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Abstract
Purpose  This paper presents a novel bistable, multi-frequency hybrid energy harvesting mechanism with an adaptive potential 
barrier, aimed at improving energy scavenging efficiency in low-excitation environments.
Methods  The system employs a recently developed bistable two-degree-of-freedom cut-out piezoelectric harvester, which 
achieves substantial power output through two closely positioned resonances. However, conventional bistable harvesters 
underperform when the excitation level is insufficient to overcome the potential barrier. To address this, an auxiliary magnetic 
oscillator is incorporated into the original cut-out harvester to lower the barrier dynamically and facilitate inter-well oscillations. 
Also, an induction coil surrounding the magnetic oscillator scavenges extra electrical power, further enhancing the overall power 
generation. The mathematical model is derived through a hybrid procedure combining the Ritz method with the Euler-Bernoulli 
beam and magnetic dipole theories. The model accuracy is validated by the available experimental observations for simpler 
systems. Furthermore, a bistability criterion is introduced, outlining the system properties required to trigger inter-well oscillations.
Results  Numerical results demonstrate that the proposed harvester overcomes the potential barrier at lower excitation amplitudes 
and achieves higher generated power over a broader frequency bandwidth. Under a 4.5 m/s² excitation, the hybrid harvester 
generates a maximum average power of approximately 12 mW, representing a 118% improvement over the conventional design.
Conclusion  The analyses confirm that the proposed hybrid design significantly improves energy harvesting efficiency com-
pared to conventional designs reported in the literature.

Keywords  Energy harvesting · Piezoelectric layers · Electromagnetic induction · Adaptive potential well · Bistability criterion

Introduction

Vibration-based energy harvesting has been the subject of 
numerous studies over the last decades due to its application 
in powering portable electronic devices and wireless sensors 
[1–3]. Currently, conventional chemical batteries serve as the 
main power source for these devices, suffering from limited life 
cycles, periodic replacement, and hazardous disposal. Hence, 

energy harvesting is a potential alternative to replace batteries or 
facilitate their regular recharging. The most common transduction 
technologies converting ambient kinetic energy into electricity 
are piezoelectric [4], electromagnetic [5], and electrostatic[6] 
mechanisms. Regardless of the transduction technique, traditional 
linear energy harvesters are designed based on the linear 
resonance concept. Thus, they reach the optimum performance 
when the excitation frequency matches the natural frequency of 
the system. This means the output power drops dramatically with 
a slight shift from the resonant frequency [7, 8]. Therefore, since 
ambient vibration sources are typically wideband and random, 
researchers have used a variety of strategies such as resonance 
tuning [9, 10], frequency-up conversion [11, 12], multi-mode 
structures [13, 14], and the introduction of nonlinearities [15, 16] 
to scavenge energy over a broader frequency range.

Among these, exploiting nonlinearities has shown 
promising results in broadening bandwidth and enhancing 
power output. Recent advances have extended nonlinear 
energy harvesting principles to more complex structures such 
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as fluid-conveying pipes, where self-powered sensing and 
vibration suppression are critical. Tang et al. [17] investigated 
the effects of PEH coupled with nonlinear energy sinks 
(NES) in functionally graded pipes. They showed how three-
directional material gradients and geometric nonlinearities 
improve energy conversion under complex boundary 
conditions. Gao et al. [18] demonstrated that incorporating 
mechanical stoppers into cantilevered fluid-conveying pipes 
introduces beneficial nonlinear stiffness characteristics, such 
as softening and hardening effects, that enhance energy 
harvesting efficiency.

A promising approach to widening the working 
frequency range of energy harvesters is to employ multi-
mode techniques by integrating several oscillating units 
in one single device. Shahruz [19] and Xue et  al. [20] 
proposed an array configuration of piezoelectric cantilever 
beams with different natural frequencies. Although this 
system can expand the operating frequency bandwidth, the 
harvester presents limited efficiency because only one of its 
components is active while the others are in an off-resonance 
state. Ou et al. [21] presented a double-mass piezoelectric 
cantilever beam to enhance the operating bandwidth of the 
harvester. Despite obtaining two useful modes, the two 
corresponding resonant frequencies were too far apart for 
the harvester to be considered broadband. Erturk et al. [22] 
investigated an L-shaped beam-mass configuration which 
can be tuned to have much closer the first two natural 
frequencies. To design a more applicable multi-mode energy 
harvester, the multiple resonance frequencies should be 
tuned to be close enough to each other. To this end, Kim 
et al. [23] introduced a two-degree-of-freedom (2-DoF) 
piezoelectric energy harvester (PEH) that utilized both 
translational and rotational displacements to achieve two 
close resonance peaks. Wu et al. [24] also proposed a 2-DoF 
PEH with a cut-out beam structure which can achieve two 
close resonances with significantly large voltage amplitudes. 
To scavenge energy from wideband, low frequency, and 
low amplitude vibration sources, Li et al. [25] introduced a 
multi-branch sandwich PEH. This harvester was composed 
of a substrate and multiple inner single branches, resulting 
in multiple close power peaks.

Another strategy to improve the harvester performance 
in terms of higher output power and broader bandwidth 
is exploiting nonlinearity through magnetic interactions. 
In particular, bistable energy harvesters (BEH) have been 
thoroughly studied due to their capability of broadband energy 
harvesting [26–29]. The main feature of bistable oscillators is 
the double-well potential curve, which comprises two potential 
wells (stable equilibrium points) separated by a potential barrier 
(unstable equilibrium point). BEHs can exhibit two distinct 
motions depending on the excitation intensity. For low levels 
of excitation, the harvester undergoes small-amplitude intrawell 
motions by oscillating about one of the stable equilibria. On 

the other hand, if the excitation reaches a certain threshold to 
overcome the potential barrier, the harvester exhibits large-
amplitude inter-well oscillations between the two stable 
equilibria. Although a higher potential barrier may lead to 
increased output power due to the greater separation between 
potential wells, it simultaneously reduces the likelihood of 
triggering high-energy inter-well oscillations. Therefore, the 
performance of BEHs is highly dependent on the height of the 
potential barrier.

Various techniques have been proposed to facilitate the 
energetic inter-well oscillations by reducing the potential 
barrier’s height while maintaining the distance between 
the potential wells. To this end, some researchers utilized 
mechanisms with fixed potential barriers including multi-
stable (tri- or quad-stable) systems by adding additional 
fixed magnets to the conventional bistable harvester [30–32]. 
Zhou et al. [33] explored a magnetically coupled PEH with 
rotatable external magnets. Their results showed that the 
magnet inclination angle can sufficiently affect the operating 
bandwidth. To enhance the performance of a compressive-
mode vibration energy harvester, Zou et al. [34] proposed a 
system that comprised a magnetic oscillator and a flexten-
sional transducer attached to a magnet (magnetic stator). 
The two additional magnets were fixed on the flextensional 
transducers and symmetrically arranged on both sides of this 
magnetic stator. Their results showed that the magnetic force 
intervention allows the harvester to work effectively over 
a wide frequency range under low excitation levels. Alter-
natively, mechanisms that can adjust the potential barrier 
dynamically have been developed. Gao et al. [35] and Leng 
et al. [36] compared the bistable PEHs with the external 
magnets attached to the base using both fixed support and 
elastic support configurations. According to their numerical 
and experimental results, elastic support systems can outper-
form rigid support harvesters under low-intensity excitations 
owing to their variable potential function. Nguyen et al. [37] 
dynamically lowered the potential barrier of a bistable PEH 
by employing a mechanically rectified auxiliary magnetic 
oscillator to broaden the frequency range of the high-energy 
oscillations. Zhou et al. [38] proposed a flexible bistable har-
vester that comprised a piezoelectric cantilever beam with a 
tip magnet and a double-clamped beam with a mid-magnet. 
Due to the variability of the potential energy function of this 
system, the harvester can more easily undergo snap-through 
and generate a higher power output. Chen et al. [39] adopted 
a spring-magnetic oscillator to reduce the potential barrier 
of a bistable PEH. Their experimental and numerical results 
indicated that the proposed harvester could generate greater 
output power over a wider frequency range compared to the 
conventional BEH with a fixed potential barrier.

To further enhance the performance of the harvesters, 
researchers have combined nonlinear and multi-mode 
techniques to expand the operating bandwidth while 



Journal of Vibration Engineering & Technologies          (2025) 13:413 	 Page 3 of 23    413 

maintaining high power output. Su et al. [8] designed a dual-
cantilever PEH composed of outer and inner beams interacting 
by repulsive magnetic force. Their results demonstrated that this 
harvester can provide high output power over a broad frequency 
range. Wu et al. [40] incorporated magnetic interaction into 
a linear 2-DoF cut-out PEH. This provided them with a 
broader frequency bandwidth in mono-stable conditions. To 
increase the efficiency of harvesters operating on the basis of 
a bistable cut-out mechanism, Zayed et al. [41] introduced a 
quad-stable configuration by adding some extra magnets to 
the system. Their results indicated the supremacy of the quad-
stable harvester over the BEH in terms of the wider operating 
frequency range and the higher voltage output. In the sequence 
of this work, Tian et al. [42] presented an inner-outer magnetic 
2-DoF PEH by fixing another pair of magnets at the free end 
of the outer beam and base of the original nonlinear cut-out 
harvester. It was observed that the proposed harvester can 
provide a sufficiently broader frequency bandwidth in the 
lower frequency range. Furthermore, due to the introduction 
of the new magnetic force, the inner beam can more readily 
achieve inter-well oscillations under low excitation levels 
compared to the original nonlinear cut-out harvester. Despite 
these advancements, the aforementioned harvesters share a 
critical limitation: the potential barrier is fixed and cannot be 
dynamically adjusted. As a result, they may fail to trigger inter-
well oscillations, especially under low-intensity excitations, 
thereby limiting their effectiveness in practical energy 
harvesting applications.

To address this limitation, this paper proposes a 
novel bistable multi-frequency hybrid energy harvester 
(MHEH) design, building upon the cut-out PEH originally 
developed by Wu et  al. [40]. The proposed harvester 
integrates two key innovations: first, instead of using a 
fixed external magnet as in the traditional nonlinear cut-
out harvester [40], an adaptive potential well is created 
by mounting the external magnet on a spring, thereby 
allowing it to oscillate. This approach dynamically 
lowers the potential barrier, facilitating inter-well motion 
even at low excitation levels. Second, the kinetic energy 
transferred to the auxiliary oscillator is converted into 
electrical power through an electromagnetic transduction 
mechanism. This mechanism works in tandem with the 
primary piezoelectric harvester, forming a hybrid system 
that significantly enhances energy conversion efficiency 
compared to the conventional design with a fixed magnet. 
Overall, these innovations enable the proposed MHEH to 
achieve higher energy conversion efficiency and a wider 
operational bandwidth than conventional systems. It is 
noteworthy that the novelties and main contributions of 
this research are summarized below:

•	 A PEH with a cut-out beam structure integrated with an 
electromagnetic transduction mechanism is proposed.

•	 Accounting for the distributed mass and stiffness of the 
structure, the coupled axial-transversal governing equa-
tions of motion are obtained through a hybrid procedure 
including the Ritz method.

•	 The influence of the magnetic excitation is taken into 
account based on the magnetic dipole theory, ensuring 
that the developed mathematical model closely reflects 
physical reality.

•	 Bifurcation and potential energy analyses are performed 
to identify combinations of system parameters that 
trigger high-energy inter-well oscillations. The resulting 
bistability criterion provides practical guidance for 
selecting appropriate parameters, serving as a valuable 
tool for engineers involved in the design of energy 
harvesters.

•	 The adaptive potential barrier of the proposed harvester 
enables the activation of inter-well oscillations under 
lower excitation intensities. Furthermore, the harvester 
demonstrates enhanced power output across a broader 
frequency range, with a maximum average power of 12 
mW, representing a 118% improvement over conven-
tional cut-out harvesters.

The rest of the paper is organized as follows. In 
Sect."System Structure and Modeling", the mathematical 
model of the proposed harvester is established based on the 
Euler–Bernoulli beam and magnetic dipole theories. The 
nonlinear equations of motion associated with the system 
are then derived employing Hamilton’s principle along with 
a hybrid procedure including the Ritz method. Sect."Results 
and Discussions"presents a comprehensive analysis of the 
harvester’s performance. First, the accuracy of the proposed 
mathematical model is validated using experimental results 
from the literature, corresponding to a system with a sim-
pler design. Second, potential and bifurcation analyses are 
conducted to establish a bistability criterion that guides 
the selection of system parameters for inducing inter-well 
oscillations. Furthermore, the superiority of the proposed 
system over the conventional harvester is demonstrated, and 
the influence of magnetic oscillator parameters and resistive 
loads on system performance is investigated. Finally, conclu-
sions are briefly presented in Sect."Conclusions".

System Structure and Modeling

Harvester Structure and Description

A schematic of the nonlinear multi-frequency hybrid har-
vester proposed in this paper is shown in Fig. 1. The har-
vester comprises a cut-out beam and a spring-loaded per-
manent magnet that is attached to the base. The cut-out 
structure consists of cantilever outer beams attached to an 
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outer tip mass ( Mt1 ). An inner cantilever beam, partially 
covered by a Macro Fiber Composite (MFC) piezoelectric 
transducer in a unimorph configuration, is also attached to a 
permanent magnet as an inner tip mass ( Mt2 ). The magnetic 
oscillator is axially aligned with the inner beam axis and an 
induction coil is fixed around it. The polarities of magnets 
are in opposite directions to induce a repulsive force. The 
initial distance between them is d0.

When the base is excited, the outer and inner beams 
vibrate. As a result, the bending of the inner beam produces 
a voltage in the piezoelectric layer. On the other hand, 
the repulsive force between the magnetic masses causes 
the external magnet to oscillate inside the induction coil, 
in response to the inner beam vibrations. Therefore, the 

oscillation of the external magnet induces a current in the 
surrounding coil according to Faraday’s law of induction.

In order to mathematically model the proposed har-
vester, the system is segmented into three sections, includ-
ing the outer beams, inner beam, and magnetic oscillator. 
These sections and their corresponding local coordinates 
are depicted in Fig. 2. As can be seen from Fig. 2a, L1, L2, 
and Lp represent the lengths of the outer substrate, inner 
substrate, and piezoelectric layer, respectively. According 
to the previous studies, the transverse displacements of the 
outer and inner beams are in opposite directions for the 
first two vibration modes [40]. Thus, the positive direc-
tions of the transverse coordinates are regarded as being 
opposite to each other, as illustrated in Fig. 2b.

Fig. 1   Schematic of the proposed hybrid harvester

Fig. 2   a Top view of the proposed harvester and b local coordinates attached to each part of the harvester
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Mathematical Modeling

Employing the Euler–Bernoulli beam theory, the displacement 
field associated with each part of the cut-out beam is given by

where the indices i = 1 and 2 denote the outer and inner 
beams, respectively. Furthermore, û and ŵ represent the 
axial and transverse displacements of a point located on the 
mid-surface of the beam along the x̂  and ẑ  axes, respec-
tively. Also, the displacement of the magnetic oscillator is 
represented by û3 . It is worth mentioning that the harvester 
is subjected to the harmonic base displacement of the form 
ẑb = Ẑcos(�̂t) with Ẑ  and � representing the excitation 
amplitude and frequency.

Given the displacement field in Eq. (1), the only non-zero 
component of the strain tensor is as follows 

The axial stress induced in the substrates is expressed as 
�(i)
x

= Es�x
(i) , where Es denotes Young’s modulus of the sub-

strates. The constitutive equations that relate the mechanical 
stress ( �p) and electrical displacement ( Dz) of the piezo-
electric material to its strain and electric field ( Ez) can be 
written as

where Ep is the elastic modulus of the piezoelectric layer, and 
e31 and �33 represent its coupling coefficient and dielectric 
constant, respectively. The electric field can be expressed as 
a function of the voltage induced in the piezoelectric layer as 
Ez = V∕hp with hp denoting the piezoelectric thickness [43].

The total potential energy of the proposed harvester is 
given by [44]

where K3 is the stiffness of the magnetic oscillator and Lc 
and Q2 are the inductance and the charge passing through 
the coil, respectively. Also,Ue is the electrical energy stored 
in the piezoelectric layer and Um represents the magnetic 
potential energy which will be calculated later in this paper. 
Furthermore, N(i)

x
 and M(i)

x
 denote the stress resultants which 

are given by [45]
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where As and Ap represent the cross-sectional areas of the 
substructures and piezoelectric layer, respectively. Also, H 
stands for the Heaviside function.

The internal electrical energy stored in the piezoelectric 
layer, which appeared in Eq. (4), is as follows [43]

where [45]

The total kinetic energy of the harvester is the sum of the 
kinetic energies of the cut-out beam and the magnetic oscil-
lator which is expressed as [43]

where Iti is the mass moment of inertia associated with the 
outer and inner tip masses and M3 denotes the mass of the 
external magnet. Also, the zeroth, first, and second moments 
of the cross-sectional area are as follows [43]

Due to the slenderness of the beam, the rotational kinetic 
energy can be neglected compared to that associated with 
the translational motion [46]. Thus, the kinetic energy 
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2
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ignored.
The virtual work done by the non-conservative forces can 

be written as [44]
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�2ŵi

�x̂i �̂t

�2
�
dx̂i +

1

2
Mti

��
�ûi
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where ci(i = 1 − 3) denotes the viscous damping ratio asso-
ciated with the outer beams, inner beam, and magnetic oscil-
lator, respectively. Q1 is the electrical charge corresponding 
to the piezoelectric layer. R2 and Rc represent the resistance 
of the electromagnetic circuit and the internal resistance of 
the induction coil, respectively. Also, � and Fe denote the 
electromotive and backward coupling forces which are dis-
cussed in the next section.

Electromagnetic Coupling Coefficient and Magnetic 
Force

The geometrical configuration of the tip magnet and the 
moving external magnet is depicted in Fig. 3. Herein, the 
permanent magnets are modeled as magnetic dipoles [26] 
with the magnetic moment vectors mA and mB as below

where V and M are the volume and magnetization of the 
magnet, respectively. The magnetization is related to the 
residual magnetic flux Br as M =

Br

�0

 , where �0 = 4� × 10
−7 

H/m is the permeability of the vacuum [32]. Also, � is the 
rotation angle of the tip magnet, which can be expressed as 
� = arctan

[
w2�

(
L2, t

)]
 , where the prime sign denotes the first 

derivative with respect to x̂2.
In view of Fig. 3, the displacement vector connecting the 

center of magnet B to that of the magnet A is given by

(10)
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mB = −MV êx,

(12)rBA =
(
−d0 − û3

)
êx − ŵt2êz,

where d0 denotes the initial gap between the magnets 
and wt2 is the tip displacement of the inner beam. It is 
noteworthy that the contribution of the axial displacement 
related to the tip of the inner beam in Eq. (12) is ignored 
since it is very small compared to the displacement of the 
external magnet.

According to the magnetic dipole principle, the magnetic 
field generated by the tip magnet (i.e., magnet A) on the 
external magnet (i.e., magnet B) is expressed as [26]

where ∇ is the vector differential operator.
From Eq. (13), the general form of the magnetic potential 

energy can be expressed as [32]

Upon substituting Eqs. (11-13) into Eq. (14), the final 
form of the magnetic potential energy is given by

It is worth mentioning that the magnetic force compo-
nents along the x and z directions can, respectively, be writ-
ten as [47]

As Fig. 4 shows, the external magnet moves inside the 
induction coil along its central axis. All electromagnetic con-
verters work based on Faraday’s law of induction. According 
to this law, the relative motion between the magnet and the coil 
generates a voltage between the coil terminals. This induced 
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Fig. 3   Magnetic moment 
vectors and displacements of 
the magnetic masses of the 
harvester
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voltage � is proportional to the rate of change of the magnetic 
flux ΦB as below [48]

where �em represents the electromagnetic coupling coeffi-
cient which will be calculated later in this section.

Connecting the coil terminals to a load resistance allows 
a current to flow in the coil. This current creates an opposing 
magnetic field which results in a backward coupling force as 
expressed below [49]

The magnetic field generated by the moving external mag-
net (magnet B) at any location (for instance at an arbitrary wire 
of the induction coil) can be expressed as [50]

where r0 =
(
xa − xb

)
êx + rêr denotes the displacement vec-

tor from an arbitrary wire to the magnet core, as depicted 
in Fig. 5.

(17)𝜀 = −
dΦB

dt
= −

dΦB

dx
∙
dx

dt
= 𝜃emẋ,

(18)Fe = 𝜃emQ̇2.

(19)B = −
�0

4�

[
mB

||r0||3
−

3r0

(
mB ⋅ r0

)
||r0||5

]
,

It is seen from Eq. (17) that the induced voltage is related 
to the magnetic flux gradient along the x-axis. Thus, consid-
ering only the normal component of the magnetic field along 
a line passing through the magnet center, the magnetic flux 
over the area enclosed by a wire is expressed as [51]

Thus, the total magnetic flux through the N-turn coil can 
be given by [50]

where Ac =
(
Ro − Ri

)
hc is the cross-sectional area and 

fc =
NAw

Ac

 is the filling factor of the coil. Also, Ri , Ro , and hc 
are the inner radius, outer radius, and height of the induction 
coil. Furthermore, Aw is the cross-sectional area of a single 
wire.

Upon substitution of Eq. (21) into Eq. (17), the electro-
magnetic coupling coefficient �em can be calculated as [50]

Coupled Electromechanical Equations

To derive the equations of motion associated with the pre-
sent multi-mode hybrid harvester, Hamilton’s principle is 
utilized. This principle states [43]

where �U and �T  denote the variation of the potential and 
kinetic energies, respectively.

Taking into consideration that the axial kinetic energy of 
the beam can be neglected in comparison with that of the 
transverse motion for a slender beam [45], the axial resultant 
force corresponding to each of the outer and inner beams N(i)

x
 

remains constant along the beam’s length. Therefore, the 
axial resultant force is equal to its average along the length 
of the beam. Hence, one can write

(20)Φ = ∮
s

BxdA =
BrVr

2

2

[
r2 +

(
xa − xb

)2]3∕2 .

(21)ΦB =
fcN

Ac

hc

∫
0

Ro

∫
Ri

Φdrdxa,

(22)

�em = −
fcN

2Ac

�
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Ri+

√
Ri

2+(xb−hc)
2

Ro+

√
Ro

2+(xb−hc)
2
+ ln

Ro+

√
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2+xb
2

Ri+

√
Ri

2+xb
2

+
Ro√

Ro
2+(xb−hc)

2
−

Ro√
Ro

2+xb
2

−
Ri√

Ri
2+(xb−hc)

2

+
Ri√

Ri
2+xb

2

�

(23)

t2

∫
t1

(
�U − �T − �Wnc

)
d̂t = 0,

Fig. 4   The relative position between the external magnet and the coil
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Herein, the coupled electromechanical equations of the 
harvester can be obtained using a hybrid method. That is, 
first, the axial equations of motion corresponding to the 
cut-out beam, and the coupled equations of the magnetic 
oscillator are derived by adopting Hamilton’s principle along 
with the fundamental lemma of the calculus of variations 
as below

where ut1 and ut2 stand for the axial displacements of the tips 
of the outer and inner beams, respectively. Also, the overdot 
symbol indicates the time derivative.

(24)Nx

(i)
=

1

Li

Li

∫
0

Nx
(i)dxi.

(25)

Nx

(1)
+Mt1

𝜕2�ut1

𝜕�t2
= 0,

Nx

(2)
+Mt2

𝜕2�ut2

𝜕�t2
+ Fx = 0,

M3�̈u3 + c3�̇u3 + K3�u3 + 𝜃�I − Fx = 0,

Lc
�̇I +

(
Rc + R2

)
�I − 𝜃�̇u3 = 0,

Having the axial equations of motion of the harvester, 
the transverse equations of the proposed MHEH can then 
be obtained employing the Ritz method for discretization, 
which states that the transverse displacement of the beam 
can be expressed in terms of the generalized coordinates. 
Thus, the transverse displacement of each section of the 
cut-out beam can be expressed as

where �ir is the mode-shape of each section of the beam 
which can be set to satisfy essential boundary conditions 
and is given in Appendix A. �r is the generalized coordinate 
of the rth vibration mode.

For convenience, the following dimensionless param-
eters are introduced

(26)ŵi

(
x̂i, t̂

)
=

∞∑
r=1

�ir�ri = 1,2,

(27)

x1 =
x̂1

L1
, x2 =

x̂2

L2
, t =

t̂

T
, u1 =

û1

L1
, u2 =

û2

L2
, u3 =

û3

L1
,w1 =

ŵ1

L1
,w2 =

ŵ2

L1
,

zb =
ẑb

L1
,Ω = ωT ,V =

V̂

V∗
, I =

Î

I∗
, T =

√
2�sAs1L

2

1
,V∗ =

BehpL1

�33ApLpL2
, I∗ =

L1

Lc

Fig. 5   Modeling procedure associated with the proposed hybrid harvester
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By substituting Eq. (26) into Eq. (23) and employing 
the fundamental lemma of calculus of variations, the gov-
erning normalized equations of the proposed nonlinear 
harvester in terms of the displacements can be obtained 
as follows

where Z stands for the normalized base acceleration and is 
given by Z =

ẐT2

L1
 . Also, Ω represents the normalized excita-

tion frequency. The coefficients f1 , gi(i = 1 − 5) , 
hi(i = 1 − 4) , pi(i = 1 − 8) , qi(i = 1 − 7) , ri(i = 1 − 4) , and 
si(i = 1,2) are given in Appendix B.

The process of deriving the mathematical model of the pre-
sent hybrid harvester is summarized in the flowchart depicted 
in Fig. 5. To model the system, the Euler–Bernoulli displace-
ment field is utilized to obtain the corresponding axial strains. 
Next, the constitutive equations associated with the proposed 
system are employed to derive the potential energy of the har-
vester. Following this, the kinetic energy and the work done by 
non-conservative forces are calculated based on the introduced 
displacement field. Finally, substituting these energy expres-
sions into Hamilton's principle and integrating the outputs by 
parts just for the axial directions, the axial governing equations 
are derived. Neglecting the axial inertia of the beams in com-
parison to those of the tip masses, and discretizing the trans-
verse deflections according to the Ritz method, the transverse 
equations of motion are also obtained. Ultimately, the equa-
tions of motion will be solved using the Runge–Kutta method.

The average output power generated within the piezoelec-
tric and electromagnetic circuits are, respectively, given by

where T  is a sufficiently large time period compared to the 
period of the base excitation (i.e., 2�

/
� ). Also, R1 represents 

the resistance of the piezoelectric circuit. The total average 
power generated by the harvester is the sum of the power 
generated by the piezoelectric layer and induction coil

(28)

üt1 + f1ut1 = 0,

üt2 + g1ut2 + g2𝜂1 + g3𝜂2 + g4V + g5Fx = 0,

ü3 + h1u̇3 + h2u3 + h3I + h4Fx = 0,

𝜂̈1 + p1𝜂̈2 + p2𝜂̇1 + p3𝜂̇2 + p4𝜂1 + p5𝜂2 + p6ut2 + p7V + p8Fz

+p9Zcos(Ωt) = 0,

𝜂̈1 + q1𝜂̈2 + q2𝜂̇1 + q3𝜂̇2 + q4𝜂1 + q5𝜂2 + q6ut2 + q7V + q8Fz

+q9Zcos(Ωt) = 0,

V̇ + r1u̇t2 + r2𝜂̇1 + r3𝜂̇2 + r4V = 0

İ + s1u̇3 + s2I = 0,

(29)Pp =
1

T

T

∫
0

V2

R1

dt,Pe =
1

T

T

∫
0

I2R2dt,

(30)P = Pp + Pe.

Results and Discussions

Validation of the Mathematical Model

The accuracy of the proposed mathematical model is vali-
dated through comparison with experimental data from the 
literature, specifically the nonlinear cut-out beam with a fixed 
external magnet, as reported by Zayed et al. [41]. In this setup, 
the inner beam is covered by a piezoelectric layer (K2512U1, 
KINEZ) and the system is subjected to the base acceleration 
with an amplitude of 3 m/s2. The outer tip mass, inner tip 
mass, and gap distance are set to 23.8 gr, 7.6 gr, and 23.5 
mm, respectively. The other geometrical and physical proper-
ties of the harvester are presented in Table 1. It is to be noted 
that, unless stated otherwise, these properties are consistently 
applied throughout the study.

To validate the proposed mathematical approach, the 
reduced equations of motion in (28) are solved numerically 
using the MATLAB command ode45. Figure 6 compares the 
root mean square (RMS) values of the piezoelectric voltage 
predicted by the numerical solution with the experimental 
observations reported by Zayed et al. [41]. As is seen from 
this figure, the results from the proposed model are in close 
agreement with those observed experimentally. This consist-
ency demonstrates the reliability of the proposed approach in 
predicting the behavior of similar energy harvesting systems, 
such as the one under investigation in this study.

Potential Energy Surface

As mentioned earlier, the magnetic oscillator is employed to 
adjust the harvester's potential barrier dynamically. Therefore, 
it is essential to investigate the impact of the newly introduced 
moving magnet on the system’s potential energy function. In 
this study, the piezoelectric layer is assumed to be sufficiently 
thin such that its effect on the onset of bistable motion is negli-
gible [52]. Furthermore, while damping effects—such as those 
arising from the electromagnetic coil—can influence the sys-
tem’s dynamic behavior and the stability of equilibrium points, 
they do not alter the existence or position of these points as 
determined by the potential energy [53]. Therefore, based on 
the theoretical framework established in Sect."System Struc-
ture and Modeling", the total potential energy expression for 
the proposed nonlinear multi-mode energy harvester, exclud-
ing the effects of both the piezoelectric layer and the induction 
coil, is reformulated as below

where K1 , K2 , and K3 are the linear stiffnesses of the outer 
beams, inner beam, and spring, respectively. �1 and �2 are 
the generalized coordinates corresponding to the first and 

(31)Ut =
1

2
K1�1

2 +
1

2
K2�2

2 +
1

2
K3û

2

3
+ Um

(
u3, �1, �2

)
,
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second modes of the cut-out beam. According to Eq. (26), 
these coordinates are related to the transverse displacements 
of the outer beam tip (i.e., ŵt1 ) and the inner beam tip (i.e., 
ŵt2 ) through the following linear relations

(32)
ŵt1 = �11

(
L1
)
�1 + �12

(
L1
)
�2,

ŵt2 = �21

(
L2
)
�1 + �22

(
L2
)
�2

By solving Eq. (32) for �1 and �2 and substituting these 
expressions into Eq. (31), the total potential energy is refor-
mulated as a function of ŵt1 , ŵt2 , and û3 . Since the magnetic 
force is applied only to the inner tip mass and the external 
magnet, the bistable behavior of the system is primarily 
determined by the interaction between their respective dis-
placements, ŵt2 and û3 . To isolate the effects of this cou-
pling, ŵt1 is kept constant. The potential energy surface of 
the multi-frequency harvester is then generated by varying 
ŵt2 and û3 over a defined grid, as shown in Fig. 7a. The 
black-colored trajectory on the three-dimensional surface is 
the potential energy of the proposed harvester obtained by 
quasi-statically changing ŵt2 for a full cycle of motion and 
solving the static form of the governing equations for ̂u3 . All 
system parameters are as listed in Table 1, with the initial 
gap between the magnets set to 23 mm.

In the proposed harvester, the external magnet oscillates 
in response to the inner beam oscillations. As the tip magnet 
approaches the center position (i.e., ŵt2 = 0 ), the repulsive 
magnetic force pushes the external magnet away from its 
equilibrium position (i.e., û3 = u0 ), where the magnetic and 
elastic restoring forces are balanced. This interaction leads 
to a reduction in the potential energy barrier, as illustrated 
in the associated potential trajectory. With a lower barrier, 
the system requires less energy to transition between the 
potential wells, thereby increasing the likelihood of inter-
well oscillations [39]. Conversely, as the tip magnet leaves 
the center position, the external magnet moves back to its 
equilibrium state. During this motion, the potential energy 

Table 1   Geometric dimensions 
and material properties of the 
proposed hybrid harvester

Parameter Symbol Value

Piezoelectric transducer
 Each outer substrate length × width × thickness ( mm3) L1 × bs1 × hs1 93 × 7 × 0.5
 Inner substrate length × width × thickness ( mm3) L2 × bs2 × hs2 50 × 20 × 0.2
 Substrate density (kg/m3) �s 7500
 Substrate Young’s modulus (GPa) Es 210
 MFC layer length × width × thickness ( mm3) Lp × bp × hp 28 × 14 × 0.25
 MFC density (kg/m3) �p 5440
 MFC Young’s modulus (GPa) Ep 30.336
 Piezoelectric constants (C/m2) e31 −5.16
 Dielectric permittivity (nF) �33 12.653
 Outer and inner tip masses (gr) Mt1 , Mt2 10.4, 17.33
 Electromagnetic transducer

External mass (gr) M3 30
 Spring stiffness (N/m) K3 200
 Magnet radius × height (mm2) R × hm 6 × 10
 Residual magnetic flux density (T) Br 1.1
 Coil inner radius × outer radius × height (mm3) Ri × Ro × hc 10 × 13 × 17
 Coil turns N 3500
 Wire diameter (mm) dw 0.12
 Wire resistance per unit length ( Ω∕ m) �c 1.511

Fig. 6   Comparison of the voltage frequency response obtained by 
the proposed mathematical model and experimental results [41] for a 
bistable cut-out PEH with a fixed magnet
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first decreases to a local minimum, then increases again at 
larger displacements.

To better understand this behavior, Fig. 7b illustrates 
the projection of the potential trajectory onto the wt2 − Ut 
plane for various spring stiffness values. For comparison, the 
potential curve of the cut-out harvester with a fixed external 
magnet is also depicted. It is evident that while the param-
eter K3 influences the potential barrier height, it has no effect 
on the distance between the potential wells. As is seen, the 
potential energy of the proposed harvester with relatively 
high spring stiffness (e.g. K3 = 5000 N/m) closely resembles 
that of the conventional cut-out BEH with a fixed magnet. 
Furthermore, a reduction in K3 leads to a noticeable decrease 
in the potential energy barrier. When the spring stiffness is 
very low (e.g. K3 = 50 N/m), the two wells tend to merge, 
potentially eliminating bistability. This underscores the 
importance of selecting an appropriate spring stiffness that 
sufficiently lowers the potential energy barrier while main-
taining bistable behavior.

To clarify the role of the reduced potential barrier in 
enabling large inter-well oscillations, Fig. 8 presents time 
histories of the transverse displacement at the inner beam 
tip for both the conventional bistable cut-out PEH with 

a fixed magnet and the proposed MHEH, under identical 
excitation conditions (i.e., f = 10 Hz and Z = 2.5m∕s2 ). As 
shown in Fig. 8a, the MHEH (i.e., the blue curve) exhibits 
large-amplitude oscillations, indicating inter-well motion. 
In contrast, the conventional harvester (i.e., the red curve) 
displays limited intra-well oscillations confined around a sin-
gle equilibrium position. This contrast is further highlighted 
in the magnified view of the steady-state responses shown 
in Fig. 8b, where the wider oscillation range of the MHEH 
is evident.

To further explain this behavior, Fig. 8c and d present 
the potential energy corresponding to the above-mentioned 
configurations. The shaded regions in both figures repre-
sent the displacement ranges extracted from the time-domain 
responses in Fig. 8a and b. For the conventional harvester, 
the displacement range remains entirely within one poten-
tial well (see Fig. 8c), indicating that the system lacks suf-
ficient energy to overcome the potential barrier. Conversely, 
the MHEH demonstrates a displacement range that extends 
across both wells (see Fig. 8d). This behavior is attributed 
to the adaptive reduction of the potential barrier caused 
by the oscillation of the external magnet. This inter-well 
motion significantly enhances the system's energy harvesting 
capability. Quantitatively, the conventional PEH generates 
an average power of 0.33 mW. In comparison, the MHEH 
achieves a significantly higher total output of 2.80 mW, 
which comprises 2.00 mW harvested via the piezoelectric 
component and an additional 0.80 mW from the electromag-
netic mechanism.

Bifurcation of The Equilibrium Points

A critical factor influencing the bistable behavior of the pro-
posed harvester is the distance between the two magnets 
[26]. Thus, the bifurcation of equilibrium points with the 
parameter d0 is studied in this section. To do so, by setting 
all the time-dependent terms in Eq. (28) to zero, the equilib-
rium equations governing the fixed points of the system are 
obtained and then solved using MATLAB command fsolve.

Figure 9 depicts the variation of the inner beam equi-
librium points with respect to the initial gap between the 
two magnets for different values of K3 . According to this 
figure, as the distance between the magnets decreases, the 
inner beam moves from a monostable state to a bistable one 
through a pitchfork bifurcation (PF). For instance, when 
K3 = 150 N/m, the bifurcation point approximately occurs 
at d0 = 27.7 mm. Thus, hiring initial gaps bigger than this 
value causes the harvester to operate as a monostable sys-
tem. Also, it is evident that increasing the spring stiffness 
shifts the pitchfork point to the right.

To investigate this issue further, Fig. 10 illustrates the 
combination of K3 and d0 required for prompting high-
energy inter-well oscillations, where the boundary between 

Fig. 7   a Potential energy surface of the proposed harvester as a func-
tion of the inner beam tip and external magnet displacements. The 
solid black line on the three-dimensional surface indicates the poten-
tial trajectory of the present system. b Projection of the potential tra-
jectory on the wt2 − Ut plane
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the monostable and bistable states is demonstrated by a blue 
line. For the points above this line (i.e., the yellow region), 
the harvester has two stable equilibria, while the system will 
lose its bistability when the values of K3 and d0 are selected 
from the region below the bistability blue line threshold (i.e., 
the light blue zone). As this figure demonstrates, the critical 
initial gap between the two magnets required for prompting 
bistability becomes smaller as the stiffness K3 decreases. 
Given the fact that the lower the potential barrier, the easier 
the large amplitude vibrations occur, emphasizes that the 
stiffness of the magnetic oscillator along with the initial gaps 
between the two magnets should be selected very carefully 
to effectively lower the potential energy barrier while the 
bistability is kept.

Parametric Study

In designing the present hybrid harvester, obtaining the ini-
tial location of the induction coil relative to the magnetic 
oscillator is very important. Figure 11 depicts the variation 
of the electromagnetic coupling coefficient �em with respect 
to the external magnet location xb . According to this figure, 

�em is a nonlinear function of xb ; because the magnetic 
field is variable. It is seen that the value of �em reaches the 
peak around xb = −1 mm and xb = 18 mm. According to 
Fig. 4 and the geometric properties of the coil presented in 
Table 1, these points correspond to the right and left edges 
of the coil, respectively. Furthermore, �em becomes zero at 
xb = 8.5 mm, which corresponds to the center of the coil. 
On the other hand, from Eq. (17), the velocity of the mag-
netic oscillator is another factor that can affect the power 
scavenged from the electromagnetic converter. The velocity 
of the magnetic oscillator reaches the maximum value at its 
equilibrium position, under the harmonic oscillations. Thus, 
the equilibrium position of the external magnet is set to the 
right edge of the coil.

To evaluate the effectiveness of the MHEH, the output 
power and the operation bandwidth of the proposed har-
vester are compared with the conventional nonlinear cut-out 
energy harvester with a fixed external magnet. The initial 
gap between the magnets, d0 , is set to 23 mm. Also, the 
mechanical damping ratio of each oscillator is considered 
to be 0.8%. It is to be noted that the resistances of the piezo-
electric and electromagnetic circuits are set to R1 = 800 KΩ 

Fig. 8   a Time-domain displacement responses of the conventional 
bistable cut-out PEH and the proposed MHEH under the excitation 
frequency of 10 Hz and excitation intensity of 2.5 m/s2; b magnified 

view of steady-state responses; (c-d) potential energy diagrams cor-
responding to each configuration, with shaded regions indicating dis-
placement ranges
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and R2 = 500 Ω, respectively. As will be explained later in 
this study, these values are selected so that the harvester 
generates the maximum output power.

Figure 12 demonstrates the average power harvested by 
the two harvesters mentioned above as a function of the base 
excitation frequency and amplitude. The greater magnitude 

Fig. 9   Bifurcation diagram of 
the inner beam tip

Fig. 10   Bistability criteria for 
the proposed harvester
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of the generated power is indicated by increasing the bright-
ness of the contour. That is, the more the color varies from 
blue to yellow, the more power is scavenged. Therefore, as 
can be seen from this figure, the present MHEH exhibits 
remarkably greater performance over a much broader excita-
tion range. For instance, under the acceleration amplitude of 
5 m/s2, the high-output region associated with the conven-
tional harvester (i.e., the nonlinear cut-out harvester with a 
fixed external magnet), in which more than 4 mW electrical 
power is generated, covers the frequency range of 7—9.5 Hz. 
While the present MHEH under the same excitation level 
can harvest such a power, or even more, within the interval 
of 7–11.5 Hz. Moreover, it is notable that unlike the con-
ventional system, the proposed harvester covers extremely 
low-amplitude excitations. That is, the high-output region 
associated with the present harvester starts from 1.5 m/s2, 
while this range is limited to a zone starting from 3.5 m/s2 
for a system with the conventional design.

For a better comparison, the variation of the average 
output power versus the base acceleration is illustrated in 
Fig. 13 for two different values of the excitation frequency. 
Aside from the total power harvested by the conventional 
bistable cut-out beam and the proposed hybrid harvester, 
the power generated by the piezoelectric and electromag-
netic transducers of the proposed platform is also sepa-
rately presented in this figure. As is seen from Fig. 13a, 
when the excitation frequency is set to 8 Hz, which is 
lower than the frequencies corresponding to the linear 

Fig. 11   Electromagnetic 
coupling coefficient versus the 
position of the external magnet

Fig. 12   Comparison of the average power harvested by a conven-
tional bistable PEH with cut-out structure and b the proposed hybrid 
harvester
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resonances of the cut-out beam, the electromagnetic trans-
ducer makes a major contribution to the total scavenged 
power compared to the piezoelectric converter. However, 
for an excitation frequency close to the natural frequen-
cies of the cut-out structure (i.e., the case with f = 11 
Hz), the role of the piezoelectric harvesting mechanism 
is more highlighted (see Fig. 13b). Even though when the 
acceleration intensity is very low, the electromagnetic con-
verter can be more beneficial. In addition, Fig. 13 empha-
sizes that the proposed hybrid harvester can reach large-
amplitude oscillations under extremely lower excitation 
accelerations at both excitation frequencies compared to 
the conventional cut-out PEH. This is supported by the 
sudden increase in the generated power, which indicates 
the onset of the inter-well oscillations. Also, it is evident 
that for both excitation frequencies, the proposed MHEH 

provides much greater power output, especially for lower 
base acceleration levels in comparison to the conventional 
harvester.

Figure 14 illustrates a comparison between the frequency 
response curves corresponding to the average output power 
associated with the conventional harvester and the present 
MHEH under two different acceleration intensities of 0.5 
and 4.5 m/s2. According to Fig. 14a, for a low-level exci-
tation (i.e., Z = 0.5m∕s2 ), where none of the conventional 
and present cases exhibit inter-well oscillations, the intro-
duced MHEH generates significant amounts of power over 
a wider frequency range. As shown in this figure, the high 
performance of the proposed harvester under weak excita-
tions is mainly due to the electrical power extracted from 
the induction coil. It is notable that the present system can 
generate the maximum power of 2.3 mW, which is about 9 

Fig. 13   The average power 
harvested by the conventional 
bistable cut-out PEH, elec-
tromagnetic and piezoelectric 
parts of the proposed harvester 
separately and their combina-
tion as an MHEH under the 
excitation frequency of a 8 Hz 
and b 11 Hz
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times greater than that of the conventional harvester with a 
fixed magnet.

For the high-level excitation case (i.e., Z = 4.5m∕s2 ), in 
which the inter-well oscillations are activated in both the 
present and conventional systems, the high-output region 
associated with the proposed platform is broadened over a 
frequency range of 7.5–11.5 Hz, which is about 90% wider 
than that of the conventional cut-out PEH. Furthermore, 
the present design is capable of generating a maximum 
power of 12.13 mW, which is 118% higher than that of the 
conventional harvester. According to Fig. 14b, while the 
conventional PEH performs better within the 4.5–7.5 Hz 
frequency range, the results highlight the superiority of 
the MHEH in terms of offering higher output power over a 
broader frequency range.

As demonstrated in Sect."Potential Energy Surface", 
the potential energy analysis revealed that variations in the 

magnetic oscillator stiffness can significantly influence the 
bistability condition of the proposed harvester. Therefore, it 
is essential to investigate the effect of spring stiffness on the 
average power generated by the MHEH. Figure 15 depicts 
the average output power of the present design for different 
spring stiffness values under a base acceleration of Z = 4.5 
m/s2. Based on the earlier potential energy analysis, three 
representative stiffness values, 50, 200, and 5000 N/m, are 
selected to represent low, moderate, and high stiffness cases, 
respectively. Given the results provided in Fig. 7, the black 
dash-dotted line in Fig. 15, which corresponds to the soft 
spring case, represents a monostable motion. Therefore, as 
observed, the total harvested power in this case is reduced. 
As the stiffness K3 increases to 200 N/m, both the output 
power and the working frequency range of the harvester 
significantly improve. This observation is attributed to the 
combined effects of a lowered potential barrier and the 

Fig. 14   The average power 
harvested by the conventional 
bistable cut-out PEH, elec-
tromagnetic and piezoelectric 
parts of the proposed harvester 
separately and their combina-
tion as an MHEH under the 
excitation intensity of a 0.5 m/s2 
and b 4.5 m/s2
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multi-frequency configuration in the current design. Finally, 
for the high stiffness case (i.e., the case with K3 = 5000 
N/m), the system's behavior closely resembles that of a 
conventional harvester with a fixed magnet, as indicated by 
the red dotted line in Fig. 15.

Figure 16 illustrates the influence of the mass of the 
magnetic oscillator on the average power frequency 
response curve. As can be seen from this figure, increasing 
M3 shifts the high-output region toward lower frequencies, 
with minimal impact on the operational bandwidth. 
Moreover, the value of M3 influences the maximum 
harvested power. Hence, precise adjustment of the magnetic 
mass allows for fine-tuning of the operational frequency 
range, thereby maximizing the harvested power. As 
illustrated in the figure, setting the mass of the external 
magnet to 30 gr enables the system to harvest a substantial 
amount of power at lower frequencies.

To harvest the maximum possible power, the resistances of 
the piezoelectric and magnetic circuits should be optimized. 
To this end, Table 2 represents the maximum average powers 
corresponding to different combinations of these resistances. 

Fig. 15   The influence of the magnetic oscillator stiffness on the output 
power generated by the hybrid harvester

Fig. 16   The influence of the magnetic oscillator mass on the output power generated by the hybrid harvester
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As this table demonstrates, the maximum harvested power 
initially increases with rising R1 ​, reaches a peak, and 
subsequently decreases. The findings suggest that variations 
in coil resistance do not influence this overall trend and can 
not drastically affect the maximum power. It is to be noted 
that these results are consistent with the findings reported by 
Khaghanifard et al. [45], thereby confirming the accuracy of 
the current study. It is worth mentioning that the maximum 
harvested power of 12.13 mW was recorded at R1 = 800 KΩ 
and R2 = 500 Ω. According to Fig. 14, this is 118% higher than 
that of the conventional harvester with the same properties.

In order to better compare the performance of the proposed 
energy harvester with other designs reported in the previous 
studies, it is necessary to define a figure of merit (FOM). This 
FOM should incorporate key parameters such as the harvest-
er’s dimensions, excitation level, effective bandwidth, and 
generated power. A FOM was previously introduced in [41], 
which is expressed as

where U and Vtot are the amplitude of the applied excita-
tion and the total volume of the harvester, respectively. 
BW represents the normalized bandwidth and is defined as 
BW =

(
fR − fL

)
∕fC , where fR and fL denote the frequencies 

at which the harvester's power reaches half of its maximum 

(33)FOM =
BW × Pavg

U2 × Vtot

,

value, and fC refers to the central frequency of this band-
width. Also, Pavg denotes the average output power over the 
effective bandwidth.

Table 3 provides the FOM values for the proposed hybrid 
harvester as well as other previously reported harvesters with 
cut-out configurations. According to this table, the present 
system outperforms all other designs in terms of FOM, 
indicating a superior energy harvesting capability. The proposed 
MHEH achieves a FOM of 2.779 W.s2/m4, representing a 
169% increase over the conventional bistable PEH, a 2953.8% 
increase relative to the monostable configuration [40], a 
1574.1% increase compared with the quad-stable system 
[41], and a 1296.5% increase versus the nonlinear harvester 
presented in [42]. These substantial enhancements arise from 
the superior average power output and wider operational 
bandwidth of the MHEH. This analysis highlights that 
employing bistability along with the variable potential barrier 
concept can significantly enhance the performance of energy 
harvesters compared to traditional methods.

Conclusions

The present paper developed a novel bistable multi-frequency 
hybrid energy harvester by combining piezoelectric and 
electromagnetic transduction mechanisms. The nonlinear 
coupled equations of motion were obtained employing a 
hybrid procedure including the Ritz method, and solved 
numerically. Potential and bifurcation analyses revealed that 
key parameters, such as the spring stiffness and the initial gap 
between the magnets, can affect the shape of the equilibrium 
path. Most importantly, a bistability criterion was established, 
outlining the required combination of the system parameters 
to induce inter-well oscillations.

A comparative study showed the supremacy of the 
introduced harvester over the conventional magnetically 
bistable PEH in terms of the higher generated power over a 
broader range of excitations. The proposed hybrid harvester 
can offer an operational bandwidth of 4 Hz (i.e., 7.5–11.5 Hz) 
under 4.5 m/s2 excitation, which is increased by 90% compared 

Table 2   The maximum output power versus the piezoelectric ( R1 ) 
and magnetic ( R2 ) resistances

R1(��) Pmax (mW)

R2 = 400Ω R2 = 500Ω R2 = 600Ω R2 = 700Ω

200 9.543 7.132 7.419 6.489
400 9.664 9.036 8.666 11.020
600 11.760 9.252 11.985 12.010
800 10.370 12.130 11.960 11.780
1000 10.140 11.420 11.260 9.503
1200 10.780 10.600 10.400 8.617
1400 9.976 9.825 9.208 8.956

Table 3   Performance comparison of this work with several previously reported harvesters from the literature

Reference Main feature Excitation 
(m/s2)

fR − fL(Hz) FOM (W.s2/m4) MHEH improvement 
relative to reference 
(%)

Wu et al. [40] Cut-out, monostable 2 5 0.091 2953.8
Zayed et al. [41] Cut-out, Quad-stable 3 7.3 0.166 1574.1
Tian et al. [42] Cut-out, Nonlinear 3 12.8 0.199 1296.5
This work Cut-out, bistable 4.5 1.7 1.033 169
This work Cut-out, variable barrier bistable 4.5 4 2.779 _
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to the conventional system. Also, the present platform can 
generate a maximum power of almost 12 mW, representing 
an approximate 118% increase over the conventional system. 
In addition, introducing a self-decreasing potential barrier 
enables the system to initiate inter-well oscillations at 
substantially lower excitation intensities than those required 
by the conventional harvester.

Moreover, a FOM was introduced to evaluate the perfor-
mance of the present hybrid harvester compared to other 
cut-out-based harvesters reported in the literature. Accord-
ing to this analysis, the proposed MHEH exhibits a 169% 
improvement in energy harvesting efficiency compared to 
the conventional bistable PEH.

Appendix A

This section provides the mode-shapes of the cut-out 
structure which appeared in Eq. (26). It is notable that since 
the admissible basis function in the Ritz method should be 
selected so that all the essential boundary conditions are 
satisfied, only the cut-out structure without the piezoelectric 
layers is considered. In addition, bearing in mind that the 
ambient excitation typically involves low frequencies, the 
first mode-shape of each beam is considered. Thus, in 
accordance with the previously given mathematical model, 
the transverse equation governing each beam is simplified 
to [54]

where the stiffness and mass per unit length of each beam 
are given by

(A.1)EsIi
𝜕4ŵi

(
x̂i, t̂

)

𝜕x̂4
i

+ mi

𝜕2ŵi

(
x̂i, t̂

)

𝜕t̂2
= 0,

Assuming simple harmonic motion for the system, 
the transverse deflection of the structure is taken as 
ŵ
(
x̂i, t

)
= 𝜑(x̂)ej𝜔t where 𝜑(x̂) is the system mode-shape and 

ω is its corresponding natural frequency. The mode-shape of 
the whole system can be divided into two parts correspond-
ing to the outer and inner beams. So, the resulting eigenvalue 
problem for each part is

The fixed boundary conditions at the beginning of the 
outer beam (i.e., at x̂1 = 0 ) are expressed as

The boundary conditions at the end of the outer beam, 
which coincides the beginning of the inner beam (i.e., at 
x̂1 = L1 and x̂2 = 0 ), are as below

The boundary conditions at the end of the inner beam 
(i.e., at x̂2 = L2 ) are given by

The solution of Eq. (A.3) is [43]

(A.2)

m1 = 2𝜌sbs1hs1,

EsI1 = 2

(
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12

)
Esbs1h

3
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)
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iv
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where Air, Bir, Cir, and Dir are some unknowns which can 
be found through satisfying the boundary conditions given 
in Eqs. (A.4) to (A.6). Also, the coefficients β1r and β2r are 
related to each other by �2r = 4

√
EI1m2

EI2m1

�1r.

Appendix B

The non-dimensional coefficients appearing in Eqs. (28) are 
defined as

(B.1)
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