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Abstract. In this paper we consider a forth order nonlinear wave equation with dissi-
pative boundary condition. We show that there are solutions under some conditions
on initial data which blow up in finite time with positive initial energy.
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1 Introduction
In this article, we are concerned with the problem

up+A[(ag+a|Au|"?)Au] —bAuy = g(x,t,u,Au)+|u|P2u, x€Q, t>0, (1.1)
u(x,t)=0, Au(x,t)=—codyu(x,t), x€9Q, t>0, (1.2)
u(x,0)=uo(x), ur(x,0)=ui(x), x€Q, (1.3)

where () C R" is a bounded domain with smooth boundary 0() in order that the diver-

gence theorem can be applied. v is the unit normal vector pointing toward the exte-

rior of () and p>m+1>3. Moreover, the constants ag,a,b,co are positive numbers and

g(x,t,u,Au) is a real function that satisfies specific condition that will be enunciated later.
The one-dimension case of the fourth order wave equation is written as

utt—f—uxxxx—a(ui)x:f(x), xeQCR, t>0, (1.4)
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which was first introduced in [1] to describe the elasto-plastic-microstructure models for
the longitudinal motion of an elasto-plastic bar. Chen and Yang [2] studied the Cauchy
problem for the more general Eq. (1.4).

Young Zhou, in [3] studied the following nonlinear wave equation with damping and
source term on the whole space:

st +alug " up— pAu= f(x,u),

where a,b>0,m >1 are constants and ¢(x): RN — R,n>2. He has obtained the criteria to
guarantee blow up of solutions with positive initial energy, both for linear and nonlinear
damping cases.

In [4], the same author has been studied the following Cauchy problem

utt+aut—Au:blu|p’1u, xeRN,t>0,
u(x,0)=up(x), u(x,0)=ui(x), xeRN,

where a,b > 0. He proved that the solution blows up in finite time even for vanishing
initial energy if the initial datum (u,u1) satisfies f ry tou1dx > 0. (See also [5])

Recently, in [6] Bilgin and Kalantarov investigated blow up of solutions for the fol-
lowing initial-boundary value problem

s —V[(ap+a|Vu|"2)Vu] —bAus = g(x,t,u,Vu)+ulf2u, x€Q, t>0,
u(x,t)=0, x€0Q, t>0,
u(x,0)=uo(x), u(x,0)=ui(x), xeQ.

They obtained sufficient conditions on initial functions for which there exists a finite time

that some solutions blow up at this time.
Tahamtani and Shahrouzi studied the following fourth order viscoelastic equation

t
utt—l-AZu_/g(t—S)Azu(S)ds: \u|Pu,
0

in a bounded domain and proved the existence of weak solutions in [7]. Furthermore,
they showed that there are solutions under some conditions on initial data which blow
up in finite time with non-positive initial energy as well as positive initial energy. Later,
the same authors investigated global behavior of solutions to some class of inverse source
problems. In [8], the same authors investigated the global in time behavior of solutions
for an inverse problem of determining a pair of functions {u, f} satisfying the equation

s+ AN u—|uPuta(x,t,u,Vu,Au) = f(t)w(x), x€Q, t>0,
the initial conditions

u(x,0)=up(x), wu(x,0)=uy(x), x€Q,
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the boundary conditions
u(x,t)=0,u(x,t)=0, x€9Q, t>0,
and the over-determination condition

/Qu(x,t)w(x)dle, t>0.

Also, the asymptotic stability result has been established with the opposite sign of power-
type nonlinearities.
In [9], Tahamtani and Shahrouzi considered

utt—l—Azu—leAu—l—azut—l—ocg\u]”u—i—b(x,t,u,Vu,Au):f(t)w(x), xeQ, t>0,
u(x,t)=0, Au=-—cooyu(x,t), x€l, t>0,
u(x,0)=up(x), u(x,0)=ui(x), x€Q,

/Qu(x,t)w(x)dx:cp(t), £>0.

They showed that the solutions of this problem under some suitable conditions are stable
if aq,a, being large enough, a3 >0 and ¢(t) tends to zero as time goes to infinity. Also,
established a blow-up result, if a3 <0 and ¢(t) =k be a constant. Their approaches are
based on the Lyapunov function and perturbed energy method for stability result and
concavity argument for blow-up result. The interested reader is referred to the papers
[10-14].

Motivated by the aforementioned works, we take b,A and ¢ in the appropriately do-
main and prove that some solutions of (1.1)-(1.4) blow up in a finite time. Our approaches
are based on the modified concavity argument method.

2 Preliminaries and main results

In this section, we present some material needed in the proof of our main results. We
shall assume that the function g(x,t,u,Au) and the functions appearing in the data satisfy
the following conditions
(AT)
up€ H3(Q)NLP2(Q), u1€L?*(Q),
(A2)
800, 80)] < M(|8l -+ [ulF),

with some positive M > 0.

Throughout this paper all the functions considered are real-valued. We denote by
|-l; the L7-norm over Q and |- ||;90 the L7-norm over 0Q). In particular, the L*-norm is

denoted ||-|| in Q and ||-||3q in 9Q also (-,-) denotes the usual L2-inner product. We use
familiar function spaces H3.
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We sometimes use the Poincaré inequality
[ <0l Vul?, 1)

and Young’s inequality

ab< paT+C(B,q)b7, ab>0, B>0, %—l—ql:l, 2.2)

!

where 0=0(Q,n) and C(B,q9) = %(ﬁq)f% are constants.

We will use the trace inequality
Va3 < Bl Au]?, 23)

where B is the optimal constant.
The following lemma was introduced in [15]; it will be used in Section 3 in order to
prove the blow-up result.(see also [16,17])

Lemma 2.1. Let 4>0,c1,c2>0and c14c2>0. Assume that (t) is a twice differentiable positive
function such that

P-4y P> 2099 — [y, (24)
forall >0. If
»(0)>0 and ¢ (0)+yau 1y(0) >0, (2.5)
then
e T
Here

Yi=—C114/ 24uc; and yr=—c1— \/ i+ pc.

We consider the following problem that is obtained from (1.1)-(1.3) by substituting
o(x,t) =e Mu(x,t):

O+ 200+ A20+ A (ag +ae* "D Av|"2) Av] — AbAv— bAY,
:e’)‘tg(x,t,e“v,e“Av)—I—e)‘(p’z)t\v]”’zv, xeQ, t>0, (2.7)

v(x,t)=0, Av(x,t)=-—cod,v(x,t), x€0Q, t>0, (2.8)
v(x,0)=up(x), vi(x,0)=uq(x)—Aup(x), x€Q. (2.9)
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The energy associated with problem (2.7)-(2.9) is given by

eA(p—Z)t

1
Ex() ="—— ol —51(v(1)). (2.10)

where

I(0(t)):=|[o: |1 +A%|[]|* +a0 | Av || +aoco || Vo5

2ac ! 2
SO A DTy + e D Ao (2.11)

Now we are in a position to state our blow-up result as follows.

Theorem 2.1. Let the conditions (A1) and (A2) are satisfied. Assume that E(0) >0 and

1 w  falp—m)(pm—a)
€03l be (0’ 46M1\/ m+ap ’

m+ap ap+m(p—m—1)
> .
A_maX{M\/a(p—m)(p-l—m—ﬁl)'M\/Za(m—l)(p—m—l)
then there exists a finite time t1 such that the solution of the problem (1.1)-(1.3) blows up in a
finite time, that is

u(£)||— o0 as t—t. (2.12)

3 Blow up

In this section we are going to prove that for sufficiently large initial data some of the
solutions blow up in a finite time. To prove the blow-up result for certain solutions with
positive initial energy, we need the following Lemma.

Lemma 3.1. Under the conditions of Theorem 2.2, the energy functional E,(t), defined by (2.10),
satisfies

t t
Em)zz;\/o HUT(T)HZde/O 1Voe (7)|Pd . (3.1)

Proof. A multiplication of Eq. (2.7) by v; and integrating over () gives

Alp—2 _ bA
7 () =22 e -2 -4 2o+ 5 Vol ] o P

aci ! _ aA(m—2) i
I3 (m—2) 2| Tl g~ P2 2 pg

—e_)‘t(g(t,v),vt), (3.2)
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where
3(t,0):=g(x,t,eMv,eMAv).

It is easy to verify that
e M(3(t,0),0) | <eoe ™2 Ao

_ M? 1
s P 2ol 2 (L4 2l 63)

where (A2) and Young’s inequality (2.2) have been used.
Taking into account estimate (3.3) in relation with (3.2), we get

Alp—2 _ M2/1 1 bA
B0z | ML a2 [2a- 2 (4 1) ol BRI volP ol v P

4 & &1
al(m—2 _ acy
el R e 1 e T el N F X

Employing the last inequality, we obtain from (2.10) the following inequality

Ex(t)=[A(p—2)—e1p] Ea(t)
2
2[—)‘(’” J=e1p 5y M (810+1)]!!th2

2 4 €1
2
+7[A(P—2)—€1P]HUHZ A (p—2)—e1p] || Ao|* + 2 O A (p—2)—e1p] [ Vol12
ac— 1
+— [A(p—m)—expletm2) HVUHmBQ+_vaH2+bvatH2
aA ae _
| 2 (p=m) =22 ] 2o 65)

At this point, let us recall the Poincaré and trace inequalities to estimate the terms on the
right side of (3.5), we obtain

EN(t) = [A(p—2)—e1p]Ex(t)

AMp—2)—e1p M2[1 1
>[AMp=2mep MEL L N 2 oA+ b Va2
2 4 \eo &

ac(’)”’l
m
+o AMp=2)+ 5 —eplllol"+ [(P 2)—e1p](1—coB)||Av|". (3.6)

ar ae _
A(p—m)—eaple -2 |\Vv||mao+[m<p—m>—7””—so 2 o

_|_
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Now, if we choose ¢y =aA/m and ¢; =A(p—m—1)/p then we obtain from (3.6) the in-
equality

E\ ()~ A(m—1)Ex (1

AMm—1) M?* fap+m(p—m—1) ) , )
>l 7
_[ 2 4 ( aA(p—m—1) |0¢]|= +2A |0 |7+ b Voy |
A2 b , agA(m—1) R
iy [A(m_l)'i'ﬁ] o]+ =—5—=(1~coB)||A]
aAct ! -
n(; (m—1)eMm 2)f||VUH$,aQ~ (3.7)

Thanks to the hypothesises of Theorem 2.2, if we choose A > M %}m and
co € (0,B7!] then we get

Eh () > A(m—1)Ex(t)+2A||vs||>4b|| Vo || (3.8)

Since E, (0) >0, we obtain from (3.8) that E, (t) >e*"~V!E, (0) > 0. Therefore integrating
(3.8) yields

t t
Ex(t)222 [ [loc(0)|2d+b [ [ Voe() P,
and proof of Lemma is competed. O

Proof of Theorem 2.2. For obtain the blow-up result, we consider the following func-
tional

5 t t
$()=[o() P24 [ o(0)|Pdr+b | |Vo(r)|Pdr+C, 39
0 0

where C is a positive constant that will be chosen appropriately.
It is easy to see that

¢ (1) =2(0,0;) +4A /0 (02, 0)dT+2b /0 ' (Vor, Vo)dT+ 20 uo|24b] Va2, (3.10)
and consequently
W (t) =2||v || +2(v, 05 +2A0; — bAvy). (3.11)
A multiplication of Eq. (2.7) by v and integrating over () gives
(0,04 +2A0; —bAv;) = — A2||0||? — ap (A%0,0) —ae " 2)! (A(|Av|m_2Av),v)

FAb(Av,0) e M (g(t,v),v) +AMP D (P 20,0).  (3.12)
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By using boundary conditions in terms of (3.12) and combining with (3.11) we obtain

1P"(f):2||Ut|\2—2?\2|\v|\2—2a0IIAUHZ—ZaoCOHVvﬂﬁo
—2geMm=2)t HAUH’” 2/\bHVUHZ 2acy 1pA(m=2)t vaHmaQ
+2¢7M(3(t,0),0) +2e* P2 |[o] |} (3.13)

Due to the condition (A2) we have

26 V|(§10,0),0)| < B0 [0l NP ol P (5o 5 ol B39
0 1

and so by inserting (3.14) into (3.13), we get

1 1
) 2200l (242 5 ) | ol 200301~ 2mca Vol
~ 2a+da)e "2 ol —2ac A 2| ol
—2Ab|| V|2 +(2—61)eM P! |[o||5, (3.15)

by using definition of E, (t) in (3.15), we have

+m +m -
o0 2(prmEt)+ (24 5 ) Pt (2= 25 a1 ) -2

2
+a0c (“—m—z> V0|20 + [M_mz_w <l+l>} o]

2 2 b O
—I-[M—ZHO—ZZJO/\]HAUHZ—IWC? 1<p+7m 2) =270 a0
+ |12 gy M2 s, 316)

where Poincaré inequality (2.1) has been used. Since p+m >4 and by choosing ) =
a(p—m)/mand 61 =(p—m)/p, we get

2(1y__ A\ A2
02 (prm)Ea(e)+ (2 ™ ) o o | PPN ) 2

+ [‘“’(r’zim_él)—zbm} 180]2. (3.17)
Finally, thanks to the assumptions of Theorem 2.2 about A and b, we deduce

V02 rrmEs(®)+ (24257 ) ol 618)
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Combining estimation of Lemma 3.1 with (3.18) yields
¥ 220 (pm) [ or(@)Pdr+b(ptm) [ [9oc() e (24257 ) o

> (24 255) [IoulP+22 [ loe(olParst [ [Vor(o) o], 619)

where the inequality 2(p+m)/(p+m-+4) >1 has been used.
Taking into account the estimation (3.19), it is easy to verify

o - (E ) o

> (24257) o220 [ roe(Par+b [1[90:(2) e oo

2
<1+P'Z ) [(v’vt)_|_2}\/Ot<v.“v)d1'—|—b/;(VZ)T,VU)dT-I-AHuoHz-i-gHVMOHZ]
(2+p+m)c1p( b). (3.20)

We choose now C = Aljug||>+2||Vug||?. By the Cauchy-Schwarz inequality and since
P(t) >0, we deduce the following inequality

P OpO - Rz - (2 EE oy z - (2625 gl G2

Hence we see that the hypotheses of Lemma 2.1 are fulfilled with

_p—l—m—4
==

4
c1=0, Co= m,
2
and the conclusion of Lemma 2.1 gives us that some solutions of problem (2.7)-(2.9) blow
up in a finite time ;. Since this system is equivalent to (1.1)-(1.3), the proof is complete.
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