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A B S T R A C T   

One of the main problems in mobile communication systems is long-range links in weather 
conditions that could disrupt Radio Frequency (RF) connection. This problem could be solved by 
use of diversity or consuming more power or adding processing complexity. However, a mobile 
device has limited size and a small battery, and does not afford multiple antennas, or higher 
power consumption, or more complexity. So it is better to implement these techniques on the 
receiver, which is the base station. In this paper, a novel multi-hop hybrid Free Space Optical 
(FSO) / RF system is presented as a solution for the proposed scenario (long-range links in bad 
weather condition). In the proposed structure, a mobile user is connected to the source Base 
Station with receive diversity, and the source Base Station is connected to the destination Base 
Station via a multi-hop hybrid parallel FSO / RF link. In order to have a favorable performance 
with the lowest possible complexity, selection combining as well as demodulate and forward 
relaying are used at all hops of the proposed structure. The proposed structure has advantages of 
FSO, RF, and relay-assisted systems at the same time. The innovations and contributions of this 
paper, which are first introduced in the multi-hop hybrid FSO/ RF hybrid structure, include the 
novelty of the proposed structure, the presentation of new exact and asymptotic mathematical 
solutions, use of demodulate and forward protocol, taking into account a wide range of atmo-
spheric turbulence with the effect of pointing error, use of selection combining at each relay. In 
order to show the efficiency of the proposed structure, Bit Error Rate and Outage Probability of 
the proposed structure are investigated in a wide range of atmospheric turbulence from moderate 
to saturate. Considering these criteria, closed-form exact and asymptotic expressions are derived 
and verified by MATLAB simulations. Results indicate that the proposed structure shows inde-
pendent performance at moderate to strong atmospheric turbulence regimes. Hence, it is not 
required to adaptively adjust system parameters in order to have a constant performance. 
Accordingly, this structure is economically affordable and particularly suitable for mobile com-
munications that should deal with frequent changes in atmospheric turbulence in urban by a 
limited complexity and power consumption.   

1. Introduction 

Intensity Modulation / Direct Detection (IM/DD) based on On-Off-Keying (OOK) has a simple implementation and is mostly used in 
Free Space Optical (FSO) Communication system [1]. The OOK requires channel estimation because its detection threshold is adjusted 

* Corresponding author. 
E-mail addresses: m_amirabadi@elec.iust.ac.ir (M.A. Amirabadi), vakily@iust.ac.ir (V. Tabataba Vakili).  

Contents lists available at ScienceDirect 

Optik 

journal homepage: www.elsevier.com/locate/ijleo 

https://doi.org/10.1016/j.ijleo.2020.165883 
Received 17 May 2019; Received in revised form 19 May 2020; Accepted 23 October 2020   

mailto:m_amirabadi@elec.iust.ac.ir
mailto:vakily@iust.ac.ir
www.sciencedirect.com/science/journal/00304026
https://www.elsevier.com/locate/ijleo
https://doi.org/10.1016/j.ijleo.2020.165883
https://doi.org/10.1016/j.ijleo.2020.165883
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijleo.2020.165883&domain=pdf
https://doi.org/10.1016/j.ijleo.2020.165883


Optik 226 (2021) 165883

2

based on the Channel State Information (CSI). Pulse Position Modulation (PPM) is another modulation format used in FSO system with 
lower spectral efficiency than OOK and fixed detection threshold. Subcarrier Intensity Modulation (SIM), due to its high spectral 
efficiency, is an appropriate alternative for both PPM and OOK but suffers from the carrier frequency and phase synchronization. 

Terrestrial FSO link, due to easy and low-cost installation, license-free spectrum, high data rate, and security, is one of the main 
competitors of traditional Radio Frequency (RF) system. Performance of the FSO system is mainly affected by weather conditions, but 
even in clear weather, atmospheric turbulence caused by imbalance of temperature and pressure disrupts performance of the FSO link 
considerably. Scintillation, is one of the effects of atmospheric turbulence, which causes random fluctuations of the received signal 
intensity, and could be modeled by Log-Normal [2], Gamma-Gamma [3], K [4], I-K, H-K [5], M [6], and Negative Exponential [7] 
distributions. Among these models, Gamma-Gamma and Negative Exponential models have high accompany with experimental results 
obtained for moderate to strong and saturate regimes, respectively [8]. 

In addition to the atmospheric turbulence, misalignment of FSO transceiver, which is known as pointing error significantly de-
grades the performance of the FSO system. Based on vertical and horizontal displacements of the transceiver, this effect is divided into 
zero boresight and non-zero boresight effects. In zero boresight effect, horizontal and vertical displacements of incident light on the 
receiver plane are modeled by zero-mean Gaussian distribution, whereas in non-zero boresight effect, horizontal and vertical dis-
placements are modeled by non-zero mean Gaussian distribution. In zero and non-zero boresight effects, radial displacements are 
modeled by Rayleigh and Rician distributions, respectively. Aperture averaging is a low-cost, simple and useful method to compensate 
mitigation caused by pointing error [9,10]. 

Practical applications of the FSO system are severely limited because of high sensitivity to atmospheric conditions as well as 
pointing error. Combining FSO and RF links improves system reliability, accessibility, capacity, and data rate [11]. Works done in the 
field of hybrid FSO / RF systems could be divided into three main categories. The first category considers the point-to-point FSO / RF 
system (single-hop structure) [10,12–21]. This category is composed of a parallel FSO / RF link, in which either both FSO and RF links 
are active, or FSO link is active and RF link acts as a back-up link [17,20]. It has worth to mention that the aim of this structure is 
improving reliability and data rate. Most of works done in this category considered a single user single input single out put link, 
however, few investigations considered multi-user [12] and receive diversity [18] scenarios [18] deployed different combining 
schemes such as Maximum Ratio Combiner, Equal Gain Combiner, and Selection Combiner in its proposed point-to-point FSO/RF 
system with receive diversity. The second category investigates dual-hop structure [22–48], which uses one relay station between 
source and destination, and improves capacity and reduces the total power consumption of the system. The dual-hop structure (the 
second category) could be divided into four sub-categories. The first sub-category considers a direct link (a back-up connection) be-
tween source and destination [22–31,49,50], and the second category does not consider this link [22,27–29,31–41,44–46,49]. The 
third sub-category considers single-user scenario [23,24,26,27,30,31,32–41,46], and the forth subcategory considers multi-user 
scenario [23,28,31,32,34,35,38,44,45,49]. The third category investigates multi-hop structure [21,51–55], which uses multiple 
relay stations between source and destination, and improves throughput of the system. This category has been investigated in the FSO 
system [51–53,56,57], but in hybrid FSO / RF system it is still a new topic [17,55,58–60]. These works implemented a single-user 
multi-hop hybrid parallel [55,58] or series [17,59,60] FSO / RF system. 

Relay-assisted systems are known as a way of increasing the system capacity with low power requirements. The main difference 
between them is related to their processing, which is amplification [61] or decoding [41] or detection [62] the received signal and then 
forwarding it. Each of these schemes have their own advantages, therefore, according to consumer demands such as power, accuracy, 
timing, complexity, and cost, one of them can be used. Use of multi-hop relay-assisted structures in FSO systems improves data rate, 
capacity, and performance of the system. Various relaying schemes have been deployed in hybrid FSO / RF systems, including decode 
and forward [41], amplify and forward [40], quantize and forward [23]. Amplify and forward scheme amplifies the signal by either 
fixed or adaptive gain. The fixed gain scheme has less complexity but requires more power consumption, so, it is better to be used when 
CSI does not exist; when CSI exists, it is better to use the adaptive gain scheme [23]. Comparing with amplify and forward relaying, 
demodulate and forward has lower power consumption and does not enhance noise power. Therefore, in short-range links or 
long-range links that are divided into multiple hops, demodulate and forward is a better choice. 

In the proposed structure in this paper a novel multi-hop relay-assisted hybrid FSO/RF system is presented. This structure is 
proposed as a solution for mobile communication in long-range links in bad weather conditions. Considering the battery and size 
limitations in mobile device, no additional processing is deployed on mobile station, and a source Base Station with receive diversity is 
used. Because of the fact that multi-hop relaying and parallel FSO / RF communicating are respectively efficient for long-range and bad 
weather conditions, the source Base Station is connected to the destination by a multi-hop hybrid parallel FSO / RF link. In order to 
have a complexity-performance trade-off, at all relay stations, selection combining (receive diversity [63]) with demodulate and 
forward relaying are used. The FSO link, at moderate to the strong regime, is described by Gamma-Gamma atmospheric turbulence 
with the effect of pointing error, and at saturate regime, is described by Negative Exponential atmospheric turbulence, and RF link has 
Rayleigh fading. Closed-form exact and asymptotic expressions are derived for Bit Error Rate (BER) and Outage Probability (Pout) of the 
proposed structure. MATLAB simulations are provided in order to validate the obtained results. 

The remainder of this study is organized as follows: section II describes the system model. In sections III IV, and V, respectively Pout, 
BER, and diversity analysis of the proposed structure are discussed. Section VI provides simulation results and discussions and section 
VII is the conclusion of this work. 

2. System model 

The proposed structure of this paper is presented in Fig. 1. In this structure one mobile user transmits an RF signal, and the source 
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Base Station receives this signal via N receive antennas. The received signal with highest SNR is selected, and forwarded to the 
destination Base Station through a multi-hop hybrid FSO/RF link. Theoretical details of this transmission is provided in this section. 
Considering x, as the transmitted signal from the mobile user, the received signal at the first relay (source Base Station) becomes as 
follow: 

y1,i = h1,ix + e1,i (1)  

where, e1,i; i = 1, 2,…, N is the Additive White Gaussian Noise (AWGN), with zero mean and σ2
RF variance, at the first relay input, 

where N is number of receiving antennas, and hi is the fading coefficient of path between user and i − th receive antennas of the first 
relay. 

Among received RF signals at the first relay, one with the highest SNR is selected, then demodulated, then regenerated, and then 
duplicated. One copy of the duplicated RF signal is converted to FSO signal by conversion efficiency of η and added by a unit amplitude 
DC bias (because FSO signal should be positive). The other copy of duplicated RF signal, plus the FSO signal are modulated and 
forwarded via a hybrid parallel FSO/RF link simultaneously. At all of the remaining relays, between received FSO and RF signals, one 
with higher SNR is selected, demodulated, regenerated and forwarded trough hybrid parallel FSO/RF link simultaneously. Actually, in 
hybrid FSO / RF links millimeter wave is used in RF link, because the FSO links support high data rate whereas the common RF links 
support comparative lower data rate. Accordingly, in each of the hybrid parallel FSO / RF links of the proposed system, data is encoded 
into parallel FSO and RF bits. Then the FSO link uses IM / DD while the RF link modulates the encoded bits and up converts the 
baseband signal into a millimeter wave with carrier frequency of 30− 300 GHz. 

This paper, in order to have a comprehensive investigation, and show the efficiency of the proposed structure, considers a wide 
range of atmospheric turbulence regimes from moderate to saturate. The best distributions for modeling these regimes are Gamma- 
Gamma for moderate to strong regimes and Negative Exponential for saturate regime. The probability density function (pdf) and 
Cumulative Distribution Function (CDF) of Gamma-Gamma distribution with the effect of pointing error [64], and the CDFs of 
Negative Exponential and Rayleigh distributions are respectively as follows: 

fγ(γ) =
ξ2

2Γ(α)Γ(β)γ G
3,0

1,4

(

αβκ
̅̅̅̅̅̅̅̅̅

γ
γFSO

√
ξ2 + 1
ξ2, α, β

)

(2)  

Fγ(γ) =
ξ2

Γ(α)Γ(β)G
3,1

2,4

(

αβκ
̅̅̅̅̅̅̅̅̅

γ
γFSO

√
1, ξ2 + 1
ξ2, α, β, 0

)

(3)  

Fγ(γ) = 1 − e− λ
̅̅̅̅̅̅γ
γFSO

√

(4)  

Fγ(γ) = 1 − e−
γ

γRF (5)  

where G−
−

(
−

−

)

is the Meijer-G function [65], α, β and ξ are characterization parameters of Gamma-Gamma atmospheric turbulence, 

and pointing error, respectively [64], and Γ() is Gamma function [65]. γFSO = E
[
x2]η2/σ2

FSO and γRF = E
[
x2]/σ2

RF are the average SNR 
at FSO and RF receiver inputs, respectively, and σ2

FSO and σ2
RF are AWGN variances at FSO and RF receiver inputs. 

Fig. 1. The proposed multi-hop relay-assisted hybrid FSO / RF system with receive diversity.  
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According that the first relay selects signal with the highest SNR, and the RF links are independent and identically distributed, the 
CDF of instantaneous SNR at the first relay input (γ1) becomes as follow: 

Fγ1 (γ) = Pr
(
max

(
γ1,1, γ1,2,…, γ1,N

)
≤ γ

)
= Pr

(
γ1,1 ≤ γ, γ1,2 ≤ γ,…, γ1,N ≤ γ

)
=
∏N

i=1
Pr
(
γ1,i ≤ γ

)
=
∏N

i=1
Fγ1,i (γ) =

(

1 − e−
γ

γRF

)N

.

(6) 

Between received FSO and RF signals at j − th; j = 2, 3,…M relay (is the number of relays), one with higher SNR is selected; 
therefore, the CDF of instantaneous SNR at the j − th relay input (γj) becomes equal to: 

Fγj (γ) = Pr
(
max

(
γj,1, γj,2

)
≤ γ

)
= Pr

(
γj,1 ≤ γ, γj,2 ≤ γ

)
= Fγj,1 (γ)Fγj,2 (γ) (7) 

The last equality is because of the independence of FSO and RF links. 

3. Outage probability 

In the proposed structure, an outage occurs while the SNR of the received signal at each of the relay stations comes down below a 
threshold level. The link availability of a multi-hop structure is equal to the multiplication of link availabilities of each of individual 
hops [59]. Therefore, Pout of the proposed structure becomes equal to: 

Pout(γth) = Pr{(γ1, γ2,…, γM+1) ≤ γth} = 1 − Pr{γ1 ≥ γth, γ2 ≥ γth,…, γM+1 ≥ γth} = 1 − (1 − Pr{(γ1 ≤ γth)}) (1 − Pr{(γ2

≤ γth)}) (1 − Pr{(γM+1 ≤ γth)}) = 1 − (1 − Fγ1 (γth) )(1 − Fγ2 (γth) )…(1 − FγM+1 (γth) ) (8) 

Except for the first link, the other links have the same structure; therefore, Pout of the proposed structure becomes equal to: 

Pout(γth) = 1 − (1 − Fγ1 (γth) )
(
1 − Fγj (γth)

)M (9)  

Considering (7), and by substituting (3), (5) and (6) into (9), Pout of the proposed structure in Gamma-Gamma atmospheric turbulence 
with the effect of pointing error becomes as follows: 

Pout(γth)= 1 −

(

1 −

(

1 − e−
γth
γRF

)N )
⎛

⎝1 −
ξ2

Γ(α)Γ(β)

(

1 − e−
γth
γRF

)

G3,1
2,4

(

αβκ
̅̅̅̅̅̅̅̅̅
γth

γFSO

√
1, ξ2 + 1
ξ2,α, β, 0

)
⎞

⎠

M

. (10)  

In the derivation of BER in section IV, (10) will be used, but it’s somehow complex and needs to be simplified more. By substituting 

binomial expansion of 

(

1 − e−
γth
γRF

)N 

and 

⎛

⎝1 − ξ2

Γ(α)Γ(β)

(

1 − e−
γth
γRF

)

× G3,1
2,4

(

αβκ
̅̅̅̅̅̅
γth

γFSO

√ 1, ξ2 + 1
ξ2,α, β, 0

)
⎞

⎠

M

, Pout of the proposed structure in 

Gamma-Gamma atmospheric turbulence with the effect of pointing error is as follows: 

Pout(γth) = 1 +
∑N

k=1

∑M

t=0

∑t

u=0
Ωe−

(k+u)γth
γRF

(
ξ2

Γ(α)Γ(β)G
3,1
2,4

(

αβκ
̅̅̅̅̅̅̅̅̅
γth

γFSO

√
1, ξ2 + 1

ξ2, α, β, 0

))t

, (11)  

where Ω =

(
N
k

)(
M
t

)(
t
u

)

( − 1)k+t+u. As can be seen, the weight of the CDF of RF link in the above expression is more and it’s 

something logical because there RF links are more than FSO links. 
According to (7), and by substituting (4), (5) and (6) into (9), Pout of the proposed structure in Negative Exponential atmospheric 

turbulence becomes as follows: 

Pout(γth) = 1 −

(

1 −

(

1 − e−
γth
γRF

)N )
⎛

⎝1 −

(

1 − e−
γth
γRF

)⎛

⎝1 − e− λ
̅̅̅̅̅̅γth
γFSO

√
⎞

⎠

⎞

⎠

M

. (12) 

By substituting binomial expansions of 

(

1 − e−
γth
γRF

)N 

and 

⎛

⎝1 −

(

1 − e−
γth
γRF

)⎛

⎝1 − e
− λ

̅̅̅̅̅̅
γth

γFSO

√ ⎞

⎠

⎞

⎠

M

, Pout of the proposed structure in 

Negative Exponential atmospheric turbulence becomes as follow: 

Pout(γth) = 1 +
∑N

k=1

∑M

t=0

∑t

u=0

∑t

v=0
Λe−

(k+u)γth
γRF e− λv

̅̅̅̅̅̅γth
γFSO

√

, (13)  

where Λ =

(
N
k

)(
M
t

)(
t
u

)(
t
v

)

( − 1)k+t+u+v. Although there are 3 and 4 summations in (11) and (13), respectively, it should be 

considered that this complexity is because of assuming a complex structure. 
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4. Bit error rate 

In this paper DPSK modulation is used, differential modulations such as DPSK, are less sensitive to noise and interference, and 
because of the following reasons, their detection is optimal: no need for CSI or complex processing at the receiver, no need for threshold 
adjustment feedback, no effect on system throughput due to lack of pilot or training sequence, reduction in the effects of background 
noise at the receiver, reduction in effects of pointing error and weather conditions such as fog and mist. BER of DPSK modulation is 
calculated from the following expression [11]: 

Pe =
1
2

∫ ∞

0
e− γFγ(γ)dγ =

1
2

∫ ∞

0
e− γPout(γ)dγ. (14) 

The last inequality appeared because of Fγ(γ) = Pout(γ). BER of DPSK modulation in Gamma-Gamma atmospheric turbulence with 
the effect of pointing error can be obtained by substituting (11) into (14): 

Pe =
1
2

∫ ∞

0
e− γ

⎧
⎪⎨

⎪⎩
1 +

∑N

k=1

∑M

t=0

∑t

u=0
Ωe−

(k+u)γ
γRF

(
ξ2

Γ(α)Γ(β)G
3,1
2,4

(

αβκ
̅̅̅̅̅̅̅̅̅

γ
γFSO

√
1, ξ2 + 1
ξ2, α, β, 0

))t
⎫
⎪⎬

⎪⎭
dγ. (15)  

When t > 2, because of the multiplication of three Meijer-G and one exponential functions, the above integral cannot be solved. This 
paper tries to solve this problem and derives asymptotic and exact expressions in closed-form for BER and outage probability of the 
proposed structure in Gamma-Gamma atmospheric turbulence with the effect of pointing error. 

4.1. Exact BER for Gamma-Gamma atmospheric turbulence with the effect on pointing error 

By substituting exact equivalent of the CDF of Gamma-Gamma atmospheric turbulence with the effect of pointing error from 

Appendix A into (11), and by substituting binomial expansion of 

⎛

⎜
⎜
⎝X0

(
γth

γFSO

)ξ2
2

+
∑∞

n=0 Yn

(
γth

γFSO

)n+α
2

+
∑∞

n=0 Zn

(
γth

γFSO

)n+β
2

⎞

⎟
⎟
⎠

t 

as 
∑t

k1=0 

∑k1
k2=0

(
t

k1

)(
k1
k2

)

⎛

⎜
⎜
⎝X0

(
γth

γFSO

)ξ2
2

⎞

⎟
⎟
⎠

t− k1⎛

⎜
⎝
∑∞

n=0 Yn

(
γth

γFSO

)n+α
2

⎞

⎟
⎠

k1 − k2

×

⎛

⎜
⎝
∑∞

n=0 Zn

(
γth

γFSO

)n+β
2

⎞

⎟
⎠

k2 

and a bit mathematical simplification, Pout 

of the proposed structure in Gamma-Gamma atmospheric turbulence with the effect of pointing error becomes equal to: 

Pout(γth) = 1 +
∑N

k=1

∑M

t=0

∑t

u=0

∑t

k1=0

∑k1

k2=0

∑∞

n=0
Ω
(

t
k1

)(
k1
k2

)

Xt− k1
0
(
Y (k1 − k2)

n ∗Z(k2)
n

)
e−

(k+u)γth
γRF

(
γth

γFSO

)n+ξ2(t− k1)+α(k1 − k2)+βk2
2

. (16) 

By substituting (16) into (14), BER of DPSK modulation in Gamma-Gamma atmospheric turbulence with the effect of pointing error 
becomes equal to: 

Pe =
1
2

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

1 +
∑N

k=1

∑M

t=0

∑t

u=0

∑t

k1=0

∑k1

k2=0

∑∞

n=0
Ω
(

t
k1

)(
k1
k2

)

Xt− k1
0
(
Y(k1 − k2)

n ∗Z(k2)
n

) (1/γFSO)
n+ξ2(t− k1)+α(k1 − k2)+βk2

2

(

1 + k+u
γRF

)1+n+ξ2(t− k1)+α(k1 − k2)+βk2
2

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

(17) 

It is evident from (16) and (17) that the number of antennas and number of relays have impact on the performance of the proposed 
structure, but it could be interesting to know which one is more important. This is investigated in the results section. 

4.2. Asymptotic BER of Gamma-Gamma atmospheric turbulence with the effect of pointing error 

According to the complexity of (16) and (17), it’s not easy to have enough insights about them; therefore, deriving some asymptotic 
expressions could help to get some more analytical insights about the performance of the proposed structure. By substituting the CDF of 
Gamma-Gamma atmospheric turbulence with the effect of pointing error, from Appendix B into (11), Pout of the proposed system 
becomes as follows: 
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Pout(γth) ≅

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 +
∑N

k=1

∑M

t=0

∑t

u=0
e−

(k+u)γth
γRF Ω(ϖ)

tγth
βt
2 (1)

1 +
∑N

k=1

∑M

t=0

∑t

u=0
e−

(k+u)γth
γRF Ω(ρ)tγth

ξ2 t
2 (2)

1 +
∑N

k=1

∑M

t=0

∑t

u=0
e−

(k+u)γth
γRF Ω(ϑ)tγth

αt
2 (3)

(18) 

As can be seen (18) is a simple linear equation. It is very easy to have enough insights into it. In statement exp( − (k + u)γth/γRF ), the 
component k (which is upper bounded by N) is at the exponent multiplied by a minus sign; therefore, Pout decreases by increasing 
number of receive antennas (N). In serial relay structures, it is expected that the increasing number of relays increases Pout because an 
increasing number of relays increases the number of decisions made on the signal and leads to increase of the outage probability. In 
(18), the component t (which is related to M), is on the power of γth, increasing this component increases the Pout . By substituting the 
(18) into (15), the asymptotic BER of DPSK modulation in Gamma-Gamma atmospheric turbulence with the effect of pointing error 
becomes equal to: 

Pe ≅

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 +
∑N

k=1

∑M

t=0

∑t

u=0

Ω(ϖ)
tΓ
(βt

2
+ 1
)

(

1 +
k + u
γRF

)βt
2+1

(1)

1 +
∑N

k=1

∑M

t=0

∑t

u=0

Ω(ρ)tΓ
(

ξ2t
2

+ 1
)

(

1 +
k + u
γRF

)ξ2 t
2 +1

(2)

1 +
∑N

k=1

∑M

t=0

∑t

u=0

Ω(ϑ)tΓ
(αt

2
+ 1
)

(

1 +
k + u
γRF

)αt
2+1 (3)

(19) 

The same as (18), (19) is a simple linear function the same insights as (18) could be stated for it. Substituting (13) into (14), and 

substituting Meijer-G equivalent of e− λv
̅̅̅̅̅̅γ
γFSO

√

as 1̅̅
π

√ G2,0
0,2

(

(λv)2γ
4γFSO

−

0, 0.5

)

and using [63], BER of DPSK modulation in Negative Exponential 

atmospheric turbulence becomes equal to: 

Pe =
1
2

⎧
⎪⎪⎨

⎪⎪⎩

∑N

k=1

∑M

t=0

∑t

u=0

∑t

v=0
Λ

1̅
̅̅
π

√
1

1 + k+u
γRF

× G
2,1

1,2

⎛

⎜
⎜
⎝

(λv)2

4γFSO

(

1 + k+u
γRF

)
0

0, 0.5

⎞

⎟
⎟
⎠

⎫
⎪⎪⎬

⎪⎪⎭

(20) 

Although with modern computing tools, it is now easier to produce analytical expressions, even modern computing tools cannot get 
forms shorter than the derived formulations. Because these expressions are in the form of Meijer-G function, which is the shortest 
possible equivalent for mathematical expressions. The Meijer-G is a mathematical tool used in literature without significant insights. 

Although the mathematical formulations are a bit complex, it’s not necessary to challenge in the mathematical area; while plotting 
these expressions, could easily have useful insights. The complexity of derived expressions is related to 1) using Meijer-G function, 
which has complex structure by itself, and 2) the inherent complexity of the proposed structure. 

5. Diversity 

Diversity gain is the increase in SNR because of a diversity scheme, or how much the γavg could be reduced when a diversity scheme 
is introduced, without a performance loss. It is usually expressed in decibels; when plotting the Pout versus γavg, it could be observed as 
the tangent of the plotted figure at high γavg. Considering the first hop, the selection of the strongest signal between N received signals 
in Rayleigh i.i.d. distribution, the expected diversity gain has been shown to be 

∑N
k=1 1/k. However, the addition of serial hops after the 

first hop reduces the diversity gain. The diversity is dominated by the smallest exponent of the γavg. At high γavg, Pout can be represented 
as [46,55] 

P∞
out(γth) = Gcγ− Gd

avg (21) 

For finding the diversity order of the proposed structure in Gamma-Gamma atmospheric turbulence with the effect of pointing error 
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(16) should be considered (because it includes only finite summations of elementary functions) and the following minimization 
problem should be solved: 

min
2k + 3n + ξ2(t − k1) + α(k1 − k2) + βk2

2
(22) 

Considering the range of k,n, t, k1, and k2, the solution of the above minimization is Gd = 1; this is also indicated in simulation 
results, where for different scenarios, at high SNRs the tangent of the Pout curves are parallel with unit tangent. For finding the diversity 
order of the proposed structure in Negative Exponential atmospheric turbulence (13) should be considered (because it includes only 
finite summations of elementary functions) and the following minimization problem should be solved: 

min
2k + 3n

2
(23) 

Considering the range of k, and n the solution of the above minimization is Gd = 1; this is also indicated in simulation results, 
where for different scenarios, at high SNRs the tangent of the Pout curves are parallel with unit tangent. 

6. Comparison of simulation and analytical results 

In this section, MATLAB simulation and analytical results of the performance of the proposed structure are compared and discussed. 
Without loss of generality, it is assumed that FSO and RF links have the same average SNR (γavg = γFSO = γRF) and η = 1. The proposed 
structure is investigated at various number of receive antennas (N) and relays (M), and at different atmospheric turbulence regimes, 
from moderate to saturate. The outage threshold SNR is denoted by γth. 

In Fig. 2, Outage Probability of the proposed structure is plotted as a function of average SNR for various number of receive an-
tennas for Negative Exponential atmospheric turbulence with unit variance, when number of relays is M = 2 and γth = 10dB. As can be 
seen, performance of the proposed structure has low dependence on the number of receive antennas. Generally, a system with multiple 
receive antennas performs better than a system with a single receive antenna. The proposed structure uses selection combiner and 
therefore, by an increase in the number of receive antenna, it is more likely that the SNR of the selected signal is higher than the 
threshold level. 

In Fig. 3, Outage Probability of the proposed structure is plotted as a function of average SNR for various number of relays for 
Negative Exponential atmospheric turbulence with unit variance, when number of receive antennas is N = 2 and γth = 10dB. At Pout =

10− 4 , γavg difference between system performance at M = 1 and M = 2,3,4, is about 2dB, 3 dB and 4 dB, respectively. At a wide range 
of target Pout , the same γavg difference values can be observed. In series relay structure, performance degrades by relay addition. 
However, because γavg difference values at different target Pout are the same, only constant fraction of consumed power should be added 
to compensate this degradation, and it is not required additional processing to adjust this fraction adaptively. 

In Fig. 4, Outage Probability of the proposed structure is plotted as a function of average SNR for various variances of Negative 
Exponential atmospheric turbulence when the number of receive antennas is N = 2, the number of relays is M = 2 and γth = 10dB. It 
can be seen that the proposed structure is severely dependent on atmospheric turbulence variance; for example, at Pout = 10− 3 , γavg 

difference between system performance of the cases of λ = 1 and λ = 2, also between the cases of λ = 1 and λ = 5, is about 2dB and 
5dB, respectively. This difference changes at different target Pout , thereby, the proposed structure is not recommended for non-urban 
cells with high changes in atmospheric turbulence. But generally speaking at these places, because of the dependence on atmospheric 
turbulence, much more power is required to compensate for the degradation caused by atmospheric turbulence. 

In Fig. 5, Bit Error Rate of the proposed structure is plotted as a function of average SNR for moderate (α = 4,β = 1.9,ξ = 10.45) 
and strong (α = 4.2, β = 1.4, ξ = 2.45), regimes of Gamma-Gamma atmospheric turbulence with the effect of pointing error, when 

Fig. 2. Outage Probability of the proposed structure as a function of average SNR for various number of receive antennas for Negative Exponential 
atmospheric turbulence with unit variance, when number of relays is M = 2 and γth = 10dB. 
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number of receive antenna is N = 2 and the number of relays is M = 2. It can be seen that there is little γavg difference between system 
performance at moderate and strong atmospheric turbulence regimes, for example, at Pe = 10− 4 and Pe = 10− 3, this difference is about 
1.5dB and 2dB, respectively. Therefore, this structure is suitable for urban cells which encounter with frequent changes in atmospheric 
turbulence. This structure is not sensitive to changes in atmospheric turbulence, therefore it does not need an adaptive processor in 
order to maintain performance. From this point of view, it has less complexity and installation cost. 

Fig. 3. Outage Probability of the proposed structure as a function of average SNR for various number of relays for Negative Exponential atmospheric 
turbulence with unit variance, when the number of receive antennas is N = 2 and γth = 10dB. 

Fig. 4. Outage Probability of the proposed structure as a function of average SNR for various variances of Negative Exponential atmospheric 
turbulence, when number of receive antennas is N = 2, number of relays is M = 2 and γth = 10dB. 

Fig. 5. Bit Error Rate of the proposed structure as a function of average SNR for moderate (α = 4,β = 1.9,ξ = 10.45) and strong (α = 4.2,β = 1.4,
ξ = 2.45), regimes of Gamma-Gamma atmospheric turbulence with the effect of pointing error, when the number of receive antennas is N = 2 and 
number of relays is M = 2. 
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In Fig. 6, Outage Probability of the proposed structure is plotted as a function of average SNR for various number of relays for 
moderate (α = 4,β = 1.9,ξ = 10.45) regime of Gamma-Gamma atmospheric turbulence with the effects of pointing error when the 
number of antennas is N = 2 and γth = 10dB. It can be seen that at Pout = 10− 4, the γavg difference between system performance at the 
case of M = 1 and cases of M = 2, 3,4 are about 1.5 dB, 2 dB, and 3 dB, respectively. Of course, the degradation caused by relay 
addition is compensable by consuming power, therefore the proposed structure is particularly suitable for communication cells which 
service huge number of users. 

In Fig. 7, Outage probability of the proposed structure is plotted as a function of average SNR for different number of receive 
antennas, for the moderate regime of Gamma-Gamma atmospheric turbulence with the effect of pointing error, when the number of 
relays is M = 2 and γth = 10dB. As can be seen, the proposed structure has little dependence on the number of receive antennas. This is 
due to the selection of the antenna with the highest SNR. Since different received signal encounter with independent fading, with the 
increase in the number of antennas, it is more likely to find the signal with favorable SNR level. 

Fig. 8 plots Bit Error Rate of the proposed structure as a function of average SNR for different number of transmitter antennas, for 
moderate (α = 4, β = 1.9, ξ = 10.45) regime of Gamma-Gamma atmospheric turbulence with the effect of pointing error, when 
number of relays is M = 2. As could be seen, increasing number of receive antennas improves the performance, however, due to the fact 
that the effect of the first hop on the performance is lower than other hops, increasing number of antennas does not improve per-
formance continuously, and as could be seen, N = 2 has much better performance than N = 1, but N = 5 does not have much better 
performance than N = 2. It should be noted that the performance of a multi-hop system is dependent on all of its hops and not just one 
hop. So, it is not expected that increasing complexity and processing in one hop yields to performance improvement in the whole 
system (which is exactly seen in this figure). 

Fig. 9 plots Bit Error Rate of the proposed structure as a function of average SNR for various variances of Negative Exponential 
atmospheric turbulence, when number of receive antennas is N = 2 and number of relays is M = 2. As could be seen, the proposed 
structure has a favorable performance even at different variances of the Negative Exponential atmospheric turbulence. At low SNRs, 
which the noise effect is dominant, system has the same performance at different variances of the Negative Exponential atmospheric 
turbulence, and the difference appears while increasing the SNR. However, at high SNRs the same diversity gain is observable for 
different scenarios, which is as expected while deriving the diversity gain formula. This is actually one the benefits of the proposed 
structure, because it brings the same diversity gain at different scenarios, it could be trustable for applying at links with varying 
conditions, for example in Mediterranean links, which atmospheric turbulence changes during the day. 

Fig. 10 plots Bit Error Rate of the proposed structure as a function of average SNR for different number of receive antennas and 
different number of relays, for Negative Exponential atmospheric turbulence with unit variance. This figure looks at the problem from 
another view, it says that although increasing number of antennas improves the performance, however, the effect of addition number 
of hops on performance degradation is more observable. As could be seen N = 3 = M = 3 has worse performance than N = 2, M = 2. 
The same statements as other figures exists here about the diversity gain and having favorable performance at different SNRs. 

7. Conclusion 

In this study, a novel multi-hop relay-assisted hybrid FSO / RF structure was presented, in which a mobile user was connected to the 
source Base Station via an RF link with receive diversity, source and destination Base Stations were connected via a multi-hop hybrid 
FSO / RF link. Demodulate and forward protocol was used in this multi-hop structure. At each link, the signal with higher SNR was 
selected for transmission. The effects of the number of receive antennas as well as the number of relays on the performance of the 
proposed structure were investigated at various atmospheric turbulence form moderate to saturate regimes. Changing the number of 
receive antennas did not affect the performance so much. Also, the performance difference between different numbers of relays was 
almost constant; therefore, it does not require adaptive processing in order to define the fraction of additional power for maintaining 
system performance. Hence the proposed structure increases capacity while maintaining the performance of the system, with low 

Fig. 6. Outage probability of the proposed structure as a function of average SNR for various number of relays for moderate (α = 4, β = 1.9, ξ =

10.45) regime of Gamma-Gamma atmospheric turbulence with the effects of pointing error, when the number of antennas is N = 2 and γth = 10dB. 

M.A. Amirabadi and V. Tabataba Vakili                                                                                                                                                                         



Optik 226 (2021) 165883

10

Fig. 7. Outage probability of the proposed structure as a function of average SNR for the different number of receive antennas, for moderate (α = 4,
β = 1.9, ξ = 10.45) regime of Gamma-Gamma atmospheric turbulence with the effect of pointing error, when the number of relays is M = 2 and 
γth = 10dB. 

Fig. 8. Bit Error Rate of the proposed structure as a function of average SNR for different number of transmitter antennas, for moderate (α = 4,β =

1.9, ξ = 10.45) regime of Gamma-Gamma atmospheric turbulence with the effect of pointing error, when number of relays is M = 2. 

Fig. 9. Bit Error Rate of the proposed structure as a function of average SNR for various variances of Negative Exponential atmospheric turbulence, 
when number of receive antennas is N = 2 and number of relays is M = 2. 
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additional complexity and latency. The proposed structure was a bit more sensitive to Negative Exponential atmospheric turbulence 
than Gamma-Gamma atmospheric turbulence with the effect of pointing error. Hence the proposed structure is particularly suitable for 
urban communications which encounter frequent changes in atmospheric turbulence. 
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Appendix A 

Using [63], the pdf of Gamma-Gamma atmospheric turbulence with the effect of pointing error becomes as follows: 

fγFSO (γ) =
ξ2Γ(α − ξ2)Γ(β − ξ2)

2Γ(α)Γ(β)γ

(

αβκ
̅̅̅̅̅̅̅̅̅

γ
γFSO

√ )ξ2

×
1
F2

(

0; 1 − α + ξ2, 1 − β + ξ2; αβκ
̅̅̅̅̅̅̅̅̅

γ
γFSO

√ )

+
ξ2Γ(ξ2 − α)Γ(β − α)

2Γ(α)Γ(β)Γ(ξ2 + 1 − α)γ

(

αβκ
̅̅̅̅̅̅̅̅̅

γ
γFSO

√ )α

×
1
F2

(

α − ξ2; 1 − ξ2 + α, 1 − β + α;αβκ
̅̅̅̅̅̅̅̅̅

γ
γFSO

√ )

+
ξ2Γ(α − β)Γ(ξ2 − β)

2Γ(α)Γ(β)Γ(ξ2 + 1 − β)γ

(

αβκ
̅̅̅̅̅̅̅̅̅

γ
γFSO

√ )β

×
1
F2

(

β − ξ2; 1 − ξ2 + β, 1 − α + β; αβκ
̅̅̅̅̅̅̅̅̅

γ
γFSO

√ )

(24)  

where pFq
(
a1,…, ap; b1,…, bq; z

)
is the Hyper-Geometric function [63]. Using [63], the above expression becomes as follows: 

fγFSO (γ) =
ξ2Γ(α − ξ2)Γ(β − ξ2)

2Γ(α)Γ(β) (αβκ)ξ2
(

γ
γFSO

)ξ2
2 − 1

+
∑∞

n=0

ξ2Γ(β − α)(α − ξ2)n

2Γ(α)Γ(β)(ξ2 − α)(1 − ξ2 + α)n(1 − β + α)nn!
(αβκ)n+α

(
γ

γFSO

)n+α
2 − 1

+
∑∞

n=0

ξ2Γ(α − β)(β − ξ2)n

2Γ(α)Γ(β)(ξ2 − β)(1 − ξ2 + β)n(1 − α + β)nn!
(αβκ)n+β

(
γ

γFSO

)n+β
2 − 1

, (25) 

where ()n is the well-known pochhammer symbol. Integrating the above equation, CDF of Gamma-Gamma atmospheric turbulence 
with the effect of pointing error becomes as follows: 

FγFSO (γ) =
Γ(α − ξ2)Γ(β − ξ2)

Γ(α)Γ(β) (αβκ)ξ2
(

γ
γFSO

)ξ2
2

+
∑∞

n=0

ξ2Γ(β − α)(α − ξ2)n

(n + α)Γ(α)Γ(β)(ξ2 − α)(1 − ξ2 + α)n(1 − β + α)nn!
(αβκ)n+α

×

(
γ

γFSO

)n+α
2

+
∑∞

n=0

ξ2Γ(ξ2 − β)(β − ξ2)n

(n + β)Γ(α)Γ(β)(α − β)(1 − ξ2 + β)n(1 − α + β)nn!
× (αβκ)n+β

(
γ

γFSO

)n+β
2

= X0

(
γ

γFSO

)ξ2
2

+
∑∞

n=0
Yn

(
γ

γFSO

)n+α
2

+
∑∞

n=0
Zn

(
γ

γFSO

)n+β
2

(26)  

Fig. 10. Bit Error Rate of the proposed structure as a function of average SNR for different number of receive antennas and different number of 
relays, for Negative Exponential atmospheric turbulence with unit variance. 
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Appendix B 

From approximation [63], at γ ≫ 1, the pdf of Gamma-Gamma atmospheric turbulence with the effect of pointing error becomes as 
follows: 

fγ(γ) ≅

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ2Γ(α − β)
2Γ(α)Γ(β)(ξ2 − β

)
γ

(

αβκ
̅̅̅̅̅̅̅̅̅

γ
γFSO

√ )β

ξ2 > β, α > β

ξ2Γ
(
β − ξ2)Γ

(
α − ξ2)

2Γ(α)Γ(β)γ

(

αβκ
̅̅̅̅̅̅̅̅̅

γ
γFSO

√ )ξ2

α > ξ2, β > ξ2

ξ2Γ(β − α)
2Γ(α)Γ(β)(ξ2 − α

)
γ

(

αβκ
̅̅̅̅̅̅̅̅̅

γ
γFSO

√ )α

β > α, ξ2 > α

(24) 

Integrating the above equation, CDF of Gamma-Gamma atmospheric turbulence with the effect of pointing error is as: 

Fγ(γ) ≅

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ2Γ(α − β)
Γ(α)Γ(β + 1)(ξ2 − β

)

(

αβκ

̅̅̅̅̅̅̅̅̅
1
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γ
β
2 ξ2 > β, α > β

Γ(β − ξ2)Γ
(
α − ξ2)

Γ(α)Γ(β)

(

αβκ

̅̅̅̅̅̅̅̅̅
1

γFSO

√ )ξ2

γ
ξ2
2 α > ξ2, β > ξ2

ξ2Γ(β − α)
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1
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γα
2 β > α, ξ2 > α
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ϖγ
β
2 (1)

ργ
ξ2
2 (2)

ϑγα
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(27)  

Appendix C. Supplementary data 

Supplementary material related to this article can be found, in the online version, at doi:https://doi.org/10.1016/j.ijleo.2020. 
165883. 
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