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Abstract. In this paper, we extend Jajte’s technique, to study the rate of complete convergence for weighted sequence
of m-NOD random variables. In addition, we make a simulation study to illustrate the asymptotic behavior in the sense
of the rate of complete convergence.
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1 Introduction

Hsu and Robbins [7] introduced the concept of complete convergence in the following way. A sequence
{X,,n > 1} of random variables is completely convergent (c.c.) to a constant 6 if for all ¢ > 0

ZIP’(\XR — 0 >¢) < 0.
n=1

In view of the Borel-Cantelli lemma, the complete convergence to a constant # implies that X,, — 6 almost
surely (a.s.), and therefore complete convergence is a stronger concept than a.s. convergence. Hence the com-
plete convergence is a very important tool in establishing almost sure convergence of sums and weighted sums



of random variables. Hsu and Robbins [7] proved that the sequence of arithmetic means of i.i.d random vari-
ables converges completely to the expected value if the variance of the summands is finite. Erdds [4] proved
the converse. There are many papers devoted to the study of complete convergence for sums and weighted
sums of independent and dependent random variables and fields (see for example [10] and [15] where further
references may be found).

Let us recall the definition of negative orthant dependence (NOD), which was introduced by Joag-Dev and
Proschan [9] as follows.

Definition 1. A finite collection of random variables X1, ..., X,, is said to be negatively orthant dependent
(NOD) if

n
P(X1 > 21,..., X, > x,) < HIP’(XZ» > ;)
=1

and

P(X: <zp,...,X, <ax,) < HIP’(Xi < a;), forany z1,...,x, € R.
i=1

Inspired by the definition of NOD random variables, we recall the concept of m-NOD random variables which
was introduced by Wang et al. [18] as follows.

Definition 2. Let m > 1 be a fixed integer. A sequence {X,,n > 1} of random variables is said to be m-
negatively orthant dependent (m-NOD) if, for any n > 2 and any 11, . . ., i, such that |iy, — i;| > m for all
1<k #j<n,wehavethat X; ,...,X;, are NOD.

An array {X,;,7 > 1,n > 1} of random variables is said to be rowwise m-NOD if, for every n > 1,
{Xni,© > 1} is a sequence of m-NOD random variables. For m = 1, the concept m-NOD random variables
reduces to the so-called NOD random variables. Hence, the concept of m-NOD random variables is a natural
extension of NOD random variables which includes independent random variables and negatively associated
(NA) random variables.

The m-NOD property is preserved under monotonic functions, this fact is stated as the following lemma,
which will be used throughout the paper.

Lemma 1. (¢f. [18]) Let {X,,n > 1} be a sequence of m-NOD random variables. If
{gn(xz),n > 1} are all nondecreasing (or nonincreasing) functions, then a sequence of random random
variables {g,(Xy),n > 1} is also m-NOD random sequence.

Jajte [8] studied a large class of summability methods defined as follows: it is said that a sequence
{Xn,n > 1} of random variables is almost surely summable to a random variable X by the method (A, g) if

3

1
%Xk — X a.S., n — OQ.

=1

For a sequence {X,,,n > 1} of i.i.d. random variables Jajte proved that { X,, — EX,I[| X,,| < ¥(n)],n >
1} is almost surely summable to 0 by the method (h, g) iff Ey~1(|X1|) < co (~1(-) is inverse of (-)),
where g, h and ¥ (y) = g(y)h(y) are functions satisfying some additional conditions. The most up-to-date
survey on this matter may be found in Fazakas et al. [5], Wang [19], Matuta and Seweryn [11], Shen [14],
Tang [17], Son et al. [16] and Naderi et al. [12] and Naderi et al. [13].

Now we recall the concept of stochastic domination, which will be used in the sequel.



Definition 3. A sequence { X,,,n > 1} of random variables is said to be stochastically dominated by a random
variable X if there exists a positive constant C' such that

P(|X,| > z) < CP(|X]| > z)

forallz > 0andn > 1.

The next section will be devoted to the study of the rate of complete convergence for weighted m-NOD
random variables in format of method (h, g).

Throughout the paper, let us denote by C a positive constant not depending on n, which may be different
in various places, |.| is an integer part of a number and let I(A) be the indicator function of the set A.

2 Complete convergence

We begin with the assumptions which will be imposed on our weights. Let g : [0,00) — Rand A : [0, 00) —
R be nonnegative functions let ¢)(y) = g(y)h(y) and we consider the class of all functions, g(-), h(-) and 9 (")
which satisfies the following conditions:

(A1) his nondecreasing and ) is strictly increasing with ([0, 00)) = [0, 00),

(A2) there exist constants a,b > 0,7 > 1, € (1, 2] and a strictly increasing function H (-), such that

[ee) r—1
¢a(s)/ Ja(x) dz < aH(s) + b, forall s > 0,

(A3) there exists a constant C' > 0 such that for some « € (1, 2]

" 1 n
2w = Oy

At first we provide some lemmas which will be used in the proofs of our main results which were discussed
in [1] and [2] . The first one is a basic, well known, property of stochastic domination. In the second lemma
we state the Rosenthal-type maximal inequality for m-NOD random variables which may be found in [18].

Lemma 2. Let {X,,,n > 1} be a sequence of random variables which is stochastically dominated by a
random variable X. For any 8 > 0 and b > 0, the following two statements hold:

E|X,|°I[|X,] <8 < Ci [E\Xyﬁn[pq <0+ VP(X| > b)]
E|X,|°I[|X,| >b < CoE|X|°I]|X]|> b],

where Cy and Cy are positive constants. It is also obvious that E(| X,,|?) < CE(]X|?).

Lemma 3. (Rosenthal-type inequality) Let {X,,n > 1} be a sequence of m-NOD random variables with
EX, = 0and E|X,|P < oo, for some p > 1 and every n > 1. Then there exist positive constants Cy, , and
D, , depending only on m and p such that, for every n > m,

n
> x
=1
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In the following, we mention one of the basic inequality for the m-NOD random variables in the form of a
lemma.

Lemma 4. Let {X,,,n > 1} be a sequence of m-NOD random variables. Then there exists a positive constant
C such that, for any x > 0 and alln > 1,

2 n
<1 —P(g% | X5| > :c)) > P(|X,] > ) < CP(max |X;| > ).

‘ 1<i<n
=1

Proof The proof will be based on Lemma 1.10 in [20]. Let B; = (|X;| > ) and 3,, = 1-P (U}_, B;). Without
loss of generality, assume that (3, > 0. Note that {I1{X; >z} —EI{X; >x},i>1} and
{I{X; < —a} —EI{X; < —x},i > 1} are still m-NOD by Lemma 1. From Lemma 3 for p = 2 and C,
inequality, we get

E (Z(H& - EHBJ) =E (Z(H{pr} —Elix,50y) + Lx<—ay — EH{X,;<—x})>

=1 i=1

n

n 2 2
<2E (Z(H{Xi>x} - EH{X,;>9:})> + 2E (Z(H{X,<—m} - }E]I{X7,<—l'})>

i=1 i=1

<C> P(B). 2.2)

By (2.2) and the Cauchy-Schwarz inequality, we can write

Z]P’(Bi) = ZP (Bi N (Uj=1By)) ZE<HBHU" B))

= Z E(Is, — Elp,)lw;_ 5, + Z Elg I, 5,
i=1 i=1

- E (Zn:(}IB — Elp,)I ) + ZIP’ P(Uj-1B;)

=1
< |E (Z(H& — IE]IBi)> El-_, 5, +(1-8,)> P(B
=1 =1
<

(CUB‘M@L ZIP(B») (-6 BB

" i=1 i=1
1{C1-8) = -

< B <5n + b ;P(BJ) + (1= Bn) ;P(B

Then we get 325" | P(B;) < C(1 — By,), this completes the proof.

In the following {X,,,n > 1} is a sequence of m-NOD random variables which is dominated by the ran-

dom variable Y and we will also use the notations X; = —¢(n)l{X; < —¢(n)} + X;I{| X;| < ¥(n)} +
Y(n)I{X; > 1(n)} and m(n,i) = EX;I{| X;| < ¢(n)}, foreachi,n > 1



Lemma 5. Let {X,,,n > 1} be a sequence of m-NOD random variables stochastically dominated by a ran-
dom variable Y. Moreover assume that the functions g(-), h(-) and () satisfy the conditions (Al) and (A3)
and lim,,_,oonP(|Y| > ¢ (n)) = 0, then

SE(X) —m(n,i)|
Z h(i) ‘ =0

=1

Proof By (A3), Definition 3 and Holder’s inequality we get

g<1n ) g E(X;) - Eo;gn)m <9(n)) '
L Z I > o)
s Z GO vy, Z R > o)
< ChB(Y] > w(n gh(l
< ChmB(Y] > v(n (:haz)igcnﬂmmw(nwo.

Let us state our main result.
Theorem 1. Let {X,,,n > 1} be a sequence of m-NOD random variables stochastically dominated by a ran-

dom variable Y. Moreover assume that the functions g, h and v satisfy the conditions (Al), (A2) and (A3) and
E (H(¢_1(|Y|))) < oo. If for some r > 1

E(y(Y])" < . (2.3)

Then

in’”ﬂp ( '

n=1

> eg(n)> < 00 Ve>0 . (2.4)

Proof For any n > 1, define S, = ", X#gm) and S, = Z X%ng)
i=1

It is easy to see that

{Sal > eg(m)} = {150] > e9(n), Su # 50} U {10l > eg(n), 50 = 5 }

——
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Then for every € > 0,

S 0P (|Sa] > eg(n)

n=1

Siinr 21P’ (1X:] > ¥(n —i—an ZIP(

1i=1

(n)) — [+

Now, we prove that the series I and /[ are finite. Since X, is stochastically dominated by the random variable
Y, we obtain for r > 1

tnqg

nr22P|X|>¢ <CZnT2ZP|Y|>@ZJ

1 =1

3
I

=CY o 'P(Y] > ¥(n C’an P (|Y]) > n)
n=1
< CE(u(|¥])" < co.

Since E(1»~1(]Y])) < oo, by dominated convergence theorem we can show that lim,,_,.onP(]Y| >
¥(n)) = 0, therefore from Lemma 5 and Markov’s inequality, we have

+ : > eg(n)
n=1 i=1 h(Z) g( )
< ZlnT_Q]P) Zl (If)(XZ) > ;g(n)>

From (2.1) and Lemma 2, we get



oo nr—? " X@—E(XZ) "
2 |15 0 ]
00 nT—2 EXz_E<XZ) ’
< C; g%(n) P he (i)
e ’/Lr—? E XT i
< O o & w0
00 nr—2 n o Y EYQH r =
Sczanz¢()ga\>w CZ ZI\[}ILQI Y(n)]
2 oy 2 (i) =1 (4)
- [e) nT_l a n
< CY BV > e(n) +C Y E'Ylpfﬁ'%' —
n=1 =t
< CE(v (1Y) +CZ " 1E|Y@|Z£%|§¢(n)
o) nr—l & n
= CE(47'(|Y])" +CE (Z - i%gw )}>
n=1

By our assumption, the first part of the last equality is finite. Now, the assumption (A2) allows us to write

S o YY) < v} _ I Y| < w(n))
n=1 ¢a(n) n=1 ¢O‘<n)
- "YU T{[Y] < ¢(n)}
+ ) -

n=lp1(Y])J+2 ve(n)
o 1 1 o n— 1y

_ r— =1y |

< > ([~ (VD] +1) "+ 2y n_wlz(:mm T

s .,L.rfl
< (¢ (VD] + 1)+ / e
(¥

=1

<27 (WTH(Y]) + 2"+ C (aH (™ (Y]) + )

which, in the light of (2.3), implies /1 < oo. The proof is completed.
In what follows we shall use the concept of regularly varying functions (see [3]).

Definition 4. A measurable function U : [a,00) — (0,00), a € R, is called regularly varying at infinity with
exponent p, denoted as U (-) € RV(p), if forall t > 0,

. Ultx)
1 = 1P,
w00 U(2)

If p = 0 then we say that U is slowly varying at infinity and write U € SV.

Lith. Math. J., X(x), 20xx, July 10, 2025,Author’s Version.



Theorem 2. Let {X,,,n > 1} be a sequence of identically distributed m-NOD random variables such that
P (| Xk| > x) € RV(p). Moreover assume that the functions g, h and v satisfy the condition (Al). If

N i X; —m(n,i)
nzz:ln 2p <1rgniggxn ; T >eg(n) | < oo, Ve >0 (2.5)
then
E[y~Y(|Y])]" < oo forr > 2. (2.6)

Proof By a similar proof as the proof of Theorem 1 in [12], the desired results can be obtained. Let us recall
that m(n, 1) = EX;I[|X;| < ¢(n)]. Since h(-) is nondecreasing we have

max e Dl L Xz m Dl g e L gy,
1<k<n P(n) 1<k<ng(n) h(k) 1<k<ng(n)
Therefore
€
— < —= . .
P(l?]?gxn | Xt —m(n,1)] > w(n)z?) < ]P’<1?I?£<N|Sk| > 2g(n)> (2.7)

Because of that |m(n, 1)| < 1¥(n), making use of the inequality |z — y| > |z| — |y| for z,y € R we get

{ima 101> e Do < a1 = mto, 0] > v |

c {mkx Xp — min,1)] > sw<n>}, @.8)
from (2.7) and (2.8), we have
P (e 511> Se00)) > B (e 1300 > -+ 00l 29)

It follows immediately that (2.5) implies

P X 1 0 .
<1211?<Xn| Kl > (e + )w(n)>% ,asmn — 0o

Thus, for sufficiently large n

[N

P < max | Xg| > (e + 1)1/)(71)) <

1<k<n

According to Lemma 4 and (2.9) we obtain



. 0P ([ 13> (e + o))
SR (X > (e + 1)p(n)) < =k 2
k=1 1-P max | Xk| > (e + 1)1/1(71)))
<4CP (121@;” Xa| > (e + 1)¢(n)> (2.10)

Also, since P (| X%| > z) € RV(p) we have
P(|X1] > (e + Do(n)) ~ (e + 1) P(|X1| > 9(n)).

Now, by using (2.5) and (2.10), we get

ST Y P (X > () ~ Y 02 P(X] > (e + 1ip(n))
n=1 k=1 n=1 k=1

= SR (X > d(n) < o,

which implies (2.6) and completes the proof.
Let us present some functions satisfying the assumptions (A1)-(A3).

Remark 1. Let us take the power functions h(z) = 2P, g(x) = % and H(x) = 2", then all the requirements
(A1)-(A3) are valid with 0 < ap < 1 and a(p + q) > r. Using Proposition 1.5.10 in [3] we can extend this
example of weights to h(z) = zP and g(x) = x9LP+9(z), where p, q satisfy the above constraints and L(z)
is a slowly varying function.

From this remark we get the following corollary.

Corollary 1. Let {X,,,n > 1} be a sequence of m-NOD random variables stochastically dominated by a
random variable Y and 0 < B < 2. IfE|Y'|? < oo, then

n=1

n
> Xi - EXJI[X| < n?/P
=1

> 6”2/B> < 00.

Conversely, if > 2 | P <max1§k§n Zle X, —EXI[|X;| < nQ/ﬁ]‘ > 6n2/5> < oo and P (| Xi| > x) €

RV(p) for k > 1, then E|Y | < o0.

Proof It is enough, we use the Theorem 1 and Theorem 2 for » = 2, and functions h(x) = 1, g(z) =
2?/P p(x) = 2*/P and H(z) = 2.
Now, following Theorem 11.2 of [6] we can restate type the Hsu-Robbins theorem for m-NOD sequences.

Corollary 2. Let { X,,,n > 1} be a sequence of identically distributed m-NOD random variables. FEX = 0
and EX? < oo, then

> X

k=1

g

Lith. Math. J., X(x), 20xx, July 10, 2025,Author’s Version.

> 5n> < 00, foralle > 0.



10

Proof To prove, we apply Corollary 1 with 3 = 2 and we get

1 n
=3 (X —EXT[]|X| < n]) - 0cc, n— oo,
k=1

3

since EX = 0 and EX? < oo, by the dominated convergence theorem EXT[|X| < n] — EX = 0asn — oo,
hence , n=1 Y7 EXI[|X| < n] — 0asn — oo, and we get the conclusion.

3 Simulation study

In this section, we illustrate the efficiency and rate of complete convergence in Theorem 1 through two nu-
merical examples. According to the Remark 1, we set h(n) = n?, g(n) = n? and H(z) = x" (Where p = 0.5,

= 1,r > 1, « = 2) in Theorem 1, and for each r = 1,2,3, we take the sample size n = 3(1)200.
For each n, we simulate m-NOD random variables X; = z1,..., X, = x, for m = 1 in Example 1 and
m = 2 in Example 2. We then compute s, = o . By repeating this procedure B = 20000

, §P=200001 and finally compute P, = & Z I{S;, > €} as an estimation
i=1

> ¢£). Now by taking the cumulative sum of n"~2P,’s and plotting the scatter plots of

nd
times, we observe the vector {S}L

nooz;
=1 »

of P(L

(m, D20 n’"‘2]P’(j% gzl f—p’ > ¢)), we can analyze the behavior of complete convergence.

Example 1. In this example to create an m — NOD sequence of random variables with m = 1 we use of

X1
multivariate normal distribution. For any fixed n > 3, we take a n-dimensional random vector : ~
Xn
0
N, (0, X)) where 0 = : represents a zero vector and covariance matrix
0 nx1
1462 -0 0 0 0 0
—0 1+ 62 —0 0 0 0
0 —0 1+ 62 0 0 0
0 0 0 1+6%2 -0
0 0 0 -0 1+6* -0
0 0 0 0 -0 1+06°

nxn

where 0 < 6 < 1 (we take 6 = 0.5). From [9] it is obvious that {X,,,n > 1} is a NOD sequence (m-NOD
with m = 1) and we can see that this sequence is stochastically dominated by the random variable Y where
Y ~ N(0,1+ 62). Itis clear that E(H [~ 1(|[Y])]) = E(~'(|Y]))" = E(|Y|#4) < co. Now all the
conditions of Theorem 1 are satisfied and we can easily show that foreachn > 3and 1 <i < n, m(n,7) = 0.
The results of this example are shown in the first part of Figure 1.
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Example 2. In this example, we proceed exactly as in Example 1, with the difference that the covariance matrix
of the multivariate normal distribution will be as

1—6? 0 —0 0 0 0
0 1—6? 0 —0 0 0
-6 0 1-62 0 —6 0
= : : : : : : : :
0 —6 0 1-—6? 0 —0
0 0 -0 0 1—6? 0
0 0 0 —0 0 1—6?

nxn

to create an m — NOD sequence of random variables with m = 2. The results of this example are shown in
the second part of Figure 1.

Figure 1.

> ¢)) forr = 1,2, 3. It is observed
that R is a increasing function of n but tends to a fixed value and is dominated to it for each » = 1, 2, 3.

i=1 »

Figure 1 exhibits the scatter plots of (n, R = 2?21 nT*QP(j% ‘ I o
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