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Abstract

This study investigates the consistency of heterotic supergravity, where the B-field
gauge transformation becomes anomalous due to the Green-Schwarz mechanism, under
T-duality transformations. We establish that preserving T-duality necessitates an infi-
nite tower of higher-derivative couplings proportional to e−2Φ. For spacetimes featur-
ing a Killing self-dual circle, these couplings remain immune to quantum corrections.
Leveraging S-duality in heterotic/type I string theory, we then identify the corresponding
couplings in type I theory. Notably, our analysis reveals that standard S-duality transfor-
mations do not involve higher-derivative corrections. Building on this insight, we derive
the explicit form of the effective action for type I theory at the α′ order, adhering to a
scheme that omits derivatives of the dilaton.
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1 Introduction

As a robust framework for quantum gravity, string theory posits that the fundamental con-
stituents of the universe are oscillations of a fundamental string. These oscillations manifest
as various massless fields and an infinite hierarchy of massive fields within a 10-dimensional
spacetime. Additionally, string theory incorporates non-perturbative, massive Dp-brane objects
[1]. In the interacting theory, perturbative and non-perturbative objects interact to produce
appropriate S-matrix elements, which can be effectively described by string field theory (see [2]
and references therein). The massive perturbative fields, as well as non-perturbative objects,
can be integrated out to yield a low-energy effective action in spacetime that includes only the
massless fields and their derivatives at various orders of α′. This effective action encompasses
perturbative couplings [3, 4, 5, 6, 7, 8, 9, 10], as well as non-perturbative couplings result-
ing from integrating out the non-perturbative objects [11, 12, 13, 14]. The derivation of this
effective action involves imposing various global and local symmetries inherent to string theory.

The perturbative part of the low-energy effective action has the following genus expansion:

Sper. ∼
∞∑

g,b,c=0

∫
d10x e(2g+b+c−2)Φ

√
−GL(g,b,c)(α

′) , (1)

where g is the number of handles, b is the number of boundaries, and c is the number of
cross-caps of the world-sheet. For oriented string theory, there are no boundaries or cross-
caps. The Lagrangian L(g,b,c)(α

′) at each genus may include an α′ expansion. In the classical
theory, where g = b = c = 0, there are higher-derivative corrections at almost all orders of α′.
However, in the quantum theory, where g, b, or c are non-zero, the classical couplings may be
renormalized by some genus-correction. In chiral string theories, there are couplings at the first
non-zero genus that are not present in the classical and higher genus levels. These couplings
are necessary for anomaly cancellation [15]. Such couplings exist at order α′3 in the chiral
type I and heterotic string theories. Similar couplings are also found in the non-chiral type
IIA theory, related to the presence of such couplings in 11-dimensional M-theory. This is the
strong coupling limit of both chiral heterotic and non-chiral type IIA theories, depending on the
compactification of this theory on an interval or circle, respectively [16]. The genus dependence
of these specific couplings, as well as various couplings related to them by supersymmetry, is
exact. For instance, the torus-level Tr(F 4) term in the 10-dimensional heterotic theory should
not receive higher-genus corrections [17, 18].

The classical effective action, L(0,0,0)(α
′), at all orders in α′, exhibits a global O(d, d,R)

symmetry, which emerges upon dimensional reduction of the effective action on a torus, T (d)

[19, 20]. Using the observation that the classical effective action at the critical dimension is
background independent [21], this symmetry, in principle, can serve as a constraint to determine
the classical effective action at all orders in α′. It has been observed that imposing O(1, 1,R)
symmetry, or its non-geometric discrete subgroup Z2—commonly referred to as the Buscher rule
[22, 23]—on the circular reduction of the classical effective action allows one to derive all bosonic
couplings in the heterotic string theory effective action at orders α′ and α′2 [24, 25]. Similarly,
one can derive all classical NS-NS couplings in type II superstring theories at order α′3, up to
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an overall factor proportional to ζ(3) [26]. Notably, the couplings in heterotic theory at orders
α′ and α′2 are related via T-duality to the Lorentz Chern-Simons couplings at corresponding
orders. These couplings arise by substituting the deformed B-field strength, as dictated by the
anomalous B-field gauge transformation in the Green-Schwarz mechanism [15], into the leading
two-derivative action.

These studies indicate that the Buscher rules receive higher-derivative corrections [27, 28].
Indeed, no covariant scheme exists in which T-duality transformations are free from corrections
[26, 29]. Consequently, the couplings at orders α′ and α′2 derived in [24, 25] require additional
couplings at orders α′3, α′4, and beyond, to ensure full consistency with T-duality. As a result,
there exists an infinite number of higher-derivative covariant couplings in heterotic theory,
which can, in principle, be determined through T-duality and are related to the two-derivative
couplings by T-duality transformations2.

On the other hand, while classical couplings are background independent, quantum cor-
rections to the effective action depend on the background [30]. For backgrounds with one
Killing self-dual circle, the aforementioned T-dual invariant couplings do not receive quantum
corrections, as the two-derivative couplings are free from such corrections [8, 35]. Since these
couplings are immune to quantum corrections in the presence of a Killing self-dual circle, their
genus dependence, e−2Φ, is exact, enabling their analysis within the framework of S-duality.

The S-duality of type I/heterotic theory [33, 34] relates the low-energy effective action of
unoriented type I theory at weak coupling to the low-energy effective action of oriented heterotic
theory at strong coupling, and vice versa. If one considers (1) as the genus expansion of the
type I effective action at weak coupling eΦ < 1, and the following genus expansion for the
heterotic theory at weak coupling:

Sper. ∼
∞∑
g=0

∫
d10x e2(g−1)Φ′√−G′ Lg(α′) , (2)

where the prime over the fields indicates that they belong to the heterotic theory at weak
coupling eΦ′

< 1. The S-duality then relates the bosonic fields in the heterotic theory to the
corresponding fields in type I theory as shown in [34]

Φ′ = −Φ, G′αβ = e−ΦGαβ, B
′
αβ = Cαβ ≡ Bαβ, A

′
αi
j = Aαi

j. (3)

The Yang-Mills (YM) gauge field is defined as Aµi
j = Aµ

I(λI)i
j, where the antisymmetric

matrices (λI)i
j represent the adjoint representation of the gauge group SO(32) with the nor-

malization (λI)i
j(λJ)j

i = −δIJ . Note that the two-form in type I is an R-R field. However,
for simplicity in notation, we denote it as Bαβ and refer to the metric, dilaton, and the R-R
field as the NS-NS sector, similar to the corresponding fields in the heterotic theory. Since the

2A specific set of an infinite number of non-covariant but locally Lorentz-invariant classical couplings has been
proposed in [31, 32], based on theN = 1 supersymmetry of the leading-order action (4). This action incorporates
the Lorentz Chern-Simons term in H and modifies the spin connection to include torsion proportional to the
deformed H. The infinite set of covariant T-dual classical couplings may correspond to the infinite set of locally
Lorentz-invariant classical couplings through appropriate non-covariant field redefinitions.
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two expansions (1) and (2) are at two different couplings, one cannot generally compare the
couplings at each order of α′ in the two theories unless the couplings at a specific order of α′

are exact in the coupling constant [18]. Those terms transform from one theory to the other
using the above transformation.

In fact, the above S-duality has been suggested in [34] by observing that the classical effective
action of the heterotic theory at the two-derivative order, given as

S
(0)
het. = − 2

κ2

∫
d10x
√
−G′e−2Φ′

[
R′ + 4∇αΦ′∇αΦ′ − 1

12
H ′αβγH

′αβγ +
1

4
F ′αβi

jF ′
αβ

j
i
]
, (4)

transforms to the corresponding classical effective action of type I theory under the transfor-
mation (3), given as

S
(0)
typeI = − 2

κ2

∫
d10x
√
−G
[
e−2Φ(R + 4∇αΦ∇αΦ)− 1

12
HαβγH

αβγ +
e−Φ

4
Fαβi

jFαβ
j
i
]
. (5)

The YM gauge field strength and the B-field strength are given by

Fµνi
j = ∂µAνi

j − ∂νAµij +
1√
α′

[Aµi
k, Aνk

j] ,

Hµνρ = 3∂[µBνρ] +
3

2
A[µi

jFνρ]j
i . (6)

The NS-NS fields are dimensionless, and we have also normalized the YM gauge field to be
dimensionless. Additionally, the Lorentz Chern-Simons three-form Ωµνρ appears in the B-field
strength as a result of the Green-Schwarz mechanism [15]. This leads to terms with four and six
derivatives , i.e., α′HΩ and α′2ΩΩ. There are no higher-genus corrections to the aforementioned
two-derivative effective actions [8, 35]; hence, S-duality holds at the two-derivative level [34].
Note that by using the YM gauge symmetry in the internal space, one can adopt the local
frame gauge in which the YM potential is zero, but its derivatives are not [24, 25]. Therefore,
by rescaling the B field strength in type I theory as H = e−ΦH̃, one observes that the classical
couplings in type I theory exhibit a genus of e−Φ for massless open string fields and e−2Φ for
closed string fields.

The Lorentz Chern-Simons three-form in the B-field strength is defined as:

Ωµνα = ω[µµ1
ν1∂νωα]ν1

µ1 +
2

3
ω[µµ1

ν1ωνν1
α1ωα]α1

µ1 ; ωµµ1
ν1 = eνµ1∇µeν

ν1 , (7)

where eµ
µ1eν

ν1ηµ1ν1 = Gµν . The covariant derivative in the definition of the spin connection
acts only on the curved indices of the frame eµ

µ1 . The scale transformation of the metric Gµν

in (3) may result from the following scalar transformation of the flat-space metric:

η′µ1ν1 = e−Φηµ1ν1 , (8)

and no scalar transformation applied to the frame eµ
µ1 . Consequently, the spin connection

ωµµ1
ν1 , like the YM connection Aµi

j, remains invariant. As a result, the Lorentz Chern-Simons
three-form Ωµνρ also remains invariant under S-duality, i.e.,

Ω′µνρ = Ωµνρ . (9)
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This invariance ensures that the leading-order actions (4) and (5), which include the Lorentz
Chern-Simons three-form, are invariant under S-duality.

The transformation (3) also connects certain higher-derivative couplings of the heterotic
theory, specifically the anomaly cancellation terms [15] and the terms linked to them by super-
symmetry, to the corresponding couplings in type I theory due to their precise genus dependence
[18, 36].

The anomaly cancellation mechanism in heterotic theory introduces new couplings at both
the classical level and at one-loop. While the S-duality of one-loop couplings, linked by super-
symmetry to the anomaly cancellation term, has been thoroughly investigated in [18, 36], this
paper centers its attention on the S-duality of classical couplings in heterotic theory. Indeed,
as previously discussed, heterotic theory encompasses an infinite set of higher-derivative clas-
sical couplings that are interconnected through T-duality with classical couplings derived from
the following substitution in the supergravity action (4), as well as its higher-order extensions
dictated by T-duality [24, 25]:

H ′αβγ → H ′αβγ +
3

2
α′Ω′αβγ. (10)

This replacement is mandated by the Green-Schwarz mechanism [15], ensuring that T-duality
consistently determines the coefficients of an infinite set of higher-derivative couplings at the
classical level. These couplings extend the two-derivative terms (4) to T-dual couplings at orders
α′0, α′, α′2, and beyond, all governed by the same overall factor as the leading-order action (4).
Since the two-derivative terms do not receive higher-genus corrections due to kinematic reasons
[8, 35], T-duality ensures that the higher-derivative components of the T-dual couplings for the
Killing self-dual circle also remain free from genus corrections3. It is an exact T-dual multiplet
that can be studied under S-duality.

Furthermore, the classical theory includes another distinct set of T-dual couplings at orders
α′3, α′4, and higher, characterized by an overall coefficient of ζ(3). Unlike the first set, this
group is not directly associated with the leading-order action (4). As a result, T-duality does not
prevent this collection of T-dual couplings from receiving higher-genus corrections. Similarly,
there exist additional sets with coefficients ζ(5) and higher [38], all of which may also receive
higher-genus corrections.

To determine the couplings via T-duality, it is essential to have a spacetime dimension
compactified into a circle, where all fields remain independent of the Killing coordinate y.
Consequently, the results are applicable to spacetimes with one Killing circle. While the classi-
cal effective action is background-independent—ensuring that the resulting T-duality invariant
couplings are valid across all spacetimes—the quantum corrections to this action are influ-
enced by the background. Thus, the quantum corrections governed by T-duality are applicable
exclusively to spacetimes with a single Killing self-dual circle [30].

3A similar set of couplings arises in bosonic string theory. Specifically, bosonic theory includes an infinite
number of higher-derivative couplings at orders α′, α′2, and beyond, governed by a single overall factor [37].
However, since this factor is not linked by T-duality to the two-derivative leading-order action, these couplings
may not be exact and may receive higher-genus corrections.
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A similar replacement to (10) exists in Type I theory. However, the corresponding α′HΩ and
α′2ΩΩ terms do not appear in the usual untwisted sector. Instead, they emerge in the twisted
sector of the type I effective action [39], which transforms under T-duality to the twisted sector
of the type I’ theory [40]. Unlike in heterotic theory, T-duality alone is insufficient to fully
determine all couplings at orders α′, α′2, and higher in both type I and type I’ theories due to
inherent dimensional differences: the twisted sector in type I’ theory is inherently 9-dimensional,
whereas that in type I theory is 10-dimensional [39]. Nevertheless, S-duality applied to the
exact T-dual multiplet of heterotic theory offers a framework to identify such couplings in type
I theory.

The corresponding couplings in type I theory manifest at different genera. Using the S-
duality transformation (3), it can be shown that the couplings at order α′n within the exact
T-dual multiplet in heterotic theory transform into couplings at genus e(n+k−2)Φ in type I theory,
where k represents half the number of YM field strengths in the couplings. In this paper, we
demonstrate how these couplings can be systematically determined by imposing S-duality on
the exact T-dual multiplet in heterotic theory. Specifically, we explicitly derive these couplings
in type I theory at the α′ order, adhering to a scheme that excludes dilaton derivatives. It is
important to note that the exact T-dual multiplet in heterotic theory remains free from genus
corrections only in spacetimes with a single Killing self-dual circle [30]. Consequently, the
couplings derived through S-duality are expected to hold valid exclusively for such spacetimes.

The observation that the exact T-dual multiplet in heterotic theory remains unaffected by
quantum corrections in spacetimes with a single Killing self-dual circle has significant implica-
tions for the type IIA effective action. These implications arise from the application of S-duality
between heterotic theory on the manifold T 4, which includes the circle, and type IIA theory on
the manifold K3 [42, 16]. The S-duality correspondence between the 6-dimensional massless
NS-NS fields in type IIA and their equivalents in heterotic theory is outlined in [43]:

Φ′ = −Φ, G′µν = e−2ΦGµν , H
′ = e−2Φ ∗H , (11)

where Φ, Gµν , Hµνρ are the six-dimensional NS-NS fields of type IIA theory. In this context, one
can use the dimensional reduction of the exact T-dual multiplet on the torus T 4 to determine
the corresponding six-dimensional couplings at all orders of α′ with the exact genus dependence
e−2Φ′

. Using the aforementioned S-duality transformations, one can identify the corresponding
higher-derivative six-dimensional couplings in type IIA theory, which appear at different genera.
Applying the S-duality transformation to the exact T-dual multiplet, one finds that the cou-
plings at order α′n on T 4 appear at genus e2(n−1)Φ in type IIA theory on K3. For example, the
one-loop couplings in type IIA string theory on K3 arise at order α′. These couplings were first
identified in [43] through S-duality transformations and subsequently confirmed by S-matrix
calculations. Furthermore, they have been utilized in [44, 45] to investigate α′ corrections to
the dyonic string solution in 6-dimensional supergravity. The two-loop couplings in type IIA on
K3 are at order α′2, which may be found by imposing S-duality on the α′2 couplings identified
in [25] through T-duality.

On the other hand, the aforementioned S-duality can be utilized to establish a no-go theo-
rem. As previously discussed, aside from the exact T-dual multiplet at orders α′0, α′, α′2, and
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so forth, with an overall coefficient of 1, there exist T-dual multiplets at orders α′3, α′4, and
beyond, characterized by an overall coefficient of ζ(3), along with an infinite number of T-dual
multiplets at higher orders [38]. While the exact T-dual multiplet remains quantum-exact, all
other T-dual multiplets are classical and subject to quantum corrections. Therefore, in heterotic
theory, only the classical couplings at orders α′0, α′, and α′2 remain free from quantum correc-
tions. Since the T 4 reduction of these classical couplings preserves the number of derivatives
in the couplings, it follows that no couplings arise at orders α′ and α′2 at the quantum level,
i.e., at genus e2(g−1)Φ′

for g > 0, in the six-dimensional heterotic theory. Using the S-duality
transformation, one finds no couplings at order α′ at genus e−2gΦ and no couplings at order
α′2 at genus e−2(g−1)Φ in the six-dimensional type IIA theory. Based on the permitted genus
expansion for the effective action in type IIA theory, it is determined that at order α′, g = 1,
and at order α′2, g = 1, 2. Consequently, there must be no classical couplings at order α′, and
no classical or torus-level couplings at order α′2 in the six-dimensional type IIA theory. This
conclusion is reinforced by arguments derived from supersymmetry (see, for example, [46]). We
will demonstrate that the K3 reduction of the classical couplings in type IIA theory at order
α′3, identified via T-duality [26], produces certain α′ couplings that vanish upon applying field
redefinition.

In the next section, we will demonstrate that S-duality transformations do not receive
higher-derivative corrections. Utilizing this observation, we determine the couplings in type I
theory at the α′ order by dualizing the corresponding couplings in the heterotic theory, which
have been recently identified in a minimal scheme through T-duality. In Section 3, we reduce
the 8-derivative NS-NS couplings in type IIA theory on the manifold K3 and show that the
resulting four-derivative couplings vanish upon field redefinition. In Section 4, we briefly discuss
our results.

2 Heterotic/Type I duality

In this section, we will study the S-duality transformation of the exact couplings at order α′ in
the heterotic theory.

The study of leading-order two-derivative couplings (4), (5) under S-duality transformations
(3) remains unaffected by both higher-derivative corrections to S-duality and field redefinition
ambiguities [47, 3]. However, the analysis of higher-derivative couplings introduces two essen-
tial considerations: (i) the systematic implementation of field redefinitions, and (ii) the possible
existence of higher-derivative modifications to the S-duality transformation rules. A crucial
prerequisite for determining the S-duality transformation properties of these couplings involves
establishing whether the fundamental S-duality relations (3) themselves admit higher-derivative
corrections. This foundational question must be resolved before any consistent mapping be-
tween heterotic and Type I theories at higher orders in α′ can be achieved.

Using the genus dependence of the couplings in type I (1) or heterotic theory (2), one
realizes that S-duality does not receive higher-derivative corrections. To see this, note that
the S-duality transformation (3) satisfies the Z2-group symmetry; hence, its higher-derivative
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extension should also satisfy this symmetry. If we consider the two-derivative corrections to
the S-duality for NS-NS fields as

Φ′ = −Φ + α′∆Φ(Φ, G,B),

G′αβ = e−Φ
[
Gαβ + α′Gαβ∆Φ(Φ, G,B) + α′∆Gαβ(Φ, G,B)

]
,

B′αβ = Bαβ + α′∆Bαβ(Φ, G,B), (12)

where ∆Φ(Φ, G,B), ∆Gαβ(Φ, G,B), and ∆Bαβ(Φ, G,B) present the two-derivative correction
terms that depend on the NS-NS fields at order α′. Then, the Z2 symmetry implies that the
corrections satisfy the following relations:

∆Φ(Φ, G,B)−∆Φ(−Φ, e−ΦG,B) = 0,

∆Gαβ(Φ, G,B) +Gαβ∆Φ(−Φ, e−ΦG,B) + eΦ∆Gαβ(−Φ, e−ΦG,B) = 0,

∆Bαβ(Φ, G,B) + ∆Bαβ(−Φ, e−ΦG,B) = 0. (13)

The corrections that satisfy these relations should have the dilaton factors eΦ/2 and e3Φ/2. For
example, the dilaton correction eΦ/2Gαβ∇αΦ∇Φβ satisfies the first relation above. However,
there are no half-integer numbers in the genus dependence of the effective action (1). Hence,

∆Φ = 0, ∆Gαβ = 0 ,∆Bαβ = 0 . (14)

This is unlike the corrections to the T-duality transformations, which must be non-zero to
ensure T-duality invariant couplings at higher-derivative orders [28].

Since S-duality (3) has no higher-derivative corrections, applying it to the heterotic couplings
in a specific scheme allows one to derive the corresponding couplings in Type I theory. Imposing
these resulting Type I couplings under S-duality reproduces the original heterotic couplings in
the chosen scheme. To determine the Type I couplings in a specific scheme, one can begin with
the maximal basis of couplings in Type I theory—where no field redefinitions have been applied
and the coupling constants remain arbitrary. These couplings can then be transformed under
S-duality (3) to their heterotic counterparts. The resulting expressions must match, up to total
derivative terms and Bianchi identity constraints, the heterotic couplings in a fixed scheme
where all coupling constants are predetermined. We are particularly interested in schemes
where the heterotic effective action contains no dilaton derivatives. This matching condition
fixes the arbitrary coupling constants in the Type I maximal basis. However, many couplings
in this basis involve dilaton derivatives. To isolate the subset of Type I couplings without
such terms, we must adopt a different scheme for the heterotic theory. This involves applying
an arbitrary field redefinition to the heterotic couplings before equating them with the S-dual
transformation of the Type I maximal basis. The resulting equality imposes constraints on the
coupling constants in the maximal basis, though many remain undetermined. Each choice of
these arbitrary parameters corresponds to a distinct scheme for the Type I effective action. By
selecting appropriate values, one can derive a Type I action free of dilaton derivatives.
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Let us consider the transformation of sphere-level couplings in the heterotic theory at order
α′. These couplings in a specific scheme have been found in [4] by studying the S-matrix
element of four vertex operators. Recently, these couplings in an arbitrary scheme have been
found by T-duality [24]. The couplings in the minimal scheme, where the NS-NS part is the
Metsaev-Tseytlin action [48], are as follows:

S
(1)
het. = − 2α′

8κ2

∫
d10x
√
−G′e−2Φ′

[1

4
F ′α

γklF ′αβijF ′β
δ
klF

′
γδij −

1

2
F ′α

γ
ijF
′αβijF ′β

δklF ′γδkl

−1

8
F ′αβ

klF ′αβijF ′γδklF
′γδ

ij +
1

4
F ′αβijF ′γδijH

′
αγ
εH ′βδε −

1

8
F ′αβijF ′γδijH

′
αβ

εH ′γδε

−1

2
F ′α

γ
ijF
′αβijH ′β

δεH ′γδε −
1

8
H ′αβ

δH ′αβγH ′γ
εεH ′δεε +

1

24
H ′α

δεH ′αβγH ′βδ
εH ′γεε

+R′αβγδR
′αβγδ − 1

2
H ′α

δεH ′αβγR′βγδε + 2H ′αβγΩ′αβγ

]
. (15)

The transformation of all couplings mentioned above—except those involving the Riemann
curvature—under S-duality (see (3) and (9)) is straightforward and yields the corresponding
couplings in Type I theory without dilaton derivatives. However, applying S-duality to the
couplings containing the Riemann curvature generates, up to total derivative terms and Bianchi
identities, the following dilaton-dependent couplings in type I theory:

2R∇α∇αΦ +
1

4
HβγδH

βγδ∇αΦ∇αΦ− 3R∇αΦ∇αΦ + 9∇α∇αΦ∇β∇βΦ− 1

2
Hα

γδHβγδ∇αΦ∇βΦ

−2Rαβ∇αΦ∇βΦ− 7∇αΦ∇αΦ∇βΦ∇βΦ + 48∇αΦ∇β∇αΦ∇βΦ−Hα
γδHβγδ∇β∇αΦ . (16)

We suppressed the overall dilaton factor of each coupling. If one imposes on the resulting
couplings once again the S-duality (3), one would find the original couplings (15) in the heterotic
theory up to total derivative terms and Bianchi identities. This reflects the fact that S-duality
forms a Z2-group.

However, to identify the Type I couplings without dilaton derivatives, we must perform field
redefinitions on the couplings in (15) to alter their scheme. As noted earlier, we must use the
maximal basis at order α′ in Type I theory, which comprises 42 couplings with arbitrary coef-
ficients, as explicitly constructed in [24]. By applying S-duality (3) to this basis, we transform
the couplings and equate the resulting expressions with those in (15)—modified by the inclu-
sion of arbitrary field redefinition terms. To derive the relationships among the 42 coefficients,
we employ total derivative terms and exploit Bianchi identities in the heterotic theory. For a
thorough and detailed treatment of this procedure, we refer the reader to [24].

Our findings show that the above equality produces 24 relations, leaving 18 arbitrary param-
eters. A specific choice of these parameters fixes the couplings in type I theory in a particular
scheme. We choose these parameters such that there is no derivative of the dilaton in the
couplings, as in the heterotic theory (15). There remain three parameters, and a specific choice
for them produces the following couplings in type I theory:

S
(1)
typeI = − 2α′

8κ2

∫
d10x
√
−G
(
eΦ
[1

8
Fα

γklFαβijFβ
δ
klFγδij −

1

16
Fαβ

klFαβijFγδklF
γδ
ij
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+
1

1024
FαβijF

αβijFγδklF
γδkl
]

+
[1

4
FαβijF γδ

ijH̃αγ
εH̃βδε −

1

8
Fα

γ
ijF

αβijH̃β
δεH̃γδε

+
1

48
FαβijF

αβijH̃γδεH̃
γδε − 1

4
FαβijH̃βγδ∇αF

γδ
ij +

3

64
FαβijF

αβijR− 1

2
Fα

γijFβγijR
αβ
]

+e−Φ
[ 1

16
R2 − 1

16
H̃αβ

δH̃αβγH̃γ
εεH̃δεε +

1

96
H̃αβγH̃

αβγH̃δεεH̃
δεε −RαβR

αβ

+
1

24
H̃α

δεH̃αβγH̃βδ
εH̃γεε +RαβγδR

αβγδ − 1

2
H̃α

δεH̃αβγRβγδε + 2H̃αβγΩαβγ

])
, (17)

where H̃ = eΦH. Note that the YM couplings in the first bracket are double traces. The
couplings in the last bracket occur at the disk level, while the others appear at higher genus
levels. As mentioned in the Introduction section, these couplings are valid for spacetimes with
a single Killing self-dual circle because the original couplings in the heterotic theory (15) are
exact only in such spacetimes.

At the four-derivative order, the disk-level effective action of type I theory incorporates
the single-trace coupling Tr(F 4). In heterotic theory, this coupling emerges as a one-loop
contribution and is related, via a supersymmetry transformation, to the anomaly cancellation
mechanism in 10-dimensional spacetime. Consequently, it represents an exact coupling in 10
dimensions for both type I and heterotic theories [18]. However, in spacetimes with a single
Killing circle—effectively reducing the theory to 9 dimensions—[30] argues that the anomaly
cancellation term vanishes in the heterotic theory, along with the coupling Tr(F 4). As a result,
in such backgrounds, the coupling Tr(F 4) in type I theory can no longer be considered exact
and, consequently, does not appear in the 9-dimensional heterotic theory.

A similar approach can be applied to the sphere-level heterotic couplings at order α′2, as
identified in [25], to derive the corresponding six-derivative couplings in type I theory.

3 Six-dimensional Heterotic/Type IIA duality

In this section, we will employ the no-go theorem, which asserts that there are no sphere-level
NS-NS couplings at order α′ in the reduction of the type IIA effective action on a K3 manifold,
to verify the sphere-level NS-NS couplings of the 10-dimensional type II theory recently derived
through T-duality [26]. The R3H2 structure of these couplings has already been identified in [46]
using the S-matrix method, and it has been shown that their K3 reduction yields couplings
that can be transformed into six-field and higher-order couplings through appropriate field
redefinition. Since the complete NS-NS couplings are now known from T-duality, we can verify
them by applying the aforementioned no-go theorem.

Assuming the dilaton and B-field are independent of the K3 manifold and the metric is
block-diagonal as

ds2 = Gµν(x)dxµdxν + gab(y)dyadyb, (18)

the reduction of the leading two-derivative NS-NS couplings is

S
(0)
typeII = −2V

κ2

∫
d6x
√
−Ge−2Φ

[
R + 4∇αΦ∇αΦ− 1

12
HαβγH

αβγ

]
, (19)
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where V is the volume of the K3 manifold,∫
K3

d4y
√
g = V. (20)

We have kept only the six-dimensional NS-NS fields and ignored all moduli fields.
The sphere-level NS-NS couplings of type II have been identified in [26] by imposing T-

duality on the minimal basis of NS-NS fields, which includes 872 couplings. T-duality uniquely
determines all coupling constants up to one overall factor [26]. These couplings can be expressed
in various schemes. In particular, the scheme in which the dilaton appears only through the
overall factor e−2Φ [49] includes the following terms, which contain the Riemann-squared term:

S
(3)
typeII =

2α′3ζ(3)

26κ2

∫
d10x
√
−Ge−2Φ

[
RµνρτR

µνρτ
(
− 5

32
Hαβ

δHαβγHγ
εεHδεε +

5

4
Hα

δεHαβγRβδγε

− 5

24
∇δHαβγ∇δHαβγ

)
+ · · ·

]
, (21)

where the dots refer to all other terms that do not include the Riemann-squared termRµνρτR
µνρτ .

Up to a factor of −2/3, the couplings in the scheme [26] also include the aforementioned terms.
Since K3 surfaces are Ricci-flat, the Ricci tensor vanishes. However, the Riemann curvature
tensor does not. The integral of the Riemann-squared term on the K3 manifold is a constant,
which is given by [46]

1

32π2

∫
K3

d4y
√
gRabcdR

abcd = 24 . (22)

Using the above result, one finds that the K3 reduction of the 10-dimensional action (21)
produces the following four-derivative couplings in six dimensions, as well as the same eight-
derivative couplings as in (21), but in six dimensions, which we are not interested in:

S
(1)
typeII =

48π2α′3ζ(3)

κ2

∫
d6x
√
−Ge−2Φ

[(
− 5

32
Hαβ

δHαβγHγ
εεHδεε +

5

4
Hα

δεHαβγRβδγε

− 5

24
∇δHαβγ∇δHαβγ

)]
. (23)

Up to some total derivative terms, the above couplings can be written as

δΦDΦ + δGαβDG
αβ + δBαβDB

αβ, (24)

where the six-dimensional equations of motion DΦ, DGαβ, DBαβ are

DΦ ≡ −2V
√
−Ge−2Φ

(
R + 4∇α∇αΦ− 4∇αΦ∇αΦ− 1

12
H2
)

= 0,

DBαβ ≡ V

2

√
−G∇γ(e

−2ΦHαβγ) = 0, (25)

DGαβ ≡ V
√
−G
[1

4
e−2ΦHαγδHβ

γδ − e−2Φ
(
Rαβ + 2∇α∇βΦ

)]
− 1

4
DΦαβ = 0,

10



and the field redefinitions defined as Gαβ + α′δGαβ, Bαβ + α′δBαβ and Φ + α′δΦ are:

δBαβ =
5c

4
∇γHαβ

γ,

δΦ =
5c

32
H2 +

5c

2
∇αΦ∇αΦ,

δGαβ =
5c

8
HαγδHβ

γδ + 5c∇β∇αΦ, (26)

where c = −24π2ζ(3)α′2/V . Hence, the NS-NS couplings (21) satisfy the no-go theorem in
six dimensions. These couplings have already been confirmed by demonstrating that their
cosmological reduction satisfies the O(d, d,R) symmetry [50], and their R3H2 component aligns
with the results from S-matrix calculations [51].

4 Discussion

In this paper, we have demonstrated that the consistency of heterotic supergravity (4) with
T-duality requires an infinite number of new covariant couplings at all orders of α′. The
couplings at orders α′ and α′2 have already been identified in [24, 25]. This T-dual multiplet may
correspond, through suitable non-covariant field redefinitions, to the locally Lorentz-invariant
supersymmetric multiplet proposed in [31, 32]. Such field redefinitions at order α′ for NS-
NS fields have been explicitly derived in [52]. Because the T-dual multiplet incorporates the
leading-order two-derivative couplings, its genus dependence is exact and remains free from
quantum corrections in spacetimes with a single Killing self-dual circle. However, at the classical
level, there exist infinitely many additional T-dual multiplets at orders α′3 and higher that do
not contain the leading-order couplings [38]. Consequently, in such spacetimes, all of these
additional multiplets may be subject to quantum corrections.

To clarify the final point, we note that classical couplings are background-independent. As
a result, the radius of the circle in the T-duality constraint can be arbitrary, and classical T-
dual multiplets in heterotic theory remain valid for any radius—even in globally flat Minkowski
spacetime. In contrast, quantum corrections are background-dependent. The constraints im-
posed by T-duality at the quantum level generally depend on the radius of the circle. However,
at the self-dual radius, the quantum T-duality constraints align with their classical counter-
parts [30]. Therefore, classical couplings can be extended to include quantum corrections at
the self-dual radius by promoting the overall factor of the classical T-dual multiplet to one
that incorporates quantum effects. This factor can be computed using the S-matrix method
in backgrounds with a single self-dual circle. Importantly, the quantum T-dual multiplet that
includes the leading two-derivative action receives no quantum corrections, as dictated by S-
matrix calculations, which show that the leading-order effective action remains uncorrected
[8, 35]. On the other hand, classical T-dual multiplets with coefficients such as ζ(3) do not
contain two-derivative terms and thus do receive quantum corrections. Consequently, only the
classical T-dual multiplet that includes the two-derivative couplings is exact and unaffected by

11



quantum corrections at the self-dual radius. All other multiplets, especially those with coeffi-
cients involving ζ(3) and higher ζ-functions, are subject to quantum corrections and therefore
do not constitute exact T-dual multiplets. As a result, they cannot be reliably analyzed within
the framework of S-duality.

We then examine the exact T-dual multiplet under the S-duality of 10-dimensional het-
erotic/type I theory to explore its manifestation in type I theory. These multiplets appear at
various genera in type I theory. Since the T-dual multiplet involves higher-derivative couplings,
their transformations under S-duality require understanding whether S-duality receives higher-
derivative corrections. We observe that S-duality does not receive higher-derivative corrections.
Using this insight, we identify the order α′ couplings in Type I theory (17), which contain no
dilaton derivatives. Additionally, we utilize the S-duality of six-dimensional heterotic/type IIA
theory to verify the 10-dimensional NS-NS couplings of type IIA theory at order α′3, which
were recently identified through T-duality.

The couplings at order α′ in type I theory (17) encompass disk-level couplings as well
as couplings at genus with Euler numbers 0 and -1. While calculating the three- and four-
graviton, R-R, and open string YM vertex operators on the world-sheet with Euler numbers 0
and -1 presents significant challenges, the corresponding disk-level calculation remains feasible.
Conducting this calculation to confirm the couplings in the last bracket of (17) would be a
valuable endeavor. Furthermore, utilizing the T-duality relationship between type I theory
compactified on a circle and type IIA theory on the corresponding orbifold [40], known as type
I’ theory, presents exciting opportunities. Applying T-duality to the couplings (17) in type I
theory has the potential to uncover corresponding couplings in type I’ theory.

If one could calculate all genus and all α′ couplings in the effective action (2), then this
action could generate any S-matrix element in quantum gravity that is UV finite. It would
produce the result for quantum gravity that ordinary heterotic string theory produces. The
higher α′ expansion dictates the stringy nature of quantum gravity, and the genus expansion
dictates the quantum corrections required for higher-derivative couplings to be consistent with
quantum theory. However, the exact T-dual multiplet has no genus expansion in spacetimes
with a single Killing self-dual circle. It is

Sexact ∼
∫
d10x e−2Φ

√
−GLexact(α

′) , (27)

where Lexact(α
′) represents the supergravity (4) and all higher-derivative exact-corrections that

can, in principle, be calculated via T-duality. The higher-derivative terms highlight the stringy
nature of gravity; however, each higher-derivative term lacks quantum correction. The above ac-
tion represents heterotic supergravity, extended to maintain consistency with T-duality. While
it is known that heterotic supergravity is not UV finite, the inclusion of an infinite number of
higher-derivative couplings, akin to ordinary string theory, suggests it may achieve UV finite-
ness. If so, this T-dual heterotic supergravity could be proposed as a definition of quantum
gravity. Given its consistency with T-duality, one might identify a particular chiral string
theory, such as those proposed in [53, 54], whose low-energy effective action is (27). While
this effective action has only classical couplings in one setting, its type I setting includes both

12



classical and quantum couplings. Investigating this proposal for quantum gravity would be
intriguing.

References

[1] J. Polchinski, Phys. Rev. Lett. 75, 4724-4727 (1995) doi:10.1103/PhysRevLett.75.4724
[arXiv:hep-th/9510017 [hep-th]].

[2] H. Erbin, Lect. Notes Phys. 980, 1-421 (2021) 2021, ISBN 978-3-030-65320-0, 978-3-030-
65321-7 doi:10.1007/978-3-030-65321-7 [arXiv:2301.01686 [hep-th]].

[3] D. J. Gross and E. Witten, Nucl. Phys. B 277, 1 (1986) doi:10.1016/0550-3213(86)90429-3

[4] D. J. Gross and J. H. Sloan, Nucl. Phys. B 291, 41-89 (1987) doi:10.1016/0550-
3213(87)90465-2

[5] M. T. Grisaru, A. E. M. van de Ven and D. Zanon, Nucl. Phys. B 277, 409-428 (1986)
doi:10.1016/0550-3213(86)90449-9

[6] M. T. Grisaru and D. Zanon, Phys. Lett. B 177, 347-351 (1986) doi:10.1016/0370-
2693(86)90765-3

[7] N. Sakai and Y. Tanii, Nucl. Phys. B 287, 457 (1987) doi:10.1016/0550-3213(87)90114-3

[8] J. R. Ellis, P. Jetzer and L. Mizrachi, Nucl. Phys. B 303, 1-35 (1988) doi:10.1016/0550-
3213(88)90214-3

[9] M. Abe, H. Kubota and N. Sakai, Nucl. Phys. B 306, 405-424 (1988) doi:10.1016/0550-
3213(88)90699-2

[10] M. Abe, H. Kubota and N. Sakai, Phys. Lett. B 200, 461-465 (1988) doi:10.1016/0370-
2693(88)90152-9

[11] M. B. Green and M. Gutperle, Nucl. Phys. B 498, 195-227 (1997) doi:10.1016/S0550-
3213(97)00269-1 [arXiv:hep-th/9701093 [hep-th]].

[12] M. B. Green and P. Vanhove, Phys. Lett. B 408, 122-134 (1997) doi:10.1016/S0370-
2693(97)00785-5 [arXiv:hep-th/9704145 [hep-th]].

[13] E. Kiritsis and B. Pioline, Nucl. Phys. B 508, 509-534 (1997) doi:10.1016/S0550-
3213(97)00645-7 [arXiv:hep-th/9707018 [hep-th]].

[14] B. Pioline and E. Kiritsis, Phys. Lett. B 418, 61-69 (1998) doi:10.1016/S0370-
2693(97)01398-1 [arXiv:hep-th/9710078 [hep-th]].

13



[15] M. B. Green and J. H. Schwarz, Phys. Lett. 149B, 117 (1984). doi:10.1016/0370-
2693(84)91565-X

[16] K. Becker, M. Becker and J. H. Schwarz, “String theory and M-theory: A modern intro-
duction,”

[17] W. Lerche, Nucl. Phys. B 308, 102-126 (1988) doi:10.1016/0550-3213(88)90044-2

[18] A. A. Tseytlin, Phys. Lett. B 367, 84-90 (1996) doi:10.1016/0370-2693(95)01452-7
[arXiv:hep-th/9510173 [hep-th]].

[19] A. Sen, Phys. Lett. B 271, 295-300 (1991) doi:10.1016/0370-2693(91)90090-D

[20] O. Hohm, A. Sen and B. Zwiebach, JHEP 02, 079 (2015) doi:10.1007/JHEP02(2015)079
[arXiv:1411.5696 [hep-th]].

[21] M. R. Garousi, Phys. Rev. D 105, no.10, 106021 (2022) doi:10.1103/PhysRevD.105.106021
[arXiv:2201.00588 [hep-th]].

[22] T. H. Buscher, Phys. Lett. B 194, 59-62 (1987) doi:10.1016/0370-2693(87)90769-6

[23] M. Rocek and E. P. Verlinde, Nucl. Phys. B 373, 630-646 (1992) doi:10.1016/0550-
3213(92)90269-H [arXiv:hep-th/9110053 [hep-th]].

[24] M. R. Garousi, JHEP 06, 059 (2024) doi:10.1007/JHEP06(2024)059 [arXiv:2404.00957
[hep-th]].

[25] M. R. Garousi, SciPost Phys. 17, 121 (2024) doi:10.21468/SciPostPhys.17.4.121
[arXiv:2406.02960 [hep-th]].

[26] M. R. Garousi, JHEP 02, 157 (2021) doi:10.1007/JHEP02(2021)157 [arXiv:2011.02753
[hep-th]].

[27] N. Kaloper and K. A. Meissner, Phys. Rev. D 56, 7940-7953 (1997)
doi:10.1103/PhysRevD.56.7940 [arXiv:hep-th/9705193 [hep-th]].

[28] M. R. Garousi, Phys. Rev. D 99, no. 12, 126005 (2019) doi:10.1103/PhysRevD.99.126005
[arXiv:1904.11282 [hep-th]].

[29] S. W. Hsia, A. R. Kamal and L. Wulff, “No manifest T-duality at order α′3,”
[arXiv:2411.15302 [hep-th]].

[30] M. R. Garousi, “T-duality and background-dependence in genus corrections to effective
actions,” [arXiv:2503.12104 [hep-th]].

[31] E. Bergshoeff and M. de Roo, Phys. Lett. B 218, 210-215 (1989) doi:10.1016/0370-
2693(89)91420-2

14



[32] E. A. Bergshoeff and M. de Roo, Nucl. Phys. B 328, 439-468 (1989) doi:10.1016/0550-
3213(89)90336-2

[33] J. Polchinski and E. Witten, Nucl. Phys. B 460, 525-540 (1996) doi:10.1016/0550-
3213(95)00614-1 [arXiv:hep-th/9510169 [hep-th]].

[34] E. Witten, Nucl. Phys. B 443, 85-126 (1995) doi:10.1201/9781482268737-32 [arXiv:hep-
th/9503124 [hep-th]].

[35] J. R. Ellis and L. Mizrachi, Nucl. Phys. B 327, 595-620 (1989) doi:10.1016/0550-
3213(89)90307-6

[36] A. A. Tseytlin, Nucl. Phys. B 467, 383-398 (1996) doi:10.1016/0550-3213(96)00080-6
[arXiv:hep-th/9512081 [hep-th]].

[37] M. R. Garousi, Eur. Phys. J. C 79, no.10, 827 (2019) doi:10.1140/epjc/s10052-019-7357-4
[arXiv:1907.06500 [hep-th]].

[38] M. R. Garousi, Eur. Phys. J. C 82, no.7, 645 (2022) doi:10.1140/epjc/s10052-022-10611-7
[arXiv:2111.10987 [hep-th]].

[39] M. R. Garousi, Phys. Rev. D 111, no.8, 086029 (2025) doi:10.1103/PhysRevD.111.086029
[arXiv:2412.07234 [hep-th]].

[40] J. H. Schwarz, “Some properties of type I-prime string theory,”
doi:10.1142/9789812793850 0023 [arXiv:hep-th/9907061 [hep-th]].

[41] M. B. Green, J. H. Schwarz and L. Brink, Nucl. Phys. B 198, 474-492 (1982)
doi:10.1016/0550-3213(82)90336-4

[42] C. M. Hull and P. K. Townsend, Nucl. Phys. B 438, 109-137 (1995)
doi:10.1201/9781482268737-24 [arXiv:hep-th/9410167 [hep-th]].

[43] J. T. Liu and R. Minasian, Nucl. Phys. B 874, 413-470 (2013)
doi:10.1016/j.nuclphysb.2013.06.002 [arXiv:1304.3137 [hep-th]].
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