

𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 =
𝛾1𝛾2

𝛾1 + 𝛾2 + 1
≅ min

(

𝛾1, 𝛾2
)

. (15)

Therefore, the CDF of 𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 random variable becomes as [25]:

𝐹𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 (𝛾) = Pr
(

𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 ≤ 𝛾
)

= 1 − Pr
(

min
(

𝛾1, 𝛾2
)

≥ 𝛾
)

= 1 − Pr
(

𝛾1 ≥ (16)

𝛾
)

Pr
(

𝛾2 ≥ 𝛾
)

= 1 −
(

1 − 𝐹𝛾1 (𝛾)
)(

1 − 𝐹𝛾2 (𝛾)
)

.

Substituting (8) and (12) into (16), and by using binomial ex-
pansion theorem, the CDF of 𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 in Gamma–Gamma atmospheric
turbulence with the effect of pointing error becomes as follows [21]:

𝐹𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 (𝛾) = 1 +
𝑁
∑

𝑘=1

(

𝑁
𝑘

)

(−1)𝑘 𝑒
− 𝑘𝛾
𝛾𝑅𝐹

×

(

1 −
𝜉2

𝛤 (𝛼)𝛤 (𝛽)
𝐺3,1
2,4

(

𝛼𝛽𝜅
√

𝛾
𝛾𝐹𝑆𝑂

|

|

|

|

|

1, 𝜉2 + 1
𝜉2, 𝛼, 𝛽, 0

))

(17)
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Substituting (10) and (12) into (16), and using binomial expansion
theorem, the CDF of 𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 in Negative Exponential atmospheric
turbulence with the effect of pointing error becomes as follows:

𝐹𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 (𝛾) = 1 +
𝑁
∑

𝑘=1

(

𝑁
𝑘

)

(−1)𝑘 𝑒
− 𝑘𝛾
𝛾𝑅𝐹

×

(

1 −𝑊 𝛾
𝜉2−1
2 𝐺2, 1

2, 3

(

𝜆
𝐴0

√

𝛾
𝛾𝐹𝑆𝑂

|

|

|

|

|

1 − 𝜉2, 1
0, 2 − 𝜉2,−𝜉2

))

.

(18)

3.1. Outage probability

In the proposed structure, an outage occurs when the instantaneous
SNR at each relay input falls down below a threshold level. Accord-
ingly, the Outage Probability of the proposed structure becomes as
follows [38]:

𝑃𝑜𝑢𝑡
(

𝛾𝑡ℎ
)

= Pr
{

(𝛾1, 𝛾2,… , 𝛾𝑀+1) ≤ 𝛾𝑡ℎ
}

= 1 − Pr
{

𝛾1 ≥ 𝛾𝑡ℎ, 𝛾2 ≥ 𝛾𝑡ℎ,… , 𝛾𝑀+1 ≥ 𝛾𝑡ℎ
}

= 1 − (1 − Pr
{

(𝛾1, 𝛾2) ≤ 𝛾𝑡ℎ
}

)(1 − Pr
{

(𝛾3 ≤ 𝛾𝑡ℎ)
}

)

⋯ (1 − Pr
{

(𝛾𝑀+1 ≤ 𝛾𝑡ℎ)
}

)

= 1 −
(

1 − 𝐹𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦
(

𝛾𝑡ℎ
)

)(

1 − 𝐹𝛾3
(

𝛾𝑡ℎ
)

)

⋯
(

1 − 𝐹𝛾𝑀+1

(

𝛾𝑡ℎ
)

)

,

(19)

where the last equality appears because 𝑃𝑜𝑢𝑡
(

𝛾𝑡ℎ
)

= 𝐹𝛾
(

𝛾𝑡ℎ
)

. Consid-
ering (14), and after substituting (17), (8) and (9) into (19), Outage
Probability of the proposed structure in Gamma–Gamma atmospheric
turbulence with the effect of pointing error becomes equal to:

𝑃𝑜𝑢𝑡
(

𝛾𝑡ℎ
)

= 1 +
𝑁
∑

𝑘=1

(

𝑁
𝑘

)

(−1)𝑘 𝑒
− 𝑘𝛾𝑡ℎ
𝛾𝑅𝐹

×

(

1 −
𝜉2

𝛤 (𝛼)𝛤 (𝛽)
𝐺3,1
2,4

(

𝛼𝛽𝜅
√ 𝛾𝑡ℎ
𝛾𝐹𝑆𝑂

|

|

|

|

|

1, 𝜉2 + 1
𝜉2, 𝛼, 𝛽, 0

))

(20)

×

[

1 −
𝜉2

𝛤 (𝛼)𝛤 (𝛽)

(

1 − 𝑒
− 𝛾𝑡ℎ
𝛾𝑅𝐹

)

×𝐺3,1
2,4

(

𝛼𝛽𝜅
√ 𝛾𝑡ℎ
𝛾𝐹𝑆𝑂

|

|

|

|

|

1, 𝜉2 + 1
𝜉2, 𝛼, 𝛽, 0

)]𝑀−1

.

In part B (next part) the Outage Probability is used for BER cal-
culation; but (20) a bit rigid. Therefore, it is better to do some
mathematical simplifications on it. Substituting binomial expansion of
[

1 − 𝜉2

𝛤 (𝛼)𝛤 (𝛽)

(

1 − 𝑒
− 𝛾𝑡ℎ
𝛾𝑅𝐹

)

𝐺3,1
2,4

(

𝛼𝛽𝜅
√

𝛾𝑡ℎ
𝛾𝐹𝑆𝑂

|

|

|

|

1, 𝜉2 + 1
𝜉2, 𝛼, 𝛽, 0

)]𝑀−1

as

∑𝑀−1
𝑡=0

∑𝑡
𝑢=0

(

𝑀 − 1
𝑡

)(

𝑡
𝑢

)

× (−1)𝑡+𝑢 𝑒
− 𝑢𝛾𝑡ℎ
𝛾𝑅𝐹

(

𝜉2

𝛤 (𝛼)𝛤 (𝛽)𝐺
3,1
2,4

(

𝛼𝛽𝜅
√

𝛾𝑡ℎ
𝛾𝐹𝑆𝑂

|

|

|

|

1, 𝜉2 + 1
𝜉2, 𝛼, 𝛽, 0

))𝑡

, Outage Probability of the proposed struc-

ture in Gamma–Gamma atmospheric turbulence with the effect of
pointing error becomes equal to:

𝑃𝑜𝑢𝑡
(

𝛾𝑡ℎ
)

= 1 +
𝑁
∑

𝑘=1

𝑀−1
∑

𝑡=0

𝑡
∑

𝑢=0
𝛺1𝑒

− (𝑘+𝑢)𝛾𝑡ℎ
𝛾𝑅𝐹 (21)

×

(

𝜉2

𝛤 (𝛼)𝛤 (𝛽)
𝐺3,1
2,4

(

𝛼𝛽𝜅
√ 𝛾𝑡ℎ
𝛾𝐹𝑆𝑂

|

|

|

|

|

1, 𝜉2 + 1
𝜉2, 𝛼, 𝛽, 0

))𝑡

×

[

1 −
𝜉2

𝛤 (𝛼)𝛤 (𝛽)
𝐺3,1
2,4

(

𝛼𝛽𝜅
√ 𝛾𝑡ℎ
𝛾𝐹𝑆𝑂

|

|

|

|

|

1, 𝜉2 + 1
𝜉2, 𝛼, 𝛽, 0

)]

.

where 𝛺1 =
(

𝑁
𝑘

)(

𝑀 − 1
𝑡

)(

𝑡
𝑢

)

(−1)𝑘+𝑡+𝑢.

Considering (14), and after substituting (18), (9) and (10) into
(19), Outage Probability of the proposed structure in Negative Ex-
ponential atmospheric turbulence with the effect of pointing error

becomes equal to:

𝑃𝑜𝑢𝑡
(

𝛾𝑡ℎ
)

= 1 +
𝑁
∑

𝑘=1

(

𝑁
𝑘

)

(−1)𝑘 𝑒
− 𝑘𝛾𝑡ℎ
𝛾𝑅𝐹

×

(

𝑊 𝛾
𝜉2−1
2

𝑡ℎ 𝐺2,1
2,3

(

𝜆
𝐴0

√ 𝛾𝑡ℎ
𝛾𝐹𝑆𝑂

|

|

|

|

|

1 − 𝜉2, 1
0, 2 − 𝜉2,−𝜉2

))

×

[

1 −
(

1 − 𝑒
− 𝛾𝑡ℎ
𝛾𝑅𝐹

)

𝑊 𝛾
𝜉2−1
2

𝑡ℎ 𝐺2,1
2,3

(

𝜆
𝐴0

√ 𝛾𝑡ℎ
𝛾𝐹𝑆𝑂

|

|

|

|

|

1 − 𝜉2, 1
0, 2 − 𝜉2,−𝜉2

)]𝑀−1

.

(22)

Substituting binomial expansion of
[

1 −
(

1 − 𝑒
− 𝛾𝑡ℎ
𝛾𝑅𝐹

)

𝑊 𝛾
𝜉2−1
2

𝑡ℎ

𝐺2,1
2,3

(

𝜆
𝐴0

√

𝛾𝑡ℎ
𝛾𝐹𝑆𝑂

|

|

|

|

1 − 𝜉2, 1
0, 2 − 𝜉2,−𝜉2

)

]𝑀−1

as ∑𝑀−1
𝑡=0

∑𝑡
𝑢=0

(

𝑀 − 1
𝑡

)(

𝑡
𝑢

)

(−1)𝑡+𝑢 𝑒
− 𝑢𝛾𝑡ℎ
𝛾𝑅𝐹

(

𝑊 𝛾
𝜉2−1
2

𝑡ℎ 𝐺2,1
2,3

(

𝜆
𝐴0

√

𝛾𝑡ℎ
𝛾𝐹𝑆𝑂

|

|

|

|

1 − 𝜉2, 1
0, 2 − 𝜉2,−𝜉2

)

)𝑡

, Outage

Probability of the proposed structure in Negative Exponential atmo-
spheric turbulence with the effect of pointing error becomes equal to:

𝑃𝑜𝑢𝑡
(

𝛾𝑡ℎ
)

= 1+ (23)
𝑁
∑

𝑘=1

𝑀−1
∑

𝑡=0

𝑡
∑

𝑢=0
𝛺2𝑒

− (𝑘+𝑢)𝛾𝑡ℎ
𝛾𝑅𝐹

(

𝑊 𝛾
𝜉2−1
2

𝑡ℎ 𝐺2,1
2,3

×

(

𝜆
𝐴0

√ 𝛾𝑡ℎ
𝛾𝐹𝑆𝑂

|

|

|

|

|

1 − 𝜉2, 1
0, 2 − 𝜉2,−𝜉2

))𝑡 [

1−

𝑊 𝛾
𝜉2−1
2

𝑡ℎ 𝐺2,1
2,3

(

𝜆
𝐴0

√ 𝛾𝑡ℎ
𝛾𝐹𝑆𝑂

|

|

|

|

|

1 − 𝜉2, 1
0, 2 − 𝜉2,−𝜉2

)]

,

where 𝛺2 =
(

𝑁
𝑘

)(

𝑀 − 1
𝑡

)(

𝑡
𝑢

)

(−1)𝑘+𝑡+𝑢.

3.2. BER

Differential modulations such as DBPSK, are less sensitive to noise
and interference, and their detection is optimum because of the follow-
ing reasons: no need for CSI, no need for feedback to adjust threshold,
no effect on system throughput due to lack of pilot or training se-
quence, reduction in the effects of background noise at the receiver,
reduction in the effects of pointing error [23]. The BER of DBPSK
modulation could be calculated by the following expression [18]:

𝑃𝑒 =
1
2 ∫

∞

0
𝑒−𝛾𝐹𝛾 (𝛾) 𝑑𝛾 =

1
2 ∫

∞

0
𝑒−𝛾𝑃𝑜𝑢𝑡 (𝛾) 𝑑𝛾 (24)

Substituting (21) into (24), the BER of DBPSK modulation in
Gamma–Gamma atmospheric turbulence with the effect of pointing
error becomes as follows:

𝑃𝑒 =
1
2 ∫

∞

0
𝑒−𝛾

{

1 +
𝑁
∑

𝑘=1

𝑀−1
∑

𝑡=0

𝑡
∑

𝑢=0
𝛺1𝑒

− (𝑘+𝑢)𝛾
𝛾𝑅𝐹

(

𝜉2

𝛤 (𝛼)𝛤 (𝛽)
𝐺3,1
2,4 (25)

×

(

𝛼𝛽𝜅
√

𝛾
𝛾𝐹𝑆𝑂

|

|

|

|

|

1, 𝜉2 + 1
𝜉2, 𝛼, 𝛽, 0

))𝑡

×

[

1 −
𝜉2

𝛤 (𝛼)𝛤 (𝛽)
𝐺3,1
2,4

(

𝛼𝛽𝜅
√

𝛾
𝛾𝐹𝑆𝑂

|

|

|

|

|

1, 𝜉2 + 1
𝜉2, 𝛼, 𝛽, 0

)]}

𝑑𝛾.

To the best of the authors’ knowledge, there is no solution released
for integrating the multiplication of three Meijer-G and one exponential
functions. Due to this reason, if 𝑡 > 1, the above integration cannot be
solved. In this paper for the first time, exact and asymptotic solutions
are developed for this problem. The solution ideas are taken from [39]
for the exact solution, and from [25] for the asymptotic solution.

Substituting (53) from Appendix B into (21) derives a new exact
form for Outage Probability of the proposed structure; substituting the
result into (24) and using [37, Eq. 07.34.21.0088.01], exact BER of
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DBPSK modulation in Gamma–Gamma atmospheric turbulence with
the effect of pointing error becomes as follows:

𝑃𝑒 =
1
2

⎧

⎪

⎨

⎪

⎩

1 +
𝑁
∑

𝑘=1

𝑀−1
∑

𝑡=0

𝑡
∑

𝑢=0

𝑡
∑

𝑘1=0

𝑘1
∑

𝑘2=0

∞
∑

𝑛=0
𝛺1

(

𝑡
𝑘1

)(

𝑘1
𝑘2

)

𝑋𝑡−𝑘1
0

(

𝑌 (𝑘1−𝑘2)𝑛 (26)

∗ 𝑍(𝑘2)
𝑛

)

(

1
𝛾𝐹𝑆𝑂

)ℵ

(

1 + (𝑘+𝑢)
𝛾𝑅𝐹

)1+ℵ

⎡

⎢

⎢

⎢

⎣

𝛤 (1 + ℵ) −
𝜉22𝛼+𝛽−3

𝜋𝛤 (𝛼)𝛤 (𝛽)
𝐺6,3
5,8

×

⎛

⎜

⎜

⎜

⎝

(𝛼𝛽𝜅)2

16𝛾𝐹𝑆𝑂
(

1 + (𝑘+𝑢)
𝛾𝑅𝐹

)

|

|

|

|

|

|

|

−ℵ, ℶ1
ℶ2

⎞

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

.

where ℶ1 =
(

0.5, 1, 𝜉
2+1
2 , 𝜉

2+2
2

)

, ℶ2 =
(

𝜉2

2 ,
𝜉2+1
2 , 𝛼2 ,

𝛼+1
2 , 𝛽2 ,

𝛽+1
2 , 0, 12

)

.
Substituting (56) from Appendix C into (21) derives a new asymp-

totic form for Outage Probability of the proposed structure; substituting
the result in (24) and using [37, Eq. 07.34.21.0088.01], asymptotic BER
of DBPSK modulation, in Gamma–Gamma atmospheric turbulence with
the effect of pointing error becomes as follows:

𝑃𝑒 ≅
1
2

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 +
𝑁
∑

𝑘=1

𝑀−1
∑

𝑡=0

𝑡
∑

𝑢=0

𝛺 (𝛯)𝑡
(

1 + 𝑘+𝑢
𝛾𝑅𝐹

)
𝑂𝑡
2 +1

⎡

⎢

⎢

⎢

⎣

𝛤
(𝑂𝑡

2
+ 1

)

−
𝜉22𝛼+𝛽−3

𝜋𝛤 (𝛼)𝛤 (𝛽)
𝐺6,3
5,8

(27)

×

⎛

⎜

⎜

⎜

⎝

(𝛼𝛽𝜅)2

16𝛾𝐹𝑆𝑂
(

1 + 𝑘+𝑢
𝛾𝑅𝐹

)

|

|

|

|

|

|

|

−𝑂𝑡
2 , ℶ1
ℶ2

⎞

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎦

⎫

⎪

⎪

⎬

⎪

⎪

⎭

.

Substituting (23) into (24), BER of DBPSK modulation in Negative
Exponential atmospheric turbulence with the effect of pointing error
becomes as follows:

𝑃𝑒 = 1
2 ∫

∞

0
𝑒−𝛾

{

1 +
𝑁
∑

𝑘=1

𝑀−1
∑

𝑡=0

𝑡
∑

𝑢=0
𝛺2𝑒

− (𝑘+𝑢)𝛾
𝛾𝑅𝐹 (28)

×

(

𝑊 𝛾
𝜉2−1
2 𝐺2,1

2,3

(

𝜆
𝐴0

√

𝛾
𝛾𝐹𝑆𝑂

|

|

|

|

|

1 − 𝜉2, 1
0, 2 − 𝜉2,−𝜉2

))𝑡

×

[

1 −𝑊 𝛾
𝜉2−1
2 𝐺2,1

2,3

(

𝜆
𝐴0

√

𝛾
𝛾𝐹𝑆𝑂

|

|

|

|

|

1 − 𝜉2, 1
0, 2 − 𝜉2,−𝜉2

)] }

𝑑𝛾.

When 𝑡 > 1, the above integration is unsolvable; because there
is no solution for the integration of multiplication of three Meijer-
G and one exponential functions. Substituting (60) from Appendix D
into (23), leads to a new exact form of Outage Probability for the
proposed structure, substituting the result into (24) and using [37,
Eq.07.34.21.0088.01], exact BER of DBPSK modulation in Negative
Exponential atmospheric turbulence with the effect of pointing error
becomes as follows:

𝑃𝑒 =
1
2

⎧

⎪

⎨

⎪

⎩

1 +
𝑁
∑

𝑘=1

𝑀−1
∑

𝑡=0

𝑡
∑

𝑢=0

𝑡
∑

𝑘1=0

𝑘1
∑

𝑘2=0

∞
∑

𝑛=0
𝛺2

(

𝑡
𝑘1

)

𝐹 𝑡−𝑘10 𝐸(𝑘1)𝑛

⎡

⎢

⎢

⎢

⎣

𝛤 (1 +𝐻)
(

1 + 𝑘+𝑢
𝛾𝑅𝐹

)1+𝐻

(29)

− 𝑊 2−𝜉2

√

𝜋
(

1 + 𝑘+𝑢
𝛾𝑅𝐹

)𝐻 𝐺
4,3
5,6

⎛

⎜

⎜

⎜

⎝

𝜆2

4A2
0𝛾𝐹𝑆𝑂

(

1 + 𝑘+𝑢
𝛾𝑅𝐹

)

|

|

|

|

|

|

|

1 −𝐻, 𝜚1
𝜚2

⎞

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

.

where 𝜚1 =
(

1−𝜉2
2 , 2−𝜉

2

2 , 12 , 1
)

, 𝜚2 =
(

0, 12 ,
2−𝜉2
2 , 3−𝜉

2

2 ,− 𝜉2

2 ,
1−𝜉2
2

)

.

4. Performance of unknown CSI scheme

Using (6), the CDF of end-to-end SNR at the second relay (𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦)
becomes as follows [21]:

𝐹𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 (𝛾) = Pr
(

𝛾𝐹𝑆𝑂 ≤ 𝛾
)

= 1 − Pr
(

𝛾𝐹𝑆𝑂 ≥ 𝛾
)

= 1 − Pr
(

𝛾1𝛾2
𝛾2 + 𝐶

≥ 𝛾
)

.

(30)

After some mathematical simplifications, (30) becomes as follows
[24]:

𝐹𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 (𝛾) = 1 − ∫

∞

0
Pr

(

𝛾2 ≥
𝛾𝐶
𝑥

|

|

|

|

𝛾1

)

𝑓𝛾1 (𝑥 + 𝛾)𝑑𝑥. (31)

Substituting (8) and (13) into (31), the CDF of 𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 in Gamma–
Gamma atmospheric turbulence with the effect of pointing error be-
comes equal to [21]:

𝐹𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 (𝛾) =1 −
𝑁−1
∑

𝑘=0

(

𝑁 − 1
𝑘

)

(−1)𝑘

× 𝑁
𝛾𝑅𝐹

𝑒
− (𝑘+1)𝛾

𝛾𝑅𝐹
∫

∞

0
𝑒
− (𝑘+1)𝑥

𝛾𝑅𝐹

(

1 −
𝜉2

𝛤 (𝛼)𝛤 (𝛽)
(32)

×𝐺3,1
2,4

(

𝛼𝛽𝜅

√

𝛾𝐶
𝑥𝛾𝐹𝑆𝑂

|

|

|

|

|

|

1, 𝜉2 + 1
𝜉2, 𝛼, 𝛽, 0

))

𝑑𝑥.

Substituting equivalent Meijer-G form of 𝐺3,1
2,4

(

𝛼𝛽𝜅
√

𝛾𝐶
𝑥𝛾𝐹𝑆𝑂

|

|

|

|

1, 𝜉2 + 1
𝜉2, 𝛼, 𝛽, 0

)

as 𝐺1,3
4,2

(

1
𝛼𝛽𝜅

√

𝑥𝛾𝐹𝑆𝑂
𝛾𝐶

|

|

|

|

|

1 − 𝜉2, 1 − 𝛼, 1 − 𝛽, 1
0,−𝜉2

)

[37, Eq. 07.34.17.0012.01], and using [37, Eq. 07.34.21.0088.01] and
[37, Eq. 07.34.17.0012.01], the CDF of 𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 in Gamma–Gamma
atmospheric turbulence with the effect of pointing error becomes equal
to:

𝐹𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 (𝛾) = 1 −
𝑁−1
∑

𝑘=0

(

𝑁 − 1
𝑘

)

(−1)𝑘 𝑁
𝑘 + 1

𝑒
− (𝑘+1)𝛾

𝛾𝑅𝐹

[

1 −
𝜉22𝛼+𝛽−3

𝜋𝛤 (𝛼)𝛤 (𝛽)
𝐺7,2
4,9

×
(

(𝛼𝛽𝜅)2 𝐶 (𝑘 + 1) 𝛾
16𝛾𝐹𝑆𝑂𝛾𝑅𝐹

|

|

|

|

|

𝜓1
𝜓2

)]

(33)

where 𝜓1 =
{

1, 12 ,
𝜉2+2
2 , 𝜉

2+1
2

}

and 𝜓2 =
{

𝜉2

2 ,
𝜉2+1
2 , 𝛼2 ,

𝛼+1
2 , 𝛽2 ,

𝛽+1
2 , 0, 12

}

.
Substituting (10) and (13) into (31), the CDF of 𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 in Negative

Exponential atmospheric turbulence with the effect of pointing error
becomes equal to [21]:

𝐹𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 (𝛾) = 1 −
𝑁−1
∑

𝑘=0

(

𝑁 − 1
𝑘

)

(−1)𝑘 𝑁
𝛾𝑅𝐹

𝑒
− (𝑘+1)𝛾

𝛾𝑅𝐹
∫

∞

0
𝑒
− (𝑘+1)𝑥

𝛾𝑅𝐹 (34)

×

(

1 −𝑊
( 𝛾𝑐
𝑥

)
𝜉2−1
2 𝐺2,1

2,3

(

𝜆
𝐴0

√

𝛾𝑐
𝑥𝛾𝐹𝑆𝑂

|

|

|

|

|

1 − 𝜉2, 1
0, 2 − 𝜉2,−𝜉2

))

𝑑𝑥.

Substituting equivalent Meijer-G form of 𝐺2,1
2,3

(

𝜆
𝐴0

√

𝛾𝑐
𝑥𝛾𝐹𝑆𝑂

|

|

|

|

1 − 𝜉2, 1
0, 2 − 𝜉2,−𝜉2

)

as 𝐺1,2
3,2

⎛

⎜

⎜

⎝

A0
𝜆

√

𝑥𝛾𝐹𝑆𝑂
𝛾𝑐

|

|

|

|

|

1, 𝜉2 − 1, 𝜉2 + 1
0, 𝜉2

⎞

⎟

⎟

⎠

[37,

Eq. 07.34.17.0012.01], and using [37, Eq. 07.34.21.0088.01] and [33,
Eq. 07.34.17.0012.01], the CDF of 𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 in Negative Exponential
atmospheric turbulence with the effect of pointing error becomes equal
to:

𝐹𝛾2𝑛𝑑 𝑟𝑒𝑙𝑎𝑦 (𝛾) = 1 −
𝑁−1
∑

𝑘=0

(

𝑁 − 1
𝑘

)

(−1)𝑘 𝑁
𝑘 + 1

𝑒
− (𝑘+1)𝛾

𝛾𝑅𝐹

⎛

⎜

⎜

⎝

1− (35)

𝑊 (𝛾𝑐)
𝜉2−1
2

21−𝜉2
√

𝜋

(

𝑘 + 1
𝛾𝑅𝐹

)
1−𝜉2
2
𝐺5,2
4,7

(

𝜆2𝑐 (𝑘 + 1) 𝛾
4𝐴2

0𝛾𝐹𝑆𝑂𝛾𝑅𝐹

|

|

|

|

|

|

𝜑1
𝜑2

)

⎞

⎟

⎟

⎠

.

where 𝜑1 =
{

2−𝜉2
2 , 1−𝜉

2

2 , 1, 12
}

and 𝜑2 =
{

3−𝜉2
2 , 12 , 0,

3−𝜉2
2 , 2−𝜉

2

2 , 1−𝜉
2

2 ,
−𝜉2
2

}

.
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4.1. Outage probability

According to (14), after substituting (33), (8), and (9) into (19) and
by substituting binomial expansion of

[

1 − 𝜉2

𝛤 (𝛼)𝛤 (𝛽)

(

1 − 𝑒
− 𝛾𝑡ℎ
𝛾𝑅𝐹

)

𝐺3,1
2,4

(

𝛼𝛽𝜅
√

𝛾𝑡ℎ
𝛾𝐹𝑆𝑂

|

|

|

|

1, 𝜉2 + 1
𝜉2, 𝛼, 𝛽, 0

)]𝑀−1

, Outage Probability of the proposed

structure in Gamma–Gamma atmospheric turbulence with the effect of
pointing error becomes equal to:

𝑃𝑜𝑢𝑡
(

𝛾𝑡ℎ
)

= 1 −
𝑁−1
∑

𝑘=0

𝑀−1
∑

𝑡=0

𝑡
∑

𝑢=0
𝛺3𝑒

− (𝑘+𝑢+1)𝛾𝑡ℎ
𝛾𝑅𝐹

(

𝜉2

𝛤 (𝛼)𝛤 (𝛽)
(36)

× 𝐺3,1
2,4

(

𝛼𝛽𝜅
√ 𝛾𝑡ℎ
𝛾𝐹𝑆𝑂

|

|

|

|

|

|

1, 𝜉2 + 1
𝜉2, 𝛼, 𝛽, 0

))𝑡

×

[

1 −
𝜉22𝛼+𝛽−3

𝜋𝛤 (𝛼)𝛤 (𝛽)
𝐺7,2
4,9

(

(𝛼𝛽𝜅)2 𝐶 (𝑘 + 1) 𝛾𝑡ℎ
16𝛾𝐹𝑆𝑂𝛾𝑅𝐹

|

|

|

|

|

𝜓1
𝜓2

)]

,

where 𝛺3 =
(

𝑁 − 1
𝑘

)(

𝑀 − 1
𝑡

)(

𝑡
𝑢

)

(−1)𝑘+𝑡+𝑢 𝑁
𝑘+1 .

Substituting (35), (9) and (10) into (19), Outage Probability of
the proposed structure in Negative Exponential atmospheric turbulence
with the effect of pointing error becomes equal to:

𝑃𝑜𝑢𝑡
(

𝛾𝑡ℎ
)

= 1 −
𝑁−1
∑

𝑘=0

(

𝑁 − 1
𝑘

)

(−1)𝑘 𝑁
𝑘 + 1

𝑒
− (𝑘+1)𝛾𝑡ℎ

𝛾𝑅𝐹

×
⎛

⎜

⎜

⎝

1 −𝑊
(

𝛾𝑡ℎ𝑐
)
𝜉2−1
2 21−𝜉2

√

𝜋

(

𝑘 + 1
𝛾𝑅𝐹

)
1−𝜉2
2

(37)

×𝐺5,2
4,7

(

𝜆2𝑐 (𝑘 + 1) 𝛾𝑡ℎ
4𝐴2

0𝛾𝐹𝑆𝑂𝛾𝑅𝐹

|

|

|

|

|

|

𝜑1
𝜑2

)

⎞

⎟

⎟

⎠

[

1 −
(

1 − 𝑒
− 𝛾𝑡ℎ
𝛾𝑅𝐹

)

𝑊 𝛾
𝜉2−1
2

𝑡ℎ

×𝐺2,1
2,3

(

𝜆
𝐴0

√ 𝛾𝑡ℎ
𝛾𝐹𝑆𝑂

|

|

|

|

|

|

1 − 𝜉2, 1
0, 2 − 𝜉2,−𝜉2

)]𝑀−1

.

Substituting binomial expansion of
[

1 −
(

1 − 𝑒
− 𝛾𝑡ℎ
𝛾𝑅𝐹

)

𝑊 𝛾
𝜉2−1
2

𝑡ℎ

×𝐺2,1
2,3

(

𝜆
𝐴0

√

𝛾𝑡ℎ
𝛾𝐹𝑆𝑂

|

|

|

|

1 − 𝜉2, 1
0, 2 − 𝜉2,−𝜉2

)

]𝑀−1

as ∑𝑀−1
𝑡=0

∑𝑡
𝑢=0

(

𝑀 − 1
𝑡

)(

𝑡
𝑢

)

(−1)𝑡+𝑢 𝑒
− 𝑢𝛾𝑡ℎ
𝛾𝑅𝐹

(

𝑊 𝛾
𝜉2−1
2

𝑡ℎ × 𝐺2,1
2,3

(

𝜆
𝐴0

√

𝛾𝑡ℎ
𝛾𝐹𝑆𝑂

|

|

|

|

1 − 𝜉2, 1
0, 2 − 𝜉2,−𝜉2

)

)𝑡

, Outage

Probability of the proposed structure in Negative Exponential atmo-
spheric turbulence with the effect of pointing error becomes equal
to:

𝑃𝑜𝑢𝑡
(

𝛾𝑡ℎ
)

= 1 −
𝑁−1
∑

𝑘=0

𝑀−1
∑

𝑡=0

𝑡
∑

𝑢=0
𝛺4𝑒

− (𝑘+u+1)𝛾𝑡ℎ
𝛾𝑅𝐹

×
⎛

⎜

⎜

⎝

1 −𝑊
(

𝛾𝑡ℎ𝑐
)
𝜉2−1
2 21−𝜉2

√

𝜋

(

𝑘 + 1
𝛾𝑅𝐹

)
1−𝜉2
2

(38)

×𝐺5,2
4,7

(

𝜆2𝑐 (𝑘 + 1) 𝛾𝑡ℎ
4𝐴2

0𝛾𝐹𝑆𝑂𝛾𝑅𝐹

|

|

|

|

|

|

𝜑1
𝜑2

)

⎞

⎟

⎟

⎠

×

(

𝑊 𝛾
𝜉2−1
2

𝑡ℎ 𝐺2,1
2,3

(

𝜆
𝐴0

√ 𝛾𝑡ℎ
𝛾𝐹𝑆𝑂

|

|

|

|

|

1 − 𝜉2, 1
0, 2 − 𝜉2,−𝜉2

))𝑡

.

where 𝛺4 =
(

𝑁 − 1
𝑘

)(

𝑀 − 1
𝑡

)(

𝑡
𝑢

)

(−1)𝑘+𝑡+𝑢 𝑁
𝑘+1 .

4.2. BER

Substituting (35) into (24), BER of DBPSK modulation in Gamma–
Gamma atmospheric turbulence with the effect of pointing error be-
comes equal to:

𝑃𝑒 =
1
2 ∫

∞

0
𝑒−𝛾

{

1 −
𝑁−1
∑

𝑘=0

𝑀−1
∑

𝑡=0

𝑡
∑

𝑢=0
𝛺3𝑒

− (𝑘+𝑢+1)𝛾
𝛾𝑅𝐹

(

𝜉2

𝛤 (𝛼)𝛤 (𝛽)
(39)

×𝐺3,1
2,4

(

𝛼𝛽𝜅
√

𝛾
𝛾𝐹𝑆𝑂

|

|

|

|

|

|

1, 𝜉2 + 1
𝜉2, 𝛼, 𝛽, 0

))𝑡
[

1 −
𝜉22𝛼+𝛽−3

𝜋𝛤 (𝛼)𝛤 (𝛽)

×𝐺7,2
4,9

(

(𝛼𝛽𝜅)2 𝐶 (𝑘 + 1) 𝛾
16𝛾𝐹𝑆𝑂𝛾𝑅𝐹

|

|

|

|

|

𝜓1
𝜓2

)]}

𝑑𝛾.

When 𝑡 > 1, because of the multiplication of three Meijer-G func-
tions and one exponential function, the above integral is unsolvable. In
the following, exact and asymptotic expressions are derived for BER of
the proposed system in Gamma–Gamma atmospheric turbulence with
the effect of pointing error.

Substituting (53) from Appendix B, into (35) leads to a new form of
Outage Probability for the proposed structure; substituting the result
into (24) and using [37, Eq. 07.34.21.0088.01], exact BER of DBPSK
modulation in Gamma–Gamma atmospheric turbulence with the effect
of pointing error becomes equal to:

𝑃𝑒 =
1
2

{

1 +
𝑁−1
∑

𝑘=0

𝑀−1
∑

𝑡=0

𝑡
∑

𝑢=0

𝑡
∑

𝑘1=0

𝑘1
∑

𝑘2=0

∞
∑

𝑛=0
𝛺3

(

𝑡
𝑘1

)(

𝑘1
𝑘2

)

𝑋𝑡−𝑘1
0

(

𝑌 (𝑘1−𝑘2)
𝑛

(40)

∗𝑍(𝑘2)
𝑛

)

(

1
𝛾𝐹𝑆𝑂

)ℵ

(

1 + 𝑘+𝑢+1
𝛾𝑅𝐹

)1+ℵ

[

𝛤 (1 + ℵ) −
𝜉22𝛼+𝛽−3

𝜋𝛤 (𝛼)𝛤 (𝛽)

×𝐺7,3
5,9

(

(𝛼𝛽𝜅)2 𝐶 (𝑘 + 1)
16𝛾𝐹𝑆𝑂

(

𝛾𝑅𝐹 + 𝑘 + 𝑢 + 1
)

|

|

|

|

|

−ℵ,𝜓1
𝜓2

)]}

.

Substituting (56) from Appendix C into (35) leads to asymptotic
Outage Probability for the proposed structure; substituting the result
into (24) and using [37, Eq. 07.34.21.0088.01], asymptotic BER of
DBPSK modulation in Gamma–Gamma atmospheric turbulence with
the effect of pointing error becomes equal to:

𝑃𝑒 ≅
1
2

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 −
𝑁−1
∑

𝑘=0

𝑀−1
∑

𝑡=0

𝑡
∑

𝑢=0

𝛺3 (𝛯)𝑡

(

1 + 𝑘+𝑢+1
𝛾𝑅𝐹

)
𝑂𝑡
2 +1

[

𝛤
(𝑂𝑡

2
+ 1

)

−
𝜉22𝛼+𝛽−3

𝜋𝛤 (𝛼)𝛤 (𝛽)
𝐺7,3
5,9

(

(𝛼𝛽𝜅)2 𝐶 (𝑘 + 1)
16𝛾𝐹𝑆𝑂

(

𝛾𝑅𝐹 + 𝑘 + 𝑢 + 1
)

|

|

|

|

|

−𝑂𝑡
2 , 𝜓1
𝜓2

)]

⎫

⎪

⎪

⎬

⎪

⎪

⎭

. (41)

Substituting (38) into (24) BER of DBPSK modulation in Negative
Exponential atmospheric turbulence with the effect of pointing error
becomes equal to:

𝑃𝑒 =
1
2 ∫

∞

0
𝑒−𝛾

{

1 −
𝑁−1
∑

𝑘=0

𝑀−1
∑

𝑡=0

𝑡
∑

𝑢=0
𝛺4𝑒

− (𝑘+u+1)𝛾
𝛾𝑅𝐹

×
⎛

⎜

⎜

⎝

1 −𝑊 (𝛾𝑐)
𝜉2−1
2

21−𝜉2
√

𝜋

(

𝑘 + 1
𝛾𝑅𝐹

)
1−𝜉2
2

× 𝐺5,2
4,7

(

𝜆2𝑐 (𝑘 + 1) 𝛾
4𝐴2

0𝛾𝐹𝑆𝑂𝛾𝑅𝐹

|

|

|

|

|

|

𝜑1
𝜑2

)

⎞

⎟

⎟

⎠

×

(

𝑊 𝛾
𝜉2−1
2 𝐺2,1

2,3

(

𝜆
𝐴0

√

𝛾
𝛾𝐹𝑆𝑂

|

|

|

|

|

1 − 𝜉2, 1
0, 2 − 𝜉2,−𝜉2

))𝑡}

𝑑𝛾. (42)
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Table 1
Constants used in simulation.

Constant Definition

𝑁 Number of users
𝑀 Number of relays
𝜂 Optical conversion efficiency
𝛾𝑎𝑣𝑔 Electrical average SNR
𝛾𝑡ℎ Electrical threshold SNR
𝛼 Parameter related to atmospheric turbulence intensity
𝛽 Parameter related to atmospheric turbulence intensity
𝜉 Parameter related to pointing Error intensity
𝐶 Fixed gain constant

When 𝑡 > 1, because of the multiplication of three Meijer-G and
one exponential functions, the above integral is unsolvable. In the
following, a new exact expression is derived for BER of the proposed
structure in Negative Exponential atmospheric turbulence with the
effect of pointing error.

Substituting (60) from Appendix D into (38) leads to a new form of
Outage Probability for the proposed structure; substituting the result
into (24) and using [37, Eq. 07.34.21.0088.01], exact BER of DBPSK
modulation in Negative Exponential atmospheric turbulence with the
effect of pointing error becomes equal to:

𝑃𝑒 =
1
2

⎧

⎪

⎨

⎪

⎩

1 −
𝑁−1
∑

𝑘=0

𝑀−1
∑

𝑡=0

𝑡
∑

𝑢=0

𝑡
∑

𝑘1=0

∞
∑

𝑛=0
𝛺4𝐹

𝑡−𝑘1
0 𝐸(𝑘1)

𝑛

⎛

⎜

⎜

⎜

⎝

𝛤 (𝐻 + 1)
(

1 + 𝑘+𝑢+1
𝛾𝑅𝐹

)1+𝐻

− 21−𝜉2
√

𝜋
𝑊

(

𝛾𝑅𝐹
𝑘 + 1

)

1−𝜉2
2 𝑐𝜉2−1

(

1 + 𝑘+𝑢+1
𝛾𝑅𝐹

)𝐻

× 𝐺5,3
5,7

(

𝜆2𝑐 (𝑘 + 1)
4𝐴2

0𝛾𝐹𝑆𝑂(𝛾𝑅𝐹 + 𝑘 + 𝑢 + 1)

|

|

|

|

|

|

−𝐻,𝜑1
𝜑2

)⎞

⎟

⎟

⎟

⎠

⎫

⎪

⎬

⎪

⎭

. (43)

5. Simulation results

This section discusses and compares analytical and simulation re-
sults for the performance evaluation of the proposed structure. Perfor-
mance of the proposed structure is investigated for different number
of users (𝑁) and number of relays (𝑀) for both cases of known and
unknown CSI. The FSO link, in moderate to strong and in saturated
atmospheric turbulence regimes is respectively modeled by Gamma–
Gamma and Negative Exponential distributions. In order to get closer to
the actual results, the effect of pointing error is also considered. Radial
displacement of pointing error is assumed to have zero mean and is
modeled by Rayleigh distribution. The RF link is considered to have
fading with Rayleigh distribution. For simplicity and without loss of
generality, FSO and RF links are assumed to have equal average SNR
(𝛾𝐹𝑆𝑂 = 𝛾𝑅𝐹 = 𝛾𝑎𝑣𝑔). In addition, it is assumed that 𝜂 = 1, A0 = 1, and
𝐶 = 1. Moderate (𝛼 = 4, 𝛽 = 1.9, 𝜉 = 10.45) and strong (𝛼 = 4.2, 𝛽 =
1.4, 𝜉 = 2.45) regimes of Gamma–Gamma atmospheric turbulence with
the effect of pointing error are considered. Outage threshold SNR of the
proposed system is represented by 𝛾𝑡ℎ (see Table 1).

In MATLAB simulations, Gamma–Gamma random variable can be
generated by multiplication of two Gamma random variable using
gamrnd(.) command. Negative Exponential random variable can be
generated using exprnd(.) command. Radial displacement of pointing
error can be generated by complex addition of two Gaussian random
variables using randn(.) command. In simulations, first 106 DBPSK data
samples are generated; the other parts of the simulation including data
transmission, reception, selection, amplification or demodulation, etc,
are done exactly based on the descriptions of Section 2 (see Fig. 1).

In Fig. 2, Outage Probability of the proposed structure is plotted as a
function of average SNR for a various number of relays, for both cases

Fig. 2. Outage Probability of the proposed structure as a function of average SNR for
various number of relays, and both cases of known CSI and unknown CSI, at moderate
regime of Gamma–Gamma atmospheric turbulence with the effect of pointing error,
when number of users is 𝑁 = 2 and 𝛾𝑡ℎ = 10 dB.

of known CSI and unknown CSI, at the moderate regime of Gamma–
Gamma atmospheric turbulence with the effect of pointing error, when
the number of users is 𝑁 = 2 and threshold SNR is 𝛾𝑡ℎ = 10 dB.
When CSI is known, using different numbers of relays shows different
performances at low 𝛾𝑎𝑣𝑔 , but while increasing 𝛾𝑎𝑣𝑔 this difference tends
to disappear. Also, increasing number of relays does not have effect
on the performance of the proposed structure. In the sense that, it
can show an appropriate performance even at the long-range links. It
can be seen that in the case of unknown CSI that system performance
depends considerably on the number of relays. At low target Outage
Probability, 𝛾𝑎𝑣𝑔 difference between using different numbers of relays
is more. For example, at 𝑃𝑜𝑢𝑡 = 10−2, 𝛾𝑎𝑣𝑔 difference between 𝑀 = 1 and
𝑀 = 2 is 2 dB, and between 𝑀 = 1 and 𝑀 = 3 is 4 dB. At𝑃𝑜𝑢𝑡 = 10−4,
these differences are 2.5 dB and 5 dB, respectively.

An important subject to discuss is the outperforming of unknown
CSI compared with known CSI scheme. At equal power consumptions,
the known CSI scheme should perform better than unknown CSI. Be-
cause when CSI is known, the relay adjusts its amplification gain
according to conditions, but in unknown CSI case, the amplification
gain is fixed at all conditions. However, this statement is not gener-
ally correct when there is no constraint (e.g. equality) on transmitted
power. As can be seen in (6), there is a desired constant parameter
(𝐶) in the amplification gain of unknown CSI scheme. Therefore, the
amplification gain of unknown CSI scheme could be adjusted manually.
In simulations of this paper, this gain is adjusted so that to have good
performance at all SNR ranges. That is why the fixed gain scheme
outperforms variable gain scheme. It can be concluded that the larger
amplification gain, the higher outperform of unknown CSI compared
with known CSI scheme.

In Fig. 3, BER of the proposed structure is plotted as a function of
average SNR for a various number of users, for both cases of known
CSI and unknown CSI, at the moderate regime of Gamma–Gamma
atmospheric turbulence with the effect of pointing error, when number
of relays is 𝑀 = 2. One of the main advantages of the proposed
structure is its low dependence on the number of users in both cases
of known and unknown CSI. In the proposed structure, the access point
selects the user with the maximum SNR. Different users encounter
independent fading; therefore, the probability of finding a user with
favorable channel condition increases while increasing number of users.
As can be seen, the performance in the case of 𝑁 = 5 is better
than 𝑁 = 2. At high 𝛾𝑎𝑣𝑔 , system sensitivity to the number of users
decreases, i.e. the system performs almost independent of the number
of users. Therefore, the proposed structure is suitable for areas with
variable population density. Also, it has worth mentioning that this

178



M.A. Amirabadi and V.T. Vakili Optics Communications 444 (2019) 172–183

Fig. 3. Bit Error Rate of the proposed structure as a function of average SNR for
various number of users, and both cases of known CSI and unknown CSI, at moderate
regime of Gamma–Gamma atmospheric turbulence with the effect of pointing error
when number of relays is 𝑀 = 2.

Fig. 4. Bit Error Rate of the proposed structure as a function of average SNR, and
both cases of known CSI and unknown CSI, at moderate and strong regimes of Gamma–
Gamma atmospheric turbulence with the effect of pointing error when number of relays
is 𝑀 = 2 and number of users is 𝑁 = 2.

independent performance is achieved without additional complexity or
processing. The performance of unknown CSI is a bit more dependent
on the number of users than performance of known CSI. Because when
CSI is known, the amplification gain is adjusted adaptively, but in the
other case, the amplification gain remains fixed in all scenarios. Known
CSI scheme has more complexity but reliability in data transmission.

In Fig. 4, BER of the proposed structure is plotted as a function of av-
erage SNR, for both cases of known CSI and unknown CSI, at moderate
and strong regimes of Gamma–Gamma atmospheric turbulence with the
effect of pointing error when the number of relays is 𝑀 = 2 and number
of users is 𝑁 = 2. Another advantage of the proposed structure is its
independent performance at different atmospheric turbulence regimes.
Results indicate that at low 𝛾𝑎𝑣𝑔 , system performance at moderate and
strong atmospheric turbulence has low difference. Therefore, there is
no need to add processing or consume power in order to maintain the
performance at different atmospheric turbulence regimes. Accordingly,
this structure is significantly recommended for mobile communication
systems in which power consumption and processing complexity are
two important factors. In this paper, the asymptotic analysis is done due
to the high computational complexity of obtained exact expressions. As
can be seen, obtained asymptotic and exact analysis match properly at
high 𝛾𝑎𝑣𝑔 .

Fig. 5. Outage Probability of the proposed structure as a function of average SNR for
various number of users, and both cases of known CSI and unknown CSI, at Negative
Exponential atmospheric turbulence with the effect of pointing error with unit variance,
when number of relay is 𝑀 = 2, 𝜉 = 1.45, and 𝛾𝑡ℎ = 10 dB.

Fig. 6. Outage Probability of the proposed structure as a function of average SNR for
various variances of Negative Exponential atmospheric turbulence with the effect of
pointing error, and both cases of known CSI and unknown CSI, when number of relays
is 𝑀 = 2 and number of users is 𝑁 = 2, and 𝜉 = 1.45.

In Fig. 5, Outage Probability of the proposed structure is plotted as
a function of average SNR for various number of users, and both cases
of known CSI and unknown CSI, at Negative Exponential atmospheric
turbulence with the effect of pointing error with unit variance, when
number of relays is 𝑀 = 2, 𝜉 = 1.45, and 𝛾𝑡ℎ = 10 dB. In saturated
regime, the same as moderate and strong regime, the proposed struc-
ture performs almost independent at different population densities. This
independence is a bit more in known CSI scheme. In dense populations,
it is more likely to find a signal with desirable 𝛾𝑎𝑣𝑔 ; therefore, the
system performs better in this case.

In Fig. 6, Outage Probability of the proposed structure is plotted as a
function of average SNR for various variances of Negative Exponential
atmospheric turbulence with the effect of pointing error, and both cases
of known CSI and unknown CSI, when the number of relays is 𝑀 = 2
and number of users is 𝑁 = 2, and 𝜉 = 1.45. Again, the outperformance
of unknown CSI scheme can be observed here. This is because when
CSI is unknown, the amplification gain is fixed and adjusted manually;
usually, operators define this gain according to the worst-case scenario
and that is exactly why this scheme performs better than known CSI
scheme. In spite of more power consumption of unknown CSI scheme,
it has less complexity and processing and is especially suitable for
communication systems with timing or performance demand.
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Fig. 7. Bit Error Rate of the proposed structure as a function of average SNR for
various number of relays, and both cases of known CSI and unknown CSI, at Negative
Exponential atmospheric turbulence with the effect of pointing error with unit variance,
when number of users is 𝑁 = 2, and 𝜉 = 1.45.

Fig. 8. Outage Probability of the proposed structure as a function of average SNR for
various channel model scenarios, at unit variance of Negative Exponential atmospheric
turbulence, when CSI is unknown, the number of relays is 𝑀 = 2 and number of users
is 𝑁 = 2.

In Fig. 7, BER of the proposed structure is plotted as a function of
average SNR for a various number of relays, and both cases of known
CSI and unknown CSI, at Negative Exponential atmospheric turbulence
with the effect of pointing error with unit variance, when the number of
users is 𝑁 = 2, and 𝜉 = 1.45. As can be seen, in both cases of known CSI
and unknown CSI, at low 𝛾𝑎𝑣𝑔 , there is a slight performance difference
between different number of relays, and this difference is a bit more
in the case of unknown CSI. In both cases of known CSI and unknown
CSI, at high 𝛾𝑎𝑣𝑔 , system performance is independent of the number
of relays. Generally speaking, series relaying structure degrades system
performance, because of frequent decisions made by relays.

Figs. 8 and 9 are conducted to have more investigation on the
proposed structure. In Fig. 8, the outage probability of the proposed
structure is investigated at three different channel model scenarios.
The first scenario is the proposed channel model scenario of this
paper (noting changed; Rayleigh fading and Negative Exponential at-
mospheric turbulence); in the second scenario, it is assumed that all of
the transmitters of the proposed structure are RF transmitters and there
is no FSO transmitter in the system (actually the FSO transmitters are
replaced by RF transmitters; the fading is Rayleigh). The third scenario
assumes that all of transmitters are FSO (RF transmitters are replaced
by FSO; the atmospheric turbulence is Negative Exponential). Other
general assumptions are unknown CSI scheme, number of relays is
𝑀 = 2 and number of users is 𝑁 = 2. As can be expected, the second
case performs better than the first case and the first case performs

better than the first case. This is because the strength of Negative
Exponential atmospheric turbulence is more than the Rayleigh fading.
Although the proposed structure (first scenario) does not perform better
than the second scenario, it should be considered that the main pro-
pose of presenting this structure was the problem of long-range links
and impassable areas where RF connection disrupts easily. Actually,
one of the natural properties of the hybrid FSO/RF systems is their
complementary, and this property could help to solve this problem.

In order to have more insights into the advantages or disadvantages
of this work, the proposed structure should be compared with the
most similar works. Actually, there are many works in FSO or RF,
but generally, in order to compare two things, they should have at
least some similarities. [18], and [21] has presented the most similar
structures to this work (they clearly plotted their proposed structures).
They are both dual hop, at the first hop a multi-user communication is
developed and users want to connect to an access point; at the second
hop, either an FSO or a parallel FSO/RF link connects the access point
to the Base Station. So these structures are the best for comparing
with. Fig. 9. Plots the BER and Outage Probability of the proposed
structure, [18], and [21], as functions of average SNR, at unit variance
of Negative Exponential atmospheric turbulence, when CSI is unknown,
the number of relays is 𝑀 = 2 and number of users is 𝑁 = 2. As can be
seen, [18] performs better than [21] and the proposed structure; this is
because [18] has a parallel FSO/RF link at its second hop. It is proven
that parallel FSO/RF links could greatly improve the performance of the
system because there is almost no condition under which both FSO and
RF links get disrupted. Also, it can be seen that [21] performs better
than the proposed structure. This is because the proposed structure
has more hops (𝑀 = 2) and as discussed before, increasing the hops
number decreases the performance. Because by increasing number of
hops number of decisions made on the signal (detections) increases
and this degrades the performance. The main disadvantage of multi-hop
structures is the reduction in performance due to multiple decisions on
the signal.

The performance is not all of the things that should be considered;
it should be considered that why the proposed structure is presented. In
this paper there was no discussion about the performance of the system;
the three main factors for selecting different parts of the proposed
structure are processing, power consumption, and the cost. Also, simu-
lation results indicate that the proposed structure is a good choice for
the problem of long-range impassable areas. Generally speaking, there
are two ways for solving the problem of long-range impassable areas:
increasing the transmission power, and multi-hop communication; the
second way is the efficient way. None of the compared structures in
Figs. 8 and 9, despite their performance, could not be preferable in such
case. As results show, the main advantage of the proposed structure
is the maintenance of its properties in a wide range of atmospheric
turbulence regimes from moderate to saturated. Results indicate that
properties such as low dependence on number of users, number of
relays, as well as atmospheric turbulence intensity, could be achieved
at any turbulence regime. This is because of the nature of the hybrid
FSO/RF systems; they are naturally reliable and accessible.

Concluding the results, this structure verified that even in the worth
case scenario (long-range impassable area under saturated atmospheric
turbulence with the effect of pointing error) it is possible to have
a reliable favorite communication by simply use of some relays and
FSO/RF transmitters. Simplicity is something forgotten in modern com-
munication systems. But this paper by considering power, processing,
and cost, selected and combined some quite simple schemes such as
multi-user communication, signal selection at each relay station, multi-
hop relaying, and finally achieved some advantages which in modern
communication systems should bring heavy processing, cost or power
consumption to deserve them.
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Fig. 9. BER and Outage Probability of the proposed structure, [18], and [21], as a function of average SNR, at unit variance of Negative Exponential atmospheric turbulence,
when CSI is unknown, the number of relays is 𝑀 = 2 and number of users is 𝑁 = 2.

6. Conclusion

In this paper, a novel multi-user multi-hop hybrid FSO/RF com-
munication system is presented, which is consisted of two main parts.
In the first part, an access point connects the RF users to the source
Base Station via a series dual hop hybrid FSO/RF link. In the second
part, a multi-hop parallel hybrid FSO/RF link connects source and
destination Base Stations. This structure is suitable for impassable areas
or long-range links that direct RF connection between mobile users and
the source Base Station is not possible. The FSO link in moderate to
strong and in saturated atmospheric turbulence regimes is respectively
modeled by Gamma–Gamma and Negative Exponential distributions.
In order to get closer to the actual results, the effect of pointing error
is also considered. Fading of the RF link has Rayleigh distribution.
New expressions are derived for BER and Outage Probability of the
proposed structure and verified via MATLAB simulations. Two cases of
CSI existence and non-existence at the access point are investigated at
a various number of users and relays. One of the observed advantages
of the proposed structure is its low dependence on the number of users;
therefore, it is suitable for areas with variable population density. An-
other advantage is the maintenance of the performance at a wide range
of atmospheric turbulence, which proves the reliability of the proposed
structure. Also results confirmed low dependence on the number of
relays; hence it is a good choice for long-range links. In simulation
results, unknown CSI outperformed known CSI, this is because when
CSI is unknown, the amplification gain is fixed and chosen manually.
In this paper, this gain is defined according to the worst-case scenario
and that is exactly why this scheme performs better than the known
CSI scheme.

Appendix A. The CDF of negative exponential atmospheric turbu-
lence with the effect of pointing error

The marginal pdf of pointing error and Negative Exponential atmo-
spheric turbulence are respectively as follows [8]:
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where 1∕𝜆2 is Negative Exponential atmospheric turbulence variance,
𝐴0 = [erf (𝜈)]2, 𝜈 =

√

𝜋∕2𝑅∕𝑤𝑏, R is the radius of the receiver aperture,
𝑤𝑏 is the received beam size. The joint pdf of Negative Exponential
atmospheric turbulence and the pointing error effect can be calculated
as follows:
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Appendix B. Exact CDF of Gamma–Gamma atmospheric turbu-
lence considering the effect of pointing error

Using [37, Eq. 07.34.26.0004.01], the pdf of Gamma–Gamma atmo-
spheric turbulence with the effect of pointing error is equal to:
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where 𝑝𝐹𝑞
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is the Hyper-geometric function [37,
Eq. 07.31.02.0001.01]. Using [37, Eq. 07.23.02.0001.01], the above
expression becomes equal to:
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Gamma atmospheric turbulence with the effect of pointing error be-
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after some mathematical simplification, it becomes as:
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where ℵ = 𝑛+𝜉2(𝑡−𝑘1)+𝛼(𝑘1−𝑘2)+𝛽𝑘2
2 , and (*) denotes the convolution and

the subscript ℎ(𝑘)𝑛 means that ℎ𝑛 is convolved (k-1) times with itself.

Appendix C. Asymptotic CDF of Gamma–Gamma atmospheric tur-
bulence considering the effect of pointing error

Using approximation of [37, Eq. 07.34.06.0006.01], the asymp-
totic pdf of Gamma–Gamma atmospheric turbulence with the effect of
pointing error becomes equal to:
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(
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(
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√

𝛾
𝛾𝐹𝑆𝑂

)𝛼
𝛽 > 𝛼, 𝜉2 > 𝛼

(54)

Integrating the above equation, the asymptotic CDF of Gamma–
Gamma atmospheric turbulence with the effect of pointing error be-
comes as follows:

𝐹𝛾𝐹𝑆𝑂 (𝛾)

1 The main idea of such transformation from Meijer-G to linear summation
is taken from [39], Eqs. (10)–(14). In this paper, nontruncated value of n has
revealed to show the convergence of the infinite series, because the use of a
truncated value of n does not lead to an exact result, and ‘‘=’’ sign should
be changed to ‘‘∼’’. But in MATLAB implementation code, n taken in (0,20)
works.
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(

𝛼𝛽𝜅

√

1
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𝛾
𝛽
2 𝜉2 > 𝛽, 𝛼 > 𝛽

𝛤
(

𝛽 − 𝜉2
)

𝛤
(

𝛼 − 𝜉2
)

𝛤 (𝛼)𝛤 (𝛽)

(

𝛼𝛽𝜅

√

1
𝛾𝐹𝑆𝑂
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𝛾
𝜉2
2 𝛼 > 𝜉2, 𝛽 > 𝜉2

𝜉2𝛤 (𝛽 − 𝛼)
𝛤 (𝛼 + 1)𝛤 (𝛽)𝛤

(
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)
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𝛼𝛽𝜅

√

1
𝛾𝐹𝑆𝑂

)𝛼

𝛾
𝛼
2 𝛽 > 𝛼, 𝜉2 > 𝛼

(55)

Which can be rewritten as:

𝐹𝛾𝐹𝑆𝑂 (𝛾) ≅ 𝛯𝛾
𝑂
2 , (56)

where
⎧
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⎪
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⎩
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(
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)

(

𝛼𝛽𝜅

√

1
𝛾𝐹𝑆𝑂

)𝛽

, 𝑂 = 𝛽 𝜉2 > 𝛽, 𝛼 > 𝛽

𝛯 = 𝛤
(

𝛽 − 𝜉2
)

𝛤
(

𝛼 − 𝜉2
)

𝛤 (𝛼)𝛤 (𝛽)

(

𝛼𝛽𝜅

√

1
𝛾𝐹𝑆𝑂

)𝜉2

, 𝑂 = 𝜉2 𝛼 > 𝜉2, 𝛽 > 𝜉2

𝛯 = 𝜉2𝛤 (𝛽 − 𝛼)
𝛤 (𝛼 + 1)𝛤 (𝛽)𝛤

(

𝜉2 − 𝛼
)

(

𝛼𝛽𝜅

√

1
𝛾𝐹𝑆𝑂

)𝛼

, 𝑂 = 𝛼 𝛽 > 𝛼, 𝜉2 > 𝛼.

Appendix D. Exact CDF of negative exponential atmospheric tur-
bulence with the effect of pointing error

Using [37, Eq. 07.34.26.0004.01], the CDF of Negative Exponential
atmospheric turbulence with the effect of pointing error is equal to:

𝐹𝛾𝐹𝑆𝑂 (𝛾) =
𝛤
(

2 − 𝜉2
)

𝛤
(

𝜉2
)

𝛤
(

1 + 𝜉2
) 2𝐹2

(

𝜉2, 0; 𝜉2 − 1, 𝜉2 + 1;− 𝜆
𝐴0

√

𝛾
𝛾𝐹𝑆𝑂

)

(57)

+
𝛤
(

𝜉2 − 2
)

𝛤 (2)

𝛤
(

𝜉2 − 1
)

𝛤 (3)

(

𝜆
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A0

√

𝛾
𝛾𝐹𝑆𝑂

)

Using [37, Eq. 07.23.02.0001.01], the above expression becomes equal
to:

𝐹𝛾𝐹𝑆𝑂 (𝛾) = 𝐹0𝛾
𝜉2−1
2 +

∞
∑

𝑛=0
𝐸𝑛𝛾

𝑛+1
2 , (58)

where 𝐹0 = 𝜉2𝜆𝜉2−1
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Using (58), expression
(

𝑊 𝛾
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)𝑡

in (21) can be expanded by trinomial expansion as:
𝑡

∑

𝑘1=0

(

𝑡
𝑘1
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(
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)𝑘1

, (59)

after some mathematical simplification, it becomes as:
𝑡

∑

𝑘1=0

∞
∑

𝑛=0

(

𝑡
𝑘1

)

𝐹 𝑡−𝑘10 𝐸(𝑘1)𝑛 𝛾𝐻th , (60)

where 𝐻 = 𝑛+𝜉2+𝑘1+(𝑡−𝑘1)
(

𝜉2−1
)

2 .
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