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Abstract

A well-known theorem of Baer states that if G is a group and G/Z,(G) is finite, then
¥n+1(G) is finite. Kurdachenko et al. proved that if G/Z,(G) is a locally finite group
of finite exponent, then so is y,,41 (G). In this article, we extend this theorem to groups
G with subgroups A of Aut(G) which contain /nn(G). Furthermore, some new upper
bounds of the exponents of y,,41(G) and y,,4+1(G, A) are presented. Moreover we give
aproof for the converse of Baer’s theorem considering groups G suchthat G/ Z, (G, A)
and A/Inn(G) are finitely generated or have finite special rank. Finally we conclude
that the index of the subgroup Z, (G, A) is bounded by a precisely determined function
in terms of the order of y,+1(G, A).
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1 Introduction and Preliminaries

A class of groups X is called a Schur class, if for every group G suchthat G/ Z(G) € X,
we conclude that the derived subgroup 32 (G) belongs to X. According to the well-
known theorem of Schur, the class of all finite groups is a Schur class. A question
related to this result that arises naturally here is the relationship between |G /Z(G)|
and |y>(G)| in this class. In [16] Wiegold answered this question in such away that

. 1 _ . .
if |G/Z(G)| = t, then |12 (G)| < 12092, 1=D "yhere p is the smallest prime number
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dividing 7. In 2007, Mann [12] proved that the class of locally finite groups with
finite exponent is a Schur class. In addition to that, he obtained the following relation
between the exponents of G/Z(G) and y2(G).

Theorem 1.1 (A. Mann)[[12], Theorem 1] Let G be a group such that G/Z(G) is
locally finite of exponent e. Then y>(G) is likewise locally finite with a finite exponent.
Moreover the best possible bound for its exponent, m(e), is dividing |R(2, e)|, where
|R(2, e)| is the order of the restricted Burnside group with two generators and exponent
e.

In [1] Baer proved that for a natural number n, if G/Z,(G) is finite, then y,,41(G)
is finite, in which Z,,(G) and y,,+1(G) are the nth and (n + 1)th terms of the upper and
lower central series of G, respectively. Here we bring the next concept that helps us
to represent these results more properly. A class of groups X is said to be a Baer class
if for every group G such that G/Z,(G) € X, the (n + 1)th terms of lower central
series Yn+1(G) also belongs to X. Similar to Schur class, the question of finding a
relationship between the factor groups G/Z,(G) and y,,4+1(G) of G in the class X is
very common. In 2016 Kurdachenko et al. [11] extended the Mann’s result to other
terms of upper central series and concluded that the class of locally finite groups of
finite exponent is a Baer class. In other words, they proved:

Theorem 1.2 (L. A. Kurdachenko et al.)[[11], Theorem A] For a given group G,
suppose that G /| Z,(G) is locally finite with finite exponent e, for some positive integer
n. Then the subgroup vy, +1(G) is locally finite of finite exponent. Moreover there exists
a function Bi(e,n) such that the exponent of y,+1(G) is at most Bi(e, n) defined
inductively by

Bi(e, 1) =m(e), Bi(e,2) = m(m(e))m(e), Bi(e,n) =m(Bi(e,n — 1)Bi(e,n — 1).

The first aim of this paper is to improve the bound obtained in Theorem 1.2. Our
improved bound is presented in the next theorem.

Theorem A Let G be a group such that G/ Z,(G) is locally finite of exponent e. Then
VYn+1(G) is locally finite and its exponent divides

ged(e" 12 m(e), ged(m(e), m(m(. .. (m(e))...))))

n—times

for odd e and

ged(2e) "1 m(e), ged(m(e)™, m(m(. .. (m(e))...))))

n—times

for even e, where gcd(a, b) denotes the greatest common divisor of a and b and [x
denotes the least integer which is greater than or equal to x.
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Furthermore, by using an example we show that the bound in Theorem A is smaller
than the one obtained in [[4], Theorem B].

In [8], Hegarty proved that if G/Cg(Aut(G)) is finite, then both [G, Aut(G)] and
Aut(G) are finite. Moreover he showed:

Theorem 1.3 (P. Hegarty)/8] Let |G /C(Aut(G))| = t, then
12(G, Aut(G))| < (=D +[5Dlog 1],

In 2014, Dixon et al. improved Hegarty’s work in [3] by generalizing the lower central
series. They actually substituted [G, Aut(G)] for [G, A] where A is a group with
Inn(G) < A < Aut(G) and then generalized it to every y;(G, A) when i € N.
Throughout this paper, G is assumed to be an arbitrary group and /nn(G) < A <
Aut(G). To state the next definition we need the concept of A-central subgroup.

Definition 1.4 Let G be a group and let A < Aut(G) be a subgroup of the automor-
phism group of G. A subgroup H < G is called A-central if it is fixed pointwise by
all automorphisms in A, i.e.,

VYa € A, Vhe H, o(h)=h.

Equivalently,
H<Cc(A)={geG|la(g)=gforalla € A}.

Here we consider the upper A-central series of G, same as the series used in [3], as
follows:

1 =20(G,A) = Z1(G,A) =+ = Zy(G, A) = Zy11(G, A) < -

defined by the rule Z{(G, A) = Cg(A), and recursively

ZanG.A) _ (G A
2.6, T\ Z(G A Caz )

for all ordinals « and Z, (G, A) = U, -, Z«(G, A) for alimit ordinal . The last term
Zoo(G, A) = Z,(G, A) of this series is called the upper A-hypercenter of G and the
ordinal pu is called the upper A-central length of G and is denoted by z/(G, A). The
lower A-central series of a group G is the series

G=y1(G,A) =z (G, A) = =G, A) = y+1(G,A) = -

in which »» (G, A) = [G, A] and y,4+1(G, A) = [ (G, A), A] for every ordinal v
and y5(G, A) = ﬂKﬂ (G, A) for a limit ordinal . The last term y (G, A) =
ys(G, A) of this series is called the lower A-hypocenter of G. Some elementary prop-
erties of the mentioned upper and lower A-central series are as follows.

Lemma 1.5 Let G be a group and A be a group with Inn(G) < A < Aut(G), then
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i) Zo(G, A) < Zo(G).
it) yp(G, A) = yp(G).
iii) Y2(yn(G, A) = yut1(G, A).

By applying the last generalization, two questions then arise here.

1. For which classes of groups X, if we consider G/Z,, (G, A) € X for some subgroup
Inn(G) < A < Aut(G) and positive integer n, we can conclude that v, 11 (G, A) €
x?

2. What relationship does appear between the factor group G/Z, (G, A) and the sub-
group Yu+1(G, A) of G in the class X?

With the assumption |A/Inn(G)| < oo, Dixon et al. illustrated that the class of finite
groups satisfies the condition of the first question, when zI/(G, A) = n is finite. They
also found a relationship between the orders of the factor group G/Z, (G, A) and the
subgroup y,4+1(G, A) of G. In 2011 Dietrich and Moravec proved:

Theorem 1.6 ( H. Dietrich and P. Moravec)/[2], Theorem 2.1] Suppose that M is an
H-group. If M/ Zy (M) is locally finite of exponent e, then [M, H] is likewise locally
finite of exponent m(e) in which m(e) is introduced in Theorem 1.1.

Recall that a group M is an H-group whenever there exists a homomorphism ¢ :
H — Aut (M), such that the image of ¢ contains Inn(M). Suppose that Inn(G) <
A < Aut(G). Then by substitutions M = G and H = A, it is concluded that G can
be an A-group. In addition, with this interpretation, the quotient group M /Zy (M) is
equalto G/Z(G, A). Therefore, by Moravec’s theorem, if G/Z (G, A) is locally finite
of finite exponent e, then y»(G, A) is locally finite of finite exponent dividing m (e).
Our next goal is to extend this recent statement to groups G such that G/Z, (G, A) is
locally finite of finite exponent. More precisely, we have the next theorem.

Theorem B Let G be an arbitrary group and A be a subgroup of Aut(G) containing
Inn(G) such that G/ Z,(G, A) is locally finite of finite exponent e. Then y,+1(G, A)
is locally finite and its exponent divides

ged(e" 1 m(e), ged(m(e), m(m(. .. (m(e))...))))

n—times
when e is odd and divides

ged((2e) "1 2 m(e), ged(m(e)™, m(m(. .. (m(e))...))))

n—times

when e is even, where gcd(a, b) denotes the greatest common divisor of a, b.

With the assumptions of Theorem B, we can obtain a bound for the exponent of
y2,(G, A) which depends only on e, but not on n. In particular, the exponent of
Y00 (G, A) is independent of m, where m = zI(G, A) is finite. (See Corollaries 2.8
and 2.9)
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The last purpose of this paper is to consider the converse of Baer’s theorem for groups
G such that G/Z,(G, A) and A/Inn(G) are finitely generated or have finite special
rank. It is well-known that the converse of Baer’s theorem is not true in general. It is
clear that when A = I'nn(G), the groups G/Z, (G, A) and y,+1(G, A) do not satisfy
the converse of Baer’s theorem. In [13] Niroomand gave a proof for the converse of
Schur’s theorem for finitely generated group G/Z(G). He showed that if G/Z(G)
is finitely generated and y»(G) is finite, then G/Z(G) is also finite and its order is
bounded by a function of |y»(G)|. He also proved that if G is nilpotent, then the order
of G/Z(G) divides this bound.

Theorem 1.7 (P. Niroomand)/ 13, Corollary 2.1] Let G be a nilpotent group such that
d(G/Z(G)) and y>(G) are both finite, then |G Z(G)| divides |y>(G)|?(C/2G)),

Recently in [7] Hatamian et al. generalized the result obtained by Niroomand when
G/Z,(G) is finitely generated and y,+1(G) is finite. It should be noticed that their
proofs are based on the isoclinic theory (see [9]). In fact they proved:

Theorem 1.8 (R. Hatamian et al.)/7, Main Theorem] For a given group G, suppose
that y,+1(G) is finite and G/ Z,(G) is finitely generated. Then

d G n
| | < Y1 (G) 1 @@, (1.1)

Zy(G)

Theorem 1.9 (R. Hatamian et al.)/7, Corollary 1] Let G be a nilpotent group such
that G/ Z,(G) is finitely generated. If y,+1(G) is finite, then

d G‘ n
| [1yns1(G) 7@,

Zy(G)

Here with a different proof, we generalize Theorems 1.8 and 1.9 for groups
G/Z,(G, A) where A/Inn(G) and G/Z,(G, A) are finitely generated or have finite
special rank. A group G is said to have finite special rank r(G) = r if every finitely
generated subgroup of G can be generated by r elements and r is the smallest positive
integer with this property.

Theorem C For a group G, let y,+1(G, A) be finite. Then

G n
— < G, A)|@+h" 1.2
|Zn(G,A)| < |¥n+1(G, A)| (1.2)

if one of the following conditions holds:

1. A/Inn(G) and G/Z,(G, A) are generated by k and d elements, respectively.
2. One of the two groups A/Inn(G) and G/Z, (G, A) has finite special rank k and

the other one is generated by d elements.
3. A/Inn(G)and G/ Z,(G, A) have finite special ranks equal to k and d, respectively.
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Theorem D Let G be a nilpotent group such that y,11(G, A) is finite. Then

G n
= G. A)|@+0"
'z,,<c, A)|||yn+1< )l

if one of the following conditions holds:

1. A/Inn(G) and G/Z,(G, A) are generated by k and d elements, respectively.

2. One of the two groups A/Inn(G) and G/ Z,(G, A) has finite special rank k and
the other one is generated by d elements.

3. A/Inn(G)and G/ Z,(G, A) have finite special ranks equal to k and d, respectively.

In [17] Yadav propounded two following questions:

Question 1 Let G/Z(G) be finitely generated and y»(G) be finite. Can we conclude
from the equality

1; d( G )
— | = |p(G)| 7@
|Z(G)| [¥2(G)|

that G is nilpotent?

Question 2 Does there exist a non-nilpotent group G which is notisomorphicto X x H,
where X is a finite group and H is a nilpotent group, in such a way that y» (G) is finite
and G/Z(G) is infinite?

In the next theorem, we give an answer to a general version of Question 1 for the
group G/Z,(G, A). More precisely, we prove:

Theorem E Suppose that G/Z,(G, A) and A/Inn(G) are generated by d and k ele-
ments, respectively. If Inequality 1.2 is sharp, then G is nilpotent.

In Section 2 we consider the class of locally finite groups of finite exponent. Then,
we find a better bound for the exponent of y,4+1(G) and a new upper bound for the
exponent of y,4+1(G, A). In Section 3 we focus on the generalization of the converse
of Schur’s and Baer’s theorems. Then we answer Question 2 proposed by Yadav.

2 Bounds for the exponents of y,,..1(G, A) in the class of locally finite
groups of finite exponent

Throughout this section, G is an arbitrary group and LT denotes the class of locally
finite groups of finite exponent, Inn(G) < A < Aut(G) and p is an odd prime.

Theorem 2.1 Let G be a group such that G/Z,(G, A) is of exponent e and belongs
to L. Then y,+1(G, A) € LT and its exponent divides m(e)".

Proof We proceed by induction on n. For n = 1 the result follows by Theorem
1.6. Suppose G/Z, (G, A) is of exponent e and assume that it belongs to L§. Then
by induction hypothesis on n for G/Z(G, A)/Z,-1(G/Z(G, A), A) it is concluded
that y,,(G/Z(G, A), A) belongs to L§ and is of exponent dividing m(e)*~1. Now
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Yu(G, A)/vn(G, A) N Z,(G, A) is isomorphic to a subgroup of G/Z,(G, A) and
hence belongs to L§ and has exponent e, but y,(G, A) N Z,(G, A) € Z(y»(G, A))
therefore Theorem 1.1 implies y»(y,, (G, A)) belongs to L§ and its exponent divides
m(e).

Now for each @ € A define:

) (G, A) Yn+1(G, A)
Jo: —
(G, A) N Z(G, A) 2(vn(G, A))

X — [x, o]

in which x € y,(G, A). Itis easy to see that, f, is a homomorphism. Since
Ya+1(G, A) = ([x, a]|x € yu (G, A), a € A),

the order of each generator of y,,+1(G, A)/y2 (¥, (G, A)) is finite and divides m(e)" L.
Moreover the exponent of y,11(G, A)/y2(vn(G, A)) divides m(e)*~ !, since it is
abelian. Therefore y,,4+1(G, A) € LT and its exponent divides m(e)". O

Definition 2.2 Let G be a group and let A be a subgroup of Aut(G) which con-
tains /nn(G). Then G is said to be A-nilpotent of class ¢ if Z.(G,A) = G and
Z:.~1(G, A) # G. Similarly an A-invariant subgroup M of G is called A-nilpotent of
class cif M € Z.(G,A)and M € Z._ (G, A).

It is clear that conditions of Definition 2.2 are equivalent to y.4+1(G, A) = 1 and
v (G, A) # 1. Similarly, y.+1(M, A) = 1 and y.(M, A) # 1. On the other hand, it is
easy to see that each A-nilpotent group is in fact nilpotent. Since a nilpotent group of
finite exponent is locally finite, so it is the direct product of p;-components. Hence,
in Lemma 2.4 we give an upper bound for the exponent of y,4+1(M, A), which is
independent of n, where M /Z, (G, A) is A-invariant A-nilpotent subgroup of class ¢
of exponent p™. For achieving this, the following lemma is required.

Lemma 2.3 [10] Let G be a group and let A be a subgroup of Aut(G) such that
Inn(G) < A. Consider that G has a series of A-invariant subgroups

l=20<Z1<--<Zpn

whose factors are A-central. Then v, (G, A) < C(Zp).

Lemma 2.4 Assume that for a group G, M is an A-invariant subgroup such that
M/Z,(G, A) is A-nilpotent of class c of exponent p™. Then y,11(M, A) is of finite
exponent which divides p™1¢/?1,

Proof The proof is done by induction on c¢. Let ¢ = 1, then g € Z,11(G, A)
for all g € M. As a result, [gpm,al, o] = (g, o, . ..,an]pm = 1, because
[g, o1, ..., 0n41] = 1 forall ¢; € A. Hence the order of every autocommutator of
weight n + 1 divides p™. Since y,+1(M, A) € Z(G, A), it is concluded that the
exponent of y,,41(M, A) divides p™.If c = 2,then g € Z,,42(G, A) forall g € M.
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Similar to the case ¢ = 1, the order of every autocommutator of weight n 4 2 divides
p™. Now by induction on n we have

[ ot .. ol =g 1. ....anl g a1, g aas ..., 0)]@)  (mody,s3(M, A)),

for every i € N. So

m m P
[gp 7“17"-’0{}1]Z[gvala-"7an]p [gaa15gaa27'-'aan](2) =1?

since p odd implies p™ ] (pzm ) Thus the order of every autocommutator of weight n + 1
divides p™. By Lemma 2.3, y,,+1(M, A) € C5(Z,+1(G, A)) and since

Yat1(M, A) € Z2(G, A) € Zn41(G, A),

it is concluded that y,41 (M, A) is abelian. Therefore the result follows in this case.
Let ¢ > 2 and assume that for any group G the result holds for any A-nilpotent
subgroup of class less than n + ¢. We consider the subgroup

v3(M, A)Z,(G, A)/Zx (G, A)

of G/Z,(G, A). It is an A-nilpotent subgroup of class ¢ — 2. Thus by induction
hypothesis y,41(y3(M, A), A) is of finite exponent dividing p”1=2/21, Now we
consider the subgroup (M /yp+1(3(M, A), A))/ Z,(G/Yn+1(3(M, A), A), A) of the
group

(G/Vn+1(r3(M, A), A))/ Zn(G [ Ynt1(y3(M, A), A), A)

which is of finite exponent dividing p™ and is an A-nilpotent subgroup of class at
most 2. Finally by induction hypothesis y,,+1(M, A)/Yn+1(y3(M, A), A) divides p™
and the proof is completed. O

In Lemma 2.5 we obtain the exponent of y,,41(M, A), where M/Z,(G, A) is of
exponent 2.

Lemma 2.5 Given a group G with an A-invariant subgroup M, suppose that
M/Z,(G, A) is an A-nilpotent group of class ¢ which is of exponent 2™. Then
Yug1 (M, A) has finite exponent which divides 2™1¢/21+1e/2]

Proof 1t is proved similar to Lemma 2.4 by considering 2™ | (2m2+1) instead of p" | (p2m )
for the case ¢ = 2. O

In the sequel, we give an upper bound for the exponent of y,,+1 (M, A) where M is an
A-invariant subgroup of G and M /Z, (G, A) is A-nilpotent of class ¢ with exponent
equal to p{"' ... p;"*.

Theorem 2.6 Assume that py, ..., px are prime numbers such that py < --- < pg.
Let M be an A-invariant subgroup of G such that M /Z, (G, A) is an A-nilpotent
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group of class ¢ with exponent p'ln1 .. p,’cnk . Then the exponent of yp+1(M, A) is finite

and divides pl[cms1 . p,[cmsk, where
= Jmi pi #2,
' mi+1 p;i=2,

foralll <i <k

Proof We prove by induction on k. For k = 1, the result is obtained by Lemmas 2.4
and 2.5.Letk > 1 and suppose that M /Z, (G, A) is a group of exponent pT' . p,T"
and of class c. Then M/Z,(G, A) is the direct product of p;-components, where
1 < i < k. Each of these components is an A-invariant subgroup. First we consider
the pi-component. The induction hypothesis for the pi-component M, implies that

the exponent of y,11(M,,, A) divides p|“/*'"". By considering

M/ Yni1(Mp;, A)/ Z1 (G [Yns1 (M, A), A)

whichis of exponent p2m2 . pZ”‘ and applying the induction hypothesis, itis concluded

that the exponent of y;, 11 (M, A)/yu+1(M)p,, A) divides pgc/zm . p,[cms". Thus the

[c/2]s1 o pl[c/ﬂsk

exponent of y,11(M, A) divides p, , which completes the proof. O

Now, by an example we show that there exists a group G with subgroups M of G

and A of Aut(G) such that the exponent of y,1(M, A) is coincided the exponent
obtained in Theorem 2.6. In other words the exponent is given in Theorem 2.6 is
sharp. We know that for natural numbers n, m1, . . . , my and prime numbers py, .. ., px
there exists a group G such that G/Z,(G) is abelian of exponent pT' p,':”‘ and
exp(yn+1(G)) = pi'' ... p;"*(see [4, Theorem B]). If G is a nilpotent group of class
(n + 1) such that G/Z,(G) is of odd exponent, then for A = Inn(G) and M = G
the bound in Theorem 2.6 holds.
It is well-known that if G/Z, (G) is a locally finite -group, then so is y,+1(G) (for
instance see [15, page 113]). In the next theorem we deduce that if G/Z, (G, A) is a
locally finite -group, then y,,41(G, A) is also a locally finite -group. Furthermore,
based on the proof of Theorem 2.7, we obtain an upper bound for the exponent of
Y (G, A) where G/Z,(G, A) is a locally finite group of exponent e.

Theorem 2.7 For a given group G, let G/ Z,(G, A) be a locally finite v -group. Then
Yu+1(G, A) is a locally finite w-group.

Proof Let G/Z,(G, A) be alocally finite 7 -group, then

Yn(G, A)/vn(G, A) N Z,(G, A)

is also a locally finite -group. Now for each «q, ..., a, € Aut(G) consider the map
. yi’l(Gv A) J/2n (Gs A)
fozl,...,otn . —
(G, A)NZy(G, A) 2(¥a(G, A))
X [x,0p,...,0,]
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in which x € y,(G, A). By a similar method used in the proof of Theorem 2.1
and considering the corollary of [15, Theorem 4.12], y2(y, (G, A)) is a locally finite
m-group. It is clear that fy, .., i @ homomorphism. Since

V2n(G, A) = <[-x1a19 ---’an] |-x € Vn(Gv A),Vl, l Sl S n, ai € A)v

then every generator of y2,(G, A)/v2(yn(G, A)) is a m-element. Moreover
Y (G, A)/v2(vu (G, A)) is abelian and so it is a w-group. Hence y2,(G, A) is a
locally finite w-group. In particular if G/Z,(G, A) € L§ is of exponent e, then
Yo, (G, A) € LF is of exponent dividing em(e) by Theorem 1.1. Now for each i,
1 <i<n-—1, wedefine

) Yi(G, A) S A —> Yi+1(G, A)
" (Zn41-1(G, A) Nyi(G, A)yi1(G, A) (Zn—i(G, A) N yi41(G, A)yi2(G, A)

(xi, a) — [x;, a]

i

Itis clear that foralli, | <i <n — 1, h; is a homomorphism on each component and
$0 Yi+1(G, A)/(¥i+1(G, A) N Z,,_i (G, A))yi+2(G, A) is a locally finite w-group. A
similar statement holds for h, and all 2; (n + 1 < j < 2n — 2) which are defined as
follows:

) (G, A) Ya+1(G, A)
: XA — "—— 2=
(Z(G, A) N yu(G, A)Yut1(G, A) Yn+2(G, A)

(X, o) —> [x, a]

n

vi(G, A) Vi+1(G, A)
ji——— XA — ————.
vi+1(G, A) vj+2(G, A)
(xj, ) —> [xj, Ol]

Thus the factor group y,,+1(G, A)/y2,(G, A) is a locally finite -group. Therefore
Yn+1(G, A) is also a locally finite r-group. O

The proof of Theorem 2.7 results in the following two interesting corollaries.

Corollary 2.8 Suppose that the exponent of G/Z,(G,A) € LT equals e. Then
Y (G, A) € LT and its exponent divides em(e). In particular, if the exponent of
G/Z,(G) € L§ equals e, then y2,(G) € LT and its exponent divides em(e).

Corollary 2.9 Let A be a subgroup of automorphisms of an arbitrary group G such
that Inn(G) < A < Aut(G) and let Z be the upper A-hypercenter of G. Suppose
that ZI(G, A) = m and G/Z € Lg is of exponent e. Then yso(G, A) € L§ and its
exponent divides em(e).

Now, we are in a position to state and prove the other bound of Theorem A. More
precisely, Theorem 2.10 proves that the upper bound obtained for the exponent of
Yur1(G, A) is ! TD/21m (e) or (2e)[*+D/ 21 ().
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Theorem 2.10 For a given group G, suppose that G/Z,(G, A) € LF and it has
finite exponent e = p'f” ..pZ”‘. Then y,4+1(G, A) € LF and its exponent divides

plr(n_l)ms1 . .pi(n_l)/zw‘vkem(e), where

5 = {mi pi #2,
m;+1 pi=2.
Proof When n = 1, the result follows by Corollary 2.8. Letn > 2. Then by Corollary
2.8, the exponent of y»,(G, A) divides em(e). Now we consider
(G/yan(G, A)/Zn(G [y (G, A), A)
of class n— 1 and exponent dividing e. The exponent of y,,11 (G, A)/y2,(G, A) divides

plr("fl)msl ...p,[(nfl)/zm by Theorem 2.6, where

P L pi # 2,
l m;+1 p;i =2,

as required. O

Theorem 2.11 Let G be an arbitrary group and A be a subgroup of Aut(G) containing
Inn(G) such that G/ Z,, (G, A) is locally finite of finite exponent e. Then y,11(G, A)
is locally finite and its exponent divides m(m(. .. (m(e))...)).

n—times
Proof The proof is done by induction on 2. For n = 1 the result holds by [2, Theorem
2.1]. Assume that for n — 1 the result is in hand and G/Z,, (G, A) is locally finite of
exponent e. Then y, (G, A)Z(G, A)/Z(G, A) is locally finite and its exponent divides

m(m(...(m(e))...)). Define ¢ : A — Aut(y,(G, A)) by the rule ¢(f) = f. Itis

n—1—times
clear that y, (G, A) is an A-group. Since Z(y,(G, A), A) 2 v, (G, A)NZ(G, A) and
(G, A)/vn(G, A) N Z(G, A) is of exponent m(m(. .. (m(e))...)), by [2, Theorem

n—1l—times

2.1],itis concluded that the exponent y;,+1 (G, A) dividesm(m(. .. (m(e)) ...)), which

n—times
completes the proof.

Proof of Theorem B Using Theorems 2.11, 2.10 and 2.1, the result is attained. O
Finally, by an example we show that the bound obtained in Theorem B is sharp.

Example Let G/Z,(G, A) be a locally finite group of exponent 2 or 3, then exponent
of ¥,+1(G, A) is 2 or 3. Hence the bound obtained in Theorem B is sharp.

Proof of Theorem A By putting A = Inn(G), the result follows. O

It is concluded by induction on n that (m(e))znfl divides the bound obtained by

Kurdachenko et al. (Theorem 1.2), that is (m (e))zn_1 |,8 1(e, n), while the bound of
Theorem A divides at most m (e)". Now, by comparing the obtained bound in Theorem
A with the one obtained by Kurdachenko et al. (Theorem 1.2), it is easy to see that
the given bound in this article is smaller than the one obtained by Kurdachenko et al.
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3 A generalization of the converse of Schur’s and Baer’s theorems

The converse of Schur’s theorem is not true in general. For instance, the infinite extra-
special p-groups are not satisfying in the converse of Schur’s theorem. Moreover, the
groups constructed by Hall in [6] are not satisfying in the converse of Baer’s theorem.
But in the same paper [6, Theorem 2], a partial converse of Baer’s theorem is proved
which says if y,+1(G) is finite, then G/Z3,(G) is finite, too. Recently Dixon et al.
[3, Theorem 3] proved that G/Z»,(G, A) is finite provided that both y,,11(G, A) and
A/Inn(G) are finite, where Inn(G) < A < Aut(G).

In this section we generalize another form of the converse of Schur’s and Baer’s
theorems, which are stated in Section 1 as Theorems C and D. To do this, first we
present some lemmas which are needed in the proofs of Theorems C and D. Then, two
Questions 1 and 2 will be answered. In this section G is assumed to be an arbitrary
group such that Inn(G) < A < Aut(G) and d(X) denotes the minimum number of
generators of a given group X. In the next lemma & (G) denotes the Frattini subgroup
of G

Lemma 3.1 [5, Theorem 1.1] Let G be a group such that y,(G) is finite and ® (G) = 1.
Then

1G/Z(G)] < Iy(G)*. (3.1)

The equality holds if and only if G is abelian.

Lemma 3.2 [13, Main Theorem] Given a group G, let d(G | Z(G)) and y>(G) be finite,
then

1G/Z(G)] < |ya(G)|9 G2, (3.2)

Lemma 3.3 [[14], Theorem 7] If G is a finite capable group and y>(G) is cyclic, then
IG/Z(G)] < [n(G)*.

Now, we prove Theorem C via proving many statements. The following theorem
proves the first part of Theorem C.

Proof of Theorem C (1) The proof is done by induction on n. Let
(a1 Inn(G), ..., Inn(G)) = A/Inn(G)

for some oy, ...,0r € A. Let n = 1 and assume that {y1 Z(G, A), ..., y4Z(G, A)}
is a generating set for the group G/Z (G, A). We define the following map

— (12(G, A))d(l<g,A>)+d(1mfﬁ)

U

xX1Z(G, A) — ([x1, y1], ... [x1, yal s [x1, 0], oo [en, D).
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It is easy to see that fi is a one-to-one function. Suppose that the statement holds for
n—1.Assumethat{y; Z,(G, A), ..., yaZ,(G, A)}isagenerating setforG/Z, (G, A)
and y,,4+1(G, A) is a finite group. Define

fu: % — (11(G. AR
Xn(Yu(G, A) N Z(G)) —> ([xXn, y11, - [Xn, yaD)-
We claim that f;, is one-to-one as well. Suppose that
X (ya(G, A) N Z(G)) = x,(ya(G, A) N Z(G)).
Then x,x/~! € Z(G) and hence
(oo vi]s oo [ ya]) = ([an’ Lx, )’I:I . [xnx/ Lxp, yd])

([xn’ )’1] [xn’ Yd])

Conversely suppose that ([x,’l, y1] s [x,’l, yd]) = ([xn, 11, ..., [xn, ya]). Then

_ —1 —1

(oo ] v ) = Qo s P vl

([x,’,_l, yl] e [xﬁ,_l, )’d])

/—1 /—1

= ([xp, yiI™ oo, [, yal™ )

—1 /—1
1 X” _1 xn
[xn,y1] .,([x,;,yd] ) )

=1.

On the other hand, [x,x,~!,z] = 1forall z € Z,(G, A) by Lemma 2.3. As a result,
we have proved the claim. Consider the map

n Vn(G, AN Z(G) —> (yus1 (G, AP A/ TG,

such that h,(z,) = ([zn,1],...,[zn, @k]). Then h, is a homomorphism with
ker h, = y,(G, A) N Z(G, A). Consequently

1Yu(G, A)/yn(G, A) N Z(G, A)| < (Yu41(G, A)) A/ Inn(@)F+d(G/Zu(G.4)
Now by induction hypothesis we have
G/ Zn(G, A)| < [ya(G. A)/(ya(G, A) N Z(G, A))|@A/ TG +d(G/Z,(G. AN

which completes the proof. O
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In the next corollary, we show that in Theorem C(1) the condition of being finitely
generated for A/Inn(G), when n = 1, can be omitted.

Corollary 3.4 Let G be a group suchthat G/ Z(G, A) is finitely generated and y» (G, A)
is finite. Then both G/Z(G, A) and A are finite.

Proof Since G/Z(G, A) is finitely generated and y2(G, A) is finite, by Lemma 3.2,
G/Z(G) is finite. Moreover, since

CaA(G/Z(G)) = Hom(G/Z(G, A), y2(G, A) N Z(G)),

it is concluded that C 4 (G /Z(G)) is finite. Therefore A is finite and the result holds
by Theorem C(1). O

It is easy to see that Part (2) of Theorem C is a generalization of its Part (1). Therefore
to prove the generalization we need the following definition.

Definition 3.5 A set L of subgroups of the group G is called a local system of G, if
G = Ugey, S and for every pair S, T in L, there exists a subgroup U € L of G such
that S, 7 C U.

Proof of Theorem C(2) LetG/Z, (G, A)befinitely generated and assume that A/ Inn(G)
is of finite special rank k. Suppose that L is a local system of all finitely generated
subgroups of A/Inn(G) and A1/Inn(G) is an arbitrary element of L. Since the finite
special rank of A/Inn(G) equals k, then A/Inn(G) can be generated by at most k
elements. Thus by Theorem C(1) we have

G ) n
170G, Ay = (G AN <y (G, )Y =,
n )

Now we claim that |G/Z, (G, A)| < c. By contradiction, if |G/Z,, (G, A)| > c, then
foreach 1 <i < ¢+ 1, there exists g; Z,(G, A) € G/Z,(G, A). Moreover, for each
1<i< cthereexistelementsoqji seees Oy in A, such that [gigj_l, apj s ,ot,,_jl_] #
Iforl <i < j <c+ 1. Since L is alocal system, so foreach 1 <i < j <c+1
there exists a subgroup A, /Inn(G) € L, such that all ol Inn(G), . Oy, Inn(G)
belong to A, /Inn(G) and hence there exists a subgroup A s/ nn(G) e L such that
Aj. /Inn(G) € A;/Inn(G), for all i and j. Based on Theorem C(1) we have

G n n
17 G Ay = TG AN <y (G AT =,
n E) s

which contradicts the existence of g;’s. Therefore the result holds in this case.

Now assume that G/Z,(G, A) has finite special rank k and A/Inn(G) is a finitely
generated group. In this case we proceed by induction on n. We also assume that L is a
local system of all finitely generated subgroups of G/ Z,(G, A)and H/Z,,(G, A) is an
arbitrary element of L. Since G/Z, (G, A) has finite special rank k, then H/Z, (G, A)
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may be generated by k elements. For n = 1, by Lemma 3.2, we have

=L < D < 3G A = e
Z(H) = ' = 1723 '

We claim that |G/Z(G)| < |y»(G, A)|*¥ = c. By contradiction, if |G/Z(G)| > ¢,
then we can choose elements g;Z(G) € G/Z(G), 1 < i < ¢ + 1. For each g;, g;,
there exists xj; such that [gigjfl, xji] # 1. Since there exists H1/Z(G, A) € L and
(gi,xj; |1 <i<j=<c+1)C Hy, wehave

= < D < (G A = e
Z(H) = < In(@, ’

which contradicts the choice of g;’s. As aresult, |G/Z(G)| < |2(G, A)|F = c. Now
similar to the proof of Theorem C(1), it is easy to see that

. Z(6)
fi: 7(G, A)
x1Z(G, A) —> ([x1,a1], ..., [x1, 2q4])

— (12(G, A))?

is a monomorphism. Hence the result is completed in this case. Let

H
—— = Z,(G,A),....,hZ,(G, A
7.(G. A) (h1Zn( ) kZn( )
be an arbitrary element of L. Then we have H = (hy, ..., hy, Z,(G, A)). Similar to

the proof of Theorem C(1) we have

H Ny, (G, A) . .
<IHNy(G, A), H||" < G, Af=c.
|Z(H) N (G, A)| < I[HNy(G A H]I" < lya1 (G AN = ¢

Here again we claim that |y, (G, A)/(y,(G, A) N Z(G))| < |yus1(G, A)F = c.
If 1, (G, A)/(vu (G, A) N Z(G))| > c, then we can take the elements g;(Z(G) N
(G, A)) from y,(G, A)/(Z(G) Ny, (G, A)), 1 <i < c+ 1. Therefore for every
gi» & there exists x;, € G with [g,-gj_] ,Xj;] # 1. Since L is a local system, there
exists H» € L such that

iy Xji, Zn(G, Al =i < j<c+1) S H.

Thus

Hy Nya(G, A)
Z(Hy) Nyn(G, A)

| < 1[H2 N ya(G, A), Ho] F < 1yt (G, A)F =c,
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which contradicts the existence of g;’s. Similar to the proof of Theorem C(1),

(G, A) N Z(G) .
|Vn(G,A) ﬂZ(G’A)| < ¥ut1(G, A)|“.

Finally by induction hypothesis we have

Zy(G, A) — va(G, A NZ(G, A) .

Hence the proof is completed. O

The third part of Theorem C is proved similar to the first part of Theorem C(2). If we
assume the group G to be nilpotent in Theorem C, then the result would improve as
indicated in Theorem D.

Proof of Theorem D (1) (1) Define a function

hy 2 Z(G) — ya(G, AP A/Tnn(G)

x = ([x,a1], ..., [x, cdqa/1anG)D)

where {1 Inn(G), ..., agca/1nn(G)) Inn(G)}is a generating setof A/Inn(G). Clearly
h1 is a homomorphism with ker 1 = Z(G, A), which implies that Z(G)/Z(G, A) is

isomorphic to the subgroup ]_[?S/ Inn(@)) y2(G, A). Hence

Z(G)
Z(G, A)

d(A
| |||V2(G,A)| (lnn(G)).

By Theorem 1.7, we have

G
Z(G)

G

_G
|ly2(G) 17| |y2(G, a) " 7T,

since G is nilpotent. Therefore

'%IM(G, )| ),

and this proves the case n = 1. Now suppose that the statement holds for n — 1. By
Theorem C(1) and its proof, G/Z,(G, A) and y,(G/Z(G, A), A) are finite. Using
induction hypothesis we have

A)|<d<%>+d<ﬁkc)>>”".

G
| [

Z,(G,A) Z(G, A)’

Take an A-invariant finitely generated subgroup H of y,, (G, A) such that y, (G, A) =
HZ(G, A). It should be noticed that H N Z(G, A) is finitely generated because
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(G, A)/va(G,A) N Z(G,A) = H/H N Z(G, A) is finite. Moreover since
H N Z(G, A) is a finitely generated abelian subgroup of y,,(G, A), then there exists
a torsion free subgroup N of H N Z(G, A) of finite index. It is easy to see that N is
an A-invariant subgroup of y,, (G, A). Define the following function

H
f:A—)Aut(N) at+—>a; VYhe H,(hN)a = (h)aN.

f is a homomorphism with ker f = Cx (¥, (G, A)). To show this, let B € ker f.
Then for each AN € %, (hN),g = hN and so h~'(h)B € N. On the other hand,
since N is torsion free, h_l(h)ﬂ € Yn+1(G, A), which implies (h)8 = h. Since
vu(G, A) = HZ(G, A), we conclude that forevery k € y,,(G, A), (h)B = h.Suppose
B = Imf and

Z(H/N,B)=(Z(G,A)NH)/N.

Thus (H/N)/Z(H/N, B) = y,(G, A)/vx (G, A) N Z(G, A). Moreover,

Vnt+1(G, A) = ([hz,a]llh € H,z € y,(G,A)NZ(G, A),x € A)
={(lh,a]llh € H,a € A)

—(H, A =L B
=, —VzN, .

Since H/N is a finite nilpotent group, then H/N = P;/N x --- x P¢/N, in
which P;/N is the p;-Sylow subgroup of H/N. Note that P;/N is a character-
istic subgroup of H/N and H is an A-invariant subgroup of G. This means that
P < G. Let {(y1Z,(G, A),...,vaZ,(G, A)} is a generating set for G/Z,(G, A).
Definel; : P;/(Z(G)NP;) — (y2(H, A)N P;)4(G/Zn(G.A) ‘guch that I; carries every
x(Z(G)NP;) € Pi/(Z(G)NP;) to ([x, y1], ..., [x, ya]). Obviously /; is a one-to-one
map. Since N € Z(G), then P;/(Z(G) N P;) is finite. Hence

Pi/N 2(H, A)N P

<
lZ(G)ﬂP,-/N' = |y2(H,A)mP,~nN

G
= ly2(H, B) N P;|* zca).

G
|d(Zn(G,A))

Since (P;/N)/((Z(G)N P;)/N) and (y»(H, A) N P;)/(y2(H, A) N P; N N) are both
pi-groups, then

Pi d(i)
| —————I|ly2(H, A) N P;|* ' ZGH),
Z(G)N P,

Itimplies that |(H /N)/((Z(G) N H)/N)||ly2(H, A)|4(G/Z:(G-4)_On the other hand

H ~ HZ(G) HZ(G,AZG) . vn(G, A)
Z(G)NH ~— Z(G) Z(G) T (G, ANZG)

Consequently,

(G, A) d(7E—+)
A e G, A" mGA’,
|yn(G,A)ﬂZ(G)|||yn+1( )|
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Define homomorphism 4, : y,(G, A) N Z(G) — yu+1(G, A) by
hp(x) = ([x, a1], ..., [x, 2ga/1anG) -

Since ker h, = Z(G, A) N y,,(G, A) then

d(A/Inn(G))

Z(G) Nyu(G, A) -
Z(G,A) Nya(G,A) 11] Ynt1(G, A).

Hence (G, A NZ(G)
, _A
| X |||VVL+](G, A)|d(lnn(G))‘
(G, A) N Z(G, A)

Finally by induction hypothesis the result is obtained.

(2) The proof is easily done similar to the proof of Theorem C(2) by considering
Theorem D(1) and Theorem 1.7 instead of Theorem C and Lemma 3.2, respectively.
(3) The proof is similar to Part (2). O

Now we are ready to give an answer to Question 1 of Yadav.

Lemma 3.6 There is no non-nilpotent group G for which the Equality 3.2 is satisfied.
In other words if |G Z(G)| = |y2(G)|4C/2O)  then G is nilpotent.

Proof Assume that there exists a group G for which |G /Z(G)| = |y2(G)|4C/2(G),
We show that G is nilpotent. Define

: G/P(G) . Vz(G)CD(G))d(G/Z(G))’
Z(G/®(G)) @(G)

with F(g®(G)Z(G/®(G))) = ([g. x118(G). ... [8. Xa(G/z(G)]P(G)). in which
{xi Z(G)}1<i<d(G/z(G)) 1s a generating set of G/Z(G) and ®(G) is Frattini subgroup.
We claim that F is bijection. If g1 ®(G)Z(G/P(G)) = g2P(G)Z(G/P(G)), then
818, ' ®(G) € Z(G/D(G)). As aresult,

(8185 ®(G), x; ®(G)] = [g1q>(G),xiq>(G)]g£'<I><G)[g2—1q,(G),xl_(b(G)]
= [512(G). 5 (G)]% ¥ O ([520(G). x; ()] H%2 @)
= ([21D(G), xi D(G)][220(G), x; (G) &2 @

= ®(G).

Hence F is well-defined. The converse of the above statement is also true. This means
F is one-to-one. To show that F is onto, we define

f1G/Z(G) = (12(G)! /G
gZ(G)— (g, x1], ..., g xaG/zGnD
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which is a one-to-one function. By the equality 3.2, we conclude that f is onto.
Hence F is onto and based on Lemma 3.1 we have [(G/®(G))/Z(G/P(G))| <
|(G’<I>(G))/d>(G)|2, which implies that d(G/Z(G)) < 2.1fd = 1, then G/ Z(G) is
cyclic and the result holds. If (G /Z(G)) = 2, then the Equality 3.1 holds that means
G/®(G) is abelian and G’ € ®(G). This proof is now complete. O

Pertaining to the Yadav’s problem, a natural question is the following.

Question 3 Suppose thatd(G/Z, (G, A)),d(A/Inn(G)) and y,,4+1(G, A) are all finite
and

G _G _A _\yn
1= b, e
n\U,

Is it possible for G to be nilpotent?
In order to respond to this question, we need the following lemma.
Lemma 3.7 Assume that G is a group inwhich y,,+1(G) is finiteand d(G | Z,,(G)) = d.
Then
G/ Zu(G)| < 172(G/Zu—1 (G < -+ < Iyur1 (G| (3.3)

Proof Define the map

, ¥i(G) Vi+1(G) d

. — (
Zn—i+1(G) Ny (G) Zu—i(G) Nyi+1(G))

hZu-i11(G) N yi(G) —> ([h, x11Z4—i(G) N Yi+1(G), ...,

(h, xa1Z—i(G) N yi+1(G)).

Since 6 is clearly well-defined, it is enough to prove that € is one-to-one. Let

(A1, X112, i (G) Ny 1(G), ..., (B, x4 Zy—i (G) Ny 11(G))
=([h2, x11Z,—i (G) N yi11(G), ..., [h2, x41Z,—i (G) N ¥i11(G)).

1

Then for each x|"' ...x}/"z, = g € G we have

[y, x) o x2) Zy—i(G) Nyt (G) = [y, 2] . [h1, x11P" 2, (G) N yi41(G)
= [h2, 2] ... [h2, x11°" Z,—(G) N yi41(G)
= [h2, x;nl .- -x;ndzn]zn—i(G) NYi+1(G).

Therefore

(115", €1Zu—i(G) N yis1(G) = [h1, g1 [hy". §1Zu—i(G) N 41 (G)
= [hy. g1 (lha, g1 Zy_i(G) N 141 (G)

—1
= ([hy. gllh2. g1 Zu_i(G) N yis1 (G) = 1.
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It implies that 7145 ' € Z(G/Z,—i(G)). Hence
MZy—i1(G)Nyi(G) =haZy_i11(G) Ny (G)
which means 6 is one-to-one. O

We are now ready to give an answer to Question 3, when A = Inn(G). The next
theorem shows that there is no non-nilpotent group can substitute the inequality used
in Theorem 1.8 for the equality.

Theorem 3.8 Let G be a finite group. If |G/ Z,(G)| = |Yus1(G)|4", then G is nilpo-
tent.

Proof For n # 1, the first and the last terms of Inequality 3.3 are equal. Thus the
proof is done by Lemma 3.6. O

The following theorem gives an answer to Question 3.

Proof of Theorem E According to the proof of Theorem C(1)

|LI < n(—2 A e G
Zu(G,A) T T Zy1(GL A)
< < g1 (G, ) ER M) (3.4)

Since

IG/Z(G)| < |y2(G)| /2O < |4, (G, A)4(C/2(G.A)
and

1Z(G)/Z(G, A)| < |y2(G, A)|4A/ (@)

we have

1G/Z(G)| = |y2(G)|4CIZEG) — |1y (G, A)|4(C/Z(G.A) 3.5)
and

1Z(G)]Z(G, A)| = [y2(G, A A/Im(G),

Hence by the Equality 3.5 and based on Lemma 3.6 we conclude that there is no
non-nilpotent group for which the equality of Inequality 1.2 holds for n = 1. Now
for n # 1 the first and the last terms in Inequality 3.4 are equal to each other and so
the proof is done using the case n = 1. O

In what follows, we present an interesting answer to Question 2.

Theorem 3.9 There exists a non-nilpotent group G, not isomorphic to X x H, such
that y2(G) is finite but G/Z(G) is infinite, where X is a finite group and H is a
nilpotent group.
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Proof Let K be a non-nilpotent group isomorphic to K = Z, x Z,, such that g% >
p > ¢q (one should notice that such a group exists, for example D17). Then »(K) =
Ly, since Zyp A Lpg, Lpg 4 K and |(Zg X Zipg) [ 2Zp| = qz. By Lemma 3.3, we
have

_KIZE) | nEZE)

Z(K/Z(K)) — Z(K)
Note that |y»(K) N Z(K)| # p, which means y»(K) N Z(K) = 1. Thus Z(K) is a
non-trivial g-group because

K/Z(K)  _ nK)ZK)?

|Z(K/Z(K)) - Z(K) .

This shows that |Z(K)| = ¢g. Now define G to be a central product of an infinite
number of extra-special g-groups, each of order g>**!, and the non-nilpotent group
K. Since G is not finitely generated and |Z(G)| = ¢, then we conclude that G/ Z(G)
is infinite. By the definition of the central product, G' = Z, @ Z,, as required. O
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